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Another approach to finding the mean square error is to recognize that the MMSE
estimator is a linear estimator and thus must be the optimal linear estimator. Hence,
the mean squared error of the optimal linear estimator given by Theorem 9.11 must
equale�X;Y. That is,e�X;Y = Var[X](1�ρ2

X;Y). However, calculation of the correlation
coefficientρX;Y is at least as much work as direct calculation ofe�X;Y.

Problem 9.4.3

(a) The marginal PMFs ofX andY are listed below

PX (x) =

�
1=3 x=�1;0;1
0 otherwise

PY (y) =

�
1=4 y=�3;�1;0;1;3
0 otherwise

(b) No, the random variablesX andY are not independent since

PX;Y (1;�3) = 0 6= PX (1)PY (�3)

(c) Direct evaluation leads to

E[X] = 0 Var[X] = 2=3

E[Y] = 0 Var[Y] = 5

This implies

σX;Y = Cov[X;Y] = E[XY]�E[X]E[Y] = E[XY] = 7=6

(d) From Theorem 9.11, the optimal linear estimate ofX givenY is

X̂L(Y) = ρX;Y
σX

σY
(Y�µY)+µX =

7
30

Y+0

Therefore,a� = 7=30 andb� = 0.

(e) The conditional probability mass function is

PXjY (xj�3) =
PX;Y (x;�3)

PY (�3)
=

8><
>:

1=6
1=4 = 2=3 x=�1
1=12
1=4 = 1=3 x= 0

0 otherwise

(f) The minimum mean square estimator ofX given thatY = 3 is

x̂M(�3) = E[XjY =�3] = ∑
x

xPXjY (xj�3) =�2=3

(g) The mean squared error of this estimator is

êM(�3) = E
�
(X� x̂M(�3))2jY =�3

�
= ∑

x
(x+2=3)2PXjY (xj�3)

= (�1=3)2(2=3)+(2=3)2(1=3) = 2=9
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Problem 9.4.4
These four joint PMFs are actually related to each other. In particular, completing the

row sums and column sums shows that each random variable has the same marginal PMF.
That is,

PX (x) = PY (x) = PU (x) = PV (x) = PS(x) = PT (x) = PQ(x) = PR(x)

=

�
1=3 x=�1;0;1
0 otherwise

This implies

E[X] = E[Y] = E[U ] = E[V] = E[S] = E[T] = E[Q] = E[R] = 0

and that

E
�
X2�= E

�
Y2�= E

�
U2�= E

�
V2�= E

�
S2�= E

�
T2�= E

�
Q2�= E

�
R2�= 2=3

Since each random variable has zero mean, the second moment equals the variance. Also,
the standard deviation of each random variable is

p
2=3. These common properties will

make it much easier to answer the questions.

(a) Random variablesX andY are independent since for allx andy,

PX;Y (x;y) = PX (x)PY (y)

Since each other pair of random variables has the same marginal PMFs asX andY but
a different joint PMF, all of the other pairs of random variables must be dependent.
SinceX andY are independent,ρX;Y = 0. For the other pairs, we must compute the
covariances.

Cov[U;V] = E[UV] = (1=3)(�1)+(1=3)(�1) =�2=3

Cov[S;T] = E[ST] = 1=6�1=6+0+�1=6+1=6= 0

Cov[Q;R] = E[QR] = 1=12�1=6�1=6+1=12=�1=6

The correlation coefficient ofU andV is

ρU;V =
Cov[U;V]p

Var[U ]
p

Var[V]
=

�2=3p
2=3

p
2=3

=�1

In fact, since the marginal PMF’s are the same, the denominator of the correlation
coefficient will be 2=3 in each case. The other correlation coefficients are

ρS;T =
Cov[S;T]

2=3
= 0 ρQ;R=

Cov[Q;R]
2=3

=�1=4
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(b) From Theorem 9.11, the least mean square linear estimator ofU givenV is

ÛL(V) = ρU;V
σU

σV
(V�E[V])+E[U ] = ρU;VV =�V

Similarly for the other pairs, all expected values are zero and the ratio of the standard
deviations is always 1. Hence,

X̂L(Y) = ρX;YY = 0

ŜL(T) = ρS;TT = 0

Q̂L(R) = ρQ;RR=�R=4

From Theorem 9.11, the mean square errors are

e�L(X;Y) = Var[X](1�ρ2
X;Y) = 2=3

e�L(U;V) = Var[U ](1�ρ2
U;V) = 0

e�L(S;T) = Var[S](1�ρ2
S;T) = 2=3

e�L(Q;R) = Var[Q](1�ρ2
Q;R) = 5=8

Problem 9.5.1
The problem statement tells us that

fV (v) =

�
1=12 �6� v� 6
0 otherwise

Furthermore, we are also told thatR= V +X whereX is a zero mean Gaussian random
variable with a variance of 3.

(a) The expected value ofR is the expected valueV plus the expected value ofX. We
already know thatX is zero mean, and thatV is uniformly distributed between -6 and
6 volts and therefore is also zero mean. So

E[R] = E[V +X] = E[V]+E[X] = 0

(b) BecauseX andV are independent random variables, the variance ofR is the sum of
the variance ofV and the variance ofX.

Var[R] = Var[V]+Var[X] = 12+3= 15

(c) SinceE[R] = E[V] = 0,

Cov[V;R] = E[VR] = E[V(V +X)] = E
�
V2�= Var[V]
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(d) the correlation coefficient ofV andR is

ρV;R=
Cov[V;R]p

Var[V]Var[R]
=

Var[V]p
Var[V]Var[R]

=
σV

σR

The LMSE estimate ofV givenR is

V̂(R) = ρV;R
σV

σR
(R�E[R])+E[V] =

σ2
V

σ2
R

R=
12
15

R

Thereforea� = 12=15= 4=5 andb� = 0.

(e) The minimum mean square error in the estimate is

e� = Var[V](1�ρ2
V;R) = 12(1�12=15) = 12=5

Problem 9.5.2
The solution to this problem is to simply calculate the various quantities required for the

optimal linear estimator given by Theorem 9.11. First we calculate the necessary moments
of X andY.

E[X] =�1(1=4)+0(1=2)+1(1=4) = 0

E
�
X2�= (�1)2(1=4)+02(1=2)+12(1=4) = 1=2

E[Y] =�1(17=48)+0(17=48)+1(14=48)=�1=16

E
�
Y2�= (�1)2(17=48)+02(17=48)+12(14=48) = 31=48

E[XY] = 3=16�0�0+1=8= 5=16

The variances and covariance are

Var[X] = E
�
X2�� (E[X])2 = 1=2

Var[Y] = E
�
Y2�� (E[Y])2 = 493=768

Cov[X;Y] = E[XY]�E[X]E[Y] = 5=16

ρX;Y =
Cov[X;Y]p
Var[X]Var[Y]

=
5
p

6p
493

By reversing the labels ofX andY in Theorem 9.11, we find that the optimal linear estima-
tor ofY givenX is

ŶL(X) = ρX;Y
σY

σX
(X�E[X])+E[Y] =

5
8

X� 1
16

The mean square estimation error is

e�L = Var[Y](1�ρ2
X;Y) = 343=768
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Problem 9.5.3
To solve this problem, we use Theorem 9.11. The only difficulty is in computingE[X],

E[Y], Var[X], Var[Y], andρX;Y. First we calculate the marginal PDFs

fX (x) =
Z 1

x
2(y+x)dy= y2+2xy

��y=1
y=x = 1+2x�3x2

fY (y) =
Z y

0
2(y+x)dx= 2xy+x2

��x=y
x=0 = 3y2

The first and second moments ofX are

E[X] =
Z 1

0
(x+2x2�3x3)dx= x2=2+2x3=3�3x4=4

��1
0 = 5=12

E
�
X2�= Z 1

0
(x2+2x3�3x4)dx= x3=3+x4=2�3x5=5

���1
0
= 7=30

The first and second moments ofY are

E[Y] =
Z 1

0
3y3dy= 3=4

E
�
Y2�= Z 1

0
3y4dy= 3=5

Thus,X andY each have variance

Var[X] = E
�
X2�� (E[X])2 =

129
2160

Var[Y] = E
�
Y2�� (E[Y])2 =

3
80

To calculate the correlation coefficient, we first must calculate the the correlation

E[XY] =
Z 1

0

Z y

0
2xy(x+y)dxdy

=
Z 1

0

�
2x3y=3+x2y2���x=y

x=0dy

=
Z 1

0

5y4

3
dy= 1=3

Hence, the correlation coefficient is

ρX;Y =
Cov[X;Y]p
Var[X]Var[Y]

E[XY]�E[X]E[Y]p
Var[X]Var[Y]

=
5p
129

Finally, we use Theorem 9.11 to combine these quantities in the optimal linear estimator.

X̂L(Y) = ρX;Y
σX

σY
(Y�E[Y])+E[X]

=
5p
129

p
129
9

(Y�3=4)+5=12

= 5Y=9
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Problem 9.5.4
The linear mean square estimator ofX givenY is

X̂L(Y) =

�
E[XY]�µXµY

Var[Y]

�
(Y�µY)+µX

Where we can calculate the following

fY (y) =
Z y

0
6(y�x)dx= 6xy�3x2

��y
0 = 3y2 (0� y� 1)

fX (x) =
Z 1

x
6(y�x)dy= 3(1+�2x+x2) (0� x� 1)0 otherwise

The moments ofX andY are

E[Y] =
Z 1

0
3y3dy= 3=4 E[X] =

Z 1

0
3x(1�2x+x2)dx= 1=4

E
�
Y2�= Z 1

0
3y4dy= 3=5 E

�
X2�= Z 1

0
3x2(1+�2x+x2)dx= 1=10

The correlation betweenX andY is

E[XY] = 6
Z 1

0

Z 1

x
xy(y�x)dydx= 1=5

Putting these pieces together, the optimal linear estimate ofX givenY is

X̂L(Y) =

�
1=5�3=16

3=5� (3=4)2

��
Y� 3

4

�
+

1
4
=

Y
3

Problem 9.5.5
We are told that random variableX has a second order Erlang distribution

fX (x) =

�
λxe�λx x� 0
0 otherwise

We also know that givenX = x, random variableY is uniform on[0;x] so that

fYjX (yjx) =
�

1=x 0� y� x
0 otherwise

(a) GivenX = x, Y is uniform on[0;x]. HenceE[YjX = x] = x=2. Thus the minimum
mean square estimate ofY givenX is

ŶM(X) = E[YjX] = X=2
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(b) The minimum mean square estimate ofX givenY can be found by finding the con-
ditional probability density function ofX givenY. First we find the joint density
function.

fX;Y (x;y) = fYjX(yjx) � fX (x) =

�
λe�λx 0� y� x
0 otherwise

Now we can find the marginal ofY

fY (y) =
Z ∞

y
λe�λxdx=

�
e�λy y� 0
0 otherwise

By dividing the joint density by the marginal density ofY we arrive at the conditional
density ofX givenY.

fXjY (xjy) = fX;Y (x;y)
fY (y)

=

�
λe�λ(x�y) x� y
0 otherwise

Now we are in a position to find the minimum mean square estimate ofX givenY.
GivenY = y, the conditional expected value ofX is

E[XjY = y] =
Z ∞

y
λxe�λ(x�y) dx

Making the substitutionu= x�y yields

E[XjY = y] =
Z ∞

0
λ(u+y)e�λudu

We observe that ifU is an exponential random variable with parameterλ, then

E[XjY = y] = E[U +y] =
1
λ
+y

The minimum mean square error estimate ofX givenY is

X̂M(Y) = E[XjY] =
1
λ
+Y

(c) Since the MMSE estimate ofY given X is the linear estimatêYM(X) = X=2, the
optimal linear estimate ofY given X must also be the MMSE estimate. That is,
ŶL(X) = X=2.

(d) Since the MMSE estimate ofX given Y is the linear estimatêXM(Y) = Y + 1=λ,
the optimal linear estimate ofX givenY must also be the MMSE estimate. That is,
X̂L(Y) =Y+1=λ.
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Problem 9.5.6
From the problem statement, we learn the following facts:

fR(r) =

�
e�r r � 0
0 otherwise

fXjR(xjr) =
�

re�rx x� 0
0 otherwise

Note that fX;R(x; r) > 0 for all non-negativeX andR. Hence, for the remainder of the
problem, we assume bothX andRare non-negative and we omit the usual “zero otherwise”
considerations.

(a) To find ˆrM(X), we need the conditional PDF

fRjX (rjx) = fXjR(xjr) fR(r)

fX (x)

The marginal PDF ofX is

fX (x) =
Z ∞

0
fXjR(xjr) fR(r) dr =

Z ∞

0
re�(x+1)r dr

To use the integration by parts formula
R

udv= uv� R
vdu by choosingu = r and

dv= e�(x+1)r dr. Thusv=�e�(x+1)r=(x+1) and

fX (x) =
�r

x+1
e�(x+1)r

����
∞

0
+

1
x+1

Z ∞

0
e�(x+1)r dr =

�1
(x+1)2e�(x+1)r

����
∞

0
=

1
(x+1)2

Now we can find the conditional PDF ofRgivenX.

fRjX (rjx) = fXjR(xjr) fR(r)

fX (x)
= (x+1)2re�(x+1)r

By comparing,fRjX (rjx) to the Erlang PDF shown in Appendix A, we see that given
X = x, the conditional PDF ofR is an Erlang PDF with parametersn = 1 andλ =
x+1. This implies

E[RjX = x] =
1

x+1
Var[RjX = x] =

1
(x+1)2

Hence, the MMSE estimator ofRgivenX is

r̂M(X) = E[RjX] =
1

X+1

(b) The MMSE estimate ofX given R = r is E[XjR= r]. From the initial problem
statement, we know that givenR = r, X is exponential with mean 1=r. That is,
E[XjR= r] = 1=r. Another way of writing this statement is

x̂M(R) = E[XjR] = 1=R
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(c) Note that the mean ofX is

E[X] =
Z ∞

0
x fX (x) dx=

Z ∞

0

x
(x+1)2 dx= ∞

BecauseE[X] doesn’t exist, the LMSE estimate ofX givenRdoesn’t exist.

(d) Just as in part (c), becauseE[X] doesn’t exist, the LMSE estimate ofR given X
doesn’t exist.

Problem 9.5.7

(a) As a function ofa, the mean squared error is

e= E
�
(aY�X)2�= a2E

�
Y2��2aE[XY]+E

�
X2�

Settingde=daja=a� = 0 yields

a� =
E[XY]
E[Y2]

(b) Usinga= a�, the mean squared error is

e� = E
�
X2�� (E[XY])2

E[Y2]

(c) We can write the LMSE estimator given in Theorem 9.11 in the form

x̂L(Y) = ρX;Y
σX

σY
Y�b

where

b= ρX;Y
σX

σY
E[Y]�E[X]

Whenb= 0, X̂(Y) is the LMSE estimate. Note that the typical way thatb= 0 occurs
whenE[X] = E[Y] = 0. However, it is possible that the right combination of means,
variances, and correlation coefficent can also yieldb= 0.

Problem 9.5.8
The minimum mean square error linear estimator is given by Theorem 9.11 in which

Xn andYn�1 play the roles ofX andY in the theorem. That is, our estimateX̂n of Xn is

X̂n = X̂L(Yn�1) = ρXn;Yn�1

�
Var[Xn]

Var[Yn�1]

�1=2

(Yn�1�E[Yn�1])+E[Xn]
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By recursive application ofXn = cXn�1+Zn�1, we obtain

Xn = anX0+
n

∑
j=1

aj�1Zn� j

The expected value ofXn is E[Xn] = anE[X0]+∑n
j=1aj�1E

�
Zn� j

�
= 0. The variance ofXn

is

Var[Xn] = a2nVar[X0]+
n

∑
j=1

[aj�1]2Var
�
Zn� j

�
= a2nVar[X0]+σ2

n

∑
j=1

[a2] j�1

Since Var[X0] = σ2=(1�c2), we obtain

Var[Xn] =
c2nσ2

1�c2 +
σ2(1�c2n)

1�c2 =
σ2

1�c2

Note thatE[Yn�1] = dE[Xn�1]+E[Wn] = 0. The variance ofYn�1 is

Var[Yn�1] = d2Var[Xn�1]+Var[Wn] =
d2σ2

1�c2 +η2

SinceXn andYn�1 have zero mean, the covariance ofXn andYn�1 is

Cov[Xn;Yn�1] = E[XnYn�1] = E[(cXn�1+Zn�1)(dXn�1+Wn�1)]

From the problem statement, we learn that

E[Xn�1Wn�1] = 0 E[Xn�1]E[Wn�1] = 0

E[Zn�1Xn�1] = 0 E[Zn�1Wn�1] = 0

Hence, the covariance ofXn andYn�1 is

Cov[Xn;Yn�1] = cdVar[Xn�1]

The correlation coefficient ofXn andYn�1 is

ρXn;Yn�1 =
Cov[Xn;Yn�1]p
Var[Xn]Var[Yn�1]

SinceE[Yn�1] andE[Xn] are zero, the linear predictor forXn becomes

X̂n = ρXn;Yn�1

�
Var[Xn]

Var[Yn�1]

�1=2

Yn�1 =
Cov[Xn;Yn�1]

Var[Yn�1]
Yn�1 =

cdVar[Xn�1]

Var[Yn�1]
Yn�1

Substituting the above result for Var[Xn], we obtain the optimal linear predictor ofXn given
Yn�1.

X̂n =
c
d

1
1+β2(1�c2)

Yn�1
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whereβ2 = η2=(d2σ2). From Theorem 9.11, the mean square estimation error at stepn

e�L(n) = E
�
(Xn� X̂n)

2�= Var[Xn]
�

1�ρ2
Xn;Yn�1

�
= σ2 1+β2

1+β2(1�c2)
(3)

We see that mean square estimation errore�L(n) = e�L, a constant for alln. In addition,e�L is
an increasing functionβ.


