Estimation of Fading Channel Response and System Capacity Considerations

Dragan Samardzija Wireless Research Laboratory, Bell Labs, Lucent Technologies, 791 Holmdel-Keyport Road, Holmdel, NJ 07733, USA dragan@lucent.com

Narayan Mandayam WINLAB, Rutgers University, 73 Brett Road, Piscataway NJ 08854, USA narayan@winlab.rutgers.edu

Abstract

In this paper we analyze the effects of channel response estimation error of a frequency-flat timevarying channel on system capacity. Using a blockfading channel model, where the block length corresponds to the channel coherence time, we consider two pilot based approaches for the estimation. The first approach uses a single pilot symbol per block with variable power, while the second approach uses more than one symbol per block with constant power per symbol. For both cases, we study the effects of the estimation error on the effective signal-to-noise ratio and the resulting system capacity. We also evaluate the impact of the estimation error on a symbolby-symbol detection scheme with no error correction. Our results show that the first pilot-based approach is less sensitive to the fraction of power allocated to the pilot. Further, both schemes performed quite well under optimum power allocation between the pilot and information bearing signal, more so in the case of long channel coherence times.

I INTRODUCTION

In this paper we analyze how the estimation error of the channel response affects performance of a communication system. We assume a frequency-flat timevarying wireless channel with additive white Gaussian noise (AWGN). The above system may correspond to one subchannel (i.e., carrier) of an OFDM wireless system [1]. We consider two different pilot arrangement schemes and we observe their performance depending on the channel coherence time, signal-to-noise ratio and power allocated to the pilots with respect to the information bearing portion of the signal. The first scheme uses a single pilot symbol per block with variable power, while the second scheme uses more than one symbol per block with constant power per symbol. For the given pilot schemes, in both cases maximum-likelihood (ML) estimate of the channel response is considered [2]. A more detailed description of the system and related assumptions are given in Section II. The capacity (i.e., the Shannon capacity [3, 4]) of the system that consists of the above channel and the channel response estimation is evaluated in Section III. In order to quantify the effects of the estimation error on a symbol-by-symbol detection scheme with no error correction, the symbol-error-rate and throughput of various quadrature amplitude modulation (QAM) schemes is presented in Section IV. We conclude in Section V.

II SYSTEM MODEL

We now introduce the received signal model. After sampling, with sampling rate T_{smp} = 1/B, where B is the signal bandwidth, the discrete version of the baseband equivalent of the received signal is

r(k) = C(k)d(k) + n(k) (1)

where k is the discrete time variable, C(k) is the complex channel response, d(k) is the transmitted complex signal, and n(k) is the additive white Gaussian noise (AWGN) with unit variance. To perform estimation of the channel response C(k), the receiver is using a pilot (training) signal that is a part of the transmitted data. The pilot is sent periodically, every N symbol periods, where the symbol period is T_{sym} = T_{smp} = 1/B, satisfying the Nyquist rate. Furthermore, we assume that the channel coherence time is greater or equal than NT_{sym}. This assumption approximates the channel to be constant over at least N symbols (C ≈ C(n), for n = 1, · · · , N). In literature, channels with the above property are known as block-fading channels [1]. Without loss of generality, we assume that E[|C|^2] = 1. The complex N-dimensional received vector, whose kth component corresponds to the kth symbol interval within the pilot period, is

r = Cd + n, r ∈ C^N , d ∈ C^N , n ∈ C^N , C ∈ C (2)

where n corresponds to the AWGN. Further, the transmitted vector d is defined as d = N� i=1 A_id_is_i (3)

where A_i is the amplitude, d_i the unit-variance complex data and s_i is the corresponding signature (i.e., a waveform). The signatures are mutually orthogonal s^H_i s_j = δ_{ij} , where δ_{ij} is the Kronecker delta function. For example, s_i could be a canonical waveform (i.e., could be a TDMA-like waveform, where s_i is the unit-pulse at the time instance i). Alternately, s_i could also be an N-dimensional Walsh sequence spanning all N symbol intervals (i.e., similar to a CDMA-like waveform [5]). We consider the transmitted signal to be comprised of two parts: one is the information bearing signal and the other which is the pilot signal. We can rewrite the equation (3) as d = N−K� j=1 A_j d_j s_j + N� l=N−K+1

A_ld_ls_l (4)

In the above

�_{N−K} j=1 A_j d_j s_j denotes the information bearing signal and

�_N

l=N−K+1 Aldlsl denotes the pilot signal.

The pilot data (d_l, l = N − K + 1, · · · , N) are predefined and known at the receiver. Further, without loss of generality, we assume that |d_l|^2 = 1 (l = N − K + 1, · · · , N). We also assume that the amplitudes are A = A_i (i = 1, · · · , N − K), and A_P = A_l (l = N − K + 1, · · · , N), and they are known at the receiver. We denote the ratio of the amplitudes as α = A_P /A.

In this study we consider two different pilot arrangements:

1. K = 1 and A_P ≠ A. For the given average symbol signal-to-noise ratio, denoted as SNR (in dB), the amplitude A is derived from the equation

N 10^{SNR/10} = ((N − 1) + α^2) A^2 (5)

The above implies

A_1 = � N ((N − 1) + α^2)

10^{SNR/10} (6)

In the remainder of the paper, the above pilot arrangement is referred to as case 1.

2. K ≥ 1 and A_P = A (α = 1). For the given average symbol SNR, the amplitude A is

A_2 = � 10^{SNR/10} (7)

In the remainder of the paper, the above pilot arrangement is referred to as case 2.

In both cases we assume that the total transmitted energy (within the pilot period) is the same, but differently distributed between the information bearing portion of the signal and the pilot. Consequently, we observe the performance of the system with respect to the amount of transmitted energy that is allocated to the pilot (percentage wise). This percentage is denoted as μ and is given as μ = Kα^2 (N − K) + Kα^2

100 [%] (8)

We now describe the channel response estimation scheme that is assumed in the system. The estimation is based on averaging the projections of the received signal on d_ls_l for l = N − K + 1, · · · , N as

^C = 1 KA_P N� l=N−K+1

(d_ls_l)^H r

= 1 K N� l=N−K+1

(C + (d_ls_l)^H n/A_P )

= C + 1 KA_P N� l=N−K+1

(d_ls_l)^H n (9)

where ^C denotes the estimate of the channel response C. For a frequency-flat AWGN channel, (9) is the maximumlikelihood estimate of the channel response C, for the given pilot signal [2]. The estimation error is

n_e = 1 KA_P N� l=N−K+1

(d_ls_l)^H n (10)

Having the channel response estimated, the estimate of the transmitted data d_i (i = 1, · · · , N − K) is obtained from the following statistics

x_i = 1 A s^H_i r (11)

The above procedure is the matched filtering operation (projection s^H_i r), resulting in the sufficient statistic x_i [6]. The amplitude A is known at the receiver. Let us now rewrite the above expression (11) using the equations (9) and (10) as

x_i = d_i(C+n_e)+ � 1 A s^H_i n − d_in_e � = d_iĈ+ � 1 A s^H_i n − d_in_e �

(12) The data detection is performed using the above statistics. As a common practice, the detection procedure assumes that the channel response is perfectly estimated, and that Ĉ corresponds to the true channel response. Consequently, the power of the received information bearing signal is ϵ = E[|d_iĈ|^2]. Furthermore, let us denote the second term in the above equation as n̄_i, i.e.,

n̄_i = 1 A s^H_i n − d_in_e (13)

Note that n̄_i is the effective noise in the detection process. Assuming statistical independence between s^H_i n, d_i and n_e, it can be shown that the effective noise is AWGN, for the given d_i. Further, let Γ = E[n̄^∗_i n̄_i], denote the variance of the effective noise. Γ is a function of A, and can be explicitly written as

Γ(A) = E � | 1 A s^H_i n − d_in_e|^2 � (14)

Note that the different pilot arrangements will result in different A (see the equations (6) and (7)), and consequently in different Γ(A). Furthermore we define the effective SNR (in dB) as

eSNR(A) = 10 log_{10} � ϵ Γ(A) � (15)

In the following, we denote eSNR_1 = eSNR(A_1) (where A_1 is defined in (6)) and eSNR_2 = eSNR(A_2) (where A_2 is defined in (7)).

Figure 1: Effective SNR vs. power allocated to the pilot, SNR = 4, 12, 20dB, N = 10, Rayleigh channel.

In Figure 1, we plot the effective SNR as a function of the allocated power to the pilot (equation (8)), for different values of SNR (corresponding to the channel background noise). In the above example a channel coherence time of 10 symbols is assumed and the channel response is that of a frequency-flat Rayleigh fading channel. The results are shown for the pilot arrangements corresponding to both case 1 and case 2. In the case of the ideal knowledge of the channel response, the effective SNR does correspond to the conventional definition of the SNR (i.e., where the channel background noise is the only noise in the system).

III EFFECT ON SYSTEM CAPACITY

In this section we consider the Shannon capacity [3,4,7] of a system that consists of the block fading channel and the above estimation procedure. Specifically, we evaluate the effect of the effective noise on the system capacity. Recall that the effective noise was assumed to be AWGN. Thus we can directly calculate the system capacity^1 for the two pilot arrangements as follows

1. For K = 1 and the amplitude A given in (6), the

1If the effective noise is not distributed as a white Gaussian process, then the above system capacity expressions represent worstcase scenarios.

system capacity is

C_1 =

N − 1 N log_2(1 + 10^{eSNR1/10}) (16)

The term (N −1)/N is introduced because one signature (i.e., signal dimension) is allocated to the pilot, consequently lowering the system capacity.

2. K ≥ 1 and the amplitude A given in (7), the system capacity is

C_2 =

N − K N log_2(1 + 10^{eSNR2/10}) (17)

The term (N − K)/N is introduced because K signatures (i.e., signal dimensions) are allocated to the pilot, consequently lowering the system capacity.

Note that the above expressions represent the achievable rates for reliable transmission for the specific estimation procedure assumed in each case. Knowing the channel response perfectly or using a better channel estimation scheme (e.g., decision driven schemes) may result in higher achievable rates.

In Figure 2, we present the system capacity as a function of the power allocated to the pilot (equation (8)). The results correspond to the system observed in the case of Figure 1. For the ideal knowledge of the channel response we apply the conventional capacity formula (corresponding only to the channel background noise), while for case 1 and case 2 the expressions in (16) and (17) are used, respectively (corresponding to the eSNR_1 and eSNR_2 in Figure 1). For this particular example, even though the effective SNR is different for case 1 and case 2, the system capacity is reaching its maximum at the same μ ≈ 20%. As will be seen in the following set of results, this is not the case for different channel coherence time lengths.

Figure 2: System capacity vs. power allocated to the pilot, SNR = 4, 12, 20dB, N = 10, Rayleigh channel.

In Figure 3 and 4, for SNR = 20dB, we present the system capacity vs. power allocated to the pilot for different channel coherence time lengths N = 10, 20, 40, 100. In case 1 and case 2, by increasing the channel coherence time length we observe that the maximum system capacity is reached for lower percentage of the power allocated to the pilot.

Figure 3: System capacity vs. power allocated to the pilot, case 1, SNR = 20dB, for different channel coherence time lengths N = 10, 20, 40, 100, Rayleigh channel.

Figure 4: System capacity vs. power allocated to the pilot, case 2, SNR = 20dB, for different channel coherence time lengths N = 10, 20, 40, 100, Rayleigh channel.

Regarding the system capacity, from the above results we observe that case 1 is less sensitive to the pilot power allocation than case 2 (i.e., in case 2 the system capacity is dropping faster if the allocated power is different than the one that results in the maximum value). Further, for the same channel coherence time lengths, case 1 is reaching the system capacity maximum at a lower power allocated to the pilot than for case 2 (see Figure 3 and 4).

For the given SNR, we define the capacity efficiency ratio η as the ratio between the maximum system capacity in case 1 and case 2 and the system capacity C_0 in the case of the ideal knowledge of the channel response, i.e.,

η_i = max_μ C_i C_0 i = 1, 2 (18)

In Figure 5, we show that the capacity efficiency ratio η increases as the channel coherence time is getting longer.

Figure 5: Capacity efficiency ratio vs. channel coherence time length, SNR = 4, 12, 20dB, N = 10, 20, 40, 100, Rayleigh channel.

IV EFFECT ON QAM WITH NO ERROR CORRECTION

While the earlier analysis has focused on evaluating the impact of estimation error on the system (information) capacity, we now present results on the impact on symbolby-symbol detection and no error correction. Specifically, we consider QPSK (i.e., 4-QAM), 16-QAM and 64-QAM modulation schemes. In general, the symbol-error-rate (SER) for M-ary QAM is given as [8]

SER = 1 − � 1 − � 1 − 1 √ M � erfc � 3S 2(M − 1) �2

(19) where S denotes the symbol signal-to-noise ratio. In the case of the ideal knowledge of the channel response S = 10^{SNR/10} (only the backgroung channel noise is present), while in the presence of the estimation errors S = 10^{eSNR(A)/10} (the effective SNR).

For N = 10, we select the pilot power that results in the maximum system capacity (from Figure 2 it is μ ≈ 20%) and we present the SER in Figure 6 (for case 1, case 2, and ideal knowledge of the channel response). The performance loss directly corresponds to the difference

Figure 6: SER vs. SNR, N = 10, Rayleigh channel.

between the SNR and the effective SNR (i.e., eSNR_1 and eSNR_2).

To evaluate the spectral efficiency of the modulation scheme, for given SNR and the above estimation, we define the throughput as

T = log_2(M)

N − K N (1 − SER) (20)

Recall that for case 1, K = 1, for case 2, K = 1, · · · , N and for the ideal knowledge of the channel response K = 0. In Figure 7, for QPSK modulation, N = 10 and SNR = 4dB, the throughput is presented as a function of the pilot power. Note that the maximum throughput for QPSK is 2[bits/dim]. As in the case of the system capacity, we again observe that case 1 is less sensitive to the pilot power allocation than case 2.

Figure 7: Throughput vs. power allocated to the pilot, QPSK modulation, N = 10, SNR = 4dB, Rayleigh channel.

V CONCLUSION

In this paper we have studied how the estimation error of the frequency-flat time-varying channel response affects the performance of a communication system. We have approximated the channel as a block-fading channel. We have considered two pilot based schemes for the estimation. The first scheme (case 1) uses a single pilot symbol per block with variable power, while the second scheme (case 2) uses more than one symbol per block with constant power per symbol. We have studied the performance in terms of the effective SNR, system capacity, symbol-error-rate and throughput for various QAM schemes. We have presented how the performance depends on percentage of the total power allocated to the pilot, background noise level and the channel coherence time length. Our results have shown that the first pilotbased approach is less sensitive to the fraction of power allocated to the pilot. Further, both schemes performed quite well under optimum power allocation between the pilot and information bearing signal, more so in the case of long channel coherence times.

References

[1] G. L. Stuber, Principles of Mobile Communications. Kluwer Academic Publishers, first ed., 1996.

[2] H. V. Poor, An Introduction to Signal Detection and Estimation. Springer-Verlag, second ed., 1994.

[3] R. G. Gallager, Information Theory and Reliable Communications. New York: John Wiley and Sons, 1968.

[4] R. E. Blahut, “Computation of Channel Capacity and Rate- Distortion Functions,” IEEE Transactions on Information Theory, vol. 18, pp. 460–473, September 1972.

[5] H. Holma and A. Toskala, eds., WCDMA for UMTS. Wiley, first ed., 2000.

[6] S. Verdú, Multiuser Detection. Cambridge University Press, 1998.

[7] J. M. Wozencraft and I. M. Jacobs, Principles of Communication Engineering. New York: Wiley, 1965.

[8] J. G. Proakis, Digital Communications. New York: McGraw- Hill, 3rd ed., 1995.