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ABSTRACT OF THE THESIS

Two Dimensional Spreading for Doubly Dispersive
Channels

by Joydeep Acharya

Thesis Director: Professor Roy D. Yates

Systems supporting broadband mobile services over wireleschannels su er from dis-
persion along time and frequency. Hence transmission by rédjgating information along
both these domains leads to diversity gain in each domain. Tk work proposes a scheme
to implement this replication principle, motivated by the V ariable Spread Factor-
Orthogonal Frequency Code Division Multiplexing (VSF-OFC DM) scheme introduced
by NTT-DoCoMo. In this scheme a symbol is transmitted acrossseveral subcarriers
with a total power constraint and along each subcarrier it is spread with CDMA code-
words. The information theoretic bounds on capacity for this scheme are derived for
three di erent scenarios each corresponding to a speci ¢ nare of channel state in-
formation (CSI) available at the transmitter. The cases are perfect CSl, partial CSI
characterized by one bit of channel information per subcarier and no CSI. The re-
ceiver is assumed to have perfect CSIl. The optimal codewordral power allocation
strategies to achieve these bounds are also derived for thengle user and multi-user
uplink channel. We show that for perfect CSlI, optimal strategy is to transmit along
the best subchannel. For imperfect CSI at transmitter, diversity bene ts are observed
for a large number of subcarriers. It is also observed that, bit feedback per subcarrier

is a good scheme, both in terms of achievable rates and impleentation complexity.
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Chapter 1

Introduction

Wireless channels are characterized by time-varying mulfpath fading which makes them
doubly dispersive [1]. When signals are transmitted over sch channels, the multipath
e ect leads to dispersion in time, while the time varying channel gain associated with
each multipath, causes dispersion in frequency. The naturef these dispersive e ects
increases with the transmitted signal bandwidth and hence pses an acute problem for
reliable broadband mobile services. Quantitatively thesee ects are broadly captured
by the Spread Factor of the channel, which isTy, By where T, is the rms delay spread
and By is the Doppler spread of the channel. A higher value oSpread Factor indicates
a more dispersive channel. Figure 1.1 illustrates the doulg-dispersive nature of the
channel, when an OFDM signal is transmitted. It can be inferred from the received
SNR plot, that the channel response depends both upon the exa time duration and
the frequency components of the input signal.

A usual approach to reliable communications is orthogonal gnalling, in which the
transmitted symbols are modulated by a set of orthonormal bais functions, which corre-
spond to the eigen-modes of the channel. For a variety of charels that have low values
of Doppler spreadBy, and hence are not frequency dispersive, OFDM achieves orty-
onal signalling by decomposing the transmit signal spectrm into narrow-bands. How-
ever, asBy increases, the channel becomes increasingly doubly-disiseve and OFDM
tones lose orthogonality at the receiver. Hence in recent yars there have been con-
siderable research [2, 3, 4, 5] in the area of nding theoretial basis functions for such
channels. The results suggest signaling with short-time Forier (STF) basis functions.
To understand their properties, assume that an STF basis fuation s(t) extends from

time Tp to time Tpo+ and its spectrum S(f ) lies between frequenciesy and f1. Then



the channel gains fromTy to Top + and over frequenciesfg to f; would be highly
correlated. Let us call this region speci ed by (To; ;f o;f1) as atime-frequency coher-
ence subspaceThus An STF basis function falls in a time-frequency coherence subspace
of the channel, within which the channel gains are highly corelated and these gains
are independent across di erent “time-frequency' coherece subspaces of the channel.
Interestingly, such signaling leads to the classicaBlock Fading interpretation for even
doubly-dispersive channels [2]. This opens the possibijitof analyzing transmission over
doubly-dispersive channels, in an information theoretic famework. This is the main
aim in this thesis.

Apart from theoretical signal design there have also been aempts to design prac-
tical systems for transmitting information over doubly dis persive channels [6]. NTT-
DoCoMo, a pioneer in this eld, has developed a system, basedn the signaling scheme
called Variable Spread Factor-Orthogonal Frequency Code ision Multiplexing (VSF-
OFCDM), [7, 8, 9, 10]. The key idea in VSF-OFCDM is two-dimensional spreading
of symbols, which is explained as follows: Information symbls are rst spread by a
CDMA codeword. Each chip of the resultant sequence is allodad to the successive
OFCDM symbols in the time domain (called time domain spreading) and to the suc-
cessive sub-carriers in the frequency domain (called freguncy domain spreading). The
extent of spreading in time and frequency domains is adaptiely adjusted depending
upon the double dispersive nature of the channel. Note thatd@indamental characteristic
of VSF-OFCDM is that of diversity as symbols are being repliated in time and across
frequency subcarriers. For the multi-user case, VSF-OFCDMalso serves as the multiple
access scheme for the wireless medium, where di erent useasse code-multiplexed by
di erent CDMA codewords. Extensive simulation studies on VSF-OFCDM [7, 8, 9, 10]
have been done and they conclude that this scheme is better tm both OFDM and
MC-CDMA [11, 12, 7, 9] as a wireless access scheme, in termsrofiximizing the avail-
able sector throughput in a cellular system. However thesetadies do not o er any
analytical understanding of the VSF-OFCDM scheme. This is another aspect which we
focus upon in this thesis.

Motivated by such practical transmission schemes like VSFOFCDM and theoretical



Figure 1.1: Two dimensional distribution of the SNR of a doule dispersive fading
process with ¢ =3 sec and fp = 500Hz

signal design techniques like STF, we propose a scheme to uadtand the information
theoretic aspects of reliable communication over doubly-gpersive channels. We assume
that STF basis functions are available of the transmitter and thus a block-fading model
of the doubly-dispersive channel can be considered [2]. Irhe proposed scheme an infor-
mation symbol is transmitted across several subcarriers wh a total power constraint
and along each subcarrier the symbol is spread with CDMA codeords. This feature
implements diversity as in VSF-OFCDM. Note that in this cont ext, the time-frequency
coherence subspacede ned earlier in this section, comprises of the data moduted
CDMA chips in time, along one frequency subcarrier. We studythe single user and
multi-user uplink communications for which our performance metrics are information
theoretic achievable rates. This will be discussed in detiin Chapter 2. We derive the
capacity bounds and the optimal power and codeword allocatin strategies to achieve
these bounds. In our work we consider three di erent scenans each corresponding to a
speci ¢ nature of channel state information (CSI) available at the transmitter [13]. The
cases are perfect CSl, partial CSI characterized by one bitfochannel information per

subcarrier and no CSI. The receiver is assumed to have perfe€SIl. These assumptions



are consistent with practical systems, where the receiver &is an accurate estimate of
the channel by processing training symbols. However CSI atransmitter is obtained
from receiver feedback, which depending upon the quality othe feedback channel, and

receiver resources expended for feedback, can vary from arate to erroneous.



Chapter 2

VSF-OFDCM and Theoretical Two-Dimensional
Spreading

2.1 Introduction

In this chapter, we rst describe VSF-OFCDM as a wireless muliple access scheme.
The transmitter and the multiplexing schemes are explained The performance gains of
this scheme vis-a-vis that of OFDM and MC-CDMA are discussed The second part of

this chapter, explains the two-dimensional spreading schme as proposed in Chapter 1.

2.1.1 Brief Description of VSF-OFCDM

The targets for fourth generation wireless access are incased peak throughput for dif-
ferent radio environments and exible packet access for vapbus data types with various
QoS requirements. VSF-OFCDM which is a wireless access sanhe was proposed by
NTT-DoCoMo [7, 8, 9, 10]. This scheme in conjunction with adative coding and mod-
ulation, MIMO etc provides data rates up to 100 Mbps in the forward link of a cellular
system. In this access scheme data modulated symbols are sad by the spreading
sequence, which is the combination of an orthogonal short @nnelization code and the
cell-speci ¢ long scrambling code. Each chip of the resultat sequence is allocated to
the successive OFCDM symbols in the time domain (calledime domain spreading and
to the successive sub-carriers in the frequency domain (deld frequency domain spread-
ing). Therefore, the total spreading factor SF, is expressed aSF = SFrime  SFrreq,
where Shime and SFgeq represent the spreading factors in the time and frequency
domain spreading, respectively. In VSF-OFCDM, although the data rate is reduced
by 1=SF due to replication, compared to the non-spreading caseske OFDM, the to-

tal data rate is increased by introducing the code multiplexing of di erent users with



Figure 2.1: One Data Symbol is spread over 8 OFCDM symbols pleed evenly in 2
subcarriers

di erent orthogonal short channelization codes. The concets of time and frequency
domain spreading are explained pictorially in Fig 2.1 [10],where one data symbol is
spread in time with spread factor 4 and in frequency with sprad factor 2. The param-
eters Skime and SFgeq are adaptively controlled as per the cell structure, the chanel
load and the radio link conditions. For a xed SF [8, 10] propaose to prioritize the time

domain spreading, for the following reasons,

Within a frame duration, which is typically in the order of 0 :5 1:0msec, channel

variation in the time domain is slight.

Meanwhile the channel variation in the frequency domain inceases due to frequency-

selective fading.
Time-domain spreading leads to lower inter-code interferace level.

Frequency domain spreading is applied mainly for low data rée, low SNR channels, in

order to gain frequency diversity gains.



2.1.2 The Proposed Two-Dimensional Spreading Model

In this section we explain the two dimensional spreading sobme to model VSF-OFCDM
as mentioned in Section 1. In this scheme each symbol is repéited overn;s subcarriers
in frequency and along each subcarrier they are spread by a QDA code of length
n; chips. The CDMA codes are assumed to be of unit norm. There is &otal power
constraint on the powers allocated in then; subcarriers.

A block fading channel model is assumed for reasons explaiden Chapter 1. In the
time domain, the channel remains constant for a block oh; symbols. In the frequency
domain, the channel gains on di erent subcarriers are indegndent and identically dis-
tributed. In this work, two types of channel models have beenconsidered { uniform
fading and Rayleigh fading. Although uniform fading is not characteristic of practical
wireless channels, we consider this model because it leads tlosed form expressions
relating various system parameters like total power and waer- lling level. These will
be explained in Section 3.2. This gives an insight as to how thse parameters are related
to each other. The same correlation structure is expected tdwold for practical Rayleigh
fading channels, for which closed form expressions are nowailable. Details of these

fading models appear in Sections 3.2.1 and 3.2.2 respectlye

Notation

Throughout this thesis we use uppercase boldfaced lettersotdenote matrices, lowercase
boldface letters to denote vectors and lowercase letters tdenote scalars. In particular
we adapt the following notations: the subscripti denotes parameters of usei, the
subscript j denotes a index of thej " subcarrier and the subscriptk denotes the time
slot index along a subcarrier. Each time slot is occupied by a OFCDM symbol.

The symbol b denotes thei user's data symbol. We useM ; = fmpo; 1
ni; 1k ng to denote thens  n¢ spreading code matrix for thei® user and mj;
to denote the i™ user's spreading code along th¢™ subcarrier. The matrices P; and
H; are thens n; diagonal matrices of powers and channel gains respectivelpr user

i, i.e. Pj =diag pi1;piz; ;Pin;, and H; =diag hji; hjz; ;hin, where p; is the



Figure 2.2: Transmitter Block Diagram

power useri puts in the j! subcarrier and P hjj is the channel gain of useri in the
j™ subcarrier. Note that sinceP; and H; are diagonal matrices, the vectors containing
their diagonal elements contain the same information. We daote these vectors a9
and h; respectively. We sometimes use the subscript ®dor a random vector to denote
its value, for example hg denotes a particular realization of the channel state randm
vector. Finally, X;, Y; are the transmitted and received signal matrices andz; is the

AWGN noise matrix for user i. Each of these matrices has dimensiom; n;.

Single User Transmission

For the single user transmission equations, we can drop theser index useri for nota-

tional simplicity. Let the received signal matrix Y for the user be denoted as

Y 2P:Mb+ Z; (2.1)
3

b+ Z; (2.2)

1
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wherem;j is the CDMA code along subcarrierj represented as a column vector. Equiv-

alently we can write

where
2 3
p____
hipim{
P hzpzm]
X = o (2.4)
P
A, P, M,

The problem statement is as follows,Given a particular fading distribution, what
is the optimal power allocation and codeword assignment to aximize the achievable
rates. In Chapters 3 and 4, we solve this problem for the cases of pfact channel state

information and imperfect channel state information at the receiver respectively.

Multi User Transmission

In this section we introduce multiple users who communicatesimultaneously to a com-
mon receiver, over a multiple access channel. The receivedggsal matrix at the receiver
is given by

Ny

Y = H?P’M b + Z: (2.5)

i=1

As seen from Equation (2.5), the total number of users in the gstem is N. Let us
11

de ne the matrix X; := H?P{?M; This can be written explicitly in terms of mj , (user

i's spreading code along thg " subchannel), as
2 3
hizpiam,

P
Rizpizm
X = '2?'2 2 4. (2.6)
hinf pinf mi-l;]f
We thus obtain
Y = Xih + z: (2.7)



10

Note that in both the single-user and multi-user cases, the otal number of signalling
dimensions are given byngim = nf ny.

The problem statement is as follows,Given a particular fading distribution, what
is the optimal power allocation vector and codeword matrix asignment for all users to
maximize the sum of achievable ratesin Chapters 3 and 4, we solve this problem for
the cases of perfect channel state information and imperféchannel state information

at the receiver respectively.
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Chapter 3

Achievable Rates for Perfect CSI at Transmitter and
Receiver

3.1 Introduction

The capacity for fading channels has multiple de nitions based on the various assump-
tions about the nature of fading and availability of the fading knowledge at transmitter
and receiver. In this section we assume that the transmitterand receiver are both
equipped with the instantaneous values of the channel statg which remain constant
during the transmission of a block ofn; ny symbols. If the channel realization changes
from block to block, the ergodic capacity is de ned as the aveage of the achievable rates
for each channel realization [14]. For the single subcarrrecase with no spreading Gold-
smith et al [14] gives the expression for ergodic capacity aha strategy for achievability,
which is based upon encoding data by a variable rate, variald power codebook. Caire
et al [15] proposes a xed rate coding scheme, with dynamic peer-scaling just prior
to transmission. Our problem di ers from [14],[15] as we hae multiple subcarriers to
transmit information. CDMA spreading along each subcarrier is another extra property
of our model. In this section we take the approach of [15] to cmpute bounds on the
ergodic capacity of the two dimensional spreading system. fie solution of the ergodic
capacity maximization problem involves averaging over thedistribution of the channel
states at the subcarriers to decide the amount of power to aticate to a subcarrier for a
given channel state. However any policy that implements ths averaging leads to large
delays which might not be acceptable for practical applicaton requirements. In order
to reduce delays we have to abandon the averaging operatiorotcalculate power and

instead consider a xed power budget to be allocated over thedi erent subchannels,
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for a given channel state vector. Thus a key subproblem of theergodic capacity max-
imization would be to consider a xed realization of the chamel state vector h = hg
and a total power budget P to be allocated over all the subcarriers for that channel
state vector. The problem is to allocate this power optimally between the subchannels
S0 as to maximize the mutual information expression betweerthe output and input of
the channel for the given value,h = hg. For future reference we term this problem as

optimization of the maximum mutual information (MMI), for a given channel state.

3.2 Analysis of the Single User Transmission

The single user transmission is governed by Equation (2.3)lt is di cult to calculate
entropies from the matrices in Equation (2.3). However, we wte that a matrix or
vector is only a speci ¢ arrangement of numbers, it carries  information per se. So
the rearrangement of elements of a matrix into a long vector @esn't result in any loss
of information. Hence, we form vectorsy, x and z by stacking together rows ofY , X

and Z respectively. The resulting system becomes
y = xb+ z: (3.2)

Assuming that E ¥ =1 and that the gains %, are given ( xed), the maximum mutual

information (MMI) is given by [16] as,
!
2 1

R (%) = %Iog 1+ (3.2)

where E[zz"] = 21. Substituting for x the expression for the maximum mutual
information (MMI) for a given set of signature sequences wih unit norm rows (jM j2 =

1for all j) and a xed set of channel gains becomes,

0 1
o 1 @ 1 X A -
R (h;u) = E|og 1+ 5 hipgu)A; (3.3)
j=1
where h = hg;hy;  hp, (3.4)

where u is the CSI which is conveyed to the transmitter, called hencéorth as CSIT

as opposed to CSIR which stands for CSI at receiver. The transitted powers in
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Equation (3.3) depend onu and is thus denoted byp; (u). In this section we speci cally
analyze power allocation policies foru = h, which the case of perfect CSIT. Note also
that CDMA spreading used along subcarriers has no e ect on tle ergodic capacity, as
the terms spreading matrix M j doesn't appear in the term R (h;u). This is consistent
with the observation that CDMA doesn't buy us in terms of capacity for single user
transmission [17]. The real gains of CDMA spreading would sbw up in the multi-user
case.

Note that our transmission structure spreads signal energyin the dual dimensions
of frequency and time which has a similar avor to MIMO systems which use the dual
dimensions of space and time [18].

Let p(u) = p1(u); p2(u);  ;pn, (u) . The ergodic capacity maximization problem

can be formulated along the lines of the approach outlined if15], as

Z Z
Ccsg = mE31>§ R (h;u)f (u;h) dudh; (3.5)
p(u

)Qf Z Z
S.t. p (u)f (u)du = P; p (u) O (3.6)
j=1

where R (h;u) was de ned as the maximum mutual information (MMI) in Equa-
tion (3.3). Sinceu = h, f (u;h) = f (ujh)f (h) = (u h)f (h). Thus the maxi-

mization in Equation (3.5) simpli es to:
Z z
Cpcs| = m(a% R (h;h)f (h) dh (3.7)
p

)Qf Z Z
sit. p(Nf(h) dh=P;, p(h) O (3.8)
j=1

Note that the subscript "PCSI' denotes perfect CSl in both transmitter and receiver.
In every time epoch, when the CSl is revealed to the transmiter, the optimal solution
to (3.7) is to transmit only in that subcarrier which has the highest channel gain
(henceforth referred to as thebest subchanngl and not to transmit in the others. In

other words transmit in subchanneli = argmaxfhj;hy; ;hn, 0. Henceforth the
random variable h; will be denoted by h,,, wheren is the number of random variables
over which the maximization operation has been performed. n this case isn = ng,

the number of subcarriers. Note thati may vary from one epoch to another but the
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statistics of h,, stays the same. The amount of power the transmitter puts in the best
subchannel (denoted byp (h,,)) is obtained by water lling over the channel gain and it

turns out to be

+

p(hy) = (3.9)

2
hy
The value of is found by substituting for p(h,) from Equation (3.9) in Equation (3.8),

which yields,
z 1 5 +
- — fuh()d = P: (3.10)

Hence the expression for maximum mutual information, turnsout to be

1 h,p(h
Recsi () = plog 1+ P (3.11)

= Zlog h—”z : (3.12)

Note that in Equation (3.11) we have slightly abused the notaion of MMI and denoted
R (h;h) by R (h,) as in the prefect CSIT problem, h, is the fundamental parameter
which determines MMI.

A brief note on the signi cance of Equation (3.10) is timely at this juncture. The
higher the value of h,, the better are the achievable rates. Equation (3.9) showstiat
transmission takes place only if the channel stateh,, is above the threshold 2. So a
low value of implies that this threshold is low and so transmission couldtake place in a
relatively inferior channel, leading to lower values of aclievable rates. However keeping
a high value of can also reduce the average achievable rate value as the enctered
channel state h, may be below the threshold for most of the times and consequély
no transmission would take place. Solution of Equation (3.D) gives the optimal value

of the threshold

To summarize, the optimal transmission strategy is twofold

First choose the best subchannel to put the power in. This caresponds to fre-

quency domain water lling.

Next do water lling in time over di erent realizations of th e channel states. This

in essence is to do water lling over the distribution of h,,.
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A note about the statistics of best subchannel is appropriaé at this point. Let
frn( ) and Fn( ) be the PDF and CDF of h respectively, whereh is the random vari-
able representing the channel coe cient in a subcarrier. Then assuming i.i.d. channel

coe cients across subcarriers, the PDF ofh,, is given by
fh, ()= n[Fa( )" *fn(): (3.13)

Let us now consider some speci ¢ cases of fading and and int&gte how capacity can

be evaluated.

3.2.1 Uniform Fading

Let hj; 1 i n¢, be i.i.d. uniformly distributed on [0;A]. This type of fading

distribution is not experienced in real world channels but revertheless is of theoretical
importance. Under uniform fading assumptions the Equatiors (3.10) and (3.11) can be
evaluated to yield closed form expressions relating and P. This yields an analytical

understanding of the nature of their mutual dependencies. Tis in turn helps to predict

similar dependencies between these variables for more réstic fading scenarios, for
which the direct solutions of Equations (3.10) and (3.11) donot lead to closed form
expressions. Hence, uniform fading assumptions have beesed in the works of Shamai
and Caire [15] and Mecking [19].

For uniform fading, the pdf of the random variable h, is

8
En nl=-An 0< <A

fn, ()= 3 (3.14)
-0 otherwise

Substituting for fy () in Equation (3.10) and evaluating the integral yields

1 2n N §+ n 2
n 1An n 1A

+1=0: (3.15)

Note that the limits of the integral for which the integrand i s de ned and non-zero is
2:A . Thus a necessary condition for the existence of a solutiorsithat 2 A or
0 A= 2. Equation (3.15) can be solved numerically or via Matlab forgiven values

of P; A and n. However for any general values of these parameters is the istence of a
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0 q 0
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Figure 3.1: Dierent solutionsfor "= a + b

solution always guaranteed? To answer this question conseat the function

1 2n N o n 2
= S + — +1: .
90 )= T1an P+ 1A 1 (3.16)
Now note that
g0)=1; (3.17)
A AP
g9 - = —» (3.18)

Sinceg(0) and g(A= 2) are of opposing signs, the equatiorg( ) = 0 has an odd number
of solutions in the range 0;A= 2 . We can further show that there is exactly one
solution. Equation (3.15) can be recast in the form " = a + bwhereb < 0. So the
real solutions of the equation (3.15) are the points of intesection of the curvesy = "
andy = a + b. Now exactly one of three cases can arise as shown in Figurel3.Hence
the number of real solutions is either Q1; or 2. However it was proved that there are an
odd number of solutions in the interval 0; A= 2 . Hence there must be exactly one real
solution in this interval. There might be another solution i n the interval A= 2;1 but
this is not of interest in the given problem. The MMI is found out from substituting

for in equations (3.9) and (3.11).
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Note that the capacity Ccg is a function of n, the number of subcarriers and it
is interesting to see the limiting behavior of the capacity & n tends to in nity. We
observe thatasn!1 ;f, ()! ( A). Hence the capacity is same as that of a

channel with constant gain , A:

1 AP
Ccsi-const = Elog 1+ — ¢ (3.19)

3.2.2 Rayleigh Fading

Let the channel gains be Rayleigh distributed. Then the h's are exponentially dis-

tributed with PDF and CDF expressions given by,
_dle=a. - (= ). .
fn()=—e ‘=2 Fy()=1 e'”™ 2] o: (3.20)
a

From Equations (3.13) and (3.20),

n 1
fh()= 2 1 e(=a " Tg(=a) 0 (3.21)

a

Substituting for fn () in Equation (3.10) does not lead to a closed form equation
relating to P. The integral is solved numerically and the results are expined in
Section 3.4.2. Recalling that the optimal policy is to waterll over the distribution

of h,, it is instructive to investigate how the the distribution o f h, varies with n.
Appendix B, presents a detailed analysis of the nature of therandom variable h,,
and how its statistics change with n, the number of subcarriers. One of the results
from Appendix B is that P[h,, > ]> P[h, > ] forall m > n. This means that
probabilistically the actual value of h, is going to be larger as we increase the number
of subcarriers. Since the ergodic capacity is directly proprtional to the value of h,,
as shown in Equation (3.11), the capacity increases as the maber of subcarriers is

increased. This is shown numerically in Section 3.4.2.

3.3 Optimal Allocation for Colored Noise

In this section, we derive optimal power allocation policies when the additive noise term

in Equation (2.1) is assumed to have a colored spectrum. Such scenario can arise in
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multi-user transmission, when the receiver for usei models the interference from other
users as Gaussian noise. This scenario is the generalizatiof the white noise case
considered in Section 3.2.

To simplify the analysis, we consider a speci ¢ model where a spreading is done
along time domain. This allows us to formulate the capacity maximization problem in
a way di erent from the approach followed in Section 3.2 whee a long vector x was
formed by stacking the columns ofX. The new approach retains the decoupling of the
matrices H and P, whereas in previous approach of Section 3.2, they were colgal in
the matrix X. Since the dimensionality along the time domain (number of greading
symbols) is now 1, the matrix channel of Equation (2.1) can bereduced to a vector

channel as follows,

Y = H2P2b+ Z; (3.22)
y = H2pzb+ z; (3.23)
) hp D i
where p2 is the power vector " p1; P2; ;pm formed by the diagonal entries

of matrix P. Vectors y and z are similarly de ned as the diagonal vectors of the
matrices Y and Z respectively. Note that p is dependent upon the channel state vector

h = hq;hy; ;hn, and is henceforth referred to asp(h).

Let the noise covariance matrix be given byS,, = E zz' . Following the approach
of Section 3.2, we can de ne the maximum mutual information (MMI), for a given set
of channel coe cients h and power vectorp(h), as

1 h L ) .
Recsi (hih) = Slog det Sz + He2pz(h)p2(h)T(H?2)" : (3.24)

The ergodic capacity maximization of Equation (3.24) can bewritten as,

z z

Cpcsi = max Rpcsi (h;h) f (h)dh (3.25)
o),
st pz(h)Tpz(h)f (h) dh=P; p(h) O (3.26)

As seen in Section 3.2, the above maximization is equivalerto nding the direction of
the optimal square root power vectorp%(h) and its norm given a patrticular realization

of the channel state vectorh. The direction can be found out by maximizing the
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argument of the logarithm function in Equation (3.25), which can be simpli ed as,

h i
max det S,, + Hzpz(h)pz(h)T(H?)T ; (3.27)

h i
=maxdet | + S, Hzpz(h)pz(h)T(H?)T ; (3.28)
=max 1+p2(h)T(H2)TS,, Hzpz(h) : (3.29)

In the above derivation we have used the result def] + AB] = det[l + BA]. Now the
ergodic capacity maximization is not mathematically tractable and hence we focus on
the key subproblem mentioned in Section 3.1. We seek to optiime the MMI for a
given instance of the channel state vectoh = hy; ;hn, = ho, under a total power

constraint P. the The maximization problem can thus be posed as,

max pz(h)T(H2)"Sz "H2pz(h) (3:30)
p¥(h)
st. pz(h)Tpz(h)=P; p(h)>0 (3.31)

Note that without the constraint p(h) > 0the maximization in Equation (3.30) is equiv-
alent to a standard Rayleigh quotient problem [20] of maximizing R(x) = xT Ax =x"x.
The solution is to let x be that eigenvector of A which corresponds to the largest
eigenvalue (henceforth referred to as thenaximum eigenvecto). When the constraint
x > 0 is added, the problem is, in general, non-trivial to solve aalytically. The maxi-
mum eigenvectorsolution can be wrong as the components of thenaximum eigenvector
can be negative, thus violating the positivity constraint. The most general solution is
outlined in Appendix C. It is shown that the optimal x lies in the space of the eigen-
vectors of all the principal sub-matrices of A, with zeros padded to these eigenvectors
to produce the vector x of length n. However there are speci ¢ cases for which the
solution again turns out to be the maximum eigenvector One such case is wher is
positive, which means that all the entries of A are positive (this is di erent from pos-
itive de niteness). For this matrix the Perron-Frobenius t heorem, [20] states that the
maximum eigenvector has all positive components and hence the positivity constint
is automatically satis ed. Another case is whenA 2 R? 2, in which case due to the

orthogonality of the eigenvectors in a two dimensional spae, one of the eigenvectors
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will always have both entries as positive (or both negative)and that would correspond
to the maximum eigenvector

In the present case, note thatA = (H %)TSZZ H %, whereH is diagonal. Depending
upon the structure of S,, !, the matrix A might or might not be positive. If A
is positive the optimal p%(h) turns out to be the eigenvector corresponding to the
maximum eigenvalueA , the e ective channel gain and background noise matrix.

Note that for S, = |, aligning p%(h) along the maximum eigenvector corresponds
to transmitting along the best subchanneks derived in Section 3.2. Note that even in
the most general case, the optimal strategy is transmissioralong a single dimension,
the direction along the maximum eigenvectorof one of the principal sub-matrices. This

direction can be interpreted as thebest e ective subchannel

3.4 Simulation Results for Single-User

In this section we take some speci ¢ fading scenarios and tryo evaluate the achievable
rates. In this section we plot the quantity maximum mutual in formation (MMI) as

de ned in Section 3.2. At each time instant an independent ralization of the channel
is generated, and the transmitter goes through the steps meioned in Section 3.2. For

the Rayleigh Fading case we also show the variation of with total power.

3.4.1 Uniform Fading

The fading is assumed to be uniform in the range [DA]. The various simulation param-
eters are listed in Table 3.1. Note that the term SNR is used todenote the quantity
P= 2, whereP is the average power, as de ned in Equation (3.6). It is not the instan-
taneous signal to noise ratio in a particular subchannel fora given fading state, which
would be p; (h)= 2 or pj(u)= 2 depending upon the nature of CSI at transmitter.
Figures 3.2 and 3.3 plot the variations in the (MMI) sequencefor two di erent values

of SNR. We make the following observations.

The MMI (and hence the ergodic capacity) increases as the nubrer of subcarriers

increase as the distribution offy, () shifts to the right with more subcarriers.
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Parameter Value

A 1

No. of Subcarriersn; 2,10,100
SNR 1dB, 10 dB

Table 3.1: Simulation Parameters for Uniform Fading
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Figure 3.2: MMI variations with time for Figure 3.3: MMI variations with time for
SNR =1 dB SNR =10 dB
The uctuations in MMI decrease as the number of subcarriersincrease, as the
distribution of f ( ) gets more narrow with more subcarriers. The variances of

the MMI sequence along time are recorded in Table 3.2.

In the regime of large number of subcarriers, the simulationresults match the
theoretical values of capacity, Gesi.const, Obtained by substituting A = 1 and
SNR = 1 dB, or SNR = 10 dB in Equation (3.19). The simulation cap acity
C(100) corresponds to the time average for 25 time instantspf the MMI sequence,

for 100 subcarriers. The values are recorded in Table 3.3.

3.4.2 Rayleigh Fading

Each subcarrier undergoes independent Rayleigh Fading sde distribution of the h;s
are exponential. The mathematical preliminaries of this cae has been presented in Sec-
tions 3.2.2 and Appendix B. The various simulation parametes are listed in Table 3.4.
Equation (3.10) relates to P and has to be solved numerically. Figure (3.4) gives the

results of this numerical computation. The following obsewations are readily made
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SNR SNR Ccsi-const | C(100)
1dB 10 dB SNR 0.5878 | 0.5835
n=2 0.0612 | 0.0726 1dB
n=10 0.0024 | 0.0068 SNR 1.7297 1.7223
n=100 5.709e-5 | 1.217e-4 10 dB

Table 3.2: Variances in MMI Sequence  Table 3.3: Theoretical and Simulated Val-
ues of Ergodic Capacities for Largen

Parameter Value

a 1

No. of Subcarriersn; 2,10,100
SNR 1dB, 10 dB

Table 3.4: Simulation Parameters for Rayleigh Fading

For the same value ofn, a decrease in Total Average PowelP, leads to an in-
crease in the value of , which means an increase in the threshold above which
transmission takes place. This implies that when theP less then the transmitter
has to wait for a really good channel to transmit reliably. This also suggests that
the transmission frequency would be less and transmission auld be bursty in

nature.

For the same value of Total Power, increasing the number of soicarriers leads to an
increase in , which raises the threshold. This is because by increasingibcarriers
the probability of encountering a higher value of the encoutered channel state

h, is increased.

Figures 3.5 and 3.6 show how the MMI sequence varies with time The MMI se-
guence values (and hence the ergodic capacity) increasestwinumber of subcarriers
and increasing SNR. For SNR = 1 dB andn = 2 there are some instances when there
is no transmission as the actual value of encountered chanhetate h,, is below the

threshold
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Figure 3.5: MMI variations with time for Figure 3.6: MMI variations with time for
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3.5 Analysis of the Multi-User Transmission

We assume that there areN users in the system. The multi-user transmission is gov-
erned by Equation (2.5). The metric we consider is maximizaton of the sum capacity.
The problem of multi-user codeword assignment and power cdrol has been studied for
various contexts. Verdu [21] derived the capacity region fo the single carrier CDMA
symbol synchronous transmission, in a AWGN channel. Basedmthe work of [21] Rupf
et al [22] gave the structure of the optimal codewords when #&lusers had equal power
constraints. Viswanath et al [23] extended the results for $ers with unequal power con-
straints and also formulated a procedure for constructing hese codewords. Based upon
the approach of [23] Kaya and Ulukus [24] solved the problem fooptimal codeword

selection and power allocation for a single carrier Rayleig at-fading channel. For
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MIMO channels, the problem becomes transmission over multuser vector channels.
There has been considerable work in trying to nd optimal strategies for such types of
communications. The results suggest simultaneous waterlling by all the users, where
each user treats the interference from other users as backgund noise [25] [26] [27]. This
kind of solution is particularly appealing as it provides intuitive explanations about the
nature of the problem and can be implemented in a distributedfashion by all the users.
Our problem as stated in Section 2.1.2, involves transmissin over multi-user matrix
channels and the optimization is over power vectors and spigding matrices of multiple

users. The problem is discussed in the next section.

3.5.1 Both Time and Frequency Domain Spreading

We start with the basic transmission equation as given in Equation 2.7, which is repro-
duced here for convenience:
X
Y = Xib + z: (3.32)
i=1
Recall that X;, was the matrix with the i row containing the symbol by times the
power factor pi modulated by the CDMA code along the i" subcarrier. Using the
argument of Section 3.2, we can stack the columns of;, to form the long vector
h iT
- P— P—— P :
X = hitpiam;  hizpizm[, Nin( Pin; mLf : (3.33)
The matrix transmission in Equation 3.32 can thus be translaed into a vector trans-

mission given by,

X
y = xib + z; (3.34)
i=1

=Xb + z: (3.35)

In this case, matrix X is of dimensionN  ngim, Wherengim = n¢ n¢ is the total number
of available dimensions for signalling. In addition, X has vector %; as its i" column
and b is the information symbol vector of sizeN 1. Recall that X depends upon the
power vectorspi(h;) and the spreading code matricedM ; for all the i users, 1 i N.

The maximum mutual information (MMI), for a given set of chan nel gains, is known



25

to be [21]

1
Rsumcsi (X) = Slog det g, + XX T (3.36)

1
= E|og det %Iy + XX (3.37)

where the notation |y denotes theN N identity matrix. Note that the matrix X T X
is of dimensionN N whereN is the number of users. Let X T X i be theij " term of
this matrix. This term gives the value of the cross correlation between the transmitted

signals, of useri and userj, over all subchannels and can be expressed as

8
P L
T 2 key hik Pig N
X'X . = (3.38)
v S P N¢ p —p _— T - |
: k=1 Nikhjk "™ PkPkmy mjx  otherwise
The ergodic sum capacity maximization problem can now be po=d as,
Z Z
Csum-csi = max Rsum-csi (X) f (X) dX (3.39)
Z z )
s.t. p?(hi)TpF(hi)f (hi) dh; = Py; 1 i N (3.40)
pj (hi) 0 1 i N;1 j ong: (3.41)

In Equation (3.39) the optimization is shown over X for sake of brevity. What it means
is that the optimization is over the power vectors p;(h;) and spreading matricesM j (h;)
for all the i users. However it is very di cult to nd the optimal solution in analytical
closed form. It is still an unsolved problem for any generaln¢;ns and N. In Section
we outline some multi-user transmission schemes that are ls®d on practical consider-
ations like ease of implementation and calculate the achieable rates. In the optimal
transmission strategy, transmitting along di erent subcarriers and spreading along each
subcarrier are two separate optimizations. To understand low each individually a ect

the sum capacity, let us consider two special cases,

3.5.2 Only Time Domain Spreading

In this case, every user modulates their symbols with CDMA calewords and transmits

the signal over a single subcarrier. Note that value ofn; = 1. Thus the optimization
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of sum capacity is over the transmitted power values and codsords of the various
users. The matrix channel of Equation (2.5) with output matrix Y reduces to a vector

channel, with vector output y. The transmission model thus becomes

Xp_
y = hipim;b + z: (3.42)
i=1
This is the same model considered in [24], and hence the optahsolution is known. We
reproduce Equation (13) of [24], which states the jointly ogimal power and signature

sequence allocation policy,

8
L 22
p(h)= (3.43)
-0 otherwise
m; 'm; =0;i 6 j; foralli;j 2 (3.44)
= i: > % minfN;ngg ; (3.45)
where ; = hj= ;. The optimal policy states that only those users whose normbzed

channel gains ; are above the threshold 2 should be allowed to transmit in orthogonal
channels. The number of such users can't exceed either;, the length of the spreading
code in time or N, the total number of users in the system. The problem then redices
to independent single user transmissions of [14] for whichhte optimal solution for each

user is to water Il over the channel fading distribution.

3.5.3 Only Frequency Domain Spreading

We now consider the other extreme, when there is no CDMA spreding along the time
domain (n; = 1) and the users transmit their information along the n; subcarriers.
The matrix channel of Equation (2.5) with output matrix Y again reduces to a vector

channel, with vector output y (as in Section 3.5.2) and the transmission model becomes

X 11
y=  Hfpib+z (3.46)
i=1
1 hIO D [
wherep? = " Pit; Pizs ;ppm , the power vector of thei" user. The correspond-

ing maximum mutual information (MMI), for given channel sta te matrices for all the
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users, can be expressed as

" #!
XNy TN DR e
Rsum-csi(h1;  ;hn)=log det I+  HZpg(hi)p?(hi) (H?) D (347)
i=1
The ergodic sum capacity maximization problem can be expresed as,
Z Z
Csum-csi = max R(hy;  ;hn)f(hy; ;hy)dhy dhy (3.48)
P1i; PN b b
1 1 _
piz(hi)Tpf(hi)f (hi)h;  P; for all i (3.49)
pj (hi) O 1 i N;1 j ng: (3.50)

At this stage, we again consider the key subproblem of optinding the MMI, for a
given realization of the channel state vectorshy; ;hy, under a total power constraint

P, for each of theN users,

max Rsuwm-csi = pmax R(hi;  ;hy) (3.51)
1, PN
1 1
p? (hi) pZ(hi) = P; for all i; (3.52)
pj (hi) G 1 i N;1 j ng: (3.53)

However this problem is non-convex in the power vector9i(h;), and hence a compu-
tationally e cient algorithmic solution like those propos ed in [26] doesn't exist. In fact
the problem is stated in a slightly di erent form in [27] wher e the authors claim that
due to the non-convex nature of the problem, the simultaneos single-user iterative
water- lling over the interference plus AWGN noise spectrum, need not converge to a
global optimum.

Let us investigate the reason behind this phenomenon and howur scheme di ers
from those in [26] [25] for which an iterative water- lling p rocedure was optimal. In our
proposed scheme of Chapter 2, we can view the transmitted si@l vector asx; = pil (in
absence of CDMA spreading). Note that this de nition of x; restricts it to a set of posi-
tive real numbers, whereas the transmitted signals in genal belong to the space ofC".
Hence the transmitted signal in subcarrieri should be strictly expressed ad pel ib.
Note however that the phase part is immaterial for the capacty formulation and hence

there is no loss of information in representings; aspily. Thus same information symbol
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is transmitted in all the subcarriers and thus the transmitt ed signal is constrained to
lie in an one-dimensional space (rankE [xix{ ]) = 1). This constraint is non-convex in

nature. Whereas in [26] the transmitted signal vectorx;, is such that di erent symbols

are sent over di erent subcarriers, for which the transmitted covariance matrix had full
rank. Hence the main problem with our scheme is that since thdransmitted signal

lies in an one-dimensional space it can't water- Il over all the other dimensions. This
also implies that, the achievable rate performance of our deme is going to be strictly
sub-optimal to that in [26] as we have extra constraints in transmission.

While this constraint of one dimensional signalling may sem arti cial in nature, we
would like to point out that it is only so because the transmitter i was assumed to possess
complete knowledge of channel gain vectoh;. In fact our scheme is an example of full-
diversity mode (as we do symbol replication in all subchannks) and diversity doesn't
give higher rates for complete channel state information atthe transmitter (CSIT).
However complete CSIT might not be possible due to reasonsteid in Chapter 4. In case
of incomplete CSIT, there is always the possibility of outage when the instantaneous
mutual information of the channel falls below the transmitted rate. In such cases
diversity reduces the outage probability at the cost of lowe transmitted rates. In fact
it was shown in [28] that there is always a fundamental tradeo in using available
transmit dimensions for diversity and for multiplexing, i. e. transmitting independent
information over di erent dimensions. We thus expect our scheme to perform better
in cases of little or no CSIT, over transmission schemes whiicuse all dimensions for

sending independent information.

3.5.4 Some Proposed Multiuser Transmission Strategies

For the single user case, our performance metric had been ardic sum capacity maxi-
mization. For the multi-user case we were concerned with thesubproblem of optimizing
the MMI for a given channel state h1;  ;hy for all the N users. In Section (3.5.3) we
showed that this is still an open problem. Since the optimal sheme is unknown, in

this section we propose some practical schemes for multi-as communications. The
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motivation is to maximize the achievable rates and also to reuce the complexity in-
volved in implementation of these schemes in practice. Ther is an inherent trade-o
as the optimal schemes often lead to practical di culties (like long delays for policies
that optimize ergodic capacity). The metric for comparing these policies is the value of
MMI they vyield for given channel state vectors hy;  ;hy. For a given policy we thus

seek to optimize the MMI

Optimal Single User Transmission

In this strategy the transmitters of the N users are aware of their individual channel
gains in all the ny subchannels and each transmitter transmits along its own bst
subchannel. The motivation of this scheme is the simplicity of its implementation as
the various transmitters do not have to consider the channebains of the other users and
formulate a joint strategy. On the other hand this may lead to increasing interference
if many users pick the same subchannel to transmit. For examje let us consider the
two-user two-subchannel case for simplicity. Hencen; = N = 2 and also n; = 1, since
no spreading is considered. Let the channel gains of thé" user on thej™ subchannel
be P W 1 i 2. The maximum mutual information, for a given set of channel

gains depend upon whether both users transmit in the same sutarrier or not. If they

transmit in di erent subcarriers ,the MMI is

!
h,?p

!
hY9p 1 _
2 b

5 + Elog 1+

Rq(h1;ho) = %Iog 1+ (3.54)

where hz(l) = max[hj1; hyp] and h2(2) = max|[ hs1; hyy] and the subscript 2 shows that
the maximization is over two subcarriers. This is done to male the notation consistent
with those in Section 3.2. If both users decide to transmit onthe same subchannel,
then the MMI is

|
m @p
Rs(hi:ho) = %Iog 1+ h," P, M P : (3.55)

2 2

It can be seen thatR4(h1;h2) > Rs(h1;h2) and this is due to interference. Note that

this scheme can be easily extended to incorporate more users
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Treating Other User Interference as Noise

In this case, each user treats the signal of all other user'ssanoise and water lls over
the background noise plus interference spectrum, in an iteative way. As discussed
in Section 3.5.3 this method is the optimal policy if each usgs transmit covariance
matrix was full rank, but no comment about its optimality can be made for the present
case, when the transmit covariance matrix is rank one. Stillthis policy takes the
other users' interference into account and would intuitively do better than the single
user transmission as outlined in Section 3.5.4. This is shawin the simulations of
Section 3.5.5. From a practical viewpoint, the extra complity in the implementation
of this scheme is not substantial. The receiver which has althe received signals, can
broadcast the received spectrum, using a feedback channehd each user can subtract
his own signal from this spectrum to obtain the interferenceto him, from other users.
Such ideas have been proposed in [27] in the context of intexfence avoidance.

The optimal power vectors can be found out via the strategy otlined in Appendix C.
However in the two user case the problem is simpli ed as discssed in Section 3.3 as the
existence of a positive power vector is always guaranteed. fie optimization problem

for the rst user can be stated from Equations (3.51) and Equdion (3.30) as

1 1 1 1
max log det S;z1+ HipZ(h)pi(h) (HHT (3.56)
p(ni1
1 1 1 1
whereS;z1 = 1o+ H3p3(h2)p3(h2)T (H3)": (3.57)

The optimization for the second user can be similarly expresed. This policy is imple-

mented in an iterative fashion. It can be outlined as
1. Initialize p2(h2) = po,
2. Repeat

fori=1t02,j 61,
11 1 1
Szzi= | + szpjz(hj)pjz(hj)T(sz)T-
1 1
pi(hi)=max y(n) log det Szi+ Hip2(hi)p2(h)T(HA)T

end
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until the MMI converges.

Section 3.5.5 shows that this procedure done iteratively dles down to a xed point.

Note that this scheme too can be easily extended to incorpoita more users.

Single Dimension Transmission

In this section we re ne the optimal single user policy as dened in Section 3.5.4 to
take care of the issues of interference which reduce the MMIThe key idea is that users
should transmit in only one subchannel. This is motivated by single user optimization
results. The policy is to allocate a speci ¢ subchannel to a ser.

To understand this better let us again consider the two-usertwo-subchannel case.
For each given realization of channel state vectord; = [hi1;hi2] and hy = [haq; has],
there are four possible ways in which these two users can tramit the information, as
each of them has a choice of picking up any of the two subcarrie for transmission.
There are many possibilities depending upon the relative vies of hi1; hiz; hag;hosl.
If both users pick di erent subcarriers interference is avaded, however one of the users
may experience a bad channel. Also a user might have a high gain one subchannel
and a very low gain in the other and so it makes sense to let thauser transmit in the
former subchannel, even if the other user had a higher valuef@hannel gain in the same
subchannel. Our contention is that it is not possible to predct which method is best
and hence a brute force method which calculated the value of Ml for each of these
four possible transmission options have to be calculated ahthe option yielding the
highest value is to be selected. The achievable MMI values fahese four schemes are
given in Equations (3.58) to (3.61). The notation R;j (h1;h>), denotes the MMI value

obtained when user 1 transmits in subchannel and user 2 transmits in subchannelj .
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These are given by,

Ru(hiihg)= Jlog 1+ M7 4 M7 (3.58)
Ria(h1;hp) = %Iog 1+ h112P + %Iog 1+ h222P , (3.59)
TGHIDE %Iog 1+ hlzf + %Iog 1+ h212P , (3.60)
Roo(hq;hy) = %Iog 1+ hl%P + thZP (3.61)

Thus the policy checks for the maximum value R j (hi;hz) and allocates rst user
to subchanneli and second user to subchannegl . In principle this is complex to
implement and the complexity increases exponentially withthe number of users and
number of subchannels. Also the computation of R; (h1;h2) needs global knowledge
of the channel state vectors of all users and can be best perfoed at the receiver, who

then has to inform the transmitters by a feedback mechanism.

3.5.5 Simulation Results for Multi-Users

In this section we provide a simulation results to compare tle performances of the
schemes proposed in Sections 3.5.4 to 3.5.4. We assume a systwith two users and
two subchannels with no time domain spreading. The channeld assumed to be Rayleigh
fading with average value of unity. Figure 3.7 plots how the MMI values varies with time
for each of the three policies. For the iterative policy, ve iterations were performed
and and the initial choice of power vector was At each time an mdependent realization
of all the four channel states is generated. Figure 3.7 showthat the optimal single
user policy performs worse. This isn't surprising becausehis policy didn't take into
the e ect of the other users. The gure shows that the optimal single dimension policy
performs best but interestingly the iterative policy of achieves identical rates as the
optimal single dimension policy in most cases. It shows thathe iterative policy for the
two user case, eventually leads to each user transmitting ira di erent subchannel as in
the optimal single dimension policy.

We need to specify an initial power vectorpg for the iterative policy. But it was

seen in simulations that the performance of the iterative pdicy is invariant to the initial



33

A Optimal Single Dimension
-o- Treating Interference as Noise s |
- Optimal Single User Q h

Maximum MI (bits/channel use)
>

Maximum Ml (bits/channel use)

Figure 3.8: MMI variations with time di erent iterations of the

choice ofpg. Similar results were reported in [26] for their iterative algorithm. However
in [26] the iterative policy maximized a concave objective ver set of positive semi
de nite matrices Q with convex constraints for which the invariance of the initial choice
of Q is well established. In this case there are no nice convexitproperties, however
the same result hold. Also as the number of iterations increse, the performance of
the iterative policy becomes better. This is shown by plotting the MMI values for this
algorithm for two di erent number of iterations, namely one and ve. The results are
shown in Figure 3.8. The MMI for one iteration is marginally less than for MMI ve.
Note that in case the MMI values do not exhibit a large variation between one and ve

iterations. This is because we are considering only two userand the iterative policy

quickly converges.
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Chapter 4

Achievable Rates for Imperfect CSI at Transmitter and
Perfect CSI at Receiver

4.1 Introduction

In Chapter 3 it was assumed that the transmitter had perfect knowledge of the instan-
taneous channel coe cients. While this leads to elegant watr- lling solutions for power
allocation, perfect CSI might be a di cult to achieve at the t ransmitter. In most prac-
tical systems the transmitter sends a pre-determined trainng sequence and the receiver
estimates the channel coe cients. By transmitting symbols during the coherence time
of the channel, the channel may be estimated to any degree ofcauracy. The receiver
then transmits the channel gain estimates to the transmitter, using a feedback channel.
Depending upon the quality of the feedback channel, the esthates may be received in
error at the transmitter. Also due to delay in the feedback loop and time variability
of the channel, the estimates at the transmitter at any instant may not correspond to
the actual channel gains, at that instant. In this section, we thus assume that perfect
CSl is not available at the transmitter and investigate the e ects upon ergodic chan-
nel capacity, due to this cause. Quantitatively, we assume hat the true channel state
is given by the random vector h and the information about the channel state at the

transmitter is given by the random vector u.

4.2 Single user transmission

The optimal solution depends on the nature of the relationslip betweenu and h as
characterized by f (u;h) or more specically by the conditional density f (hju) [15].

This is illustrated as follows. From Equation (3.5) the optimization problem can be
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written as
Z z
r&ﬁl)x R(h;u)f (hju) dh; (4.2)
W Z Z
s.t. pj (u)f (u)du = P, B (u) O (4.2)

j=1

where R(h;u) is the MMI, (de ned rst in Section 3.2) whose expression is given by,
0 1

f
R(h;u) = %Iog@1+ iZ hjpj (U)A : (4.3)
j=1

The Lagrangian for the optimization problem can be stated inthe most general form

as

Z Z Y Z z
J = R(h;uw)f (hju)f (u) dhdu pj (u)f (u)du: (4.4)

Di erentiating with respect to p; (u) we obtain

@J _ . .
) = sj(u) 0; for all j; | (4.5)
lZ Z h '
) - = p i :
where s; (u) 5 T hepe () f (hju) dh; (4.6)

for all j, with equality holding in Equation (4.5) when p;(u) & 0. For any revealed CSI
u solving integral equation (4.5) yields an expression foip; (u) for all j. The values of
pj (u) thus obtained, can be substituted in Equation (4.2) to solve for

The maximum value of s;(u) occur whenp; (u) = 0 for all j. Let's denote this

maximum value by Sj (u). Thus

Z Z

1 .
5 hif (hju) dh: (4.7)

s (u) =
To understand Equation (4.7) note that s related to the water level. In fact, for
perfect CSI, 1= is the water level as shown in Equation (3.9). For a givenP and
suppose CSl revealed isi = ug. Now given subcarrierj with associated channel state
value tuple (h;j;ug ), we want to determine if transmission should take place in hat

subcarrier or not. From Equation (4.7), we evaluate the value of s; (u), and compare it

to . Onlyif s;(u) > , there is transmission in thej™ subchannel. Alternatively for



36

a given and revealed channel statau = ug, users stop transmission below a threshold
power Pty,. The value of P, depends upon the conditional fading distribution f (hju).
Let us consider di erent types of CSI at transmitter and try t o evaluate the optimal

policy.

4.2.1 Perfect CSIR, No CSIT

In this case u and h are independent random variables. Hencé (u;h) = f (u)f (h).
It can be shown that [29] the capacity maximizing policy is caostant power allocation

across all subchannels i.e.

P
pj (u) = n—: (4.8)
f
Thus the capacity expression in (3.5) can be upper bounded hy
2 0 p 13
‘ _
CNCSI = Eh 4%|09 @1 + iZ hj E AS (49)
0 =
1 f
Zlog @1 + En [hj]PA (4.10)
2 Ns .
j=1
1 hP
= EIog 1+ — (4.12)

This is the AWGN channel capacity if we consider the normalizd Rayleigh channel i.e
h = 1. This capacity is achievable by assigning uniform power b each subcarrier. This

can be seen by examining the capacity expression fqg (u) = P=n¢, which is,

2 0 13
4lg@+ L1 X SAs
CNC5| = Eh élog 1+ —ZE h] P (412)
j=1
1 hP
! EIog 1+ — (4.13)

with equality holding for large ns. The law of large numbers ensured that the capacity
is achievable for a large number of subcarriers. This can bebked upon as thediversity
advantage Note that for a single subcarrier the corresponding expresion with uniform
power allocation is log 1+ hP= 2 =2, and there is no way to actually achieve this

bound.
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4.2.2 Perfect CSIR One Bit Quantized CSIT

Supposeuk be an one bit quantized information about the channel state & subcarrier
k [15]. The feedback simply indicates if the value of the chanel gain hy is above or

below a certain thresholdhty, i.e.

8
20 he<hr;

U= (4.14)
-1 hg hth:

The optimal transmission strategies can be derived by solvig Equation (4.4). However
we can list the various possible types of feedback that can &e with such a CSIT, and
in all such cases the solution can be deduced by simpler metls, which rely upon the
symmetry of the problem. The types of possible feedbacks cahe grouped into three

categories, which are listed below,

All n; subchannels receive u=1

From such a feedback the transmitter can't di erentiate between the channel qualities
in the di erent subcarriers. The optimal solution is to tran smit along all the subcarriers
at the same power. We shall denote this power agn, (the subscript denotes thens

subcarriers receive unity feedback) The value of,, is determined from equation (4.5) by
solving @J=@fu) = 0, forany j 2f1, n¢g. Without loss of generality we choose

j=1 !

1 £ - h
= b f (hju=1) dh = : 4.15
As discussed in Section 4.2p;,, is non-zero if
1 z Z 1 z
52 hif (hju =1) dh = 52 hif (hijur =1) dhy (4.16)

Following the notation of Section 4.2 we denote the last intgral by,

z

i h,f (hljul = l) dhy: (4.17)

s(u=1)= 52

We recall at this point that if all subcarriers receive u = 1, they transmit information

only if s;(u=1) > . Note that depends on the fading distribution andhrp.
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m subcarriers report that u=1where 1 m<n;

The transmitter, based on the feedback classi es the subcarers into two groups, one
each for the two types of feedback. From symmetry argumentstican't distinguish be-
tween the channel states of subcarriers within the same grquand hence has to allocate
equal power to all subcarriers within the same group. It can k& shown that only the m
subcarriers which reportu = 1 (they correspond to the subcarriers with the best con-
ditional value of channel gains) should transmit and the res n; m subcarriers should
stop transmission. For a proof see Appendix A. Thus the powermp, (the subscript
denotes them subcarriers receive unity feedback) is determined from ecation (4.5).

We assume without loss of generality that user 1, receives églback, u; = 1 and solve

@J=@fu)=0for j =1.

Z Z ha

1 . o
> o T e f(hju=1) dh= : (4.18)

In Equation (4.18) only m integrals need be evaluated as the rest integrate to one. As

discussed in Section 4.2, is non-zero if

z z z

53 hif (hju =1) dh = 2—12 hif (hojup =1) dhy (4.19)

where we recognize the last integral beings; (u = 1) as de ned in Equation (4.17).
This means that if m subcarriers receiveu = 1, they transmit information only if
s;(u =1) > . Thus the upper bound on feasible which allows transmission is

s;(u=1)forall m#éo.

All n; subcarriers report u=0

This case (henceforth also referred to as thall zero casg is similar to case when all
subcarriers reportedu = 1, in the sense that the transmitter can't di erentiate bet ween
the subcarriers, even though it is clear that all channel stées are worse than theu = 1
case. Solution is similar to rst situation. All users trans mit at the same power pg

which again is determined from equation (4.5) by solving for@J=@fu) =0 for j =1

!
14 4 h; _
> P f (hju=0) dh = : (4.20)
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As discussed in Section 4.2pg is non-zero if

z z z
1

5 hif (hju =0) dh = 2—12 hif (hjju; =0) dhy (4.21)

Following the notation of Section 4.2 we denote the last intgral by,

z
1

52 hif (hyjuy =0) dh;: (4.22)
We recall at this point that if all subcarriers receive u = 0, they transmit information
only if Sj (u=0) >

Let us investigate Equation (4.5) and see how the computatia of the m integrals
1 m ns might be simplied. Let us rst consider the case when at leag one
subcarrier reports unity feedback and lets assume without dss of generality that the

rst subcarrier is one of them. Hence if m subcarriers report unity feedback, (where

m 6 0), Equation (4.5) can be written as

1Z Z h
= = p i = .
2Z Z 24 Pm g N F(hju=1) dh; (4.23)
1 hi o .
-5 - f (hju =1) dh; 4.24
ZZ 7 2 4 pmh1+ Pm rkn=2 hk ( J ) ( )
-1 hs . o |
= E 2 pmhl T pth f (hlJU = 1)f (hsjU = 1) dh; dhg; (4.25)

where the termshg and f (hsju = 1) denote the random variable P ?:2 hy¢ and its PDF
respectively.

Finally we can make a simple observation from Equations (4.4), (4.19) and (4.21) re-
garding the thresholds valuess; (u = 1) and s; (u = 0) which determine if the powers

Pm;m 6 0 and pg are positive. We observe that,

Z 1 Z 1

S (u=1= hf (hju=1) dh >hTq f(hju=1) dh= hyy; (4.26)
hth hth
Z hth Z hth

s (u=0)= hf (hju=0) dh  <htp f(hju=0) dh= hrn:  (4.27)
0 0

This shows that s; (u = 1) >s;(u = 0). This can be explained as follows: Recall that
transmitted powers p; (u) are positive only if s;(u) > . Consider a value of = o
higher than s; (u = 0). A high value of ¢ implies that the water level is low and hence

the total power P is low. So the transmitter should be more prudent in allocatng power
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and hence there is no transmission in thell zero caseas this corresponds to the worst
channel state among all types of feedbacks. However ifo < 's;(u = 1), then there is
transmission over the subcarriers that receiveu = 1 feedback.

Let us consider speci ¢ fading distributions and evaluate te various expressions

developed in this Section.

Uniform Fading Distribution

A simple closed form expression fof (hsju) does not exist. Hence let us consider the
two subcarrier case for simpli ed analysis. Fading is unifam in the range [0; A]. Let
fuy; usg be the feedbacks in the two subcarriers, wheraq; u; 2 f 0; 1g. Let the threshold
hty, of Equation (4.14) bea. Let the power transmitted in the subcarriers 1 and 2, under

feedback =fuj;upg be py(u1;uz) and pa(uq; uy) respectively. The following conditions

hold
p1(0;0) = p2(0;0) = po; Pr[po] = (a=A); (4.28)
p1(1;0) = p2(0;1) = py; Pripi] = a(A  a)=A%; (4.29)
p1(1;1) = p2(1;1) = pz; Pripa] = (A a=A)%; (4.30)
p1(0; 1) = p2(1;0) = 0: (4.31)

The total power equation, Equation (4.2) can be expanded as,

2 aA 1 A a? _
+2p1% +2p A = P: (4.32)

a
2po A

The values ofpg; p1 and p, can be found by evaluating Equations (4.15), (4.18) and (4.9)

and the results are

L &g 2424 Liog 2+ ap = (4.33)

20022 29 Po 5700 Po = '

1 2
—— (A a — lo 2+ A lo 2+ a = ; 4.34
A 1) ( ) o g P1 g P1 (4.34)
1 A? a’

e — 242A —I 24 + A 4.35
22 (A a2 2 og P2 —log apz + Apz (4.35)

A? a’
7Iog 2+ apy+ Apy + ?Iog 2+2ap, (4.36)



41

We can also evaluate Equations (4.16), (4.19) and (4.21) tolatain the thresholds

for for which the transmitted powers are positive. The results ae
p1 and p, are positive for s(u=1)=(A+ a=4=0:375.
Po is positive for s (u=0)= a=4=0:125.

Note that s (u =1) >s (u =0) as predicted earlier in this Section. Simulation results

for this case will be provided in Section 4.3.

Rayleigh Fading

Unlike the case of uniform fading, there exists a closed exgssion forf (hsju), for most
types of feedback. Assume the mean of the Rayleigh fading todunity, ie 5 = 1.
Now hs is dependent on the number of terms in the summation, so let uglenote hg
by Sk which means that it is the sum of k i.i.d. exponential random variables, where

1 k n;. The following expression for the PDF of Sgju = 1 holds

(S ka)n 1e (s ka)
(n 1) '

fsju=1(s) = (4.37)

However for the all zero case)‘snf ju=0 (S) does not have a closed form expression.

4.3 Simulation Results

In this section we take the uniform and rayleigh fading scendaos and numerically evalu-
ate the achievable rates. In this section we plot the quantiy maximum mutual informa-
tion (MMI) as de ned in Section 3.2. At each time instant an in dependent realization
of the channel is generated, and the transmitter goes throuly the steps mentioned in
Section 3.2. At this juncture it is appropriate to recall two key de nitions which would

help us to interprete the numerical results correctly.

P as de ned in Equation (4.2) is the total average power into the system, i.e. the
sum of the average powers in all the subcarriers, where the avaging operation is
done over di erent realizations of channel states informaton variable u, available

at the transmitter.
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Figure 4.1: MMI for no CSI Figure 4.2: Simulation Parameters for
Fig 4.1

is inversely related to the water- lling level. Hence and P are also inversely

related to each other.

4.3.1 Uniform Fading

Figure (4.1) plots the MMI as a function of time for two di ere nt values of n¢, namely
ns =5 and n; = 100. The MMI sequence obtained with perfect CSl is also ploted to
give a basis for comparison. Since more number of subcarrieteads to better averaging
e ect (refer Equation (4.9)), the MMI sequence for n; = 100 has less uctuations. In
fact, its value is close to 03522, which is the theoretical value obtained from substitding
parameters from Table 4.2 in Equation (4.9).

Figure 4.3 plots the powerspg;p1 and p, as derived in Equation (4.33) for two
subcarriers. The simulation parameters are listed in Table4.4. It is seen that for the
same value of , which corresponds to the same total average poweP, the ordering
in the magnitudes of the three power values are:p; p2 > po. Let us recall the
de nitions of these power levels to understand the results. pg is the power allocated
to each subcarrier in the all zero state and hence has the leasalue. p; corresponds
to power in subcarrier 1 in case of (10) feedback or power in subcarrier 2 in case of
(0; 1) feedback. In both cases, power is transmitted in only oneltannel. p, corresponds
to individual power in both channels for the (1;1) feedback. Intuitively p; should be
greater than or equal to pp, since there are 2 subcarriers transmitting powerm, and 1

subcarrier transmitting power p;. This is veri ed by the simulations and Figure 4.3
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Parameter Value
. A 1
£ a 0.5
Noise 0 dB
# Subcarriers ns 2

L L L L L L L L L
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Power

Figure 4.3: Plot of vs Power allocated F@gure 4.4: Simulation Parameters for
for di erent feedbacks Fig 4.3

Parameter Value
A 1

a 0.5
Noise 0dB
# Subcarriers ng 1,2,3

L L L L L L L L L |
0 0.5 1 15 2 25 3 35 4 45 5
Power

Figure 4.5: vs Power allocated for all Figure 4.6: Simulation Parameters for
one feedback for di erent number of sub- Fig 4.5

carriers

shows that for a range of valuesp; 2p,. These simulations match closely with the
predicted cut-o values of as discussed under the uniform fading of Section 4.2.2,
namely =0:375 forp; and p, and = 0:125 for pg.

Figure 4.5 refers to theall one feedbackcase when the number of subcarriers are
ns =1;2 and 3. Itis seen that, for a xed , which corresponds to a xed P, the high
the value of n¢ corresponds to low value of powerpy, . The intuitive explanation is
that the same powerP is getting divided into more subcarriers.

Finally Figure 4.7 plots the MMI variations with time for all the three types of CSI
discussed till now. We observe that forns = 2, the achievable rates with 1 bit per
subcarrier feedback is close to the perfect CSl case. This ggests that the 1 bit per

subcarrier scheme is a good practical scheme for transmittfeedback.
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4.3.2 Rayleigh Fading
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a 0.5
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Figure 4.8: Simulation Parameters for

Fig 4.7
Parameter Value
a 1
a 0.5
Noise 0 dB
# Subcarriers ns 2,5,10

Figure 4.10: Simulation Parameters for

Fig 4.9

In this section the simulation results for Rayleigh Fading are presented. Figure (4.9) per-

tains to the power allocation when all subcarriers receive ity feedback. It plots the

variation of

with power pn, the power allocated in each subcarrier as the number of

subcarriersn is increased. Note that similar results for uniform fading were shown in

Figure (4.5).

number of subcarriers, reduced the power allocated in eachubcarrier.

For a xed value of

, Which corresponds to a xed P, increasing the
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Chapter 5

Conclusions and Future Work

This report provides a comprehensive information theoretc analysis a two dimensional
spreading scheme which was motivated by the VSF-OFCDM systm. It develops the
transmission model for single user, and studies optimal poer allocation and transmis-
sion schemes, under three di erent cases of channel state kivledge at the transmitter.
For perfect CSI at transmitter the optimal single user policy is to transmit in the best
subcarrier and the transmit power is obtained by water llin g over the distribution of
the channel state in the best subcarrier. For no CSI the optinal policy is equal power
allocation in all subcarriers. For 1 bit per subcarrier feedack the optimal policy turned
out to be to transmit in all the subcarriers that are above the threshold. The work also
looks at the multi-user scenario and proposes some practit&ransmission schemes and
investigates the achievable sum rates of these schemes.

There are several future directions of research in this areaThe multiuser scenario,
especially for the imperfect transmitter CSl case, needs tde addressed. Also outage
behavior and delay aspects of the proposed model have to beredully investigated. On
a more practical note, since the transmission spans both tira and frequency dimensions,
scheduling between various transmissions has to be studieth order to implement the

best subchannel or best user policies which were shown to bédoretically optimum.
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Appendix A

Transmission Policy for 1 bit Quantized CSIT

Consider the case whems = 2. The proof can be easily generalized for highen;. Now

f (hju) = Qizzl f (hiju;) from assumptions about the channel and the CSIT. Thus
ZZ
@J 1 hy . .
= = f (hqjuy)f (hojuz) dhy dh A.l
@J 1 hs . .
= = f(h f(h dh; dh ; A.2
Equivalently,
ZZ
@J 1
= - h1g(hy;h2;us; uz) dhy dhy (A.3)
@p(u) 2
@] 1Z Z
= — hog(h1;ho;uq;us) dhy dh : A.4
T ONE 20(h1; hz;ug;uz) dhy dh; (A.4)

Note that the function g(hi;hy;uz;uy) is same for the integrals. Now consider

u; =1;u,=0. Then

Z, Z
@J 171 hh
O h1g (h1; hz;ug;uz) dhz dhy (A.5)
hth 212,
> ) g(h1;hz;us;uz) dhy dhy (A.6)
T O
Similarly, it can be shown that
Z, Z
@J _ hp b T hm
@) < %h ) g(h1;hz;us;uz) dhy dhy (A7)
T O
Hence,
@JI=@fu) > @JI=@yfu): (A.8)

But from the following basic conditions

@J

@) =0 when pg(u) > 0 (A.9)
@J A
m 0 whenpg(u)=0; (A.10)

It can be stated that p;(u) > 0 and p2(u) = 0.
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Appendix B

Properties of the Max function of n Exponentials

Let X, be the random variable denoting the maximum of n iid random variables
Xi;y i =12 ;n, each with probability distribution function fx (x) and cumula-
tive distribution function Fx (x). Let the pdf and cdf of X, be denoted asf x (x) and

Fx, (X) respectively. From probability theory,

fx, ()= n[Fx (1" *fx (%); (B.1)

Fx, (¥) = [Fx (01" *: (8.2)
Let X = h, be an exponentially distributed random variable. The pdf of h is given by
1= - (= a)
fn( )= —e a Fh( )=1 e a (B.3)
a

From Equations (B.1) and (B.3), the distribution of h,, the maximum of n iid
exponentials can be written down as

n _ Nl
fn()=— 1 e (=2 e (%) (B.4)
a
_ n 1
Fn()= 1 e (%2 : (B.5)

Lemma 1 Fn_( ) is stochastically greater thanFp () for m>n

Proof :
1
Fo ()= 1 e (=) " (B.6)
1
Fn,()= 1 e (%9 " (B.7)
Fh,, ( ) <Fn, (x) forall [* abscissa< 1 andm >n] (B.8)

This implies that P[h,, > 1> P[h, > ]
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Lemma 2 Let E[h,], E hn2 and Var[h,] denote the mean, second moment and vari-

ance of h,, respectively. Then

X
E[hn = a E
k=1
h i X0 XK
1 1
E hn2 =2§ E I—
k=1  1=1
X
Varfh,]= 2 2
k=1

Proof :

1. The expression for mean of,, is
Z,

_ oy n11
E [h,] = n 1 e (52 —
0 a

e (Fad: (B.9)

Substituting for x =1 e (= 2) the integral becomes
Z 1
E[h,]=n a4 log(1 x)x" !dx: (B.10)
0

Using Taylor Series Expansion log(l x) = x + x?=2+ x3=3+ 1, and

evaluating the series of integrals we obtain

1 1 1
+ + +
n+l 2(n+2) 3(n+3)
n n n
a + + +
n+l 2(n+2) 3(n+3)

EM,]=n a 1 (B.11)

1 (B.12)

Note that the kth term is n=k(n + k) = 1=k 1=(n + k). Regrouping the terms,

we obtain,
1 1 1
= + -+ + :
E [h,] a 1 > 1532 1 (B.13)
X
= a E; Hence Proved (B.14)
k=1
2. The expression for the second moment df,, is
Z,
n 1
E [h,] = n21 e(=a Le=ag: (B.15)
0 a
Substitute x = = 4 and use the binomial expansion
Y'noa
1 ex" 'z o 1)ke kx: (B.16)

k=0
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This expression becomes

h o Z, i1

n 1
E h?2 =n? i x? o 1)%e e X dx (B.17)
k=0
Xt n 1 Z1
=n 2 o 1)k i x2e (KFDx gy (B.18)
k=0

Evaluating the inner integral by parts, we obtain

h i X1 h 1
E h,2 =2n 2 .
k=0

1

( 1)"7(k rTER (B.19)

To simplify the RHS of Equation (B.19) consider the following approach:
K1
n ) Lowk=a wn e (B.20)
k=0
Integrating both sides wrt v from the limits 0 to u and then dividing both sides

by u, yields,
Xt n o1 U 11 @

k ( 1)k+1_n u (B.21)

k=0
Integrating both sides wrt u from the limits 0 to x and then dividing both sides

by x, yields
Xt n 1 xk 12x1 1 @ u
k _ = L .
ok ( 1) D77 x o n : du: (B.22)

Integrating both sides wrt x from the limits O to 1 yields

X1 n 1
k

( 1F % LA WG g (B23)

k=0
The inner integral can be evaluated by substituting 1 u = v and using the
summation formula for a geometric progression and a similaprocedure can be

adapted for the outer integral. The result is

Z 1 VA X n xXo XK
% % w du dx= % % I—ls (B.24)
0 0 k=1 = I=1
From Equations (B.19),(B.23) and (B.24), it follows that
h 2i XX
E h,® =22 = 2 Hence Proved (B.25)

k I
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3. The variance ofh,, can be calculated as

h i
varfh,]= E h,?> (E[h,])? (B.26)
X g X XX
=2 2 % % 2 %% From Parts 1 and 2 (B.27)
k=1 = I=1 k=1 151
X X X g
k=1 =1 I=k+1
Let us denote Varfh,]= 2 by the shortened notation V (n). Now note that
|
X1q X 1 X1 g
V(n+1)= . T T (B.29)
k=1 =1 I=k+1 | |
X Xl -1
o171 1,1 1 (B.30)
k | | n+1 |
k=1 =1 I=k+1 | 1=1 [
X 1 X1 1 1 Xty
= = - - - (B.31)
I Il n+1 n+1 I
k=1 =1 I=k+1 | =1
1 Xtg X g
=V(n)+ T " (B.32)
1= k=1
= V(n)+ . (B.33)
- (n + 1)2- .

This gives a simple recursive formula ofV (n). SinceV (1) = 1, the recursion can

be solved to yield

|
V(n) = — (B.34)
K2
k=1
From Equation (B.34) and the de nition of V (n), it follows that
Xoq
Var[h,]= 2 1z Hence Proved (B.35)
k=1

Let us now discuss the implications of the Lemma 2.

The mean E[h,] is directly proportional to the nth partial sum of the Harmonic
Series, denoted byH ,. It is known to diverge albeit very slowly. It can be shown
that

H, log(n)+1: (B.36)

1 1
[ + —+ —
og(n+ 5+ o

Or H, log(n). Henceasn!1l ;E[h,]!1



51

iV

Figure B.1: Plot of 1=x? and 1=k?

The variance Varfh,] is a convergent sequence afi. This is made clear by Fig-

ure B.1. Note that

2)<1 1
Var[h,]= 2 2 (B.37)

k=1 7

1

1

< 2 1+ —d B.38
a L X X (B.38)

1
= 22 = (B.39)

Thusasn!1l ;Var[h,]< 2 2.

Let us now investigate the variation of the PDF f, (x) with n. We have already
established (Lemma 2), the mean and variance df,,. It can be shown by di erentiating
fn,( ) that it achieves a global maxima at n:max = alog(n) with the maximum value

(1 1=n)" 1. The following observations can be made

As n increases nmax ! E[h,]

The maximum value (1 1=n)" ! is a decreasing function ofn and asn ! 1

this tends to the nite limit 1 =e

These ndings are consistent with the fact that the mean tends to 1 but the variance

is nite for n!1 . Finally Figure (B.2), shows how the PDFs change withn.



fx"(x)

Figure B.2: f, (x) for various n
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Appendix C

Maximization of x TAx withx Tx=1andx O

The optimization problem, we seek to solve is

max X' AX; (C.1)
xTx?)l
X

where A 2 R" " and x 2 R". Note that without the positivity constraint x 0, the
solution is given by the maximization of the classical Raylégh Quotient expression [20].
The solution is to choosex as the eigenvector ofA which has the highest eigenvalue
(henceforth referred to as themaximum eigenvectol). With the addition of the posi-
tivity constraint this may no longer be true as the maximum eigenvector might have
negative components.

There are speci c matricesA for which the optimal x is again the maximum eigen-
vector. One such case is wher is positive, which means that all the entries of A
are positive (this is di erent from positive de niteness). For this matrix the Perron-
Frobenius theorem, [20] states that themaximum eigenvectorhas all positive compo-
nents and hence the positivity constraint is automatically satis ed. Another case is
when A 2 R? 2, in which case due to the orthogonality of the eigenvectorsn a two
dimensional space, one of the eigenvectors will always hawmoth entries as positive (or
both negative) and that would correspond to the maximum eigenvector

To solve the problem for any arbitrary A, we write the Lagrangian for the problem

in Equation (C.1) as,

L=x"Ax + x'x+ Tx; (C.2)
0 (C.3)

is unconstrained (C.4)
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where is a scalar and 2 R". Taking the partial derivative w.r.t. X yields,

%:2Ax+2 x+ =0; (C5)
ixi=0;1 i m (C.6)
xTx =1; (C.7)
X 0 0: (C.8)

A broad outline of the solution is provided here. Note that for the purposes of
the solution, each individual entry of x can be thought of being in binary state i.e.
either zero or positive. The number of zero elements in the dimal x can range from
Oton 1. We now introduce some new de nitions. Let all vectors havihg k zeros be
said to belong to the k™ class Each n dimensional vector will have to satisfy certain
constraints depending on which class it belongs to. To solvewe rst assume that x
belongs to the rst class. We then then solve Equation (C.5) aad nd the vectors
which are the stationary points of the Lagrangian. We check f these solutions satisfy
the required constraints. If a vector does so, we term ifeasible We form the the set of
all feasible vectors and call it thefeasible solution set We then repeat the procedure for
all the k classes. At each class, we potentially keep on adding to theeésible solution
set. At the end we calculate the value of the objectivex™ Ax for all vectors in the
feasible solution set and select the vector which maximizeshe objective. These are

explained in detail below, by considering the di erent classes.

Class 1. x has no zero element

In this case the constraints are:

Xpi>0;1 i n (C.9

i=0;1 i n; from Equation (C.6) (C.10)
For these constraints, Equation (C.5) yields,

Ax = X: (C.11)
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Hence the stationary points of the Lagrangian are given by tle eigenvectors of the orig-
inal matrix A. The eigenvectors are assumed to be of unit-norm. Amongst thse sta-
tionary points the feasible vectors are those, for which costraints in Equation (C.9) are

satis ed. We add these to the feasible solution set.

Class 2: x has one zero element

Note that the zero element can occur in any of then places. We consider all these

sub-classesone by one. Let us begin withx; = 0. The constraints become

xi>02 i n (C.12)
1> 0; (C.13)
x1=0 and ;=0;2 i n: (C.14)

For this parameters the Equation (C.5) can be expresses as,

1
AX + x = > ; (C.15)
2 32 3 2 3
an a2 ain 0 1
S 1 o 1E °%
. 2 :
an1 ann T Xn 0

This can be rewritten into an eigenvalue problem and a linearequation as follows,

1
ajxy = 5 (C.17)
AiX1 = Xy (C.18)
where,

ai =[az;a13;  ;anl; (C.19)
X1 =[X2;X3; i Xnl; (C.20)

2 3

az? azn

Alzg : : %: (C.21)

an2 ann
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Note that A; 2 R(™ D (" D anda;s;x; 2 R(™ D, The procedure is now simple. Solve

Equation (C.18) and calculate the unit-norm eigenvectorsx;. Then,
1. Check if all elements ofx; are positive. This is the constraint in Equation (C.12).

2. Calculate 1 from Equation (C.17) and check if it is positive. This is the constraint

given in Equation (C.13).

If x, satis es both these constraints then formx = [0;x1] and add x to the feasible
solution set.

Now considerxy =0; k6 1. Then (> Oand ; =0; j 6 k. Flip the rst and the
ki rows of A and rst and the k" elements of both the vectorsx and . The resulting

system of equations has the same structure as thg; = 0 case, and can be solved.

Cases 3 n: x has k zero elements, 2 k n

The procedure outlined in Section C can be easily generalizeto consider all the remain-
ing cases. For anyk, there are | ways in the k zeros can be distributed. inx. Consider
all these sub-classes one at a time. Start with the case whex; = x5 = =Xk =0
and hence 1> 0; 2> 0 ; k> 0. De ne the vector [Xg+1 ; iXn] 2 R" k as Xg.
Then it can be shown that the problem reduces to an eigenvalu@roblem of the matrix

Ay 2 R(M K (0 k) and a system ofk linear equations as follows,

Agxg = Xk (C.ZZ)
1
Al Xk = 5 1 (C.23)
(C.24)
T _ 1
Ak+1 Xk = 5 ks (C.25)

where the matrix Ay is formed by deleting the rst k rows and columns of matrixA and
Qk+1 = [Ak+1; van]; 1] k. The unit-norm eigenvalues of A are computed
and the positivity constraints of the elements of xx and the values of 1 K are
checked. The vectors which satisfy these constraints are ggended initially by k zeros

to form feasible xs. Now for the remaining E 1 sub-classes, we can use the ipping
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argument as used in Section C and get a similar structure of egptions as considered
above, which can be solved

After this having formed the feasible solution set, we compte the value of the
objective xT Ax for each vector in this set and select the vector which maxinges the
objective.

Note that this method solves the optimization problem for any arbitrary matrix A.

However the complexity of the algorithm increases exponenally with n.
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