R, C, and L Elements and their v and i relationships

We deal with three essential elements in circuit analysis:

e Resistance R
e Capacitance C'

e Inductance L

Their v and ¢ relationships are summarized below.

Resistance: a

u(t) = Ri(t)
t)

i(t) = %

i+
R2v

Time domain:

b
Time
Domain

Resistance is a static element|in the sense v(t) versus i(t) relationship is instan-

taneous. For example, v(t) at time ¢ = 2 seconds simply depends only on i(t) at
t = 2 seconds and nothing else. This implies that the resistance does not know

what happened in the past, in other words it [does not store any energy| unlike

other elements C' and L as we see soon.

Capacitance:
Time domain: q(t) = Co(t)
it ==
t: % —o(t) — vlty) = % t:z'(f)df.

1 /t.
o(t) = vlt) + /t i(r)dr.

C

7

+
v

T

a
b

Time
Domain

Unlike in the case of resistance, for a capacitance the v(t) versus i(t) relationship

and vice versa at any time ¢t depends on the past as they involve differentials

and integrals. This implies that the capacitance is a |dynamic element.| What

happened in the past influences the present behavior.

capacitance [stores energy.

As we shall see soon,
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Inductance: a
di )
Time domain: v(t) = L_2 1Y+
dt I
= o)
at L
tdi ) 1t b
e i(t) —i(ty) = il v(T)dr. Time
Domain

i) = it,) +% /t:v(f)df.

Once again, unlike in the case of resistance, for an inductance the v(t) versus i(t)
relationship and vice versa at any time ¢ depends on the past as they involve
differentials and integrals. This implies that the inductance is a dynamic ele-

ment. What happened in the past influences the present behavior. As we shall
see soon, inductance ptores energy|
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Capacitors & |nductors

Remark: Resistors are static elements, A time varying voltage

v(t) across it generates a current #(¢) through it,

The current at any time instant, say ty, depends only on that time
instant £; and nothing else.

The capacitors and inductors are |[dynamic elements| They involve

integrals and differentials. As such, they have memory.

Capacitor

Passive element that stores energy in electric field

;f q = Cv
(‘%ir - % .U=%J;fdf+v(fﬂ)

C is called CAPACITANCE and is measured in |[FARADS.
Farad 1s a very large unit. Often micro, nano, and

pico farads are used in practice.
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= Voltage on capacitor
must be continuous (no

abrupt change)

If current through the capacitor (capacitance) is impulsive, the volt-
age can change instantaneously. We will consider this next semester.

Often, the words ‘capacitor’ and ‘capacitance’ are used interchange-
ably. Capacitor is a physical element, it has a property known as
capacitance. Note that resistor is a physical element, it has a prop-
erty known as resistance. Similarly, inductor is a physical element,

it has a property known as inductance.

Parallel plate capacitor

c-#
d
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Energy Stored in Capacitor

|
E'=iv E=E’% q=Cv
pir) = wi
duv )
=Ly — (WY ),
dl

Let the capacitor initially (at time t equals ™~ )

be uncharged.

Then, work done W i1s given by
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C=0.6-uF

viV)

Fis)
i(uA) A _dv
g it)y=C —
f dt
6+ Current
3
Li ¥ ¥ L v "I‘h)
P12 3 4. 3 6 7

Explain why W is

p(t) = vi

Power transfer
AL CHpacilor

1is)

hd L) v
3 L; 6 7
Power transfer

out of capacior

m=%c£ .

30
22.5
15
7.5

indeed energy stored.
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RC Circuits at dc
dv

9

In DC steady state| capacitance wvoltage is constant.

This means [¢V —g
el

capaclitance is zero. This means capacitance acts
as an jopen circult in DC steady state.

«» Thus, the current ; through the

o At dc no currents flow through capacitors: open

] 1
=Ny faly r."l'

Ty
Py
v |+
20 kL2 N i:_j V2
Cl== v Esﬂ e
MV - 40 kL2
@ ko
AN
o+
20 k2 Ca_
= E o .
Gy 350 k0
apvi * T ankr
V = XN V

+ ==}
20 = WY (34 500 = (¥

which gives V = 16 V. Hence,
] = I'= |6y,

Through volinge division, VXSO _16x50 o
T sok . 80
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Capacitors in Series

Combining In-Series Capacitors

i W ¥2 b

| - " - e I -
, Cy (- (1
l 5 - o

-0
2
" v, =t + v+ 1
!

Iy

E:qunalenl J: I I 1\~
circuit T (if‘. * C» ¥ Cy )

2
-

current same through each capacitor

'ty e i1
g = — — "1 ={'T _
r € dj o dl " dr
Also, iy = Coq —
il
-|:.IIIT| dl"l :-I'I'.";
=C, — e —
( i1 * d! + ol )

i
_':ml{ {1)

Cacelling ¢, on both zsides, | —l+ I + |
and rearranging, we get C,_.ll_-lf] Cx Cy
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Capacitors in Parallel

'
e

=
'

o e e

Vs ——{ —— & —

Qra

I

O J_ dr
Vy ¢ Equivalent circuit T Ceoq=C1 +C2+ Cy

voltage same across each capacitor

|
y —
i
g
|

Q) b

is =1i]+ir+1i3

d v, d v, d v
= - 4+ ' O '
ln’r+ :nﬁ‘_l_ 3:1’1
, dug
by = Loy —
’ “ dt

Comparing the above

Ceq=C) +C2+ Cy
equations, we get

Cu=C+C+CG++Cy
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Often, capacitors are used for
voltage division rather than resistors.

Voltage Division

Capacitors are lossless.

Actually, gl=g.
Both are integral of
current through them.
Voltage division
follows by using this

concept.

m-—fdt
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Inductors

Passive element that stores energy in magnetic field

lf

+ Ef. -__l_ .
Lgr v j i LJ:v(r)drH(rﬂ)

L is called INDUCTANCE and is measured in HENRIES.

o Current through inductor
must be continuous (no

abrupt change)

If voltage across L 1s impulsive,

current can change suddenly.

Solenoid Wound Inductor
Area §

[
IR
R
—

b=
Il
|3
E

Magnenc-field
lines
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Energy Stored in Inductor t
Power =p=vi= Lgi ‘

Assume that initial inductance current @ at time
t = —oo 18 Zero. Then, work done W is given by

f pit = JF: L_:d.t
Lf [E (i*’)‘ dt

W

L=0.6 H 2 ,' plt) = Ul

i (A) Current

Power transler
Mo

f(s)

L L ¥ L
i H 6 7
Power transfer

aLt

=
e

"
-
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RLC Circuits at dc -*-L%

In DC steady state, inductor current is constant. Hence £ = 0,
Thus, the voltage across inductance is zero.

Inductance in

2 k02

ot

DC steady state acts as a SHORT CIRCUIT.

f.:; =1 mH 6 kfl

4 kQ
Cr=4 uF==
24V

Lz =0.5mH

=Cy1=10uF

ANA——
Y 2 .
2 24
. = = 4 mA
L2 T W TR
B G
Cy

node voltage Vs

Vae2d—-@x 10 3xdx 107)=8V.
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Hence, the amounts of energy stored in €y, Cz, Ly, La, and

Ane

Ls:

L i
W=V =2 x 107" x 64 =032ml,
W:é{'gk":=%x4x 107" % 64 = 0.128 mJ,

W= 3L] = (0.1)10°4%107% =16 = 1077 ]

W= gLed] = (0510741079 =8 = 107" ]
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Inductors In Series

Use KVL, current is
same through all

2

B+ L — 4 72 — 4 13— .
— 4115 indiictors
Ly La Ly vs=v] +12 4+ 3
Vg
o =L, — 4+l — 41—
5 T T 7
di.
', =(L;+L;+ Ly) —,
2 il
" I=
Lé Ug = Lv:q ?:

Comparing the above
Lul:L]—L:'fij FaTiie
equaticns, we get

;o
A
o TN

——> Lyg=L +Ly+Ls

Inductors in Parallel

Combining In-Parallel Inductors

iy

=]
—.-l
-

oo i |5 Voltage is same across

CD Q‘“ gb QLR all inductors

Inductors add together
in the same way
resistors do

o — fmm O

I
é“":(?*ﬂ"’ﬂ) Show this as HW.

-
W
[w ] 37
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332:221 Principles of Electrical Engineering I

Basic properties of R, L, and C
Both voltage v and current i are considered as functions of time ¢

Property R

v - i relationship v = Ri v=L% v=>2J¢i(r)dr + v(to)

1 - v relationship

i=2 i =1 [pu(r)dT +i(to) i=C%
p power consumed p=vi=1iR p=0vi= Li% p=0vi= CU%
w energy stored w=0 w = $Li? w = Cv?
Series connection Ry =Ri+ Ry Leg = L1+ Lo Cog = 061“1052
Parallel connection R, = % Ley = % Ceqg = C1 + (Y
DC Steady State Behavior v = Ri, No change v = 0 Short Circuit 1 = 0 Open Circuit
Can v change instantaneously Yes Yes No
without ¢ being an impulse?
Can 7 change instantaneously Yes No Yes

without v being an impulse?

AC Steady State behavior To be discussed To be discussed

To be discussed

Resistance is a static element and has no memory.

On the other hand, both capacitance and inductance are dynamic
elements and have memory.



Principles of Electrical Engineering I

Integrating and Differentiating Circuits

Integrating Circuits

Passive Integrating Circuit:

R P — (4o
i = O

- +
Vin <_> C Vo

Figure 1

Consider the RC circuit of Figure 1.
Its equation is

dv,

v dt

+ Vo.

Suppose RC' >> 1. This renders v, small in com-
parison with v;,. Then, we have
dv,

o = ROZE.
v dt

This implies that

Vo(t) = vo(to) + % /to Vin (T)dT.

Active Integrating Circuit:

Vo

. dv,
+ ZfZC;t

;_ Din e
s =R 4 Un — N| iy

ey

R ip
| | "

Figure 2 =

For an ideal Op-Amp, we know that vp — vy =0
and ip = —iy = 0. Since vp = 0, this imples that
vy = 0. Then, the circuit equation is

dvo Vin

Cdt R

This implies that

Vo(t) = —% /Uin(T)dT.

‘ Differenciating Circuits

Passive Differenciating Circuit:

. dve
i =0

Vin C_) R2wv,

Figure 3

Consider the RC circuit of Figure 3.
Its equations are
dvg Vo

= — Vin = Ve + Vo.

dt R’

By differentiating the second equation, and then
substituting the first, we get

dv;p, W dv,
dt  RC  dt’
Suppose % >> 1. This renders d;t" small and

Vo

negligible in comparison with g¢. Then, we have

dvin
, = RC—=.
v dt

Active Differenciating Circuit:

R
— Vo + zf_f
—VMN\——

e[ H

i = Ot

ey

£ TN iy
I

ip

C
) "
= = 1

Figure 4 =

For an ideal Op-Amp, we know that vp — vy =0
and ip = —iny = 0. Since vp = 0, this imples that
vy = 0. Then, the circuit equation is

dv; v
C—" 4+ 2 =0.
dt + R
This implies that
d mn
vo(t) = —RCZI™

dt -



IThis is a Home Work Problem to be read and understood. |

Principles of Electrical Engineering I

Current, Voltage, Power, and Energy associated with an Inductance

Example: Consider an inductance L in Henries. Let the current () through it be I, sin(wt)
where [, is the amplitude and w is the angular frequency in radians per second. Write down
explicit expressions for the voltage v(t) across it at time ¢, the power p(¢) consumed by it at

time ¢, and the energy e(t) consumed by it during the time interval from 0 to t.

The voltage v(t) across it at time ¢ is given by

a
v(t) Ldi LI, cos(wt) T
= L— = wLlI,, cos(wt). .
dt Liv=L4%
The power p(t) consumed by it at time ¢ is given by -
1 b
p(t) = v(t)i(t) = wLI? sin(wt) cos(wt) = ~wLI? sin(2wt). Time
2 Domain

The energy e(t) consumed by it during the time interval from 0 to ¢ is given by

t 1 t
e(t) = /Op(t)dt:§wL[,2n/0 sin(2wt)dt
1

1 1
= ZL[fn [1 — cos(2wt)] = §LI,2n sin®(wt) = §Li2(t)-

Current, Voltage, Power, and Energy associated with an Inductance

Thw above figure shows the graphs of

current i(t) = I,, sin(wt) (solid line graph),

voltage v(t) = wLI,, cos(wt) (dashed line graph),

the power p(t) = swLI? sin(2wt) (dotted line graph), and

the energy e(t) = 5Li*(t) (dash dotted line graph).

For numerical computations, we used I,,, = 2 A, w = 0.257 radians per second, and L = 1

Henry.
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[This iz a Home Work Problem to be read and understood.

Principles of Electrical Engineering I

Voltage, Current, Power, and Energy associated with a Capacitance

Example: Consider a Capacitance C in Farads. Let the voltage v(t) across it be V,, sin(wt)
where V,,, is the amplitude and w is the angular frequency in radians per second. Write down
explicit expressions for the current i(t) through it at time ¢, the power p(t) consumed by it

at time ¢, and the energy e(¢) consumed by it during the time interval from 0 to t.

The current i(t) through it at time ¢ is given by

a
, dv jj =C %
i(t) = CE = wCV,, cos(wt). U+ o
The power p(t) consumed by it at time ¢ is given by T
1 b
p(t) = v(t)i(t) = wOV?2 sin(wt) cos(wt) = ~wCV?2 sin(2wt). Time
2 Domain

The energy e(t) consumed by it during the time interval from 0 to ¢ is given by

t 1 t
e(t) = /Op(t)dt:?uCVﬁ/o sin(2wt)dt
1

1 1
= ZC’VWQL [1 — cos(2wt)] = §C’V,fb sin?(wt) = §C’v2(t).

Voltage, Current, Power, and Energy associated with a Capacitance

Thw above figure shows the graphs of

voltage v(t) = V,, sin(wt) (solid line graph),

current i(t) = wC'V,, cos(wt) (dashed line graph),

the power p(t) = 3wCV2sin(2wt) (dotted line graph), and

the energy e(t) = $Cv?(t) (dash dotted line graph).

For numerical computations, we used V,, = 2 V, w = 0.257 radians per second, and C' =1
Farad.
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332:221 Principles of Electrical Engineering I
Suggested HW Problems in the text book by Ulaby and Maharbiz

Partial answers are in Appendix E
These problems are not collected and graded.
Problem 5.2 Exercise to get familiarity with Step function
Problem 5.7 Time Constant of an exponential
Problem 5.15 RC Circuit in DC steady state
Problem 5.19 Capacitors Series-Parallel
Problem 5.25 Voltage signal across an inductance
Problem 5.29 RLC Circuit in DC steady state
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332:221 Principles of Electrical Engineering I

Voltage, Current, Power, Energy
The voltage across an element is given by v(t) = 100 sin(27 100¢) while
+ current through it is i(f) = 2cos(27 100¢). Sketch the voltage v(t),
D v current i(t), power consumed p(t), and energy consumed w(t) with
respect to time. All sketches should start at time ¢ = 0 and should
show at least one cycle of the expected wave form. Indicate the
scales on both the axes of your graphs properly.

A

Ql

(a) The voltage v in Volts:

0 — 1
A

(b) The current ¢ in Amperes:
0 =t
A

(c) The power consumed p in Watts:
0 =t

(d) The energy con-
sumed w in Joules:

Y
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This is a Home Work problem which is collected and graded. |

Symmetrical triangular waveform wv,(t)

—2 -1 0 1 2 —
in milli
Secs

i _A

A voltage signal v,(t) having a symmetrical triangular wave form (with
a period of 2 milli secs) is shown above. It is across a capacitor as
Vg =7 C shown on the left. Let A = 100V and C' = 1uF (micro Farad). Draw
to scale (indicate the scale on the vertical axis) the following items for
the time period shown:

Qi

(a) The current ic in Amperes:

0 1 2 — "t '
in milli
Secs
A
(b) The power p consumed
by the capacitor in  watts: .
0 1 2 — 1t
in milli
Secs

(c) The energy stored in the capacitor at ¢t = 0:
(d) The energy stored in the capacitor at t = 0.5 milli Secs:

(e) The energy stored in the capacitor at t = 1 milli Secs:


psannuti
Typewritten Text
This is a Home Work problem which is collected and graded.

psannuti
Rectangle


This is a Home Work problem which is collected and graded.

332:221 Principles of Electrical Engineering I

Determine the equivalent capacitance between the Determine the equivalent inductance between the
terminals a and b of Figure A. terminals a and b of Figure B.
c c ¢ ¢

24uf 3uf 36mH 60mH

108 f 108mH
a b

36uf @ b 9uf 72mH 15mH

c c ¢ ¢

Figure A Figure B
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