SCHEDULING MULTIRATE CDMA USERS BASED ON AVERAGE POWER CONSUMPTION

BY SHALINEE KISHORE

A thesis submitted to the Graduate School—New Brunswick Rutgers, The State University of New Jersey in partial fulfillment of the requirements for the degree of Master of Science Graduate Program in Electrical and Computer Engineering Written under the direction of Professors Roy Yates and Christopher Rose and approved by

New Brunswick, New Jersey January, 1999

ABSTRACT OF THE THESIS

Scheduling Multirate CDMA Users Based on Average Power Consumption

by Shalinee Kishore Thesis Director: Professors Roy Yates and Christopher Rose

Recent research efforts have attempted to modify standard multirate CDMA systems to better system performance, mostly in metrics of system capacity. With the availablility of wider bandwidths, most of these modifications attempt to employ the larger bandwidth to orthogonalize users via either frequency or time separation. This research focuses on just such a time-separation technique for a variable-processing-gain multirate CDMA system. The performance of this system is quantified in this thesis in terms of the total average power consumed by all system users. The notion of time frames and slots is adopted and scheduling techniques that assign users transmissions to slots are studied for potential system performance improvement. Three general classes of scheduling techniques is presented. The first assigns users to only one of the available orthogonal channels. The second allows for multiple channel access. And finally a third that utilizes a repeated transmission policy to minimize power consumption.

Acknowledgements

A small list of words to express a mountain of gratitude. First to CRY, Chris Rose and Roy Yates. I am truly indebted to Professor Yates for not only steering me through this research but for his sound advice, good words, humor, honesty, and steadfast support in all the academic twists and turns in the past few years. And to Chris Rose, my sincerest and unending awe and thanks for his remarkable confidence in me, most especially as it pertains to a particular fellowship. His unbounded enthusiasm has and continues to encourage me. It has been a genuine pleasure to know Professors Yates and Rose as teachers, advisors, and as people.

In the great conglomeration of faculty at WINLAB, I must also extend a heartfelt acknowledgement to Dr. David Goomdan and Dr. Prathima Agrawal. I will always bear the highest respect for Dr. Goodman’s wisdom, guidance, and good-nature. To Dr. Agrawal, I owe a long list of immeasurable opportunties. I have yet to meet a more helpful and caring mentor. My endless thanks would not be enough. I also wish to offer my gratitude to the AT&T Labs Fellowship Program. The benefits of this program sustained me and my education this past year. More importantly, however, I have been fortunate enough to be the recipient of its recognition and prestige. In this regard, I would like to acknowledge Sumit Roy, Pat Wirth, Larry Greenstein, and reacknowledge Prathima Agrawal.

No WINLAB thesis would be complete without an enthusiastic appreciation of the folks at WINLAB. Thanks to David Famolari, Aylin Yener, Sennur Ulukus, Salim Manji, Cem Saraydar, Kamesh Medepalli, and Mohammad Saquib (to name a few) for all the chatting, technical or otherwise. This truly is one of the most friendliest and comfortable places to work (or otherwise). Also, I am truly grateful to the WINLAB administrative and computer staff for all their help.

A final thanks to Cora, the Communications Engineer, without whom none of this would mean anything.

Dedication

To my family, my friends who are family, and my adorable chumuch, Srishti.

Table of Contents

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii Dedication . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ix

1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.1. Previous Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 1.2. Thesis Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 1.3. Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

2. System Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 2.1. System Description . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2. SIR Calculation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 2.3. Minimum Power Levels . . . . . . . . . . . . . . . . . . . . . . . . . . . 11 2.4. Bandwidth Partitioning . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 2.5. Why Separate CDMA signals? . . . . . . . . . . . . . . . . . . . . . . . 14

3. Discrete Assignment Policy . . . . . . . . . . . . . . . . . . . . . . . . . . 16 3.1. Scheduling and the Relationship between N and M . . . . . . . . . . . . 17

3.2. Two Slots and Three Users . . . . . . . . . . . . . . . . . . . . . . . . . 19 Example 1: 2 Identical Users . . . . . . . . . . . . . . . . . . . . 19 Example 2: 3 Different Users . . . . . . . . . . . . . . . . . . . . 24 3.3. General Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.3.1. Single Rate System . . . . . . . . . . . . . . . . . . . . . . . . . . 26 3.3.2. Multirate Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 28 Theorem 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 Proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29 3.3.3. Complexity of Pairwise Load-Balancing Assignment . . . . . . . 31 3.4. Possible Sub-Optimal Schemes . . . . . . . . . . . . . . . . . . . . . . . 32 3.5. Performance Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.5.1. Smaller Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 3.5.2. Larger Systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4. Relaxed Assignment Policy . . . . . . . . . . . . . . . . . . . . . . . . . . 42 4.1. Relaxed Problem Statement . . . . . . . . . . . . . . . . . . . . . . . . . 43 Theorem 2: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 Proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44 Theorem 3: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45 Proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46 4.2. Observations concerning the Relaxed Assignment Problem . . . . . . . . 47 Theorem 4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 Proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 β_{ij} assigned over two slots . . . . . . . . . . . . . . . . . . . . . . 49 β_{ij} assigned over 3 slots . . . . . . . . . . . . . . . . . . . . . . . 52 β_{ij} assigned over M slots . . . . . . . . . . . . . . . . . . . . . . 53 4.3. Observation concerning the Relaxed Assignment Policy and Single-Rate Users . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 Theorem 5: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 Proof: . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55 4.4. Performance Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

5. Repeated Transmissions . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64 5.1. Summary of Optimal Code Sequence Calculation . . . . . . . . . . . . . 65 5.2. Repeated Transmissions Slotted System . . . . . . . . . . . . . . . . . . 67 Appendix 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 73 References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75

List of Figures

2.1. Comparison of unslotted and slotted multirate systems. . . . . . . . . . 9 3.1. The three schemes of Example 1 . . . . . . . . . . . . . . . . . . . . . . 20 3.2. Top: β_1 vs. γ when comparing schemes 2 and 3 from Example 1. Bottom:

Same curve as above but for smaller range of β_1 and γ. . . . . . . . . . 23 3.3. Three possible ways that three users may transmit with two available slots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24 3.4. Plot of a^′_{j1} (s − a^′_{j1} ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30 3.5. User-to-Slot assignments for given example. . . . . . . . . . . . . . . . . 31 3.6. Depiction of the Zig-Zag Scheme. γ^∗ = Sorted γ requirement. . . . . . . 34 3.7. Top: Relative average power performance of the four schemes studied for a small system with W=10Mhz. Note that due to the high power levels of the random slot assignment case, the curves of the other systems are “hidden” as they produce ratios less than 1. Bottom: relative average power performance of the Pairwise Load-Balanced, Zig-Zag, and Random User Schemes for a small system with W=10Mhz. . . . . . . . . . . . . 36 3.8. Top: Relative average power performance of the Pairwise Load-Balanced, Zig-Zag, and Random User Schemes for a small system with W=5Mhz. Bottom: Relative average power performance of the same schemes in a system with W=2MHz. . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.9. Relative Power Performance of Slotted Scheme (Zig-Zag) compared to standard CDMA for large system with identical users demanding rate 64Kbps. The top figure is for a system with M = 3 while the bottom is for a system with M = 5 slots. . . . . . . . . . . . . . . . . . . . . . . . 38 3.10. Relative power performance of slotted scheme (Zig-Zag) compared to standard CDMA for large system with identical users demanding rate (5/3)64Kbps. This is the result when one fixes the information rate over a fixed frame length. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 3.11. Top: Relative power performance of slotted scheme (Zig-Zag) compared to standard CDMA for large system with randomly assigned user rates. Bottom: The number of feasible allocations obtained for the slotted and unslotted schemes over a 100 different random rate requirements. . . . . 41 4.1. Plot of g(γ) when W = 10MHz for different values of K. Note that for K = 1, g(γ) < 0 for 0 ≤ γ ≤ W . . . . . . . . . . . . . . . . . . . . . . . 60 4.2. Relative performance of zig-zag and the modified zig-zag with multislot access for a single-rate system. Top: for N = 4 to N = 160. Bottom: for N = 4 to N = 250. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 4.3. Ratio of the Power of the modified scheme to the Power of the discrete zig-zag scheme. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

Chapter 1 Introduction

The marriage of multimedia traffic sources with wireless communication services has introduced new issues in the design of future systems. The integration of diverse data sources necessitates that wireless communication systems reliably transport multirate traffic. For systems that utilize Code Division Multiple Access (CDMA), past research efforts have provided various methods for fulfilling these multirate requirements; among them are systems based on variable processing gains, variable chip rates, and multicodes [1]. More recent efforts have tried to modify the transmission and reception structure of such systems so as to improve overall performance, either in terms of system capacity or power consumption. More specifically, these pursuits employ either time-based or frequency-based separation of CDMA signals to better throughput and reliability. In this work, we examine exactly such a separation or “orthogonalizing” mechanism in the time-domain. The work here attempts to take a general approach to the problem of scheduling multirate CDMA signals into time slots for a system operating with variable processing gains. The frequency-dual to this problem will be the scheduling of multirate users to different bandwidths when operating with variable chip rates. We quantify system performance in terms of total average power consumed by all users in a single-cell system and thus wish to develop a scheduler that assigns multirate users to slots while minimizing this power consumption. Improvements in this metric in turn point to methods for more reliable reception as well as higher overall capacity.

We begin this chapter by first looking at the background issues in the study of a slotted CDMA system. In this regard, we focus in section 1.1 on previous research efforts that have attempted to modify standard CDMA systems so as to deal with multirate traffic. Then, in section 1.2, we introduce the system of concern in this research and summarize the scope of our examination of such a scheme. We conclude this chapter in section 1.3 by describing the structure of the thesis itself.

1.1 Previous Work

Recently, research efforts have been made that attempt to modify the basic transmission and reception mechanism of CDMA-based systems so as to enhance system operation. With goals to improve throughput and error rate performance, the modifications discussed in these specific works all attempt to separate CDMA signals in either the time or frequency domain. In [2], the authors attempt to use variable chip rates for frequency-based separation of signals in a dual-rate system. Variable chip rates operating on multirate requirements allow for different bandwidths among users. These different bandwidths are then in turn exploited for frequency-based rate separation. The results presented for such separation in a dual-rate system shows an enhancement in bit error rate performance. The crux of the work detailed in [3] and [4] describes a dual-rate system in which delay-tolerant CDMA signals are separated in time using a scheduling mechanism that administrates slotted CDMA transmissions. The subsequent results of applying such a scheduled CDMA system point to improvements in information throughput. The authors of [5] have proposed a wireless ATM system based on a transmission scheme they call S-CDMA (Scheduled CDMA). The authors suggest that in this ATM system, the CDMA signals transmitted by the supported mobile users must be time-slotted, though in an asynchronous fashion. Thus, with an aim not so different from [2], these slotted transmissions can be scheduled in such a manner so as to adhere to a user’s Quality of Service (QoS) requirements in terms of bit error rates. Finally, in [6] yet another time-based separation of CDMA signals is addressed. In this instance, the focus is on employing CDMA signaling techniques that adhere to EC-MAC (Energy Conserving - MAC) protocol for user terminal power conservation. The fundamentals of this protocol also require an inherently time-based separation of uplink traffic.

1.2 Thesis Objectives

In this thesis, we focus our attention on a variable processing gain CDMA system which operates under the structure of time frames and slots. Users transmit their desired bits, i.e. packets, during assigned slots using CDMA signaling. A centralized scheduler collects minimum SIR (Signal-to-Interference Ratio) and rate requirements of each system user. Based on these values, the scheduler then computes the slot assignments and relays them to the individual mobiles. The main goal of this research is to determine the structure of this scheduler. Additionally, we would like to study the potential benefits of this time-based “orthogonalizing” of CDMA signals. This will be done by comparing when such a scheduled system outperforms the standard variableprocessing-gain multirate CDMA system in terms of total average power consumption or equivalently, the number of users supported. The eventual goal of this work is to determine the conditions under which scheduling is desirable and to describe the mechanics of those schedulers that achieve power savings.

We have approached the construction of such a scheduler using two different formulations. In the first, we assume a distinct assignment in which each user transmits its information bits in one and only one of the slots in each frame. Though presented here under the premise of time division of CDMA signals, this approach directly parallels the assignment of CDMA users to distinct bands in systems with frequency bandwidth partitioning. In fact, as discussed here, the two cases are analytically equivalent. Furthermore, it is our belief that both these cases are simply just instances of the more general dynamic channel allocation problem in that the channels we are discussing are interference-based, orthogonal slots or bands. In the second formulation of the assignment of system users to slots, we relax the discrete assignment constraint by allowing users to transmit in multiple slots in a frame.

In studying these two approaches, we present heuristics that govern the operation of those schedulers that reduce power consumption compared to the standard variable processing gain CDMA system. The theoretical results of the one-slot-per-user assignment point to potential benefits in a scheduler that meets a load-balancing criterion for the discrete rate allocation scheme. The load-balancing constraint effectively equalizes the total power consumed in any one slot over all the slots. In addition to such a scheduler, we also study the implications of random assignments as well as reduced complexity assignment schemes that attempt to approximate load-balancing characteristics. The results of the relaxed assignment policy are, however, a bit more complicated. Due to the characteristics of this scheme, the relaxed assignment policy has potentially many user-to-slot allocations, especially when compared to the discrete scheme. Because of inherent complexities of the problem formulation, many of these assignments are local solutions to the minimum-power relaxed assignment problem. Thus we cannot rely on this formulation for an optimal solution but rather we may look upon it for means to study further average power reduction techniques in slotted systems. In addition to this general slotted CDMA system, we also focused on a slightly more specific slotted CDMA scheme. Specifically, we studied an additional system in which each slotted transmission by a particular user constituted the same sequence of information bits. By requiring that each user transmit the same bits or packets in each assigned slot, we then were able to construct the optimal assignments in a manner very similar to that of allotting optimal user codes to standard (unslotted) CDMA users. In particular we were able to show that if users could scale their transmissions according to a particular sequence of values – defined by Welch Bound Equality (WBE) codes – a minimum sum of total average power slot assignment could be found for these users.

1.3 Thesis Outline

We begin our study into the possibilities of scheduling CDMA signals by first reviewing background information on the particularities of the system under analysis. This is done in Chapter 2 where we examine the basic mechanics of the variable-spreading-gain

CDMA system as it pertains to the slotted implementation. Along with this description, we also briefly investigate the feasibility and capacity issues of a slotted scheme. Chapters 3 and 4 focus on the discussion of the two separate scheduling scenarios of the slotted system. Both theoretical and experimental results are discussed here. The discrete one-slot-per-user allocation is presented with results in Chapter 3 where as Chapter 4 focuses on the relaxed version of this assignment problem. The repeated transmission system is described and studied with theoretical results in Chapter 5. Chapter 6 then concludes this presentation with a brief summary of our investigation and a discourse on possibilities of future analysis in this topic.

Chapter 2 System Description

This study of scheduling CDMA users begins with an understanding of the underlying communications channel. Multirate users can be supported on a CDMA-based system with modifications in either the spreading-gain, the chip-rate, or the code assignment to the diverse users [1]. Of the three, we focus here on a system that assigns different spreading gains to different rate users. This is achieved by keeping the system chip rate constant and giving users spreading gains based on their desired rate requirements. Practically speaking, a fixed basic chip rate is desirable so as to ensure that all users occupy the same bandwidth [7]. Such a multirate CDMA system is then modified to incorporate slotted transmissions. This involves superimposing a time-division structure consisting of a time frame and time slots during which users transmit their desired information bits or packets. Along with the details of the transmission scheme, one must also account for each user’s rate and Quality of Service (QoS) requirements during transmission. We thus assume that system and user requirements met in conjunction allow for reliable end-to-end communications.

Once having formalized both the user and system requirements for reliable communications, we examine the exact nature of the signals transmitted during each slot by concentrating on the derivation of the Signal to Interference Ratio (SIR) for arbitrary user during any arbitrary slot. Aside from giving one an insight into the variableprocessing-gain transmission in each slot, the SIR also provides a measurement of the particular user’s achieved QoS during that slot. Each user desires a minimum SIR in each slot; this subsequently maps to a minimum QoS of that user via the bit error-rate (BER). With the SIR formulation and the minimum SIR requirement at hand, the minimum power levels for each user in each slot can be computed. After deriving these principles, we can then move towards devising a scheduling pattern for transmitting each user’s desired packets in the slotted CDMA environment.

We begin this chapter by constructing the details of this slotted, variable-spreading-gain CDMA scheme. In section 2.1 we lay out the system requirements in terms of frames and slots and we characterize the variable-processing-gain CDMA signal. Section 2.2 analyzes the SIR of a user during a particular slot. The next section focuses on formulating the minimum power level solution for each user in each slot. We conclude this section by restating the system and user requirements in terms of these calculations. The last sections of this chapter address peripheral issues concerning the ramifications of slotted transmissions. In section 2.4, we examine similarities and differences between CDMA schemes that use time separation, i.e slotting, and those that utilize frequency separation of users. Finally, observe that traditional notions of CDMA signals are that system users have complete access to system bandwidth at all time. Slotting CDMA users therefore seems inconsistent with the usage of CDMA signaling. The final section of this chapter, section 2.5 attempts to briefly justify our time-orthogonalization of multirate users.

2.1 System Description

Consider a single-cell wireless system with system bandwidth W in which there are N mobiles wishing to transmit information bits, i.e. packets, to the local base station. The slotted, multirate CDMA system studied here refers to the uplink transmission mechanism that allows these N users to communicate with the local serving station. First, we introduce the notion of a time frame of duration T_f which consists of M slots each of duration T_s. Multiple users can transmit during each slot at different transmission rates. Such a system then requires that 1) each user is assigned to one or more slots per frame and 2) that it transmits only during its assigned slot(s). Each user i has a minimum rate requirement so that it must send at least a certain number of bits per frame or equivalently r_i bits per second in a frame. Additionally, each user has a Quality of Service (QoS) requirement that it requires in its transmission stream. In the context of the link layer, this can be associated with a the bit errorrate (BER). As shown in Haykin [8], the BER is a particular function of the measured SIR of the transmitted signal. In fact we know that BER is a decreasing function in the measured SIR. Thus we see that the minimum QoS service requirement of the transmission stream of user i can then be rewritten as the minimum threshold SIR that user i must accomplish for reliable reception of its transmitted bits. In our analysis we further assume that the QoS constraints for each user, i.e. the desired BER, does not change over slots. In other words, regardless of the rate achieved and the power expended in each slot, the demodulation and detection of each bit at the receiver must meet that user’s specified BER. Incorporating the system and user requirements, we can then visualize the slotted and unslotted scheme as in Figure 2.1. In each slot only a given subset of the N users transmit their bit streams. Furthermore, each user sends its stream at different transmission rates. Since we are assuming a variable processing gain system with total available bandwidth W , we know that the chip interval is fixed for all users in all slots as T_c = 1/W . To accommodate the diverse rates, we let each user have different bit intervals, i.e. T_{ij} - the bit interval of user i in slot j. Thus the spreading gain of user i in slot j is: G_{ij} = T_{ij} W . For such a system, we begin by assuming that the frame and slot lengths are such that at the very least the user with the maximum rate can be accommodated in a single slot. Equivalently, we assume the minimum processing gain in a slot is W/Mr_{max}, where r_{max} = max_i r_i. This in turn implies that W ≥ Mr_{max}. Under this assumption, we wish to examine the performance of this slotted system over a frame and compare it with that of the multirate system described previously. More specifically we wish to determine if and when scheduling transmissions of multirate users into slots surpasses the efficiency of the standard system in terms of average power consumption.

Figure 2.1: Comparison of unslotted and slotted multirate systems.

2.2 SIR Calculation

For user i in slot j, let R_{ij} represent the transmission rate and let P_{ij} be the received power. Denote the signature waveform of the ith user in slot j as s_{ij}(t). Consider the received signal at the basestation during slot j when attempting to detect a bit transmitted by user i. Let K_j be the subset of users {1, 2, . . . N} who transmit (all or part of) their bits in slot j. Assuming synchronous transmissions by these users, the received signal r(t) for detecting one of user i’s bits in slot j is then

r(t) = � P_{ij}s_{ij} (t)b_i + � k≠i,k∈K_j C� l=1 � P_{kj} s_{kj}(t − (l − 1) · T_{kj} )b_{kl} + n(t) (2.1)

Here b_i is the transmitted bit of user i that the base station wishes to detect. For users with R_{kj} > R_{ij} , b_{kl} represents the lth transmitted bit of user k during the bit interval of user i in slot j, i.e. during T_{ij}. When R_{kj} ≤ R_{ij}, b_{kl} = 0 for l ≥ 2. Thus we can say that C = ⌈^{maxk Rkj}_{Rij} ⌉. The term n(t) represents additive white Gaussian noise. Now let us assume that the signature waveforms for all the users are random binary sequences; in particular that they are pulses of height ±1 with equal probability. Using a conventional (matched filter) receiver to detect the bit b_i of user i, we get the following statistic r_{ij} =

�_{Tij} 0 s_{ij}(t)r(t) dt (2.2) = � P_{ij} b_i

�_{Tij} 0 s^2_{ij}(t) dt (2.3) + � k≠i,k∈K_j C� l=1 � P_{kj} b_{kl}

�_{Tij} 0 s_{ij}(t)s_{kj}(t − (l − 1) · T_{kj}) dt (2.4)

+ �_{Tij} 0 n(t)s_{ij}(t) dt (2.5)

The first term in (2.3) is the desired signal component of the received signal, the second term (2.4) represents the interference from all other transmitters, and finally the last term (2.5) is the interference experienced at the receiver due to the presence of background additive white Gaussian noise. Note that all b_{kl} are independent random variables that take on values ±1 with equal probability. The energy of the signal part is then ξ_S ξ_S = E � � � P_{ij} b_i

�_{Tij} o s^2_{ij}(t) dt

�_2� � = P_{ij} T^2_{ij} = P^{ij} R^2_{ij}

(2.6)

Note that we have not made an unit-energy signal assumption here though the results maybe easily extended as such. The energy of the interference contribution, ξ_I is

ξ_I = E � � � � � � k≠i,k∈K_j C� l=1 � P_{kj}b_{kl}

�_{Tj} 0 s_{ij}(t)s_{kj} (t − (l − 1) · T_{kj}) dt � � 2� � � (2.7)

= � k≠i,k∈K_j

P_{kj} G_{ij} W^2

(2.8) = � k≠i,k∈K_j

P_{kj} W R_{ij}

(2.9)

Finally, the energy of the noise component of r_{ij} , ξ_N is

ξ_N = E � � �_{Tj} 0 n(t)s_{ij}(t) dt

�_2� � (2.10)

= η_oT_{ij} (2.11) = η_o R_{ij}

(2.12) where η_o is the power spectral density of the noise. The measured signal-to-interference ratio of user i in slot j is then, SIR_{ij}

SIR_{ij} =

P_{ij} R^2_{ij} � k≠i,k∈K_j

P_{kj} W R_{ij} + η_o R_{ij}

(2.13) = W R_{ij}

P_{ij} � k≠i,k∈K_j Pkj + ηoW

(2.14)

The result we obtained here for the SIR of user i in slot j matches that for the SIR of the standard unslotted multirate CDMA system in [9]. Please note that if user i was the only transmitter during slot j, then we can reduce (2.14) to:

SIR_{ij} =

P_{ij} R_{ij}η_o

(2.15)

2.3 Minimum Power Levels

Observe that if user i has a minimum QoS, or equivalently minimum SIR requirement, Γ_i, then one can determine the minimum power of this user such that SIR_{ij} ≥ Γ_i. The procedure for calculating this minimum power vector for each user in a particular slot is very similar to that of calculating the minimum power vector of a variable-spreading-gain system without slotting and is outlined in [10]. We briefly extend these previous results to the slotted scheme in this section.

Denote each user’s minimum rate requirement over a frame with the following vector: r = [r_1 r_2 . . . r_N ]^T . In our discussion in this thesis we assume that each user has identical minimum SIR requirements. Denote this minimum SIR as Γ. Note that if a user desires Γ^′ > Γ, then we can effectively model this higher SIR requirement as a higher rate requirement due the measured SIR relation in (2.14). Thus if a user desires α times this identical SIR requirement, we can equivalently assign it the system SIR Γ while simultaneously increasing its rate requirement by a factor of α. As discussed previously, the chip rate of each user is constant so that all users occupy the total system bandwidth, W . Let the vectors P_j = [P_{1j} P_{2j} . . . P_{Nj} ]^T and R_j = [R_{1j} R_{2j} . . . R_{Nj} ]^T represent the actual transmit powers and rates of each of the users during slot j, where j = 1, 2, . . . M. The minimum SIR requirement can be stated as W R_{ij}

P_{ij} � k≠i,k∈K_j Pkj + ηoW

≥ Γ ∀i = 1, 2, . . . N ∀j = 1, 2, . . . M (2.16)

If we minimize the sum

�_N i=1 P_{ij} of the powers, of all the users in slot j subject to the constraint in (2.16), we get

P_{ij} = η_oW^{γij}_{γij +W} 1 − � k∈K_j γ_{kj} γ_{kj} +W

(2.17)

where γ_{ij} = ΓR_{ij}. Note that it can be shown that this power assignment minimizes both the sum of total power for all users as well as the maximum power of any one of the N users in slot j, over all feasible power assignments [9]. Furthermore, note that if a user n is not assigned to slot j then in that slot its rate will be R_{nj} = 0 and its power will be P_{nj} = 0. We can thus write (2.17) in the following equivalent form

P_{ij} = η_oW^{γij}_{γij +W} 1 − �_N k=1 γ_{kj} γ_{kj} +W

∀i, j (2.18)

Observe that these power levels are minimum only for those users sending in the same slot. The N users in this system can however “pick and choose” one or more of the M slots of the frame to transmit their bits as long as

�_M j=1 γ_{ij} = r_iΓ. In words, users can transmit in any one of the M slots as long as the minimum rate and SIR requirements (r and Γ) are met. In fact, one can see that the standard, unslotted CDMA is just the slotted scheme with the assumption that γ_{ij} =^{Γri}_M , ∀j. Also note that over the entire frame a user i expends average power^1_M

�_M j=1 P_{ij} . The focus of this thesis is then to determine the overall minimum^1_M � i � j P_{ij} such that the rate and SIR requirements are met for all users over the M slots.

2.4 Bandwidth Partitioning

In this section we briefly examine the similarities between the slotted CDMA system and those proposed to implement a frequency-based separation of multirate CDMA signals. Such bandwidth partitioned systems have been proposed recently in [11] and [12] as a potential way to improve system performance. The problem that we have posed here with the slotted system is similar to bandwidth-partitioning in the following manner. Suppose that the total bandwidth for this frequency-based separation scheme is also W and that this W is partitioned into M non-overlapping bands, B_1 = B_2 = . . . = B_M =^W_M . Let each transmitting user in a particular band j utilize standard (unslotted) variable-spreading gain CDMA as a means to communicate to the basestation. Thus the average power consumed by a user i in band j such that i ∈ K_j (where K_j is now the set of all users transmitting bits in band j) is

P_{ij} = η_oB_j^{γij}_{γij +Bj} 1 − � k∈K_j γ_{kj} γ_{kj} +B_j

(2.19)

= η_oW M γ_{ij} γ_{ij} +^W_M 1 − � k∈K_j γ_{kj} γ_{kj} +^W_M

(2.20)

= η_oW M Mγ_{ij} Mγ_{ij} +W 1 − �_N k=1 Mγ_{kj} Mγ_{kj} +W

(2.21)

The average power consumed by a user in T_f seconds can then computed by realizing that since the users in band j are operating without slots, their rates are R_{ij} /M, where R_{ij} is the rate that user i achieves in band j during an interval of time [t, t + T_f ]. The average power consumed by a user i in band j during an interval of length T_f is then just P_{ij} =

η_oW M γ_{ij} γ_{ij} +W 1 − �_N k=1 γ_{kj} γ_{kj} +W

(2.22) This minimum power is exactly that of (2.18). The slotted scheme of M slots and band-partitioned scheme of M bands operating under the same bandwidth W consume the same average power over a given time interval for the same user rate assignments in each slot/band. In other words, let the set of users assigned to a particular slot j be the same as those assigned to a band b. If each user transmits at the same information rate in each of the two schemes and the two schemes have the same system bandwidth, then the average power measured over the interval [t, t + T_f ] is the same in both schemes. The presentation of the bandwidth partitioned system has focused on allocation schemes that tend to assign a user to only one of the M bands. The parallel to that in the slotted scheme would be the assignment of each of the N users to one and only one of the M slots. This type of allocation is the focus of the next chapter.

2.5 Why Separate CDMA signals?

Before we begin to look at the different issues behind slotted CDMA, we must first briefly describe why one might wish to introduce this seemingly paradoxical notion of slotted CDMA. The idea of separating CDMA signals, be it in time or frequency, is in direct contradiction with the basic premise of CDMA: the simultaneous access of the entire system bandwidth by all system users. Though there are other justifications given in the previously referenced works [2], [3] and [4], we derive our reasons from the limitations of conventional power control schemes for such variable processing gain CDMA systems. As noted in [10], the power level assignment in standard unslotted systems are limited by the user with the lowest transmit power constraint, the greatest distance to the serving basestation, or the highest rate requirement. Our original impetus was to utilize slotting in large bandwidth systems to separate such “demanding” users in time slots and thereby improve performance for the other - if not all - system users. In other words, we start with a system with substantial system bandwidth so that even after an M slot division of the time frame, γ_{max} = max_i Γr_i <^W_M (Γ and r_i are the required SIR and rate respectively of user i). For this system, we believe slotting those users who strain system performance because of their power or rate constraints will improve either the rate or power performance of the remaining users. The presentation in this thesis, however, does not deal with the transmit power limits or associated link gains of the system users. On the other hand, we do uphold each users’ minimum rate and SIR requirements. So, in our context, we note that conventional multirate power assignments are limited by the maximum rate requirement among all the supported users and our goal here is to show that system performance may be improved via slotting CDMA transmissions. We clarify this intuition with a simple example for the moment. (Note that the following chapters will provide more rigorous support for such a claim.) From [10], we are given that N multirate users can be supported by a system, i.e. their minimum SIR requirements can be met, if and only if N� i=1 γ_i γ_i + W

< 1 (2.23) where once again, γ_i = Γr_i. This is obtained by realizing that if the interference in the system surpasses a threshold then the minimum SIR levels for the system users can no longer be met. Now, assume that there are only two slots in this system and that W is more than large enough to support the maximum γ_i in a slot by itself. Also assume that there is one user k who comprises most of the

�_N i=1 γ_i γ_i+W . If we utilize the second

slot and separate this particular user from the others (i.e., let it transmit by itself in any one of the two slots), then the remaining users must adhere to the following in their own slot � i=1,i≠k

2γ_i 2γ_i + W

< 1 (2.24)

We can thus immediately see that depending on the exact values of γ_i:

1. Each user i in this second slot could possibly achieve higher γ_i and still meet the requirement in (2.24).

2. The second slot can potentially support additional users with γ < γ_k.

3. The second slot can maintain the same number of users with the identical rate requirements as above, but reduce the average power consumption.

What we have listed above is merely the intuition upon which we examined the slotted scheme. The subsequent chapters provide more justifications for these statements.

Chapter 3 Discrete Assignment Policy

Within the discipline of slotted CDMA transmissions, there exists a myriad of possible assignments of users to time slots. Within such a multitude of assignment schemes are those that optimize some metric of system performance. In the work presented here, the focus lies on establishing certain scheduling methodologies that attempt to minimize the overall total average power consumed by all users in the time frame T_f . The first type of scheduling mechanism studied relies on the assumption of a discrete slot assignment. By this we refer to the scenario in which each of N system users are assigned to one and only one of the M slots in each frame. This chapter concentrates on the principles of such an assignment policy. The alternate scheduling technique, the crux of chapter 4, allows users to be assigned to multiple slots in a frame. Since we have described our system thus far with a general number of users and slots, we begin this chapter by first addressing in section 3.1 how N and M affect these scheduling techniques. From here we move onto the central focus of the chapter, which is to describe the functions of the discrete assignment scheduler. This description is presented in sections 3.2, 3.3, and 3.4. The first of these sections deals with a pair of simple examples that provide a rudimentary understanding of the problem at hand. This is done by studying a system of two slots and three users. Section 3.3, on the other hand, deals with the more general problem of M slots and N users. In it, we propose a heuristic that reduces the total average power consumed for any other discrete assignment that does not balance or equalize the load carried in any two pairs of slots over the M slots. Load-balancing over two slots is achieved when the total load carried in the two slots is as equal or balanced as possible. The result then is that the power levels in each of the two slots are also equalized. This heuristic simultaneously imposes a pairwise loadbalancing criterion on the assignments and also reduces power consumption. With simple arguments presented in this same section, one can then show that this loadbalancing assignment of the N system users to the M time slots is non-polynomial (NP) complete. For our problem, we note that the load-balancing scheduler is simply too complex for implementation. To circumvent the complexity of this scheduler, we introduce in section 3.4 two cases of simpler sub-optimal assignments. One set of assignments places users into slots in a random manner. The other set attempts to approximate the results of the load-balancing scheduler by two different assignment schemes. In one we place users to slots in order of decreasing rate and in the second we assign each user to the least loaded slot. In section 3.5 we analyze the performance of such discrete schedulers versus that of standard multirate CDMA. For small-order problems, we compare all discussed schemes. For larger problems (with many slots and significantly many diverse users), one is forced to eliminate the load-balancing scheduler from the comparison due to its complexity. In these examples, we thus deal with only the reduced-complexity, sub-optimal performance, including comparisons to standard multirate CDMA.

3.1 Scheduling and the Relationship between N and M

A basic method of scheduling users to slots in a frame is a one-slot-per-user assignment. Here each user is assigned to only one of the M slots. Before deriving the conditions for such a scheduler, let us first make some observations concerning the relationship between M and N. Due to the constraints of this problem formulation, if M ≥ N (more slots than users), then each user will be scheduled to transmit in its own slot. Such an assignment results from the principles of orthogonality [13]. In fact, for M = N, this assignment would be the absolute minimum even if one were to remove the discrete assignment requirement. Once again this is a consequence of orthogonal signaling. For the case M > N, it can be shown that the total average power consumed by the N users in such a discrete assignment is the same as that for an assignment that allows a user to transmit over multiple slots. To see this, let us begin a fixed N and M such that M > N. Call the set of all users in the system U. Scheduler 1 assigns users to slots discretely, i.e. one-slot-per-user. Scheduler 2, on the other hand, can divide users’ transmissions over multiple slots. Once again relying on previous results from orthogonal signaling, we realize that both the schedulers will minimize power by separating users into different slots. Scheduler 1 merely places the N users in N different slots, leaving the remaining M − N empty (resource inefficient but nonetheless minimal in the power metric). Scheduler 2 meanwhile takes a subset of the N users and assigns them a singular slot. The data streams of the remaining users, members of the subset denoted by K (K ⊂ U), are then divided over the remaining M − N slots so that each of these users’ transmitted bits are the only bits transmitted during the respective slot. In other words, scheduler 2 may assign a user i, where i ∈ K, l slots (l ≤ M − N) over which to transmit its bits. Specify these l slots of user i by the set L. Then to minimize the total average power, no other user is assigned to these same l slots. Furthermore, the average power that user i exhausts in each of these l slots is

P_{ij} = Γ_{ij} R_{ij}η_o j ∈ L (3.1)

Note that the minimum rate requirement demands that � j R_{ij} = r_i. Thus over the entire frame, user i expends average power

P̄_i = 1 M M� j=1 P_{ij} (3.2) = 1 M � j∈L Γ_{ij}R_{ij} η_o (3.3) = 1 M r_iΓ_iη_o (3.4)

Therefore, we note that the average power expended by each user i ∈ K during the entire frame is described by (3.4). Now, for scheduler 1 in this M > N scenario, each user i ∈ U will be assigned its own slot, say slot s. Observe that the power in each slot j ≠ s will be 0. Thus the average power consumed by the user i in this case will be

P̄_i = 1 M M� j=1 P_{ij} = 1 M r_iΓ_iη_o (3.5)

Comparing the results of (3.4) and (3.5), we see that any user i in this system with M > N consumes the same average power if it is assigned its own slot or set of slots. Since previous principles all dictate that orthogonal signaling minimizes power consumption, we deduce that for cases of M ≥ N, the scheduling results for either policy (discrete or non-discrete) result in the same power consumption regardless of the slot assignment. These results are in fact fairly non-extraordinary. For the remaining discussion in this thesis we examine the more interesting case of M < N. We begin here in this chapter by looking at the discrete assignment policy for M < N.

3.2 Two Slots and Three Users

Before examining the general scenario of N users and M slots, let us take a detour into a simpler arrangement. In this section we describe two examples of a system comprised of three users and two slots, N = 3 and M = 2. In the first example we assume that two of these three users are identical in their requirements. The second example deals with the optimal assignment of users to slots when each of the three users have different rate requirements.

Example 1: 2 Identical Users

Consider three users in a system, each with the same desired required SIR level, Γ. In this first example, we look at the case when two of the users (user 1 and 2) have an identical minimum rate requirement over a slot, say r, and the third user (user 3) has a requirement βr over a slot. Under these assumptions we analyze the power consumption of three schemes described in Figure 3.1. The first two schemes comprise the only two possible slots assignments for the slotted system limited to one slot per user. The third scheme is the standard multirate system of [10]. Note that the desired rates in the third scheme are half that of the slotted scheme.

Let us begin by comparing schemes 1 and 2. In scheme 1, the two equal rate users transmit simultaneously during one slot and the third user transmits by itself in the

Figure 3.1: The three schemes of Example 1

second slot. Using the minimum power allocations per slot given in (2.17), we see that P^∗_{11} + P^∗_{21} =

2γη_oW W − γ

(3.6) P^∗_{31} = 0 (3.7) P^∗_{12} = P^∗_{22} = 0 (3.8) P^∗_{32} = βγη_o (3.9) where γ = rΓ and P^∗_{ij} is the minimum power for user i in slot j. In the second scheme, the minimum power levels during the respective slots are P^∗_{11} = γη_o (3.10) P^∗_{21} = P^∗_{31} = 0 (3.11) P^∗_{12} = 0 (3.12) P^∗_{22} + P^∗_{32} = γη_oW^2 + γβη_oW^2 + 2γ^2βη_oW

W^2 − γ^2β

(3.13) The average power consumption of each of the user i, P̄^∗_i over the frame in the either schemes is then computed as P̄^∗_i = 1 2 2� j=1 P^∗_{ij} i = 1, 2, 3 (3.14) The average power consumed by all users in scheme 1, P̄_{s1} , and scheme 2, P̄_{s2} are then just the summation of the P̄^∗_i over i P̄_{s1} = βγη^o 2 + γη_oW W − γ

(3.15) P̄_{s2} = γη^o 2 + γη_oW^2 + γβη_oW^2 + 2γ^2βη_oW

2(W^2 − γ^2β)

(3.16)

Comparing P̄_{s1} and P̄_{s2} , it can be shown that scheme 1 consumes less average power than scheme 2 if and only if β > 1. Conversely, for 0 < β < 1 scheme 2 is more efficient.

Now let us assume that β > 1 and compare the minimum slotted assignment, i.e. scheme 1, with the unslotted transmissions of scheme 3. Using the results of (2.17), we see that P̄_{s3} = η_oW

�_{γ/2}

γ/2+W � + �_{γ/2}

γ/2+W � + �_{βγ/2}

βγ/2+W � 1 −^{γ/2}_{γ/2+W} −^{γ/2}_{γ/2+W} −^{βγ/2}_{βγ/2+W}

(3.17)

This comparison attempts to quantify when P̄_{s1} > P̄_{s3} . After some algebraic manipulation we can show that for P̄_{s1} > P̄_{s3} , we must have 2γW + βγ(W − γ) 2(W − γ) > W (2γ(βγ + 2W ) + βγ(γ + 2W )) 4W^2 − 2βγ^2 − 2γW

(3.18)

This can be further simplified to

β^2(2γ^2 − 2γW ) + β(4γW − 8W^2) + 4W^2 > 0 (3.19)

Let g(β) = β^2(2γ^2 − 2γW ) + β(4γW − 8W^2) + 4W^2. The roots of g(β) are

β_{1,2} =

4W^2 − 2γW ± 2W � 4W^2 − 2γW − γ^2 2γ(γ − W )

(3.20)

Of the two roots indicated above, it can be shown that only one is positive. More specifically, β_1 =

4W^2 − 2γW + 2W � 4W^2 − 2γW − γ^2 2γ(γ − W )

> 0 (3.21) Now we observe that g(β) has one negative and one positive root and g(0) = 4W^2 > 0. Thus, g(β) > 0 for positive β, implies that P̄_{s1} > P̄_{s3} if and only if 0 < β ≤ β_1. Now we briefly examine β_1; in particular, we determine if and when β_1 takes on values greater than 1. Solving thru β_1 > 1 results in the following inequality:

2W^3 − 3W^2γ + γ^3 < 0 (3.22)

Setting h(γ) = 2W^3 − 3W^2γ + γ^3, we observe that h(γ) has a root at γ = −2W and a double root at γ = W . Since, h(0) = 2W^3 > 0, we see that h(γ) < 0 for γ < −2W . Since γ < −2W is impossible, we see that β_1 is not greater than 1. We were originally comparing these two schemes assuming β > 1. Consequently, we see that scheme 1 is minimum to scheme 3 regardless of the value of β.

Please note, however, that the feasibility of scheme 3 requires that the values of β that we can compare must be such that β < W (2W − γ) γ^2

= β_{m3} (3.23)

This is obtained by requiring that denominator of P̄_{s3} is positive. In other words only these values (3.23) of β will ensure a positive power solution for scheme 3. The limitations for scheme 1 in terms of values of β lie in the minimum processing gain as discussed before, i.e. β <^W_{2γ} = β_{m1}. Quickly, comparing β_{m1} and β_{m3}, we see that β_{m3} > β_{m1}. So the result of comparing schemes 1 and 3 is that scheme 1 minimizes power consumption for 1 ≤ β < β_{m1} and scheme 3 is “optimal” for β_{m1} ≤ β < β_{m3} by default due to the infeasibility of scheme 1.

Finally consider the comparison between scheme 2 and scheme 3 with the assumption that β < 1. Once again we begin by calculating the conditions when P̄_{s2} > P̄_{s3} . After some simplification, P̄_{s2} > P̄_{s3} when γ(2W^2 − γ^2β + βW^2 + 2W βγ) 2(W^2 − γ^2β) > γW (3βγ + 4W + 2W γ) 2(2W^2 − γW − γ^2β)

(3.24)

Reducing this further we get

W β^2γ^4 + W^2β^2γ^3 + W βγ^4 + β^2γ^5 − 2W^3γ^2 − 2W^2γ^3β > 0 (3.25)

Let g(β) equal the expression on the left-hand side. The roots of g(β) are

β_{1,2} =

2γW − γ^2 ± W � γ^4 + 4γ^3W + 12γ^2W^2 + 8γW^3 2(γ^3 + γ^2w + γw^2)

(3.26)

Analysis of β_{1,2} for varying values of γ and W indicates only one positive root, namely

β_1 =

2γW − γ^2 + W � γ^4 + 4γ^3W + 12γ^2W^2 + 8γW^3 2(γ^3 + γ^2w + γw^2)

> 0 (3.27)

Observe that for γ = W , this root is β_1 = 1. This means that for γ = W , P̄_{s2} > P̄_{s3} if and only β ≥ 1. Our initial assumption, however, was that β < 1. In the case of γ = W , we can state that the feasible, scheduled transmission of scheme 2 consumes less power than the unslotted scenario of scheme 3. Now for γ = 0, we see that the root above, β_1, approaches infinity. In fact, for a fixed W , the root β_1 is given by the

Figure 3.2: Top: β_1 vs. γ when comparing schemes 2 and 3 from Example 1. Bottom: Same curve as above but for smaller range of β_1 and γ.

curve in Figure 3.2. From this curve, we observe that the values of β_1 for γ < W are all greater than 1. Thus, for γ < W , P̄_{s2} > P̄_{s3} if and only if β > β_1 where β_1 > 1. We can therefore conclude that a feasible implementation of scheme 2 consumes less power than scheme 3.

Now we determine the values of β for which scheme 2 is in fact feasible. To obtain position power allocations for the users in scheme to, we require that denominator in 3.16 be positive. Thus we want β < W^2/γ^2. Let β_{m2} = W^2/γ^2. The feasibility of scheme 2 was stated earlier as β < β_{m1}. A quick comparison shows that β_{m2} < β_{m3} and β_{m1} < β_{m2}.

Let us approach the system feasibility from a different point of view. We begin with the assumption that the system bandwidth is large enough to support the maximum rate user under the slotted scheme. In other words, β and γ are such that the slotted scheme can easily accommodate these users in a slot. The feasibility of scheme 2 is

Figure 3.3: Three possible ways that three users may transmit with two available slots

simply that γ <^W√_β = γ_2. Scheme 3 on the other hand is feasible if and only if

γ < W 2β ( � 1 + 8β − 1) = γ_3 (3.28)

Comparing γ_2 and γ_3, we see that γ_2 > γ_3 for β < 1. Similarly scheme 1 is feasible for γ < W = γ_1. Comparing γ_1 and γ_3, we get γ_1 > γ_3 if β > 1. These two comparisons state that if the users are slotted in an intelligent manner (i.e., with average power reduction), then the range of γ’s over which the slotted scheme remains feasible is larger than that for the standard, unslotted multirate system. This supports the assertion made at the end of Chapter 2.

Example 2: 3 Different Users

This example surveys the case in which the rate requirements of each of the three users is different for M = 2, N = 3. Again the assumption is that the SIR requirements are the same for each user. In this example we only focus on the minimum assignment for the slotted system. Figure 3.3 depicts the three possible slot assignments. Using analysis as in Example 1, we see that scheme 1 requires less average power then scheme 2 if

βγη_o 2 + 2γ^2αη_oW + γη_oW^2 + αγη_oW^2 2(W^2 − αγ^2) < αγη_o 2 + 2γ^2βη_oW + γη_oW^2 + βγη_oW^2 2(W^2 − βγ^2) (3.29) It can be shown via straight forward algebra that (3.29) is true if α < β. Next, we compare assignments 1 and 3. Once again scheme 1 consumes less average power over the frame than scheme 3 if

βγη_o 2 + 2γ^2αη_oW + γη_oW^2 + αγη_oW^2 2(W^2 − αγ^2) < γη_o 2 + 2γ^2βαη_oW + αγη_oW^2 + βγη_oW^2 2(W^2 − αβγ^2) (3.30) Again it can be shown that the statement in (3.30) is true if β > 1. Thus combining this result with that for the scheme 1 and scheme 2 comparison, we see that scheme 1 minimizes the sum of average powers if and only if β > 1 and α < β. The result of these two examples indicates that to minimize the total average power consumption over a frame, the slot assignments should be such that the highest rate user transmits by itself in a slot and the other two users share the remaining slot. Simply put, we should isolate the high rate user into its own slot. Also note that if α = β = 1, the three schemes would be identical and the average power consumed in each of the cases would be the same.

3.3 General Problem

Let us now turn to solving the discrete assignment problem for a general M < N. Due to the one-slot-per-user limitation, we see that P_{ij} is non-zero for only one j for each user i. This requirement can be stated as

P^∗_{ij} =

δ_{ij} γ_i δ_{ij} γ_i+W 1 − �_N k=1 δ_{kj} γ_k δ_{kj} γ_k+W

(3.31)

where δ_{ij} is an indicator function which equals 1 if user i is assigned to transmit in slot j and 0 otherwise. Note that γ_i = Γr_i where r_i is the rate requirement over a slot (and in this case over a frame as well) and Γ is the minimum SIR requirement for that user’s data stream. Observe that in the standard unslotted scheme, user i’s rate requirement would be r_i/M in each slot. The minimum sum of average powers for the entire frame can then be found as the solution to the following

min_δ 1 M M� j=1 η_oW

�_N i=1 δ_{ij} γ_i δ_{ij} γ_i+W 1 − �_N k=1 δ_{kj} γ_k δ_{kj} γ_k+W

(3.32)

s.t. M� j=1 δ_{ij} = 1 ∀i = 1, 2, . . . N (3.33)

In fact we may further simplify the notations in this problem by realizing that if δ_{ij} = 1

for a particular slot, that user in that slot contributes^{γi}_{γi+W} in that slot and zero

otherwise. Thus we can write the problem statement above as

min_δ 1 M M� j=1 N� i=1 η_oW^{δij γi}_{γi+W} 1 − �_N k=1 δ_{kj} γ_k γ_k+W

(3.34)

s.t. M� j=1 δ_{ij} = 1 ∀i = 1, 2, . . . N (3.35)

3.3.1 Single Rate System

In a single rate system, each user has the same desired rate requirement, γ. We can

therefore reduce the problem statement above to

min_δ 1 M M� j=1 η_oW γ γ+W �_N

i=1 δ_{ij} 1 −^γ_{γ+W}

�_N i=1 δ_{ij}

= min_δ 1 M M� j=1 η_oW γ

�_N i=1 δ_{ij} γ + W − γ

�_N i=1 δ_{ij}

(3.36)

s.t. M� j=1 δ_{ij} = 1 (3.37)

We see that

�_N

i=1 δ_{ij} now represents the number of single rate users assigned to slot j.

Let N_j =

�_N

i=1 δ_{ij} , then constraint 3.37 can be rewritten as

�_M

i=1 N_j = N, giving us the new single-rate system problem statement

min_{mbN} f(N) = η_o M M� j=1 N_j 1 − N_j

(3.38)

s.t. g(N) = M� j=1 N_j = N (3.39)

This too is a discrete optimization problem, where each N_j must take on an integral

value. To understand the mechanics of this problem, we begin by assuming that N is divisible by M. Under this assumption, we now try to the solve the relaxed version

of this problem, i.e. with the integer solution assumption relaxed. In other words, we

assume that these N_j’s can take on real values. This second assumption now allows us to use techniques from constraint minimization of continuous functions to derive an

optimal solution. Observe that the discrete solution to the problem above is a subset of the solutions described by this continuous case. Using the Lagrange multiplier, λ, for the linear constraint in (3.39), we get 1 (1 − N_j)^2

= λ ∀j = 1, 2, . . . M (3.40)

Equation (3.40) says that all N_j ’s are equal. This taken in conjunction with the linear constraint above implies that N_j = N/M, ∀j. Since we started out with the assumption that N and M are divisible, we can easily deduce that this would be the solution for the discrete optimization problem as well, since the N_j ’s are integral in this solution. In the case that N and M are not divisible, we make the argument that N⌊^N_M ⌋ of these identical users should be assigned to each slot. The remaining users can each then be placed arbitrarily in any of the M slots so that there are N − NM⌊^N_M ⌋ slots with N⌊^N_M ⌋+1 simultaneous transmitters and the remaining with N⌊^N_M ⌋ simultaneous users. To show validation for this argument, we first observe that if users are not assigned to slots as in the manner prescribed above, there will be at least one pair of slots, say slots j_1 and j_2 such that N_{j1} − N_{j2} > 1. In that case, the average power consumed by these two slots will be Pold =

W η_o 2 � N_{j1} 1 +^W_γ − N_{j1} + N_{j2} +^W_γ − N_{j2} � (3.41) Let S = N_{j1} + N_{j2} . Now fix S and redistribute the number of users in the two slots so that there are now N^′_{j1} and N^′_{j2} users in slots j_1 and j_2 respectively. Once again, since S is fixed, N^′_{j1} + N^′_{j2} = S. The power consumed with this distribution of users is then

Pnew =

W η_o 2 � N^′_{j1} 1 +^W_γ − N^′_{j1} + N^′_{j2} 1 +^W_γ − N^′_{j2} � (3.42)

We can now determine when the change in power, Δ = Pold − Pnew is greater than zero. With some algebra, we observe that Δ > 0 if and only if N^′_{j1} N^′_{j2} > N_{j1} N_{j2} . We can maximize the product N^′_{j1} N^′_{j2} under the constraint N^′_{j1} + N^′_{j2} = S. The result for S even is N^′_{j1} = N^′_{j2} = S/2 and for S odd is |N^′_{j1} − N^′_{j2} | = 1. Thus for the two slots, power consumption is minimized if the number of users in each slots is as balanced or equal as possible. Comparing the number of users in each of the M slots two slots at a time, we can then extend this result over all M slots. In other words, the number of users in each of the M slots should be as equal or balanced as possible. The result then is that for N not divisible by M, the difference in the number of users in each slot is either zero or one.

3.3.2 Multirate Problem

In trying to solve the discrete assignment problem, we employ a process that effectively attempts to minimize each of the following terms in the cost function above η_oW

�_N i=1 δ_{ij} γ_i γ_i+W 1 − �_N k=1 δ_{kj} γ_k γ_k+W

(3.43)

The discussion here takes an arbitrary user-to-slot assignment and improves it power performance by a process of pairwise-load-balancing. Though we are not able to prove the global optimality of this process, we are able to show that due to its inherent properties, it achieves pairwise load-balancing among the M slots while reducing total power. In other words, the resulting assignment scheme equalizes the total sum of rates carried in pairs of slots for all pair. For simplification, let a_j =

�_N i=1 δ_{ij} γ_i γ_i+W . The cost

function in terms of these a’s, f(a), is then

f(a) = η_oW M M� j=1 a_j 1 − a_j

(3.44)

Let us now specifically state what we mean by pairwise load-balancing. If we take a pair of slots, say slots j_1 and j_2 and, with the given set of users in these two slots, interchange the user-to-slot assignments (i.e., swap users between the two slots) so that |a_{j1} − a_{j2} | is minimum, then we have pairwise load-balanced the two given slots. In proving the load-balancing power reduction, we employ a result similar to the one shown for the single-rate user scenario when N was not divisible by M. Though the following theorem and proof are presented as a procedural mechanism that reduces power consumption via pairwise-load-balancing, the actual process of balancing loads between two slots over all pairs of slots turns out to be complex. The discussion of this complexity is left for later.

Theorem 1

For an arbitrary slot assignment {a_1, a_2, . . . a_M } redistributing users to slots so as to achieve pairwise load-balancing reduces the cost function f(a).

Proof:

We begin this proof by extending the discussion in the previous section concerning load balancing between two slots with identical users to this multirate case. We are given an arbitrary assignment of users to slot so that the total load in slot 1 is a_1, slot 2 is a_2, and so on. Let us examine any two slots in the frame, say slot j_1 and j_2. We are therefore given the subset of the N system users assigned to these two slots. In these two slots, the given arbitrary assignment implies the following average power over these slots is Pold = η_oW 2 � a_{j1} 1 − a_{j1} + a_{j2} 1 − a_{j2} � (3.45) Now let us assume that the given subset of users in slots j_1 and j_2 are swapped between the two slots so that the load distribution is now a^′_{j1} and a^′_{j2} . The average power over the two slots under this new distribution is

Pnew = η_oW 2 � a^′_{j1} 1 − a^1_{j1} + a^′_{j2} 1 − a^′_{j2} � (3.46)

Let s = a_{j1} + a_{j2} = a^′_{j1} + a^′_{j2} , i.e. the total load in the two slots is fixed as s. For this constraint, we once again note that Δ = Pold − Pnew > 0 if and only if a^′_{j1} a^′_{j2} > a_{j1} a_{j2} . For a^′_{j2} = s − a^′_{j1} , we wish to determine when a^′_{j1} (s − a^′_{j1} ) is maximum. The plot of this product is shown in Figure 3.4. Observe that the maximum occurs at a^′_{j1} = s/2. Also note that all the discrete assignments of the given subset of users in the two slots are merely a collection of finite points along this curve. We thus see that the optimal distribution of users between the two slots is one in which the loads in the two slots are as equal (close to s/2) as possible. Another way to state this for the discrete assignments here, is that the optimal distribution of the given set of users over the two slots is one in which |a^′_{j1} − a^′_{j2} | is minimum. There is therefore a power reduction in this pairwise load-balancing. We now note that performing this pairwise load-balancing over all pairs

Figure 3.4: Plot of a^′_{j1} (s − a^′_{j1} ).

of slots in the M slots then reduces total power, i.e. reduces the overall cost function f(a).

Pairwise load-balancing over all slots can be repeatedly performed until we cannot pairwise improve |a^′_{j1} − a^′_{j2} | for any two slots j_1 and j_2. This repeated implementation eventually converges to a fixed point. The resulting power distribution is a local not global minimum to the discrete assignment under study here. To show the local optimality of the pairwise load-balancing scheme we employ a specific example. Suppose that for a three slot system with six users, the load requirements for each user are: 0.70, 0.41, 0.38, 0.33, 0.30, 0.299. Note that the load requirement is the ratio: γ/(γ + W ). Let us implement pairwise load-balancing on these users so that the fixed point results as in the left part of Figure 3.5. Observe that we cannot swap any set of users between any two slots and equalize the total loads in the slots further. For this pairwise load-balanced solution, we see that a^′_1 = 0.999 and a^′_2 = a^′_3 = 0.71. For this three slot system with the given rate requirements, we also propose a second distribution of users to slots as indicated in the right half of Figure 3.5. In this case, a^∗_1 = 0.70,

Figure 3.5: User-to-Slot assignments for given example.

a^∗_2 = 0.74, and a^∗_3 = 0.979. We now evaluate f(a^′) and f(a^∗). The result is, f(a^′) = 334.6322 (η_oW ) and f(a^∗) = 17.2662 (η_oW ). The pairwise load-balancing convergence point is not the global minimum in this case. We can therefore conclude that the fixed point solution of the pairiwse load-balancing procedure leads to a local minimum for the discrete assignment case.

3.3.3 Complexity of Pairwise Load-Balancing Assignment

Let us briefly discuss the complexity of the pairwise load-balancing algorithm. If there are K users between a pair of slots, the complexity of determining the load balanced solution is of order O(K^2) [14], [15]. Note that in a worst-case scenario, the intial distribution of users maybe that all N system users are assigned between a pair of slots. Depending on the given arbritrary user distribution, it may however require only one pairwise load-balancing to achieve an over all pairwise load-balanced assignment. Regardless, to determine this we would need to go over all pairs of slots at least once. Since there are M choose 2 pairs of slots, we would need at the minimum M choose 2 times the N^2 complexity of a singular pair load-balancing mechanism. Furthermore, we may have to repeatedly cycle through all the pairs of slots a multiple number of times. To set an upperbound on the number of times we may have to cycle through all the pairs of slots, we define first an ordered set d = {d_{11}, d_{12}, d_{13}..., d_{1M} , d_{23}, d_{24}..., d_{(M−1)M}}. The elements of this define a pair of slots over which one may attempt load-balancing.

There are, as noted above,, M choose 2 members in this set. Let D be the number of permutations of the set d. It is, therefore, possible that we may have to cycle through the pairs of users D times. The result therefore is an alogrithm that is implementationally complex realistic systems in which the number of users can be of order 10^2 with 5 or more slots. For this reason, we look towards suboptimal schemes as a means to approximate the pairwise load-balancing heuristic.

3.4 Possible Sub-Optimal Schemes

Due to the complexity of the pairwise load-balancing scheduler, we can devise alternate methods for assigning each user to one and only one slot. First we look at random schedulers. The first one places each user into one of the M slots with equal probability. For such a scheduler we can compute the average power spent over a frame as, P̄_{rand}

P̄_{rand} = (M − 1)^{N−1} M^N

�_N � i=1 β_i 1 − β_i � + (M − 1)^{N−2} M^N � � N� i=1 � k≠i

β_i + β_k 1 − β_i − β_k � �(3.47)

+ (M − 1)^{N−3} M^N � � N� i=1 � k≠i � n≠k

β_i + β_k + β_n 1 − β_i − β_k − β_n � � + . . . (3.48) 1 M^N

� �_N i=1 β_i 1 − �_N i=1 � (3.49)

where β_i =^{γi}_{γi+W} . Note, however, that this random allocation of users to slots (which we will refer to as random slot assignment) can lead to allocations which potentially leave empty slots. This is both bandwidth and (in the case of M < N) power inefficient. Thus as a second random scheme, we look a scheduler that effectively employs random “water-filling” in the number of interferers per slot. This scheduler places ⌊^N_M ⌋ users in each slot. These users are selected randomly from the set of N users. The remaining users are then assigned to slots in a random manner. For this scheme (referred to as the random user assignment), we have produced only experimental results presented a bit later.

The other set of suboptimal schemes are those that attempt to equalize the load in each slot (thereby approximating the load-balancing algorithm). One such scheme is to assign each system user one at a time to the least lightly loaded slot. Another version of this is to first order the system users in terms of their desired rates and then assign users to the slot with the minimum load. Yet another is described by the following “zig-zag” strategy:

1. For the N system users with rate requirements γ_i, sort these rates in increasing order.

2. Label the slots 1 through M. Set counter c = 0.

3. Place the M highest users starting from slot 1 to slot M. Increment counter,c.

4. If c = ⌊^N_M ⌋, set d = 1 and then skip to step 6. Otherwise, place the next M sorted users in slots starting from slot M to slot 1. Increment counter c.

5. If c = ⌊^N_M ⌋, set d = 0 and skip to step 6. Otherwise, place the next M sorted users starting from slot 1 through M. Increment counter c. Goto step 4.

6. If d = 1, then place the last remaining, sorted users in slots starting from slot M down. If d = 0, place the remaining users in slots starting from slot 1 up.

The effect of this “zig-zag” placement is shown in Figure 3.6. Also note that the three slot example studied in the previous section also proves that the zig-zag scheme does not converge to the global minimum. The pairwise load-balanced fixed point distribution shown in that example is also the zig-zag distribution for the given users. The pairwise load-balanced distribution given in the example is also the sorted minimum slot assignment for these users as well.

Before we begin to look at the system performance of the optimal and these suboptimal schemes, we observe that for identical rate users, i.e. the single-rate system, the pairwise load-balanced, the random user assignment, the “zig-zag”, the sorted and on-line minimum slot assignment schemes all produce identical total-average power consumption over the frame.

Figure 3.6: Depiction of the Zig-Zag Scheme. γ^∗ = Sorted γ requirement.

3.5 Performance Analysis

In this chapter we posed a few scheduling techniques that adhere to the discrete assignment policy: M-fold minimum bin-packing technique, the random slot assignment, the random user assignment, the “zig-zag” approach, and finally the sorted and on-line versions of the minimum slot assignment scheme. In this section, we now apply these techniques to an experimental system and determine their merits.

3.5.1 Smaller Systems

First, we begin with smaller systems because of our limitation in computing the pairwise load-balanced assignment scheme for complex scenarios. In these systems, we begin by comparing all proposed schemes to the standard CDMA assignment. The system bandwidth in this case is 10 MHz and user rates are chosen at random from the following rate vector: R = [9.6 14.4 28.8 36.6 54 128 144 256 360] Kbps and each user’s desired SIR level is 6db. The time frame is divided into 3 slots and we analyze this small system for N=4 to N=10. The top graph in Figure 3.7 depicts the ratio of the average power consumed by the applied scheme to the average power consumed under standard, unslotted CDMA. The exact rate requirement for this particular experiment was: [28.8 144 360 9.6 256 28.8 360 14.4 14.4 9.6] Kbps. We immediately see that the random slot assignment case really suffers in terms of any potential power benefits. This, as we indicated earlier, has to do with inefficient assignments that leave slots empty or heavily slot one slot while the remaining slots carry very few low rate users. Due to its poor performance in a such a basic, small system, we now preclude the random slot assignment from further analysis. In Figure 3.7, we look at the ratios of the three other assignment schemes when compared to standard CDMA. The power levels for the random user assignment were accrued by averaging fifty slot assignments over the given set of rate requirements. We see that for this system, even the performance of the random user to slot assignment betters the power consumption of standard CDMA. The zig-zag scheme, which effectively assigns the same number of user per slot as the random scheme, improves power consumption when compared to the random scheme because it incorporates some information about user rate requirements into the slot assignment. The best power consumption over these schemes is observed under pairwise load-balanced assignment. This is essentially due to the load-balancing process described earlier in the chapter. One could treat any of these other assignment schemes as arbitrary given slot assignments. Their power performance can then be improved by performing the swaps indicated in the proof of Theorem 1. Note that though the systems in Figure 3.7 indicate power savings compared to standard CDMA, the actual portion of savings is really not all that substantial. This savings increases if the rate requirements and number of slots are held the same and the total available bandwidth reduced. The results for this are in Figure 3.8. The top figure is for a system with W = 5MHz while the bottom is for a system with W = 2MHz. Note that we hold the user rate requirements over a slot fixed in each of these systems.

3.5.2 Larger Systems

Now we move onto larger systems, i.e. systems with significantly more users. Here we analyze two different types of user requirements: identical and multirate. As we

Figure 3.7: Top: Relative average power performance of the four schemes studied for a small system with W=10Mhz. Note that due to the high power levels of the random slot assignment case, the curves of the other systems are “hidden” as they produce ratios less than 1. Bottom: relative average power performance of the Pairwise Load-Balanced, Zig-Zag, and Random User Schemes for a small system with W=10Mhz.

indicated earlier, when the system users are all identical (single-rate requirement), the five schemes (pairwise load-balanced, random users, zig-zag, minimum slot, and on-line minimum slot assignments) all collapse into a singular assignment scheme in terms of power consumption. Under such conditions, we perform average power calculations for two types of schemes. In both these scenarios we assume a system bandwidth of 10MHz, user rates of 64Kbps, and required SIR of 6 db. The difference lies in the number of slots M. In one we assume M = 3 and in the second M = 5. The result of these two experiments are indicated in the graphs of Figure 3.9. In both the cases we have run the experiment up till the point the system “collapses”, i.e. the interference becomes significant enough so that target SIR’s are no longer attainable by the users. First we see that the slotted systems are both able to support more users than the standard systems before “collapsing.” Specifically, the M = 3 system collapses under standard CDMA when N = 115 while the slotted system is able to support two additional users before

Figure 3.8: Top: Relative average power performance of the Pairwise Load-Balanced, Zig-Zag, and Random User Schemes for a small system with W=5Mhz. Bottom: Relative average power performance of the same schemes in a system with W=2MHz.

becoming infeasible at N = 117. For M = 5, the slotted system can support 196 users while the standard CDMA system holds N = 192. This is just a direct consequence of the capacity of a single-rate CDMA system as studied in [16]. In particular, number of users supported in a single rate CDMA system is

N = 1 + W rΓ (3.50)

where r is the desired rate of each user and Γ the minimum SIR. Since slotting is equivalent to bandwidth partitioning, we can effectively compare the number of users supported by an unslotted, single-rate system (N_s) to that in an M-part system (N_M ) as N_S = 1 + MW rΓ (3.51) N_M = M � 1 + W rΓ � (3.52)

Figure 3.9: Relative Power Performance of Slotted Scheme (Zig-Zag) compared to standard CDMA for large system with identical users demanding rate 64Kbps. The top figure is for a system with M = 3 while the bottom is for a system with M = 5 slots.

Comparing N_S and N_M , we see that for N_S − N_M = M − 1. Note that equations (3.51) and (3.52) ignore background noise, as do the results indicated in Figure 3.9. Now observe that these differences are, practically speaking, trivial. Carrying M − 1 extra users does not amount to a significant gain in capacity. Thus both these schemes are comparable in performance at lower loads.

In the top graph in Figure 3.9, we see the ratio between the average power consumed by the slotted system with M = 3 versus that of the standard CDMA system. The bottom graph is for the same system but with M = 5. The ratios in both cases clearly indicate that for all values of N, the slotted system reduces total average power. The significant power savings, however, are seen at heavy system load. The measurable difference between the two systems in Figure 3.9 lies in the number of users supported. The capacity for both the CDMA and the slotted scheme increased. This, however, resulted from an extension of the time frame. In other words, the difference in the capacity for M = 3 and M = 5 is due to our definition of the rate requirement. In the two slotted systems, we have maintained that each user will transmit 64Kbps in a slot.

Figure 3.10: Relative power performance of slotted scheme (Zig-Zag) compared to standard CDMA for large system with identical users demanding rate (5/3)64Kbps. This is the result when one fixes the information rate over a fixed frame length.

If, on the other hand, the user rate requirements are kept fixed over a fixed frame length, then the power performance behaves as the curve in Figure 3.10. Here the users rate requirements are increased for the shorter slot lengths, i.e. the rate requirements are scaled up by a factor of 5/3. The result is that the CDMA and slotted scheme capacity for this particular system with M = 5 remains as it was for M = 3. The difference in the system performance lies in the average power consumption which decreases in going from M = 3 to M = 5 due to additional orthogonal dimensions. Another large-scale system analyzed here dealt with multirate users. These users were once again assigned random rate requirements from the vector R described earlier. Due to the complexity of the pairwise load-balanced scheme, we are unable to study its system performance in this scale. Furthermore, as stated previously, the random slot assignment has extremely poor performance in small systems and we cannot anticipate any improvements as there are more and more users. The complexity of accruing reliable statistics for the random user assignment also makes the analysis of it power consumption difficult in large size systems. For this reason, we have provided only the comparison between the zig-zag scheme and the standard, unslotted CDMA system. Figure 3.11 indicates the ratio (P_{ZZ} /P_{CDMA}) between the average power consumed in the zig-zag scheme and the unslotted multirate CDMA system over a frame. The average power points were calculated by averaging the performance over a hundred random rate assignments. In fact, for this scheme we have also accumulated the number of times that the either the CDMA scheme or the zig-zag scheme was feasible for each of the hundred different rate assignments over the different numbers of system users. The result is provided as the bottom plot in Figure 3.11. The standard CDMA system has N users transmitting in each slot with rate γ_i/M. For each N, we can then treat the total load in each slot as

�_N i=1 γ_i/M γ_i/M+W . Now each γ_i/M γ_i/M+W is a random variable

since each user’s rate requirement is chosen randomly from the rate vector R. Thus the total load in a slot for a CDMA system is a sum of random variables which we can then approximate as a Gaussian random variable with mean and variance as defined

μ = E

�_N � i=1 γ_i/M γ_i/M + W � = NE � γ_i/M γ_i/M + W � = N L L� j=1 R_jΓ R_j Γ + MW

(3.53)

σ^2 = N L L� j=1 � R_j Γ R_j Γ + MW

�_2 − μ^2 (3.54)

where Γ is the target SIR, which we assume in this experiment to be 6db, and L is the number of possible rate requirements, which in this case was 9. The probability that any (and thus all) slot is feasible for the standard CDMA system is then

p = P

�_N � i=1 γ_i γ_i + MW < 1 � = Φ � 1 − μ σ � (3.55)

where Φ is the CDF of the normal distribution. We can then finally calculate the expected number of feasible allocations as Np. The result of this Gaussian approximation for the expected number of feasible assignments is also indicated in the feasiblity plot in Figure 3.11.

In examining the results in Figure 3.11 vis-a-vis those for the identical rate users in Figure 3.9, we see that slotting users in multirate systems has significantly more advantages than slotting users in single rate systems. We noted in the single-rate system that though there were power savings for slotting users, substantial benefits were seen only

Figure 3.11: Top: Relative power performance of slotted scheme (Zig-Zag) compared to standard CDMA for large system with randomly assigned user rates. Bottom: The number of feasible allocations obtained for the slotted and unslotted schemes over a 100 different random rate requirements.

at unrealistically heavy loads. On the other hand, for multirate systems average power consumption easily reduced by 90scenarios when moving from the standard unslotted system to the slotted one. Another measure of this savings was then an increase in the number of users the system could support.

Chapter 4 Relaxed Assignment Policy

An alternate structure for scheduling multirate CDMA users to time slots is based on a relaxation of the discrete assignment studied in the previous chapter. In other words, this alternate scheduler does not have to adhere to the one-slot-per-user condition and thus may opt to assign a user to multiple slots in a frame. This multi-slot allocation for a particular user is achieved by distributing the transmission of its data stream to potentially many slots in the frame. Due to the difficulty of CDMA acquisition [17], [18], it maybe beneficial for the system to assign such users contiguous slots in a frame. The discussion here, however, is not bound by such a restriction. In analyzing the relaxed assignment problem formulation in this chapter, we first note that there are inherent complications in pin-pointing an optimal minimum power assignment over the frame for this system model. In fact, a close study of the governing equations shows that available optimization techniques produce multiple solutions to the scheduling problem, among them the standard, unslotted CDMA transmission scheme. The aim in this chapter therefore is not to develop an algorithm which produces an optimal user-rate-to-slot assignment but rather to examine possible power reduction techniques in a slotted CDMA system under the guise of a relaxed assignment scheduler. This effort begins in section 4.1 with the statement of the relaxed assignment problem in terms of the minimum total average power cost function and its accompanying system constraints. Added to the discussion in this section are observations that clearly state the mathematical hurdles in obtaining an optimal scheduling heuristic for this policy. In section 4.2, we describe some interesting analytical (not necessarily optimal) results for this scheduler. Then in section 4.3, we address a relaxed allocation scheme for single rate users that can further improve the average power performance when compared to both the standard, unslotted system and the discrete allocation scheme from the previous chapter. Finally in section 4.4 we present performance results that pertain to the discussion in this chapter.

4.1 Relaxed Problem Statement

Recall from Chapter 3, that the discrete problem statement for a minimum average power scheduling assignment was

min_δ 1 M M� j=1 N� i=1 η_oW^{δij γi}

δ_{ij} γ_i+W 1 − �_N k=1 δ_{kj} γ_k δ_{kj} γ_k+W

(4.1)

s.t. M� j=1 δ_{ij} = 1 ∀i = 1, 2, . . . N (4.2)

In this problem statement we had assumed that the δ_{ij} ’s were indicator functions that were set to 1 if the particular user i was assigned to slot j and 0 otherwise. The relaxed assignment problem effectively “loosens” the constraint on these δ_{ij} ’s. In other words, users can now transmit fractions of their required rates in multiple slots, as long as the total transmitted rate meets the minimum requirement, i.e. the linear constraint above is upheld. To simplify notation, we now set β_{ij} =^{δij γi}_{δij γi+W} . Thus we write the equivalent problem statement as

min_β f(β) = 1 M M� j=1 �_N i=1 β_{ij} 1 − �_N k=1 β_{kj}

(4.3)

s.t. g_i(β) = M� j=1 β_{ij} 1 − β_{ij} = γ_i W ∀i = 1, 2, . . . N (4.4)

where each β_{ij} can take on values in the interval [0,^{γi}_{γi+W} ]. For our discussion we assume that β = [β_{11}, , β_{12} . . . β_{NM} ] is a point in the NM-dimensional hypercube whose boundaries are defined by the interval above. The cost function is then f(β) : ℜ^{NM} → ℜ^1. First we show that this cost function above is convex in β.

Theorem 2:

The cost function f(β) of the relaxed assignment problem is convex in each β_{ij} .

Proof:

We prove the convexity of the cost function by way of analyzing two similar functions.

First we show that a function h(x) =^x_{1−x} is convex for x ∈ [0, 1). The convexity of

h(x) is noted as follows. First observe that,

α h(x_1) + (1 − α)h(x_2) − h(αx_1 + (1 − α)x_2) (4.5) = αx_1 1 − x_1 + (1 − α)x_2 1 − x_2 − αx_1 + (1 − α)x_2 1 − αx_1 − (1 − α)x_2

(4.6)

= αx_1 � 1 1 − x_1 − 1 1 − αx_1 − (1 − α)x_2 � (4.7)

+(1 − α)x_2 � 1 1 − x_2 − 1 1 − αx_1 − (1 − α)x_2 � (4.8)

= αx_1 � (1 − α)(x_1 − x_2) (1 − x_1)(1 − αx_1 − (1 − α)x_2) � (4.9)

+(1 − α)x_2 � α(x_2 − x_1) (1 − x_2)(1 − αx_1 − (1 − α)x_2) � (4.10)

Without a loss of generality, assume x_2 > x_1. Therefore,

αh(x_1) + (1 − α)h(x_2) − h(αx_1 + (1 − α)x_2) (4.11) = � α(1 − α)(x_2 − x_1) 1 − αx_1 − (1 − α)x_2 � � x_2 1 − x_2 − x_1 1 − x_1 � (4.12) = α(1 − α)(x_2 − x_1)^2 (1 − αx_1 − (1 − α)x_2)(1 − x_2)(1 − x_1)

(4.13)

≥ 0 (4.14)

Thus, h(x) as described above is convex in x ∈ [0, 1). Now let us define a new function

z(x) = h(w(x)), where w(x) is a linear sum:

�_N

i=1 x_i and h(w) =^w_{1−w} . The second

partial of z with respect to x_i and x_j is identical for all i and equal to

∂^2z ∂x_i∂x_j = ∂ ∂x_i � dh dw · ∂w ∂x_j � (4.15) = 2 (1 −

�_N

i=1 x_i)^3

(4.16)

Observe that value of (4.16) is positive for all x ∈ [0, 1). We then see that the Hessian of z is composed of positive, identical entries, implying that it is positive definite. This then implies that z is convex in each x_i.

Our original cost function f(β) in (4.3) can be written as

f(β) = η_oW M M� j=1 z_j (β_j) (4.17)

where β_j = [β_{1j} β_{2j} . . . β_{Nj} ]^T . From the argument above, we know that each z_j is convex in β_{ij} . Now we simply have to show that the sum of convex functions z_j over j is convex. Let each h_i(x) be any convex function in each component of x. Also let z(x) = � i h_i(x). Then:

z(αx_1 + (1 − α)x_2) = � i h_i(αx_1 + (1 − α)x_2) (4.18) ≤ � i αh_i(x_1) + (1 − α)h_i(x_2) (4.19) = αz(x_1) + (1 − α)z(x_2) (4.20)

Thus the sum of convex functions is convex. This then implies that the cost function of the relaxed assignment problem is in fact convex in β_{ij} .

Now we move on to the constraint set. Specifically, we would like to determine if the constraint set is convex in β or not. For clarity, we note that a set A is convex if for all x_1 ∈ A and x_2 ∈ A, αx_1 + (1 − α)x_2 (∀α ∈ [0, 1]) is also an element in A. If the constraint set in the relaxed assignment problem above meets this condition, then the relaxed problem statement of (4.3) is just the minimization of convex function over a convex set which implies the existence of a unique minimum solution [19]. In our case, however, it can be shown that the constraint set is not convex. In particular we do this by providing a counter-example. The details of this are provided in the following theorem and proof.

Theorem 3:

The constraint set {β|g_i(β) = γ_i/W ∀i = 1, 2, . . . N} is non-convex.

Proof:

Note that constraint set is comprised of N mutually exclusive sets each defined by B_i = {b = [β_{i1}, β_{i2}, . . . β_{iM} ]|g_i(b) = γ_i/W }. The overall constraint set is just B =

�_N i=1 B_i.

We will now prove the above theorem via the following counter-example: Assume that we have a two slot system and that for any arbitrary user i, b_1 = [β_{i1} β_{i2}] and b_2 = [β^′_{i1} β^′_{i2}] are elements in the constraint set B_i. Thus b_1 and b_2 satisfy the constraints: β_{i1} 1 − β_{i1} + β_{i2} 1 − β_{i2} = γ_i W (4.21) β^′_{i1} 1 − β^′_{i1} + β^′_{i2} 1 − β^′_{i2} = γ_i W (4.22)

First solve thru for β_{i1} and β^′_{i1}:

β_{i1} = β_{i2}W − γ_i + γ_iβ_{i2} 2β_{i2}W − γ_i − W + γ_iβ_{i2}

(4.23) β^′_{i1} = β^′_{i2}W − γ_i + γ_iβ^′_{i2} 2β^′_{i2}W − γ_i − W + γ_iβ^′_{i2}

(4.24)

Now if αb_1 + (1 − α)b_2 is in B_i, then:

αβ_{i1} + (1 − α)β^′_{i1} =

(αβ_{i2} + (1 − α)β^′_{i2})W − γ_i + γ_i(αβ_{i2} + (1 − α)β^′_{i2}) 2(αβ_{i2} + (1 − α)β^′_{i2})W − γ_i − W + γ_i(αβ_{i2} + (1 − α)β^′_{i2})

(4.25)

for all α ∈ [0, 1]. But we note that solving this equation for α gives us only two solutions: α = 0 and α = 1. Thus B_i has been shown to be non-convex for any arbitrary user i in the two slot case. This in turn implies that we can show that B_i is non-convex for all users. This subsequently brings us to the result that B =

�_N i=1 B_i is non-convex since each B_i is non-convex.

Due to the two theorems above, the resulting relaxed assignment problem has potentially many local extrema points [19]. This comes about because the convex cost function and the non-convex constraint set. A rigorous discussion of such a situation is provided in [20]. Note that though a global minimum is difficult to compute in such a case, there has been some literature available for global minimization under these conditions. These techniques aim at obtaining a rather rough estimate of the global minimum. Some preliminary discussion of this is provided in [21] with extensive algorithms provided in [22], [23], and [24]. Some of these algorithms employ a penalty functions, others a random search method. The author in [23] assumes the objective function and constraints to be Lipschizian. For solving auxiliary minimization problem involving functions in the constraints, a grid of feasible points is constructed. The objective function is then minimized over this grid. For our purposes, however, the implication of these convexity characteristics is simply that we cannot find an unique optimal point. We are therefore left only with possibility of studying such a formulation for deducing further power reduction techniques, not necessarily the optimal power reduction method.

4.2 Observations concerning the Relaxed Assignment Problem

Though we already know that there are clear obstacles towards finding an optimal solution to the problem statement in (4.3), let us nevertheless attempt to solve this minimization problem employing the techniques of constrained optimization. Let the vector λ ∈ ℜ^N be the Lagrange multipliers associated with the equality constraint g(β) = [^{γ1}_{γ1+W} . . .^{γN}_{γN +W} ]^T . And let μ ∈ ℜ^{NM} and ν ∈ ℜ^{NM} be the Lagrange multipliers associated with the upper and lower bound constraints respectively. Thus, due to the Kuhn-Tucker conditions, we know that at the optimal β^∗:

l(β^∗) = ∇f(β) + λ^T ∇g(β) + μ + ν = 0 (4.26) μ^T (β − w) = 0 (4.27) ν^T β = 0 (4.28) μ ≥ 0 (4.29) ν ≤ 0 (4.30)

where l(β^∗) is the Lagrangian for the optimization problem under consideration and w_{ij} =^{Γri}_{Γri+W} . These first-order necessary conditions for the relaxed assignment problem allow us to make the following observation:

Theorem 4

The standard, unslotted multirate CDMA allocation for the relaxed assignment problem satisfies the Kuhn-Tucker conditions stated in (4.26)-(4.30).

Proof

In the standard, unslotted multirate CDMA system, users transmit in each and every slot at a rate allocation: β_{ij} =^{γiM}γ_{iM +W} . We note that according to the Kuhn-Tucker conditions for the relaxed assignment problem, if each user transmits during each and every slot, then due to (4.27) and (4.28), μ = 0 and ν = 0. The resulting conditions imply: 1 − β_{11} 1 − �_N

k=1 β_{k1} = 1 − β_{12} 1 − �_N k=1 β_{k2}

= . . . =

1 − β_{1M} 1 − �_N k=1 β_{kM}

(4.31) 1 − β_{21} 1 − �_N

k=1 β_{k1} = 1 − β_{22} 1 − �_N k=1 β_{k2}

= . . . =

1 − β_{2M} 1 − �_N k=1 β_{kM}

(4.32) . . (4.33) 1 − β_{N1} 1 − �_N

k=1 β_{k1} = 1 − β_{N2} 1 − �_N k=1 β_{k2}

= . . . =

1 − β_{NM} 1 − �_N k=1 β_{kM}

(4.34)

If we assign each β_{ij} =^{γiM}γ_{iM +W} , then each of the conditions (4.31) - (4.34) is satisfied as is the initial assumption that each user contributes a non-zero β_{ij} in each slot.

The second-order conditions for the standard, unslotted CDMA transmission can now be analyzed to determine if this particular extrema is a local maximum or minimum. This is done in Appendix 1 and results point out that this transmission scheme is a local minimum. However, we know from the analysis in the previous chapter that the standard CDMA point is not a global minimum for this problem since we were able to produce results minimum to this standard CDMA point using certain discrete assignments. Plugging in particular boundary conditions, i.e. a particular subset of all possible discrete assignments into the relaxed assignment problem will also satisfy the Kuhn-Tucker conditions above. However, we know from our analysis in the previous chapter that not all these assignments will yield a superior power performance when compared to the standard CDMA point. The random slot assignment scheme studied earlier is an example of this. At the same time, we also know that there a set of discrete assignments that are minimum to the CDMA operating point, such as the load-balancing, the zig-zag, etc.

Next, we probe a bit further into the problem of assigning users to slots based on the relaxed assignment policy. In this observation, we assume that all users have been appointed optimal β_{ij} ’s over all the slots. Now an additional user enters the system. Without disrupting the transmission schedule of the currently transmitting users, how does the system incorporate the new user in an optimal fashion?

To solve this assignment problem, we begin with the assumption that the new user is assigned to transmit only over two of the M slots and determine when and what the optimal assignment would be. Next, we extend the available slots to 3 and recalculate the optimal assignment. Finally we deduce the optimal assignment if the user was allowed to transmit in any subset of the M slots.

β_{ij} assigned over two slots

Assume that in the optimal solution, user i is assigned non-zero values of β_{ij} in two of the M slots. Without a loss of generality, we call these two slots 1 and 2. We start by assuming that in slot 1 and 2, user i is assigned β_{i1} and β_{i2} respectively. The cost function (f(β) =^1_M

�_M j=1 η_oW

�_N

l=1 β_{lj} 1− �_N

k=1 β_{kj} ) evaluated at this β = β

∗ assignment can then be written as:

f(β^∗) = η_oW M � � � k≠i βk1 + βi1 1 − � k≠i βk1 − βi1 + � k≠i βk2 + βi2 1 − � k≠i βk2 − βi2 + M� j=3 � k≠i βkj 1 − � k≠i βkj � � (4.35)

Now assume that all other users k, i.e. k ≠ i, have been optimally assigned to the M slots. Let a_j = � k≠i βkj . Based on these preassigned, optimal aj ’s (j = 1, 2, . . . M), we

would like to first determine the value of β_{i1} and β_{i2} that minimize the cost function. In doing this analysis, we assume the rate and SIR requirements of user i such that it can be accommodated in the most weighted slot, i.e. the slot with the largest sum a_j. In other words, let us assume max_j a_j +^{γi}_{γi+W} < 1 over j = 1, 2, . . . M, which further implies:

γ_i < W � 1 max_j a_j − 1 � over j = 1, 2, . . . M (4.36)

Note, however, that if max_j a_j ≤ 0.5, then this constraint says γ_i ≤ αW , where α ≥ 1.

Since the value of γ_i is clearly limited by W , we can state the upper bound on a feasible

γ_i as

γ_i ≤ min � W � 1 max_j a_j − 1 � , W � (4.37)

Having established these constraints on the problem statement, we would now like to

determine the solution to the following optimization: min β_{i1}β_{i2}

a_1 + β_{i1} 1 − a_1 − β_{i1} + a_2 + β_{i2} 1 − a_2 − β_{i2} + M� j=3 a_j 1 − a_j

(4.38)

s.t.

β_{i1} 1 − β_{i1} + β_{i2} 1 − β_{i2} = γ_i W (4.39)

Since we assume a_j for j ≥ 3 have been optimally assigned, we can reduce the problem

statement to: min β_{i1}β_{i2}

a_1 + β_{i1} 1 − a_1 − β_{i1} + a_2 + β_{i2} 1 − a_2 − β_{i2}

(4.40)

s.t.

β_{i1} 1 − β_{i1} + β_{i2} 1 − β_{i2} = γ_i W (4.41)

After some straightforward calculation, we see that the optimal β_{i1} and β_{i2}, denoted as

β^∗_{i1} and β^∗_{i2} are:

β^∗_{i1} = a_2(γ_i + W ) − a_1W

(2W + γ_i)a_2

(4.42)

β^∗_{i2} = a_1(γ_i + W ) − a_2W

(2W + γ_i)a_1

(4.43)

We see that β^∗_{i1} > 0 for any γ_i > W � max �_{a1}

a_2 , a_2 a_1 � − 1 � . By combining with the result

in (4.37), the overall constraint on γ_i is � max � a_1 a_2 , a_2 a_1 � − 1 � < γ_i W ≤ min � 1 max_j a_j − 1 � , 1 � (4.44)

If γ_i satisfies this constraint, then the total sum of powers in slots 1 and 2 are P^∗_1 and

P^∗_2 , respectively

P^∗_1 = a_1 + β^∗_{i1} 1 − a_1 − β^∗_{i1} = W a_1 − a_2(W + γ_i) − a_1a_2(2W + γ_i) a_1a_2(2W + γ_i) − W (a_1 + a_2)

(4.45)

P^∗_2 = a_2 + β^∗_{i2} 1 − a_2 − β^∗_{i2} = W a_2 − a_1(W + γ_i) − a_1a_2(2W + γ_i) a_1a_2(2W + γ_i) − W (a_1 + a_2)

(4.46)

Note the following observations about P^∗_i , P^∗_2 , β^∗_{i1}, and β^∗_{i2}:

• For a_1 ≠ a_2, P^∗_1 ≠ P^∗_2 . Conversely for a_1 = a_2, P^∗_1 = P^∗_2 .

• For a_1 > a_2, we observe P^∗_1 > P^∗_2 and β^∗_{i1} < β^∗_{i2}. Similarly, if a_2 > a_1, then

P^∗_2 > P^∗_1 and β^∗_{i2} < β^∗_{i1}.

• For max

�_{a1}

a_2 , a_2 a_1 � ≥ 2, the lower bound in (4.44) is greater than W . Once again

we note that γ_i > W is infeasible.

Based on these observations and the constraint (4.44), we see that the assignment of β_{i1}

and β_{i2} is not simply that listed in (4.42) and (4.43). In particular, we need to examine

further for the cases when γ_i < W � max �_{a1}

a_2 , a_2 a_1 � − 1 � and when max

�_{a1}

a_2 , a_2 a_1 � ≥ 2.

If we impose the boundary conditions β_{i1} ∈ � 0,^{γi}_{γi+W} � and β_{i2} ∈ � 0,^{γi}_{γi+W} � into the

optimization problem stated in (4.40) and (4.41), then we see that the solution for

γ_i < W � max �_{a1}

a_2 , a_2 a_1 � − 1 � is β_{ij} = 0 for j = arg max_j (a_1, a_2) (4.47)

β_{ik} = γ_i γ_i + W for k ≠ j (4.48)

Clearly, if max

�_{a1}

a_2 , a_2 a_1 � ≥ 2, then any feasible γ_i cannot satisfy the constraint will thus

also lead to β_{ij} solutions as in (4.47) and (4.48).

Grouping these results, we see therefore for this two-slotted assignment of user i’s

transmission requirements, the optimal β_{ij} allocations are such that β_{ij} have discrete

solutions. Explicitly

β_{i1} = 0, β_{i2} = γ_i γ_i + W for γ_i < W � a_1 a_2 − 1 � ∀ a_1 a_2

≥ 1 (4.49)

β_{i1} = γ_i γ_i + W

, β_{i2} = 0 for γ_i < W � a_2 a_1 − 1 � ∀ a_2 a_1

≥ 1 (4.50)

β_{i1} = β^∗_{i1}, β_{i2} = β^∗_{i2} otherwise (4.51)

Therefore, we see that except for a range when 1 ≤ max

�_{a1}

a_2 , a_2 a_1 � < 2 and γ_i > W � max �_{a1}

a_2 , a_2 a_1 � − 1 � , the optimal β_{ij} is a discrete assignment.

Intuitively, this results says that if the difference between the optimal weights a_1 and a_2 is large enough compared to the γ_i desired by user i, then place this user in the slot with the smaller sum a_j. Otherwise, if the difference between a_1 and a_2 is small, then there is a large set of values of γ_i that satisfy the lower-bound defined earlier. If the desired γ_i is greater than this lower-bound, then split the desired rate of the user over the two slots as in (4.42) and (4.43). Note that these were optimal solutions assuming fixed a_j.

β_{ij} assigned over 3 slots

Here we extend the assignment of user i transmission request over 3 slots. In other words, we wish to find the optimal β_{ij} where j = 1, 2, 3 for the following problem min β_{i1}β_{i2}

a_1 + β_{i1} 1 − a_1 − β_{i1} + a_2 + β_{i2} 1 − a_2 − β_{i2} + a_3 + β_{i3} 1 − a_3 − β_{i3}

(4.52)

s.t.

β_{i1} 1 − β_{i1} + β_{i2} 1 − β_{i2} + β_{i3} 1 − β_{i3} = γ_i W (4.53)

Let us now detail the solution to this problem using the principles of multivariable minimization. To develop the answer (as done in the two slot case), we will employ a Lagrange multiplier λ for the equality constraint. Thus the optimal β_{ij} ’s (once again denoted as: β^∗_{i1}, β^∗_{i2}, and β^∗_{i3}) must solve the following set of equations 1 (1 − a_1 − β^∗_{i1})^2 = λ (1 − β^∗_{i1})^2

(4.54) 1 (1 − a_2 − β^∗_{i2})^2 = λ (1 − β^∗_{i2})^2

(4.55) 1 (1 − a_3 − β^∗_{i3})^2 = λ (1 − β^∗_{i3})^2

(4.56)

β^∗_{i1} 1 − β^∗_{i1} + β^∗_{i2} 1 − β^∗_{i2} + β^∗_{i3} 1 − β^∗_{i3} = γ_i W (4.57)

Solving (4.54), (4.55), and (4.56) for λ, gives the following

β^∗_{i2} = 1 − a_2 a_1 + a_2β^∗_{i1} a_1

(4.58)

β^∗_{i3} = 1 − a_3 a_1 + a_3β^∗_{i1} a_1

(4.59)

Substituting these results into (4.57) and then solving backwards for β^∗_{i2} and β^∗_{i3}

β^∗_{i1} = a_2a_3(γ_i + 2W ) − W (a_1a_2 + a_1a_3) a_2a_3(γ_i + 2W )

(4.60)

β^∗_{i2} = a_1a_3(γ_i + 2W ) − W (a_1a_2 + a_3a_2) a_1a_3(γ_i + 2W )

(4.61)

β^∗_{i3} = a_1a_2(γ_i + 2W ) − W (a_1a_3 + a_2a_3) a_1a_2(γ_i + 2W )

(4.62)

Here β_{i1} > 0 if and only if γ_i > W � max �_{a1}

a_2 + a_1 a_3 , a_2 a_1 + a_2 a_3 , a_3 a_1 + a_3 a_2 � − 2 � . Assuming

γ_i satisfies this, the minimum sum of powers in each slot are then

P^∗_1 =

W (a_1a_3 + a_1a_2) − (γ_i + 2W )a_2a_3 − (γ_i + 3W )a_1a_2a_3 a_1a_2a_3(γ_i + 3W ) − W (a_1a_2 + a_1a_3 + a_2a_3)

(4.63)

P^∗_2 =

W (a_2a_1 + a_2a_3) − (γ_i + 2W )a_1a_3 − (γ_i + 3W )a_1a_2a_3 a_1a_2a_3(γ_i + 3W ) − W (a_1a_2 + a_1a_3 + a_2a_3)

(4.64)

P^∗_3 =

W (a_3a_1 + a_3a_2) − (γ_i + 2W )a_1a_2 − (γ_i + 3W )a_1a_2a_3 a_1a_2a_3(γ_i + 3W ) − W (a_1a_2 + a_1a_3 + a_2a_3)

(4.65)

Without loss of generality, let us assume that slot 3 is most weighted, i.e. a_3 is largest.

Then it is required that γ_i > W

�_{a3}

a_1 + a_3 a_2 � . Since γ_i is upper-bounded by W , we require:

2 ≤^{a3}_{a1} +^{a3}_{a2} < 3. Since each a_3/a_1 and a_3/a_2 is greater than 1, we can thus deduce β_{ij}

is non-zero over three slots if 1 ≤^{a3}_{a1} < 2 and 1 ≤^{a3}_{a2} < 2. If, on the other hand,^{a3}_{a1} ≥ 2,

a_3 a_2 ≥ 2 and max

�_{a2}

a_1 , a_1 a_2 � < 2 and γ_i > W � max �_{a2}

a_1 , a_1 a_2 � − 1 � , then by the arguments

used in the previous section, user i should transmit in slots 1 and 2 only according to

(4.42) and (4.43). Under any other feasible condition, we should assign β_{ij} such that it

is non-zero (and equal to^{γi}_{γi+W} ) for j = arg min_k a_k, where k = 1, 2, 3.

Using this argument, we see that only under a particular set of conditions, i.e. depend-

ing on the relationship between the a_j ’s and the desired γ_i, should the user split up

its transmissions into multiple slots. Otherwise, this relaxed problem once again has

discrete solution of this lone user.

β_{ij} assigned over M slots

We wish to now examine the optimal values of β_{ij} if user i were to transmit over all M

slots. The problem statement would then be to determine min M� j=1 a_j + β_{ij} 1 − a_j − β_{ij}

(4.66) s.t. M� j=1 β_{ij} 1 − β_{ij}

(4.67)

Let β^∗_{ij} denote the optimal value of β_{ij} in slot j. Again using minimization techniques with the Lagrange multiplier λ to handle the equality constraint (4.67), we observe that

β^∗_{ik} = 1 − a_k a_1 + a_kβ^∗_{i1} a_1 k = 2, 3, . . . M (4.68)

Substitute these results into the equality constraint and solve for β_{i1} and subsequently for each β_{ik} k = 2, 3, . . . M. By induction we are able to show that for a general M

β^∗_{ik} =

(γ_i + (M − 1)W ) � l≠k al

(γ_i + MW ) � l≠k al

− W C (4.69)

where C is C = � a_k � l_1=1,l_1≠k al1 � l_2=l_1+1,l_2≠k al2 · · · � l_{(M−2)}=l_{(M−3)}+1,l_{(M−2)}≠k al(M−2) � (γ_i + MW ) � l≠k al

(4.70)

and k = 1, 2, . . . M. Once again, β_{ik} > 0 for all k if and only if

γ_i > W � �a_m M� l≠m 1 a_l

− (M − 1) � � (4.71)

where m = arg max_j a_j . Here too we observe that 0 < γ_i < W , thus (M − 1) ≤ a_m

�_M

l≠m 1 a_l < M. Since am is the maximum aj , we see that each a_m a_k ≥ 1 for all k ≠ m.

Therefore, if each 1 ≤^{am}_{ak} < 2, (k ≠ m) then user i should divide its transmission over all M slots. Otherwise if for all k ≠ m,^{am}_{ak} ≥ 2 and^{am2}_{al} < 2 (m_2 = arg max_{j≠m} a_j and l ≠ m, m_2) and γ_i > W � a_{m2} � l≠m,l≠m_2 1 a_l − (M − 2) � , then user i should transmit over M − 1 slots, i.e. all slots k ≠ m. We then use a recursive argument to determine how many and which slots the user will transmit over.

4.3 Observation concerning the Relaxed Assignment Policy and Single- Rate Users

In this section, we discuss the implications of the relaxed assignment policy on singlerate users. From the previous chapter, we note that discrete assignments reduce power consumption when compared to standard CDMA signaling in both single and multirate systems. In this section, we would like to utilize the freedom of multiple slot transmission to improve on the performance of the discrete assignment policies for single-rate systems. For such a single-rate system, we begin by comparing the power performance of standard CDMA versus a discrete assignment scheme where N, the number of users, is divisible by M, the number of slots. Explicitly, we prove the following theorem:

Theorem 5:

In a discrete-assignment, slotted CDMA system, single-rate users cumulatively consume less average power over the frame than do the identical users operating in the standard, unslotted CDMA system.

Proof:

The average power consumed by these N identical users in the standard CDMA system is P̄_{CDMA} = η^oW M M� j=1 �_N i=1 γ M γ M +W 1 − �_N i=1 γ M γ M +W

(4.72)

= η_oW M M� j=1 N^{γM}γ_{M +W} 1 − N^{γM}γ_{M +W}

(4.73)

= η_oW

N^{γM}γ_{M +W} 1 − N^{γM}γ_{M +W}

(4.74)

If the users are discretely assigned to the M slots, then each slot has at least K = ⌊^N_M ⌋ users assigned to it. The remaining R_N = N − NK users are then assigned to any one of the M slots. The average power consumed by all users in such discrete assignment schemes is therefore

P̄_D = η^oW M � � M−R_N � j=1 �_K i=1 γ γ+W 1 − �_K i=1 γ γ+W + R� j=1 N �_{K+1} i=1 γ γ+W 1 − �_{K+1} i=1 γ γ+W

� � (4.75)

We wish to show that P̄_{CDMA} > P̄_D. Simplifying the expressions above, we note that

P̄_{CDMA} > P̄_D if

γ [K(MK(1 − M)) − R_N (1 − R_N )] > W [R_N (1 − R_N ) + MK(1 − M)] (4.76) Now observe if R_N = 0 (N is divisible by M), then we can further reduce (4.76) γK(MK(1 − M)) > W MK(1 − M) (4.77) γK^2 < W K (4.78) γK < W (4.79) This last statement has to be true for any slot to be able to hold K users in the first place. (Note that we had to switch the sign of the inequality above since (1 − M) < 0.) Therefore, P̄_{CDMA} > P̄_D for all N and M such that R_N = 0. Now for M > R_N > 0, then we can simply (4.76) as:

γ(Kb − c) > W (c + b) (4.80) where b = MK(1 − M) and c = R_N (1 − R_N ). Observe that b < 0, c < 0, and b < c. Further simplifying (4.80), we note that P̄_{CDMA} > P̄_D if Kb − c > W γ (c + b) (4.81) Kb − c + Kc − Kc > W γ (c + b) (4.82) K(b + c) − c(1 + K) > W γ (c + b) (4.83) (4.84) As noted earlier, K <^W_γ and b < c < 0. This implies that (4.83) is in fact true which in turn gives us the assertion that P̄_{CDMA} > P̄_D.

Our aim in this section is to assign these single rate users to slots so that power assignments can be minimized compared to not only the standard CDMA system but also the discrete assignment of the previous chapter. To do this we utilize the freedom of multiple slot assignments in the case of N and M not divisible. We begin this assignment by letting ⌊^N_M ⌋ = K user be discretely assigned to M slots. We now focus on what to do with the remaining R_N = N − NK users. We know already that since we have a single-rate system, the discrete assignment implies that each slot has been “filled” to the same level, a = K^γ_{γ+W} . The arguments in the previous section clearly show that if just one user remains, then the optimal assignment under these constraints is to divide that user’s transmission over the entire frame. Now let us consider other potential remainders.

First let us consider the scenario when M is divisible by R_N . In this case we can use the result above and state the following minimum assignment for the R_N users: treat the remaining R_N users as users in an R_N slot system each with rate requirement R_N γ/M and thus assign them each their own slot in the new R_N slot system. This means that if a user is assigned its “own” slot in the new system, then it has been effectively given M/R_N slots in the older system. The justification for such an optimal assignment is merely a product of the assignment of M users in an M slot system. Here we just treat the other users transmitting in each slot as channel characteristics that are constant over all M or rather R_N slots. We then compare the power consumption of the multiple slot assignment of the R_N users versus that of the discrete scenario in which the remaining users were simply each given one of the M slots. The result is easily obtained via simple algebra and points to a power savings in the multislot assignment of the relaxed scheme.

Now let us consider the more interesting situation when R_N is not divisible by M. Here we begin by assuming that the remaining users will employ conventional CDMA, i.e. β_{ij} =^γ_{γ+MW} , for those user i who are remaining and for all j = 1, 2, . . . M. The average power consumed in this case is P̄_1 = M

Ka +^{RN γ}_{γ+MW} 1 − Ka −^{RN γ}_{γ+MW}

(4.85)

Comparing this to the minimum discrete assignment from Chapter 3 (4.75), we obtain M Ka +^{RN γ}_{γ+MW} 1 − Ka −^{RN γ}_{γ+MW}

> (M − R_N ) Ka 1 − Ka

+ R_N

(K + 1)a 1 − (K + 1)a

(4.86)

The above statement is true for any a =^γ_{γ+W} . Thus the simplistic multi-slot assignment of the remaining users, i.e. assign the remaining users via conventional CDMA, is not minimum to the discrete assignment. So to assign these R_N users in a way that is power conserving to the discrete assignment, we have to look towards alternate multislot schemes.

One scheme is to assign V slots in which there are K + 1 users and S slots (S = M − V ) in which there are R_N users all performing conventional CDMA. Refer to the V slots as type 1 and the S slots as type 2. Under this assumption, we first determine the optimal β_{ij} assignments for the R_N users. Plugging into (4.3) for this explicit assignment, the total average power consumption over the frame is P̄_2 = η^oW M � V (Ka + β_1) 1 − Ka − β_1 + S(Ka + R_N β_2) 1 − Ka − R_N β_2 � (4.87)

where β_i =^{δiγ}_{δiγ+W} and δ_i is the portion of γ transmitted in type i slot by the R_N remaining users. The constraint to the β assignments is that V β_1 1 − β_1 + S β_2 1 − β_2 = γ W (4.88)

Due to the first order conditions stated earlier, it is required that if a user transmits in multiple slots, then the effective bandwidth desired by this user in each of these slots, i.e. β_{ij} , must be such that the ratio^{1−βij}_{1−aj −βij} remains constant over the assigned slots. From this we then obtain the additional constraint that 1 − β_1 1 − Ka − β_1 = 1 − β_2 1 − Ka − R_N β_2

(4.89)

Solving the above two constraints, we obtain the following optimal levels of β_1 and β_2

β^∗_1 = γ W (Ka − 1 + R_N ) (R_N − 1)(V +^γ_W ) + Ka(M +^γ_W )

(4.90)

β^∗_2 = γ W Ka V (R_N − 1) + Ka(M +^γ_W )

(4.91)

which then implies that:

δ^∗_1 =

Ka − 1 + R_N V (R_N − 1) + MKa

(4.92)

δ^∗_2 = Ka V (R_N − 1) + MKa

(4.93)

Now we would like to compare this scheme to the discrete assignment of Chapter 3. More specifically, we would like to determine when: P̄_2 < P̄_D. Where P̄_2 and P̄_D are: P̄_2 = η^oW M � V (Ka + β_1) 1 − Ka − β_1 + (M − V )(Ka + R_N β_2) 1 − Ka − R_N β_2 � (4.94) P̄_D = η^oW M � (M − R_N ) Ka 1 − Ka

+ R_N

(K + 1)a 1 − (K + 1)a � (4.95)

After some extensive algebraic book-keeping, we realize that we have to show: −γ(W + γ)f_1(V ) (W − Kγ)(W − (K − 1)γ)f_2(V )

< 0 (4.96)

where

f_1(V ) = � Rγ^2K(γ(1 − K − R − MK) + W (1 − R)) � (4.97) V ((R − 1)(W + γ)(W + γ(1 − K))(Kγ + W (R − 1))) (4.98) f_2(V ) = � γK(γ^2(1 − K − R) + γW (1 − R − KM + M) + MW^2) � (4.99) V (W (W + γ)(R − 1)(W − (K − 1)γ)) (4.100)

Let V_1 be the solution to f_1(V ) = 0 and V_2 be the solution to f_2(V ) = 0. Thus, (4.96) is true if V > max(V_1, V_2) or if V < min(V_1, V_2). Examining V_1 and V_2, we can show that for particular values of R and K, there exist both V_1 and V_2 in the interval [0, R] that satisfy the inequality above. Thus we can assign users in this manner and achieve a reduction in average power consumption. In fact, such a result can be shown even if during the S slots, R < R_N users were allowed to employ conventional CDMA. Since there are many free floating variables in this discussion, let us examine this potential savings for a particular system with three slots and N user of which N⌊^N_3 ⌋ are discretely assigned, leaving a remainder of R_N . Note that if R_N = 1, we have already shown that the remaining user should be ideally assigned to each of the three slots and given a rate requirement γ/3 in each slot of the frame. Now if R_N = 2, we would like to know if assigning each R_N to a slot and requiring the two to share the third slot is

1. minimum to standard, unslotted CDMA?

2. minimum to discrete assignments of Chapter 2?

To do this comparison effectively, we must first determine the optimal rate assignments per slot for the R_N users when we perform the multislot assignment stated above. Since the users are identical, one can assume that the portion of γ that each user transmits

Figure 4.1: Plot of g(γ) when W = 10MHz for different values of K. Note that for K = 1, g(γ) < 0 for 0 ≤ γ ≤ W .

in the “unshared” slots are the same as is the amount of γ sent by each user during the “shared” slot, i.e. type 2. By “unshared” we refer to the two slots in which only one of the remaining users is assigned (type 1). Conversely, the shared slot is when both R_N transmit. Due to the first order conditions stated earlier, we know that Ka + β_1 1 − Ka + β_1 = Ka + 2β_2 1 − Ka + 2β_2

(4.101)

where a =^γ_{γ+W} , β_1 =^{δ1γ}_{δ1γ+W} and δ_1 is the portion of γ that each R_N transmits in its “unshared” slot. Similarly, β_2 =^{δ2γ}_{δ2γ+W} and δ_2 is the portion of γ that both users transmit during the shared slot. Also it is required that β_1 1 − β_1 + β_2 1 − β_2 = γ W (4.102)

Solving the two equations above we see that

β_1 =

(1 + Ka) a 1 + 2Ka − Ka^2

(4.103) β_2 =

Ka^2 1 + 2Ka − Ka^2 − a

(4.104)

Since we have already shown that P̄_D < P̄_{CDMA}, then one can easily deduce that this multislot assignment is minimum to standard CDMA if it is minimum to the discrete case. The average power consumed by this multislot scheme is

P̄_M = η^oW 3 � a(2 + 3Ka − Ka^2) 1 + 2Ka + Ka^3 − 2a − 4Ka^2 + a(1 + 4Ka − Ka^2 − a) 1 + 2Ka + a^2 − 5Ka^2 − 2a + Ka^3 �

(4.105) After some careful algebra, we are able to show that P̄_M < P̄_D for γK < W . For clarity, we show this result here in graphical terms. Simplifying our expression, we get that P̄_M < P̄_D, if and only if g(γ, W, K) < 0, where g is a polynomial in γ, W , and K. Figure 4.1 plots g(γ) for values of γ in a system with W = 10MHz. Each curve in the graph represents a different value of K. Comparing each curve, we see that g(γ, W, K) < 0 for γ < W/K. Thus we see that the multislot access scheme proposed here is in fact minimum to both the discrete assignment as well as the standard CDMA assignment schemes.

4.4 Performance Analysis

Here we present some comparisons that are similiar to those in Chapter 3 but in this case we attempt to employ some of the additional power savings techniques discovered in this chapter. The results presented here are for a single-rate system. We first assign ⌊^N_M ⌋ users to each slot. Here we utilized the techniques of the previous section to allow multislot access to the remaining R_N users to improve power performance. The results presented are for 10MHz system with three slots and each user demanding rate 24Kbps at an SIR of 6db. The resulting performance of this system for N = 4 to N = 160 is presented as the top graph in Figure 4.2. By P_{MOD} we refer to the average power consumed in the modified assignment case which allows multislot access to the R_N users. We see that the performance of the discrete scheme for these identical users (from Chapter 2) is extremely close to that of the same scheme with multislot access. The bottom of Figure 4.2 extends the number of system users until the schemes become infeasible. In fact, it is noted that both schemes become infeasible at N = 205. The exact ratio between these two power levels (P_{MOD}/P_{ZZ} ) is shown in Figure 4.3. Note

Figure 4.2: Relative performance of zig-zag and the modified zig-zag with multislot access for a single-rate system. Top: for N = 4 to N = 160. Bottom: for N = 4 to N = 250.

that at every third user, the modified, relaxed assignment and the zig-zag scheme are identical, thus leading to the cyclic occurrence of the ratio 1. On the other hand, as the system load grows, there are instances in which one can find power reductions down to .75 by implementing the multislot access for the remaining R_N users. Discrete assignment of multiple slots thus implies power savings that are comparable to the modified policy.

Also, in this analysis section we would like make a point about the relative merits of slotted assignments versus that of standard CDMA for single rate users. We note in the graphs in both Chapters 3 and 4 that the performance benefits of the slotted schemes for single rate users are substantial in heavy loaded systems. Note, however, that though these relative merits can be measured as low as .2, the system tends to perform comparable to standard CDMA (a ratio within .9) for the most part. The power reductions begin only after a certain point and the roll-off then happens fairly quickly. Thus, the true benefits of the slotted scheme in a single rate system (when

Figure 4.3: Ratio of the Power of the modified scheme to the Power of the discrete zig-zag scheme.

factoring its implementational complexity) lies only within a particular range of system loading.

Chapter 5 Repeated Transmissions

This final chapter addresses the slotted CDMA system with a slightly different set of assumptions. Like the relaxed assignment policy, this allocation scheme also allows for system users to access more than one slot in the time frame. The transmission in each slot, however, constitutes the same sequence of bits or packets. Thus for each assigned slot, the user transmits the same information bits. What varies in each repeated transmission is the amount of energy the user expends in transmitting the sequence of bits, i.e. the power per slot. The receiver’s role in decoding the packets is relegated over the entire frame. For each slot received at the end-station, the receiver weights the received waveform. It then linearly combines the received, weighted waveforms from each slot and then detects the transmitted sequence of bits, i.e packets. The end requirement would then be that the final weighted waveform meet the minimum SIR requirement of that user’s data stream.

The intial incentive for such a formulation of the slotted scheme came from its parallel to the results presented in [25] and [26]. In these works, the authors determined the optimal code sequences for users in a synchronous CDMA system operating with linear receivers. What we show here is that the analysis performed in calculating the optimal code sequences can be utilized to compute optimal power assignments in this repeated transmission model of the slotted CDMA system. To do this effectively, we begin in section 5.1 by summarizing the results from [25] and [26] in regard to optimal code sequences. Then in section 5.2, the particularities of this repeated transmission systems are laid out. In addition, we then use the results of section 5.1 to propose the optimal power assignments for this type of a slotted scheme. Due to time constraints, we were unable to implement any of the results in this chapter. Thus the discussion presented in this chapter are purely theoretical.

5.1 Summary of Optimal Code Sequence Calculation

Previous work, [25]-[26], has presented results for a problem that is fairly to the proposed repeated transmissions. The most obvious difference in the two is the time-scale of the problem. In the previous literature, the authors determine the optimal code sequences for users in a synchronous CDMA system using linear receivers. The optimal code sequences are at the chip-level, whereas the problem we are looking at attempts to find the optimal power levels at the slot level. Before looking at these differences, let us first determine the optimal codes for a synchronous CDMA system using a linear receiver as in [26].

Consider the uplink of a synchronous spread-spectrum system in which there are N simultaneous users with identical rate requirements. Let the processing gain of the system be L so that the signature sequences s_1, s_2, . . . s_N will each be chosen from the unit sphere in ℜ^L. The information transmitted by each user is modeled as zero-mean random variables, X_1, X_2, . . . X_N . Let the variance of these random variables represent the power at which user i is received, i.e. p_i. Also assume the presence of ambient white Gaussian noise with one-sided power spectral density, η_o. Let us denote the noise for all the users in vector notation as W ∼ N(0, η_o I). The received signal at the receiver, Y, is then Y= N� i=1 s_iX_i + W (5.1) Now we will decode this received signal for user i using a linear receiver denoted by c_i which is also a vector in ℜ^L. The linear receiver effectively scales each chip, i.e. each element of the vector Y, with the corresponding element of c_i. The receiver then sums these weighted chips over the L chips to yield an initial decision statistic. The resulting statistic for user i would then be

c^T_i s_iX_i + � j ≠i

c^T_j s_j X_j + c^T_i W (5.2)

The power of the signal component (i.e. the first term above), is then (c^T_i s_i)^2p_i . Similarly the total interference power is � j≠i(c T j s_j )^2p_j and the power of the noise is η_oc^T_i c_i.

The signal to interference ratio of user i, SIR_i is then

SIR_i =

(c^T_i s_i)^2p_i � j ≠i (c T j s_j)^2p_j + η_o c^T_i c_i

(5.3)

It is well known that the Minimum-Mean-Square-Error (MMSE) receiver is one that maximizes the SIR of each user. A derivation for this statement is found in [26]-[27]. The choice of the MMSE receiver implies that the linear coefficients, c_i should be chosen such that c_i = Z^{−1}_i s_i (5.4) where

Z_i = S_iD_iS^T_i + η_o I (5.5) S_i = [s_1 . . . , s_{i−1}, s_{i+1}, . . . , s_N] (5.6) D_i = diag[p_1, . . . , p_{i−1}, p_{i+1}, . . . , p_N ] (5.7)

The SIR of each user for MMSE detection is then found by replacing (5.4) in (5.3)

SIR_i = s^T_i Z^{−1}_i s_ip_i (5.8)

The authors of [26] then determine the optimal sequences s_1, s_2, . . . s_N for a synchronous CDMA system equipped with an MMSE receiver. The optimality of these codes are such that they both maximize the system capacity and can minimize the component-wise power selection p_1, p_2, . . . p_N . The proof of this is detailed in [26] and is not presented here. These optimal codes are determined to satisfy SS^T =^N_L I where S = [s_1 s_2 . . . s_N ]. Such S = [s_1 s_2 . . . s_N ] are referred to as Welch Bound Equality (WBE) codes [28], [25], [29]. Thus using WBE codes leads to optimal capacity as well as optimal power performance. In fact the minimum power allocation for each user when using WBE codes is equal to p_i = η_oγL L(1 + γ) − Nγ

∀i (5.9) where γ is the desired minimum SIR for each user.

A second implication of the use of WBE codes lies in the receiver structure. These optimal codes were derived for a system operating with an MMSE receiver. However, applying the minimum power allocation above to each user, we see that the linear coefficients for the MMSE receiver are

c_i = Z^{−1}_i s_i (5.10) = � �η_oI + � j ≠i

p_j s^T_j s_j � � −1 s_i (5.11) = � η_oI + ps^T_i s_i + pSS^T

�_{−1} s_i (5.12) = � η_oI + ps^T_i s_i + pN L I � s_i (5.13) = Ks_i (5.14)

where K is a constant. Utilizing the optimal sequences, the MMSE filter is therefore a scaled matched filter receiver for the same system.

5.2 Repeated Transmissions Slotted System

Having gleaned the above results from previous work done on optimal sequence selection for synchronous CDMA systems, we now revisit our repeated transmission formulation. In it, we assume that each user has a certain maximum power limit that it will expend for transmission over a frame. We also make the assumption that each user will transmit identical packets in each assigned slot. The variation in the transmitted signal in each assigned slot will be in the amount of power the user spends on transmission, i.e. there will be a variation in the power-per-slot. Note that this power-per-slot may equal zero during certain slots.

Since the same bits are transmitted in each slot, the detection of each bit is performed by combining these measurements in each slot over the entire frame. First the receiver of user i takes the received signal in each slot and filters it thru a standard linear receiver as in (5.2). This linear filter of user i, denoted by c_i, is the same for each slot over the frame. The resulting statistic, similar to (5.2), is then scaled on a per-slot basis. These scaled statistics are summed over all the slots for each user. Finally, the resulting summed statistic is then used as the measurement for detecting the sequence of bits transmitted by the desired user. The details of this reception process and its implications are presented below.

As stated earlier each user i transmits the same bits in each slot. The identical signals are however transmitted at different power levels. In slot j user i transmits its bits with power α^2_{ij} p_i. Note that p_i is the maximum power user i will dissipate over a frame. Thus we have the requirement_M � j=1 α^2_{ij}p_i ≤ p_i (5.15) To achieve average power α^2_{ij}p_i in each slot, the user can scale its unit energy signature waveform to α_{ij} √ p_i. The transmitted signal of a bit of user i in slot j then looks like α_{ij} √ p_iX_is_i, where s_i is user i’s signature sequence and X_i is the transmitted symbol (bit).

As before a linear receiver is used for decoding each user’s symbol. Without a loss of generality, we will now look at the decoding process described here for the first bit transmitted by user i. The result of this “filtering” for user i’s first bit in slot j is (using (5.2)) α_{ij} X_{i1}c^T_i s_i + � k≠i

α_{kj} c^T_i s̃_k + c^T_i w (5.16) Here X_{il} represents the lth distinct bit transmitted by user i. Also note that since we are dealing with a multirate system, s̃_k above (∀ k ≠ i) is the “effective” transmitted sequences of the other users relative to the symbol duration of user i. For example, if user k ≠ i has a rate greater than that of user i (but less than twice the rate of any user i) and the symbol duration of user k is L_k, then

s̃_k = � X_{k1}s_{k1} X_{k1}s_{k2} . . . X_{k1}s_{kLk} X_{k2}s_{k1} X_{k2}s_{k2} . . . X_{k2}s_{k(Li −Lk )} � (5.17) Note that s_{k1}, s_{k2}, . . . s_{kLk} is the signature sequence of user k. If, on the other hand, user k has rate less than user i:

s̃_k = [X_{k1}s_{k1} X_{k1}s_{k2} . . . X_{k1}s_{kLi} ] (5.18) Now, as a part of the decoding for this proposed slotted system, we will scale the output of the linear receiver of user i in slot j with a factor β_{ij}. Thus for the result in (5.16), we get:

β_{ij} α_{ij} X_{i1}c^T_i s_i + � k≠i

β_{ij} α_{kj} c^T_i s̃_k + β_{ij} c^T_i w (5.19) Once we have obtained these statistics of user i’s first bit in each slot j, we sum these measurements over all j to get:

β^T_i α_i � X_{il} c^T_i s_i � + � k≠i

β^T_i α_k � c^T_i s̃_k � + β^T_i � c^T_i w_1 c^T_i w_2 . . . c^T_i w_M

�_T

(5.20)

where w_j is the noise vector in slot j, β^T_i = [β_{i1} . . . β_{iM} ]^T and α_i = [α_{i1} . . . α_{iM} ]^T . Let us call X^∗_i = X_{i1}c^T_i s_i and X̃_j = c^T_i s̃_k. Let w̃ = � c^T_i w_1 c^T_i w_2 . . . c^T_i w_M

�_T . Note that X^∗_i and X̃_j are zero-mean independent random variables with finite second moments. Also observe that w̃ is a zero-mean Gaussian random vector. Simplifying (5.20), we get:

β^T_i α_iX^∗_i + � k≠i

β^T_i α_kX̃_k + β^T_i w̃ (5.21)

This is measurement is exactly as (5.2) with β_i ∼ c_i, α_i ∼ s_i, X^∗_i ∼ X_i, X̃_j ∼ X_j , and finally w̃ ∼ w. Therefore, we can follow the arguments that the authors presented in [26], and compute the optimal β_i as

β_i = Z^{−1}_i α_i (5.22)

Here Z_i = A_iP_iA^T_i + σ^2 I. Note that

A_i = [α_1 α_2 . . . α_{i−1} α_{i+1} . . . α_N ] (5.23) P_i = diag � E[(X̃_1)^2] E[(X̃_2)^2] . . . E[(X̃_{i−1})^2] E[(X̃_{i+1})^2] . . . E[(X̃_N )^2] � (5.24) σ^2I = E[(w̃)^2] (5.25)

where α_k = [α_{k1} α_{k2} . . . α_{kM} ]^T . Once again using the similarity between (5.2) and (5.21), we can deduce that the optimal α_i’s (for both maximum capacity and minimum power consumption) must satisfy the WBE code requirement: AA^T =^N_M I, where A = [α_1 α_2 . . . α_N ].

Planning the transmissions and the reception in the sequence described above therefore converts this particular slotted system into a time-scaled version of the optimal sequence computation in [26].

chapterConclusion The recent attention given to alternate CDMA-based transmission schemes has attempted to provide performance benefits for future systems. The study in this thesis attempted to quantify any power benefits of one such system that relies on timeseparation of multirate CDMA signals. To do this, we constructed a time-frame atop the standard variable-processing gain CDMA system. This time frame was composed of M different slots that were at the least capable of supporting the most demanding user rate. Within each slot, each system user was assigned a transmission rate which coupled with its transmission rates in the other M −1 slots allowed for the user to meets its minimum rate requirement over the frame. With a given rate, each user in each slot achieved that particular rate via variable-processing gain multirate CDMA signaling. The thesis work then attempted to discern those user-to-slot allocation schemes that reduced power consumption, or equivalently increased system capacity. More specifically, the work here focused primarily on two explicit types of channel or slot allocation schemes. In the first, users were given one of M orthogonal channels. In the second multi-channel access was allowed among the users, i.e. multiple slot assignments. The problem with both of these schemes lies in the complexity in finding an optimal solution. In the discrete case, the lowest power consumption of any of the assignments studied was the load-balancing which clearly was too complicated for practical implementation. In the relaxed assignment policy, we were unable to pinpoint one succinct power-minimizing heuristic. Our study of these two policies therefore had to focus on finding power-reducing techniques, not necessarily the optimal power reduction method.

For the discrete assignment policy, we devised several schedulers. The pairwise loadbalancing scheduler was too complicated for implementation in practical systems while certain random schedulers had inferior performance compared to standard CDMA. We did, however, implement the zig-zag scheduler for the discrete assignment policy. The performance of such a slotted system produced varied results depending on the user rate requirements. For a single rate system, this zig-zag scheduler was in essence the optimal discrete scheduler for this system. The slotted system operating on single rate users produced power savings that improved with system loading. For lightly loaded conditions, the power reduction due to time-slotting was fairly marginal when compared to the complexity introduced by the actual implementation of this slotting scheme. The benefits were more consequential under heavier user demands. Not only was average power consumption reduced but system capacity was simultaneously improved via the few additional users supported in the identical rate system. Though the single-rate system indicate performance improvements, the measured gains were countered by inherent complexity in slotting a CDMA system.

Implementing slotted transmission with multirate requirements, on the other hand, produced substantial power reduction and capacity gains. Whereas the single rate slotted system could support additional users in the order of the number of slots, the multirate version could support many times more (as per the results presented here). As we saw at the end of Chapter 3, the sub-optimal zig-zag scheme alone reduced power consumption by more than a factor of ten and supported significantly more users when compared to standard CDMA.

The nature of the problem formulation for the relaxed assignment policy implied that we could not develop a scheduler for the multirate system. With some analysis, we were able to devise a scheduler for the single-rate system that improves the power performance when compared to the discrete assignment case. The savings in moving from discrete to multislot access for the technique presented here was not ultimately substantial. Though the formulation and analysis of the second of these schemes has left room for potentially many more allocation schemes, those studied here did not offer more than a 25 percent additional reduction in power when compared to the results of the discrete allocation scheme. In fact, such reduction was seen only at high system loading. Also, in this study one observed that conventional CDMA, for both systems with multirate and single rate users, is a suboptimal design. This came about both via theoretical work on simple systems and experimental results from much larger and more complex systems.

In conclusion, we saw here that as long as single-rate systems remain lightly loaded their performance does not really suffer in a substantial way using CDMA signaling. However, under heavy load, average power measurements differ significantly between the standard and the slotted systems. Additionally, the introduction of multirate traffic stream brings the limitations of conventional CDMA drastically closer. As proposed by the work done here, the simple answer to such limitations is to introduce time (or frequency) based separation of users. Under heavy system load or multirate users, there are benefits to be gained in such a system at the expense of increasing infrastructure complexity.

Since we have obtained significant results for slotting multirate users, this problem begs further analysis. In the performance measures presented here, we implemented just the zig-zag scheme. Other, perhaps more optimal, schedulers may produce even more substantial results. Furthermore, we approached our analysis using received power measurements, not transmit power levels. This variation needs to be examined as well since transmit power reductions are of particular interest in wireless systems. For such a formulation, we would have to incorporate each user’s maximum transmit power level constraint when calculating the transmission schedule.

In addition to the discrete and relaxed assignment policies, this thesis also proposed an alternate slotted CDMA system in which users repeat their transmission during each assigned slot. The analysis of this system was done completely in theoretical terms. Optimal power levels were computed for such a system in terms of WBE in a procedure that very closely resembles the computation of optimal sequence codes for a CDMA system. Clearly one future course for this work is to formalize the repeated transmission scheme with further analysis and performance measures.

Appendix 1

Recall the the Lagrangian for the relaxed assignment problem was

l(β^∗) = ∇f(β^∗) + λ^T ∇g(β^∗) + μ + ν = 0 (.26)

Under standard CDMA transmissions, we noted that μ = ν = 0. The Lagrangian at

the CDMA extrema (which we will now denote as β^∗_{CDMA}) is therefore

l(β^∗_{CDMA}) = ∇f(β^∗_{CDMA}) + λ^T ∇g(β^∗_{CDMA}) (.27)

The multirate CDMA operating point is a relative minimum of the relaxed assign-

ment problem if the Hessian of the Lagrangian in (.26) evaluated at β^∗_{CDMA} is positive

semidefinite on the subspace tangent to the constraint set. In other words, if

L(β^∗_{CDMA}) = F(β^∗_{CDMA}) + λ^T G(β^∗_{CDMA}) (.28)

(where L(β^∗) is the Hessian of the Lagrangian) is positive semidefinite on

M = {y|∇g(β^∗_{CDMA})y = 0} (.29)

Because of the convexity of the cost function f(β), we already know that ∀

�_M j=1 β_{ij} < 1,

the Hessian of f(β) is positive definite. Thus for the Hessian of l(β) to be positive

semidefinite, we have to provide conclusive proof of the positive semi-definiteness of

λ^T G(β^∗_{CDMA}). To do this, let us first compute λ^T G(β^∗) = ∇(λ^T ∇g(β^∗_{CDMA}):

λ^T G(β^∗) =

� � � � � � � c_{11} ∂λ1 ∂β21

(1−β_{11})^2 . . . ∂λ1 ∂βNM

(1−β_{11})^2 ∂λ2 ∂β11

(1−β_{21})^2 c21 . . . ∂λ2 ∂βNM

(1−β_{21})^2 . ._{∂λ} N ∂β11

(1−β_{NM} )^2 ∂λN ∂β21

(1−β_{NM} )^2 . . . cNM

� � � � � � � (.30)

where c_{ij} is:

c_{ij} =

∂λ_i ∂β_{ij} (1 − βij )

2 + 2λ_i(1 − β_{ij} ) (1 − β_{ij} )^4

(.31)

For the CDMA operating point we know that: β_{ij} = γi M γi M +W for all i and j. Furthermore,

λ_i =^{(1−βij )2} (1− �_N

k=1 β_{kj} )^2 . Thus:

∂λ_i ∂β_{ij} = 2(1 − β_{ij} ) � (1 − β_{ij} ) − (1 −

�_N

k=1 β_{kj} ) � (1 −

�_N k=1 β_{kj} )^3

∀i, j (.32)

∂λ_i ∂β_{nj} = 2(1 − β_{ij} )^2 (1 −

�_N k=1 β_{kj})^3

∀n ≠ i (.33)

(.34)

Plugging these values into the matrix above, we get:

λ^T G(β^∗_{CDMA}) =

� � � � � � a a a . . . a

a a a . . . a . . a a a . . . a

� � � � � � (.35)

where a =^2 (1− �_N

k=1 β_{kj} )^3 . For any non-zero vector x ∈ ℜ

NM , it is now trivial to

show that x^T (λ^T G(β^∗_{CDMA}))x = a

�_{NM} i=1 x_i

�_2 > 0. With the positive semidefiniteness

of λ^T G(β^∗_{CDMA}), we know that L(β^∗_{CDMA}) is also positive semi-definite. The result

therefore is that we can now characterize the multirate CDMA operating point as a

local minimum of the relaxed assignment problem.

References

[1] R. Wyrwas et al. Multiple access options for multimedia wireless systems. Wireless Communications: Future Directions, pages 305–318, Kluwer Academic Publishers 1993. J.M. Holtzman and D.J. Goodman, editors.

[2] R. Srinivasan, U. Mitra, and R. Moses. Frequency-based rate separation for dualrate code division multiple access signals. In Conference on Information Sciences and Systems, Princeton University, March 1998.

[3] S. Ramakrishna. A scheme for throughput maximization in a dual-class code division multiple access system. In Proc. of IEEE ICUPC, October 1997.

[4] S. Ramakrishna. A scheme for throughput maximization in a dual-class code division multiple access system. Journal on Selected Areas in Communications, 1998. To appear.

[5] M.A. Arad and A. Leon-Garcia. Scheduled code division multiple access: A hybrid multiple access for wireless atm networks. In Proc. of IEEE PIMRC, pages 913– 917, 1996.

[6] J. C. Cheng and et al. Adaptive power control and scheduling algorithms based on battery power level for code division multiple access wireless networks. In ICUPC, 1998. To Appear.

[7] R. Wyrwas et al. Multiple access options for multimedia wireless systems. In Wireless Communications: Future Directions, pages 305–318. Kluwer Academic Publishers, 1993. J.M. Holtzman and D.J. Goodman, Eds.

[8] S. Haykin. Communication Systems. John Wiley and Sons, Inc., 1994.

[9] A. Sampath. Integrated Voice/Data CDMA Wireless Systems: Capacity, Access Control, and Performance Analysis. PhD Thesis, Rutgers University, NJ, 1997.

[10] A. Sampath, P. Kumar, and J. Holtzman. Power Control and Resource Management for a Multimedia Code Division Multiple Access Wireless System. In PIMRC, 1995.

[11] D. Famolari. Parameter Optimization of Code Division Multiple Access Data Systems. MS Thesis, Rutgers University, NJ, 1998. Yet to be Completed.

[12] S. Ramakrishnan. Optimization of Code Division Multiple Access Systems. PhD Thesis, Rutgers University, NJ, 1998.

[13] J. Wozencraft and I.M. Jacobs. Principles of Communication Engineering. Waveland Press, Inc., 1965.

[14] C.H. Papadimitriou and K. Steiglitz. Combinatorial Optimization: Algorithms and Complexity. Prentice Hall, Inc., 1982.

[15] M. Garey and D. Johnson. Computers and Intractability: A guide to the Theory of NP-Completeness. W.H. Freeman and Company, 1979.

[16] K.S. Gilhousen and et al. On the capacity of a cellular code division multiple access system. IEEE Transactions on Vehicular Technology, 40(2):303–312, May 1991.

[17] U. Madhow and M. B. Pursley. Acquisition in direct sequqence spread-spectrum communication networks: An asymptotic analysis. IEEE Transactions on Information Theory, 39(3):903–912, May 1993.

[18] A. Yener and R. Yates. Multiuser access detection for code division multiple access systems. In Conference on Information Sciences and Systems, Princeton University, March 1998.

[19] D. Luenberger. Linear and Non-Linear Programming. Addison-Wesley Publishing Company, 1984.

[20] P.M. Pardalos and J.B. Rosen. Constrained global optimization: Algorithms and applications. Lecture Notes in Computer Science, Number 268, 1987.

[21] A. Torn and A. Zilinskas. Global optimization. Lecture Notes in Computer Science, Number 350, 1989. G. Goos and J. Hartmanis, Editors.

[22] A.V. Levy and S. Gomez. The tunneling algorithm for the global optimization.

pages 213–244, 1985. P.T. Boggs, R.H. Byrd, R.B. Schabel (eds.).

[23] V. Nefiodov. The search of the global maximum of a function of serval variables on a set defined by inequality bounds. J. Comp. Math. and Math. Phys, pages 35–51, 1987.

[24] S. Parvianen. On Methods for Global Optimization. Licentiate Thesis, University of Jyvaskyla, Finland, 1987.

[25] J.L. Massey and Th. Mittelholzer. Welch’s bound and sequence sets for codedivsiion multiple-access systems. In Sequences II, Methods in Communication, Security and Computer Science, New York: Springer-Verlag, 1993. R. Capocelli, A. De Santis, and U. Vaccar, Eds.

[26] P. Viswanath, V. Anantharam, and D. Tse. Optimal sequences, power control, and capacity of spread-spectrum systems with multiuser linear receivers. IEEE, 1998.

[27] D. Tse and S. Hanly. Multiuser demodulation: Effective intereference, effective bandwidth and capacity. submitted to IEEE Transactions on Information Theory, December 1997.

[28] L.R. Welch. Lower bounds on the maximum cross correlation of signals. IEEE Transactions on Information Theory, IT-20:397–399, May 1974.

[29] M. Rupf and J.L. Massey. Optimum sequence multisets for synchronous codedivision multiple acess systems. IEEE Transactions on Information Theory, 40(4):1261–1266, July 1994.