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Another approach to finding the mean square error is to recognize that the MMSE
estimator is a linear estimator and thus must be the optimal linear estimator. Hence,
the mean squared error of the optimal linear estimator given by Theorem 9.11 must
equaley . Thatis,egf y = Var[X](1— p>2<,Y). However, calculation of the correlation
coefficientpx v is at least as much work as direct calculatiorepf, .

Problem 9.4.3
(@) The marginal PMFs of andY are listed below
[ 1/3 x=-1,0,1 [ 1/4 y=-3,-10,1,3
Px (%) _{ 0  otherwise A (y) _{ 0  otherwise

(b) No, the random variables andY are not independent since
Py (1,-3)=0# R (1)R (-3)
(c) Direct evaluation leads to
E[X]=0 Var[X]
E[Y]=0 Var[Y] =5

This implies
ox,y = Cov[X,Y] = E[XY] - E[X]E[Y] =E[XY]=7/6

(d) From Theorem 9.11, the optimal linear estimatXafivenY is

~ Ox 7
X(Y) = pyy—=(Y — —_—Y+0
L(Y) pX,YOY( Hy) + Hx 30"+

Thereforea® = 7/30 andb* = 0.
(e) The conditional probability mass function is

Y6 _2/3 x=_1
PXY (X,—3) 14 / §
R T -y
Ry (—3) 1/4
0 otherwise

Py (X —3)

() The minimum mean square estimatonofjiven thaty = 3 is
f(—3) = EIX|Y = =3 = ¥ xBqy (| —3) = —2/3
X

(g) The mean squared error of this estimator is
&m(—3) =E[(X—fm(=3)?)Y = =3 = 5 (x+2/3)*Pyy (x| - 3)

X

= (~1/3)%(2/3) +(2/3)%(1/3) = 2/9
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Problem 9.4.4

These four joint PMFs are actually related to each other. In particular, completing the
row sums and column sums shows that each random variable has the same marginal PMF.
That is,

Px (X) =Ry (x) = Ry (X) =R/ (X) = Ps(x) = Pr (x) = Po(x) = Pr(X)
_{ 1/3 x=-1,0,1
10 otherwise

This implies
EX]=E[Y]=EU]=EN]=E[f=E[T] =E[Q[=E[R]=0
and that
E[X?] =E[Y?] =E[U?] =E[V?] =E[F] =E[T?] =E[Q?] =E[R}] =2/3

Since each random variable has zero mean, the second moment equals the variance. Also,
the standard deviation of each random variable¢’®%/3. These common properties will
make it much easier to answer the questions.

(a) Random variableX andY are independent since for alndy,

Py (X,Y) = Px (X) Ry (y)

Since each other pair of random variables has the same marginal PMEsds but

a different joint PMF, all of the other pairs of random variables must be dependent.
SinceX andY are independenpyx y = 0. For the other pairs, we must compute the
covariances.

Cov|[U,V]=E[UV]=(1/3)(—-1)+(1/3)(-1) = —2/3
Cov[ST|=E[ST|=1/6—-1/6+0+—-1/6+1/6=0
Cov[Q,RI=E[QR =1/12—-1/6—-1/6+1/12=-1/6
The correlation coefficient & andV is
Cov[U,V] . =2/3
WarlUVVar[V]  v2/3v2/3

In fact, since the marginal PMF's are the same, the denominator of the correlation
coefficient will be 23 in each case. The other correlation coefficients are

Puyv =

_CouST]_, - CoOQR__,,

PST="33 : 2/3
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(b) From Theorem 9.11, the least mean square linear estimatbgofenV is

N

0u(V) = puy o4V~ EV)) + E[U] = puyV = -V

Similarly for the other pairs, all expected values are zero and the ratio of the standard
deviations is always 1. Hence,

)ZL(Y) = px7yY =0
S(T)=pstT =0
QL(R) = porR= —R/4

From Theorem 9.11, the mean square errors are

e (X,Y) = Var[X](1—pky) = 2/3
& (U,V) =VarU](1-pfy) =0

eTi(S,T)ZVar[S](l—psT) 2/3
e (Q.R) = Var[Q)(1—pr) = 5/8

Problem 9.5.1
The problem statement tells us that

(V) = 1/12 -6<v<6
V=Y o0 otherwise

Furthermore, we are also told that=V + X whereX is a zero mean Gaussian random
variable with a variance of 3.

(a) The expected value &tis the expected valué plus the expected value of. We
already know thaX is zero mean, and thdtis uniformly distributed between -6 and
6 volts and therefore is also zero mean. So

E[R|=E[V+X]=E[V]+E[X]=0

(b) BecauseX andV are independent random variables, the variande isfthe sum of
the variance oY and the variance of.

Var[R] = Var[V]+ Var[X] =12+ 3=15
(c) SinceE[R|=E[V] =0,

Cov[V,R|=E[VR =EV(V +X)| = E[V?] = Var|V]
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(d) the correlation coefficient &f andR s
CovlV,R] Var|[V] _Ov
Var[V]Var[R| Var[V]Var[R] Or

PVvR =

The LMSE estimate o¥ givenRis

A

U(R) = vt (R—EIR) +EV] = W 12

—R

oz 15

Thereforea® = 12/15= 4/5 andb* = 0.
(e) The minimum mean square error in the estimate is

e = Var[V](1-p§r) = 12(1-12/15) = 12/5

Problem 9.5.2
The solution to this problem is to simply calculate the various quantities required for the
optimal linear estimator given by Theorem 9.11. First we calculate the necessary moments

of X andY.
E[X] = ~1(1/4) +0(1/2) +1(1/4) =
E[X?] = (-1)%(1/4) +0%(1/2) + 1%(1/4) = 1/2
E[Y]=—1(17/48) +0(17/48) + 1(14/48) = —1/16
E[Y?] = (—1)?(17/48) + 0%(17/48) + 1%(14/48) = 31/48
E[XY] =3/16—0—0+1/8=5/16

The variances and covariance are

Var[X] = E[X?| - (E[X])*=1/2
Var[Y] = E[Y?] - (E[Y])? = 493/768
Cov[X,Y] = E[XY] —E[X]E[Y] = 5/16
Cov[X,Y] 5/6
Pxy = =

JVar[X]Var[Y] /493
By reversing the labels of andY in Theorem 9.11, we find that the optimal linear estima-
tor of Y givenX is

- o} 5 1

YL(X) = px,yo—)Y( (X~ E[X) +EY] = 2X — =

The mean square estimation error is

e = Var[Y](1-pxy) = 343/768
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Problem 9.5.3
To solve this problem, we use Theorem 9.11. The only difficulty is in comp@&{Xdg,
E[Y], Var[X], Var[Y], andpx v. First we calculate the marginal PDFs

1 _
i (X) = / 2y+X)dy= Y+ 20yt = 14 2~ 3¢
X
y —
e (y) :/O 2(y+x)dx= 2xy+ X[} = 3y
The first and second momentsXfare

E[X] = /Ol(x+ 2% — 3 dx= x?/2+ 2x3/3 — 3><4/4\é =5/12

1 1
E[X?] = / (3@ + 26 — 3 dx = x3/3+x4/2—3>é/5‘0 —7/30
0
The first and second momentsYohre

:/013y3dy:3/4
E[v?] :/013y4dy:3/5

Thus, X andY each have variance

129 3
yigo  VAYI=E[Y?] - (EIV])*=

To calculate the correlation coefficient, we first must calculate the the correlation
E[XY] = / / 2xy(x+y) dxdy
:/ 2x3y/3+x2y2]\x;ody
— / Y dy—1/3

Hence, the correlation coefficient is
Cov[X,Y] E[XY]-E[X]E[Y] 5
Vv Var[X]Var[Y] /Var[X]Var[Y] ~ V129
Finally, we use Theorem 9.11 to combine these quantities in the optimal linear estimator.

Var[X] = E[X?] - (E[X])* =

Px)y =

KU(Y) = pr’—x (Y —E[Y]) + E[X]

5 V129

" /129 9
—5Y/9

Vo22y —3/4)+5/12
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Problem 9.5.4
The linear mean square estimatodogiveny is

XL(Y) — (E[XY] — UMy

Var[Y] > (Y_HY)_'_HX

Where we can calculate the following
y
fy(y):/ 6(y—x)dx=6xy—3[]=3?% (0<y<1)
0
1
iy (X) = / 6ly—x)dy=3(1+-2x+x8) (0<x<1)0  otherwise
X
The moments oK andY are
1 1
E[Y] :/ 3y3dy—3/4 E[X] :/ 3x(1— 2x+?) dx=1/4
0 0
1 1
E[Y? = / 3ydy=3/5  E[X?Y = / 3(1+ —2x+2) dx = 1/10
0 0
The correlation betweeX andY is

E[XY] = 6/01/1xy(y—x)dydx: 1/5

Putting these pieces together, the optimal linear estimaxegweny is

- () -3

Problem 9.5.5
We are told that random variablehas a second order Erlang distribution

fy () = Axe ™ x>0
=Y 0 otherwise

We also know that giveX = x, random variabl&’ is uniform on|0, x] so that

[ 1/x 0<y<x
fyx (Y1) _{ 0 otherwise

(@) GivenX = x, Y is uniform on[0,x]. HenceE[Y|X = x] = x/2. Thus the minimum
mean square estimate%fgivenX is

Yum(X) = E[Y|X] = X/2
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(b) The minimum mean square estimatexoflivenY can be found by finding the con-
ditional probability density function oK givenY. First we find the joint density
function.

Ae M 0<y<x
fxy (y) = fyx(¥I¥)- fx (X):{ 0 otﬁeyrv_vise

Now we can find the marginal of

00 7)\y
_ Ay ) € y>0
Wy = /y Ae dx_{ 0  otherwise

By dividing the joint density by the marginal densityYofve arrive at the conditional
density ofX givenyY.

B fx7y (X, y) o Ae MY x >y
fxpy (Xly) = “f(y O otherwise

Now we are in a position to find the minimum mean square estimategveny.
GivenY =y, the conditional expected value ¥fis

E[X|Y = y] = /y " Axe MY dx
Making the substitutiom = x—y yields
E[X|Y = y] = /OmA(u+y)eA“du
We observe that ) is an exponential random variable with paraméatethen
EXY =] =EU 4] = +Y

The minimum mean square error estimat&XajivenY is

Xm(Y) = E[X|Y] = %+Y

(c) Since the MMSE estimate of given X is the linear estimat®y (X) = X/2, the
optimal linear estimate of given X must also be the MMSE estimate. That is,
YL(X) =X/2.

(d) Since the MMSE estimate of given is the linear estimat&u(Y) =Y + 1/A,
the optimal linear estimate of givenY must also be the MMSE estimate. That is,
X (Y)=Y+1/A
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Problem 9.5.6
From the problem statement, we learn the following facts:
e’ r>0 [ reT™ x>0
R (1) _{ 0 otherwise RO _{ 0  otherwise

Note thatfx r(x,r) > 0 for all non-negativeX andR. Hence, for the remainder of the
problem, we assume bokandR are non-negative and we omit the usual “zero otherwise”
considerations.

(@) To findru(X), we need the conditional PDF

fxr(X[r) fr(r)
fx (X)

frx (r[x) =
The marginal PDF oK is

fx(x):/ fx|R(x|r)fR(r)dr:/ re"FUrgr
0 0

To use the integration by parts formufaidv= uv— [ vduby choosingu=r and
dv=e +Drdr. Thusv = —e~+Dr /(x4 1) and

® 1 * -1
_+__/ e—(x+1)r dr = 76—(x-|—1)r
o X+1Jo (x+1)2

Now we can find the conditional PDF &givenX.

frox (%) = fm(fjf&)fw)

By comparing,frix (r[x) to the Erlang PDF shown in Appendix A, we see that given
X =X, the conditional PDF oR is an Erlang PDF with parametens= 1 andA =
X+ 1. This implies

°°_ 1

T Oy -
o (x+1)?

fx (x) = X+1

= (x+1)2re” (X

1
(x+1)2

1
ERX=X=——+ Var R X =x| =
RX=X=_"7 RIX =X
Hence, the MMSE estimator &tgivenX is

fa (X) = ERX] = 55

(b) The MMSE estimate oK given R=r is E[X|R=r]. From the initial problem
statement, we know that giveR=r, X is exponential with mean/t. That is,
E[X|R=r] = 1/r. Another way of writing this statement is

fu(R) = E[X|R = 1/R
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(c) Note that the mean of is

EX] :/wafx ) dX:/Ooo(XTxl)zdxzoo

BecauseE [ X] doesn't exist, the LMSE estimate ¥fgivenR doesn't exist.

(d) Just as in part (c), becauggX] doesn't exist, the LMSE estimate & given X
doesn’t exist.

Problem 9.5.7
(a) As a function of, the mean squared error is
e=E[(aY —X)?] = a®E[Y?] — 2aE[XY] + E [X?]

Settingde/dal,_,. = 0 yields

(b) Usinga = a*, the mean squared error is

(EXY])?

e =E[X?] - £V

(c) We can write the LMSE estimator given in Theorem 9.11 in the form
. o
XL(Y) = px7y—xY —b
Oy

where

(0)
b= pxy— E[Y] —E[X]
Oy

Whenb =0, X(Y) is the LMSE estimate. Note that the typical way that O occurs
whenE[X] = E[Y] = 0. However, it is possible that the right combination of means,
variances, and correlation coefficent can also yieldO.

Problem 9.5.8
The minimum mean square error linear estimator is given by Theorem 9.11 in which
Xn andY,_1 play the roles oKX andY in the theorem. That is, our estima{g of X, is

. . 1/2
o= 3002 = Provs (i) (o= Ela 1))+ EIX]
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By recursive application ok, = ¢X,_1 + Zn_1, We obtain
n .
Xo=a%o+ y a1z
2,
_The expected value of, is E[X] = a"E[Xo] + 3 _; al"'E[Z,j] = 0. The variance oK,
is

Var[X,] = a®"Var Xo]+§ al=1%Var[Z,_;] = a®Var[Xo] + 0 i[aZ]j—l
= &
Since VarfXg] = 02/(1— ¢?), we obtain

CZnOZ 02(1_C2n) B 0'2

Var[xn]zl—c2 1-c2  1-c?
Note thatE[Yy_1] = dE[Xn_1] + E[W] = 0. The variance of,_1 is
252
Var[Yy_ 1] = d?Var[X, 1]+ Var[Wp] = 11— +n?

SinceX, andY,_1 have zero mean, the covariance@fandY,,_1 is
Cov[Xn, Yn—1] = E[XaYn_1] = E[(CXh—1+ Zn_1) (dX—1+Wh_1)]
From the problem statement, we learn that

EXn—1Wh-1] =0 E[Xn—1]E[Wh-1] =0
E[Zn-1Xn-1] =0 E[Zn-1Wh-1] =0

Hence, the covariance of, andY,,_1 is
Cov[Xn, Yn—1] = cdVar[Xn_1]
The correlation coefficient of,, andYn_1 is

XoYo-1 = v Var[X, Var Yn 1]

SinceE[Y,_1] andE[X,] are zero, the linear predictor f&f becomes

Var [Xn] >1/2Y B Cov[Xn,YrH]Y _cdVar[Xy 1] .
] " n-

%o = Px o (Var[Ynl T VarfYoa "' Va4
Substituting the above result for \fag,], we obtain the optimal linear predictor X given
Yn_]_.

1
1+p%(1-¢?)

~

Xn - Ynfl

olo
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wherep? = n?/(d?a?). From Theorem 9.11, the mean square estimation error ahstep

. 2
6 () = E[(X— %0)2] = Var[X) (1~ 0%, ,) = Gzﬁf_cz) 3)

We see that mean square estimation egf¢n) = €/, a constant for alh. In addition,g is
an increasing functiof.



