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There are 3 questions. You have the class period to answer. tBRow all work. Answers given without
work will receive no credit. GOOD LUCK!

1. (50 points)Amplitude Modulation

(@) (20 points)etm(t) = e tu(t) whereu(t) is the unit step function. Le{t) = m(t) cos 2tft
where f; > 1. Provide an analytic expression fg(f) the Fourier transform of (t)
and carefully sketchR(f)].

SOLUTION:

1
1 1 1 - 1
R(f) = SM(f — fo) +SM(f + fo) = 5 [jzn(f — fc)+1Jr jom(f + fc)+1}
1 1 1
ROF=3 [(2n<f —fo)2+1 " (@it fc>>2+1}

Sketch: two humps, centered gtahd — fe.
(b) (10 points)Carefully describe at least two different methods by whiatt) can be
recovered front(t). You must justify your answers.

SOLUTION: Bandwidth of signal is low comparied tQ, fso synchronous AM us-
ing cos 2tfct (multiplication followed by a low pass filter). Or sincgtn> 0 use an
envelope detector.

(c) (10 points)Let

with Fourier transform

We form a periodic carrier signal

o=y ot-1)

k=—00

where f; is the (fundamental) carrier frequency. Assume some géfiera different
from the previous parts) program matenma(lt) band limited toB < f.. If 0 < %c can
m(t) always be recovered from{t) = m(t)@(t) using an envelope detector? Carefully
and analytically discuss why/why not.
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SOLUTION: q(t) is a periodic sequence of pulses, so the Fourier transform{tof
will be a set of scaled replicas of ). So, we could just low pass filter and get M
back alone. However, we could also look at this another wagyv&\multiplied nft) by
a set of non-negative “spikes” (the Gaussian functigt) ¢poks more and more like an
impulse, the smallew gets). So “connecting the dots” of(n(t) directly will give us
back nit). HOWEVER, if rft) can be negative and we RECTIF{ ), we end up with
Im(t)o(t)| = |m(t)|@(t) and the envelope detector will recoven(t)| not m(t).

(d) (10 points)Suppose the diode in the envelope detector is faulty andiimecas a
simple resistor. Is the output of the envelope detectdrrs(il)? Always or never?

SOLUTION: Now we don't rectify. The filter part of the envelope deteutitir“con-
nect the dots” or “ski the peaks” and we’ll obtain () directly — always.

2. (50 points) AM/FM/SchmeshM:

Hermaphrodites Inc. has just introduced their new modulation system. They takelb
limited non-negative program material(t) and form the signal

r(t) =m(t)sin <2T[fct + B/Ot m(r)dr))

We assume that the bandwidthmft) is B < fc andp is arbitrary so long as sif2mfct + B m(T)dT)
is always a high speed signal.

(a) (25 points)ls r(t) an example of amplitude modulation? What is the output of an
envelope detector with(t) as its input? Justify your answer.
SOLUTION: As the title of the problem suggests, this could be both. Tiigpiner
outside the sinusoid definitely modulates the high speathkgin(). However, the
program material also appears in the argumentsaf(). Now as for the output of an
envelope detector, we have a slow signé )rmultiplied by a high speed signain().
So, so long as fh) > 0 and envelope detector will connect the dots and recovgj.m
If not, then we'll recovetm(t)| as the envelope detector output.

(b) (25 points)ls r(t) an example of frequency modulation? What is the approximate
bandwidth ofr (t)?

SOLUTION: Carson’s rule(2p + 1)B (or alternatively2(p + 1)B) for the “carrier”
But the carrier is multiplied by ift) which means convolution in frequency domain.
This adds anothe2B to the passband so the total bandwidti2{g + 2)B.

3. (50 points)Cora, Marty and the FM Radio Station:

Cora the communications engineer has decided to open heFbladio station. Unfortu-
nately, the transmission tower is home to one Martin T. $g¢ae, a squirrel and Cora’s arch
nemisis. Marty learns Cora is the new owner and sets out tmtagb her transmissions.

Assume Cora transmits .
r(t) = cos(ZT[fct - B/ m(r)dr)
0

and that the transmission is wideband FM. Cora’s customsestioe usual discriminators
followed by envelope detectors as receivers.



Marty whips out a signal generator and corrupts as

Ft) = cos(Zm‘ct - B/Ot m(r)dt) — (B/Ot m(T)dT) sin <2m‘ct - B/Ot m(T)dT)

(@) (10 points)Calculate the output of the differentiator in Cora’s listesi receivers.
SOLUTION:

Y —  —(2nfo—Bm(t)) sin(Zthct — B Jom(t)dr)
— PBm(t )sm(Zm‘Ct—Bfo m(t)dt
— B(2mfe—Bm(t)) (fo m(T)dT) cos(2mfct — B fom(T)dT)

which reduces to

o

m - —2nfCS|n(2m‘Ct—[3 SEm(m)dr)
— P(2mfe—Bm(t)) (fom(T)dt) cos(2mfct — B f5 m(t)dt)

(b) (15 points)Does Marty’s devlish plan work? Why/why not?
SOLUTION: The differentiator is supposed to produce a high speed sidusodu-
lated by the program material ¢t). It does not, so Marty’s plan works.

(c) (15 points)Cora learns of Marty’s scheme and males> 2mf.. She then tells her
listeners to modify their receivers by placing a hard limaéer the output of the dif-
ferentiator to produce

1 dr(t
st) = {

0 ow.

V
o

Rewrites(t) in terms of cog2mfct — B N m(T)dt)?
SOLUTION: We're left with

dz(tt) = —2nfcsm(2nfct—BfO m(T)dt
—  B(2mfc—Bm(t)) (JSm(t)dt) cos(2mict — B fy m(t)dt)

If we assumg large, the first term is much smaller than the second so that

dz—?) ~ —B(2mfe —Bm(t)) (/Ot m(T)dT) cos(Zthct - B/Ot m(T)dT)

We can sassunf# 2rtf; — fm(t)) > 0 since { is assumed large. Then

+

S(t) ~ '— cos(Zm‘ct —B /O t m(‘t)d‘t)

where (obviously)

1 x>0
+ _
X _{O 0.W.

If we cannot assum@large, Cora’s almost certainly screwed.



(d) (10 points)Cora then asks her listeners to row¢) into another FM receiver. Is
Marty’s devilish plan foiled? Why/why not?

HINT: Where is the program material represented in an FM signaltatsnformation
preserved or corrupted by hard limiting?

SOLUTION: s(t) is a signal which bounces betwegand 0 whose transition points
are determined by the argument of the cosine. So, all thenrgtion about the program
material is preserved.
We can show that pumpin@ $into an FM receiver gets you back the program material
as follows. First

-0 %

where thejtare the zero crossings ebs(2mfct — 3 Jim(t)d T). Therefore,

‘dls( )"
dt

T

= ¥ I(2nfe — pm(v) 3(t - )

since at the zero crossingsadq ) we havesin()| = 1.

Once again, we low pass filter (which is the second stage ohael@pe detector) to
connect the dots and out poj&stf. — fm(t)|. And as usual, we get rid of the D.C. com-
ponent 2rtfc) by a high pass filter and obtainm(t) — which means Cora’s customers
have recovered the program material.



