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Comments on this Student Solutions Manual

e MATLAB functions written as solutions to homework problems in this Stu-
dent’s Solution Manual (SSM) can be found in the archive matsoln3student . zij
Other MATLAB functions used in the text or in these homework solutions
can be found in the archive matcode3e.zip. The archives matcode3e.zip
and matsoln3student.zip are available for download from the John Wiley
companion website. Two other documents of interest are also available for
download:

— A manual probmatlab.pdf describing the .m functions in matcode.zip.

— The quiz solutions manual quizsol.pdf.

e This manual uses a page size matched to the screen of an iPad tablet. If you
do print on paper and you have good eyesight, you may wish to print two
pages per sheet in landscape mode. On the other hand, a “Fit to Paper”
printing option will create “Large Print” output.

e Send error reports, suggestions, or comments to

ryates Quwinlab.rutgers.edu.



Problem Solutions — Chapter 1

Problem 1.1.1 Solution

Based on the Venn diagram on the right, the complete Ger-
landas pizza menu is

Regular without toppings Y 0
Regular with mushrooms /@

: ) N
Regular with onions

Regular with mushrooms and onions
Tuscan without toppings
Tuscan with mushrooms

Problem 1.1.3 Solution

At Ricardo’s, the pizza crust is either Roman (R) or Neapoli-

tan (V). To draw the Venn diagram on the right, we make M
the following observations:

e The set {R, N} is a partition so we can draw the Venn diagram with
this partition.

e Only Roman pizzas can be white. Hence W C R.
e Only a Neapolitan pizza can have onions. Hence O C N.

e Both Neapolitan and Roman pizzas can have mushrooms so that event
M straddles the {R, N} partition.

e The Neapolitan pizza can have both mushrooms and onions so M N O
cannot be empty.

e The problem statement does not preclude putting mushrooms on a
white Roman pizza. Hence the intersection W NM should not be empty.



Problem 1.2.1 Solution

(a) An outcome specifies whether the connection speed is high (h), medium
(m), or low (I) speed, and whether the signal is a mouse click (¢) or a
tweet (t). The sample space is

S = {ht, he,mt, me,lt,lc} . (1)

(b) The event that the wi-fi connection is medium speed is A; = {mt, mc}.
(c) The event that a signal is a mouse click is Ay = {hc, mc, lc}.

(d) The event that a connection is either high speed or low speed is Az =
{ht, he,lt,lc}.

(e) Since AjNAs = {mc} and is not empty, A;, Az, and A are not mutually
exclusive.

(f) Since
Ay U Ay U Az = {ht, he,mt, me,lt,lc} = S, (2)
the collection A;, Ay, Az is collectively exhaustive.

Problem 1.2.3 Solution

The sample space is
S={A,..., K& AO,..., KO, AQ, ... KO AN, ..., KA} . (1)
The event H that the first card is a heart is the set
H={A9Q,...,KQ}. (2)

The event H has 13 outcomes, corresponding to the 13 hearts in a deck.



Problem 1.2.5 Solution

Of course, there are many answers to this problem. Here are four partitions.

1. We can divide students into engineers or non-engineers. Let A; equal
the set of engineering students and A, the non-engineers. The pair
{A;, Ao} is a partition.

2. We can also separate students by GPA. Let B; denote the subset of stu-
dents with GPAs G satisfying i—1 < G < i. At Rutgers, {By, Bs, ..., Bs}
is a partition. Note that By is the set of all students with perfect 4.0
GPAs. Of course, other schools use different scales for GPA.

3. We can also divide the students by age. Let C; denote the subset of
students of age i in years. At most universities, {C1g, C11, ..., Choo}
would be an event space. Since a university may have prodigies either
under 10 or over 100, we note that {Cy, C1,...} is always a partition.

4. Lastly, we can categorize students by attendance. Let Dy denote the
number of students who have missed zero lectures and let D; denote all
other students. Although it is likely that Dy is an empty set, { Dy, D1}
is a well defined partition.

Problem 1.3.1 Solution

(a) A and B mutually exclusive and collectively exhaustive imply P[A] +
P[B] = 1. Since P[A] = 3P[B], we have P[B] = 1/4.

(b) Since P[AU B] = P[A], we see that B C A. This implies P[AN B] =
P[B]. Since P[AN B] =0, then P[B] = 0.

(c) Since it’s always true that P[AU B] = P[A] 4+ P[B] — P[AB], we have
that

P[A] + P[B] — P[AB] = P[A] — P[B]. (1)

This implies 2 P[B] = P[AB]. However, since AB C B, we can conclude

that 2 P[B] = P[AB] < P[B]. This implies P[B] = 0.



Problem 1.3.3 Solution

An outcome is a pair (i,j) where i is the value of the first die and j is the
value of the second die. The sample space is the set

S={(1,1),(1,2),...,(6,5),(6,6)}. (1)

with 36 outcomes, each with probability 1/36 Note that the event that the
absolute value of the difference of the two rolls equals 3 is

D3 ={(1,4),(2,5),(3,6),(4,1),(5,2),(6,3)} . (2)
Since there are 6 outcomes in D3, P[D3] = 6/36 = 1/6.
Problem 1.3.5 Solution

The sample space of the experiment is
S ={LF,BF,LW,BW}. (1)
From the problem statement, we know that P[LF]| = 0.5, P[BF| = 0.2 and

P[BW] = 0.2. This implies P[LW] =1—-0.5—-0.2—0.2 = 0.1. The questions
can be answered using Theorem 1.5.

(a) The probability that a program is slow is

P (W] =P [LW]+P[BW] = 0.1+ 0.2 = 0.3. 2)
(b) The probability that a program is big is

P[B] = P[BF| +P[BW]=0.2+0.2 = 0.4. (3)
(c) The probability that a program is slow or big is

PWUB]=P[W]+P[B—P[BW]=03+04-02=05. (4)



Problem 1.3.7 Solution

A reasonable probability model that is consistent with the notion of a shuffled
deck is that each card in the deck is equally likely to be the first card. Let H;
denote the event that the first card drawn is the ¢th heart where the first heart
is the ace, the second heart is the deuce and so on. In that case, P[H;| = 1/52
for 1 < i < 13. The event H that the first card is a heart can be written as
the mutually exclusive union

H:H1UH2U"'UH13. (1)

Using Theorem 1.1, we have
13
P[H] =) PI[H]=13/52 (2)
i=1

This is the answer you would expect since 13 out of 52 cards are hearts. The
point to keep in mind is that this is not just the common sense answer but
is the result of a probability model for a shuffled deck and the axioms of
probability.

Problem 1.3.9 Solution

Let s; equal the outcome of the student’s quiz. The sample space is then
composed of all the possible grades that she can receive.

S =1{0,1,2,3,4,5,6,7,8,9,10} . (1)

Since each of the 11 possible outcomes is equally likely, the probability of
receiving a grade of ¢, for each i = 0,1,...,10is P[s;] = 1/11. The probability
that the student gets an A is the probability that she gets a score of 9 or
higher. That is

P [Grade of A] =P [9]+ P [10] =1/11+1/11 = 2/11. (2)
The probability of failing requires the student to get a grade less than 4.

P [Failing] = P [3] + P [2] + P [1] + P [0]
=1/11+1/11 +1/11+1/11 = 4/11. (3)



Problem 1.3.11 Solution

Specifically, we will use Theorem 1.4(c) which states that for any events A
and B,

P[AUB] =P[A]+P[B]-P[ANB]. (1)

To prove the union bound by induction, we first prove the theorem for the
case of n = 2 events. In this case, by Theorem 1.4(c),

P[AJUA) =P[A]+P[As] —P[A;1 N Ay]. (2)
By the first axiom of probability, P[A; N Ay] > 0. Thus,
P[A; U A ] <P[A]+P[As)]. (3)

which proves the union bound for the case n = 2.Now we make our induction
hypothesis that the union-bound holds for any collection of n — 1 subsets. In
this case, given subsets Ay, ..., A,, we define

A:A1UA2UUAn,1, B:An (4)
By our induction hypothesis,
P[A|=P[AjUAU---UA, 1] <P[A]+ -+ P[A,1]. (5)

This permits us to write

P[AjU---UA,|=P[AU B]
<P[A]+ [ ] (by the union bound for n = 2)
=P[A,U---UA,1]+P[A4,]
<P[A) 4P [A, 1]+ P[4,] Q

which completes the inductive proof.



Problem 1.3.13 Solution

Following the hint, we define the set of events {A;|i = 1,2,...} such that i =
1,....,m, A; = B; and for ¢ > m, A; = ¢. By construction, U” | B; = U2, A;.
Axiom 3 then implies

PIUL Bi] = P[UZ, Al ZP (1)

For i > m, P[A;] = P[¢] = 0, yielding the claim P[U",B;] = > " P[A;] =
> it P[Bi].

Note that the fact that P[¢] = 0 follows from Axioms 1 and 2. This problem
is more challenging if you just use Axiom 3. We start by observing

P[U™, B ZP +§:P[A,~]. (2)

Now, we use Axiom 3 again on the Countably infinite sequence A,,, A1, - -
to write

ZP P[A,UAn U--]=P[B,]. (3)

Thus, we have used just Axiom 3 to prove Theorem 1.3:

PIULB ZP (4)

Problem 1.4.1 Solution

Each question requests a conditional probability.

(a) Note that the probability a call is brief is
The probability a brief call will have no handoffs is

P[HoB] 04 2
P[B] 06 3 @)

P [Ho|B] =



(b) The probability of one handoff is P[H;| = P[H,B]|+P[H,L] = 0.2. The
probability that a call with one handoff will be long is
P[H,L] 0.1

1
P = 5w =02~ 2

(3)

(c¢) The probability a call is long is P[L] = 1 — P[B] = 0.4. The probability
that a long call will have one or more handoffs is

P [H, U H,|L] = PW&&%M
P[H,L]+P[H,L] 01402 3 A
B P[L] 04 4 )

Problem 1.4.3 Solution

Since the 2 of clubs is an even numbered card, Cy C E so that P[CLE] =
P[Cy] = 1/3. Since P[E] = 2/3,

P[CLE]  1/3

=1/2. (1)
The probability that an even numbered card is picked given that the 2 is
picked is

P[CLE]  1/3
P[Cy]  1/3

P [E|C2] = (2)

Problem 1.4.5 Solution

The first generation consists of two plants each with genotype yg or gy.
They are crossed to produce the following second generation genotypes, S =
{yy,v9, gy, gg}. Each genotype is just as likely as any other so the probabil-
ity of each genotype is consequently 1/4. A pea plant has yellow seeds if it
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possesses at least one dominant y gene. The set of pea plants with yellow
seeds is

Y = {yy,v9. 9y} - (1)

So the probability of a pea plant with yellow seeds is

P[Y] =P yy] + P lyg] + P [gy] = 3/4. (2)

Problem 1.4.7 Solution

The sample outcomes can be written ijk where the first card drawn is ¢, the
second is 7 and the third is k. The sample space is

S = {234,243, 324, 342, 423, 432} . (1)

and each of the six outcomes has probability 1/6. The events Ey, Es, E3, Oy,
O,, O3 are

B, = {234,243, 423,432} | Oy = {324,342} , (2)
B, = {243,324, 342,423} | O, = {234,432}, (3)
Ey = {234,324, 342,432} | Oy = {243,423} . (4)

(a) The conditional probability the second card is even given that the first
card is even is

P[EyE] P [243, 423] 2/6

P[E]]  P[234,243,423,432] 4/6

P By By = =1/2. (5

(b) The conditional probability the first card is even given that the second
card is even is

P[E\E,] P [243, 423] 2/6

P[E,]  P[243,324,342,423]  4/6

P [E)|Es] = =1/2. (6)

11



(c¢) The probability the first two cards are even given the third card is even
1s

P [E Ey Es]

P B Ey|Es] = P

— 0. (7)

(d) The conditional probabilities the second card is even given that the first
card is odd is

POEy]  PO)]

PIRIOI=506T ~po,

~1. 8)

(e) The conditional probability the second card is odd given that the first
card is odd is

P0,]0)] = % ~0. (9)

Problem 1.5.1 Solution

From the table we look to add all the mutually exclusive events to find each
probability.

(a) The probability that a caller makes no hand-offs is
P [Hy| = P[LHy| + P [BHy| = 0.1 + 0.4 = 0.5. (1)
(b) The probability that a call is brief is

P[B] = P[BHo| + P [BHy|+ P[BHy] =0440.1+01=06. (2)

(c) The probability that a call is long or makes at least two hand-offs is

P[LUHs] = P[LHy| + P[LH,]| + P[LH;] + P[BH,]
=014+01+02+0.1=0.5. (3)

12



Problem 1.5.3 Solution

(a) For convenience, let p; = P[F'H;] and ¢; = P[V H;]. Using this short-
hand, the six unknowns pg, p1, p2, qo, g1, ¢ fill the table as

| Hy H, H,
Flpo p1 p2 - (1)
View @ @

However, we are given a number of facts:

Po+qo =1/3, p+@=1/3, (2)
p2+q2=1/3, po -+ p1 + p2 =5/12. (3)

Other facts, such as qo+¢q1 + g2 = 7/12, can be derived from these facts.
Thus, we have four equations and six unknowns, choosing py and p; will
specify the other unknowns. Unfortunately, arbitrary choices for either
po or p; will lead to negative values for the other probabilities. In terms
of pg and pq, the other unknowns are

g0 =1/3 — po, P2 =5/12 — (po + 1), (4)
¢ =1/3—p, q2 = po +p1 — 1/12. (5)

Because the probabilities must be nonnegative, we see that

0<py<1/3, (6)

1/12 < po + p1 < 5/12. (8)

Although there are an infinite number of solutions, three possible solu-
tions are:

Po = 1/37 b1 = 1/127 D2 = 07 (9)

9 =0, @ =1/4, ¢ =1/3. (10)
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and

Po = 1/47 b1 = 1/12’ b2 = 1/127 (11)

g = 1/12, ¢ = 3/12, @w=23/12. (12)
and

po = 0, m=1/12, pe =1/3, (13)

qo = 1/3, q1 = 3/12, qo = 0. (14)

(b) In terms of the p;, ¢; notation, the new facts are po = 1/4 and ¢; = 1/6.
These extra facts uniquely specify the probabilities. In this case,

Po = 1/47 p1 = 1/67 P2 = 07 (15)
q = 1/12, ¢ = 1/6, G2 =1/3. (16)

Problem 1.6.1 Solution

This problems asks whether A and B can be independent events yet satisfy
A = B? By definition, events A and B are independent if and only if P[AB] =
P[A] P[B]. We can see that if A = B, that is they are the same set, then

P[AB] =P[AA]=P[A] =P [B]. (1)
Thus, for A and B to be the same set and also independent,
P[A] = P[AB] = P[A]P[B] = (P[A])*. (2)
There are two ways that this requirement can be satisfied:
e P[A] =1 implying A=B=2S5.
e P[A] =0 implying A = B = ¢.
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Problem 1.6.3 Solution

Let A; and B; denote the events that the ith phone sold is an Apricot or a
Banana respectively. The works “each phone sold is twice as likely to be an
Apricot than a Banana” tells us that

P[] =2P[B]. (1)

However, since each phone sold is either an Apricot or a Banana, A; and B;
are a partition and

P[A]+P[B] =1 2)

Combining these equations, we have P[A4;] = 2/3 and P[B;] = 1/3. The
probability that two phones sold are the same is

P [A, Ay U BBy = P [AAy] + P[B1Bs]. (3)

Since “each phone sale is independent,”

4 1
P[A1As] = P[A4] P [A4,] = 9’ P[B1By] = P [Bi] P [By] = 9 (4)
Thus the probability that two phones sold are the same is
4 1 5
P[A1As U B1By] = P[A1As] + P[B1Bs] = 5 + 9= 0o (5)

Problem 1.6.5 Solution

(a) Since A and B are mutually exclusive, P[A N B] = 0. Since P[AN B] =
0,

P[AUB] =P [A] +P[B] - P[AN B] = 3/s. (1)

A Venn diagram should convince you that A C B¢ so that AN B¢ = A.
This implies

P[ANB =P[A] =1/4. (2)
It also follows that P[AU B =P[B] =1—-1/8 =7/8.
(b) Events A and B are dependent since P[AB] # P[A]| P[B].

15



Problem 1.6.7 Solution

(a) Since AN B =0, P[AN B] =0. To find P[B], we can write

P[AUB]=P[A]+P[B] —P[AN B] (1)

5/8 =3/8 + P[B] — 0. (2)

Thus, P[B] = 1/4. Since A is a subset of B¢, P[AN B] = P[A] = 3/8.
Furthermore, since A is a subset of B¢, P[AU B¢| = P[B¢] = 3/4.

(b) The events A and B are dependent because
P[AB]=0+#3/32=P[A]P[B]. (3)

Problem 1.6.9 Solution

For a sample space S = {1,2,3,4} with equiprobable outcomes, consider the
events

A =1{1,2 A, =1{2,3} Ay ={3,1}. (1)

Each event A; has probability 1/2. Moreover, each pair of events is indepen-
dent since

P[A1Ay] = P[AsAs] = P [A3A] = 1/4. (2)
However, the three events Ay, Ay, A3 are not independent since

P [A1A;A3] = 0 # P[A1] P [A] P [Ag]. (3)
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Problem 1.6.11 Solution

(a)

For any events A and B, we can write the law of total probability in
the form of

P[A] =P[AB]|+ P[AB9]. (1)
Since A and B are independent, P[AB]| = P[A] P[B]. This implies
P[AB | =P[A]-P[A|P[B]=P[A](1-P[B])=P[A|P[B]. (2)
Thus A and B¢ are independent.

Proving that A¢ and B are independent is not really necessary. Since
A and B are arbitrary labels, it is really the same claim as in part (a).
That is, simply reversing the labels of A and B proves the claim. Alter-
natively, one can construct exactly the same proof as in part (a) with
the labels A and B reversed.

To prove that A° and B¢ are independent, we apply the result of part (a)
to the sets A and B¢. Since we know from part (a) that A and B° are
independent, part (b) says that A° and B¢ are independent.

Problem 1.6.13 Solution

In the Venn diagram at right, assume the sample

AB B
space has area 1 corresponding to probability 1. As

AC

drawn, A, B, and C each have area 1/3 and thus
< e probability 1/3. The three way intersection ABC
has zero probability, implying A, B, and C' are not

mutually independent since

P[ABC] = 0#P[A]P[B]P|[C]. (1)
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However, AB, BC, and AC each has area 1/9. As a result, each pair of events
is independent since

P[AB]|=P[A|P[B], P[BC|=P[B|P[C], PJAC]=PI[A|P[C]. (2)
Problem 1.7.1 Solution
We can generate the 200x 1 vector T, denoted T in MATLAB, via the command
T=50+ceil (50*rand (200,1))
Keep in mind that 50*rand(200,1) produces a 200 x 1 vector of random
numbers, each in the interval (0,50). Applying the ceiling function converts

these random numbers to rndom integers in the set {1,2,...,50}. Finally,
we add 50 to produce random numbers between 51 and 100.
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Problem Solutions — Chapter 2

Problem 2.1.1 Solution

A sequential sample space for this experiment is

1/4 _H, eH H, 1/16

<1/4H1 371 T, eH1T» 3/16
3/4 T1 <1/4 Ho o171 Ho 3/16

3/4 T, oInT>  9/16

(a) From the tree, we observe
P[Hy] =P [H Ho) 4+ P[T1Hy) = 1/4. (1)
This implies

P[H,H) 1/16
P = 11 = VA (2)

P [H,|Hs] =

(b) The probability that the first flip is heads and the second flip is tails is
P[H\Ty] = 3/16.

Problem 2.1.3 Solution

Let G; and B; denote events indicating whether free throw ¢ was good (G;)
or bad (B;). The tree for the free throw experiment is

3/4_ Gy eG1G2  3/8
1/4 —~B2 ¢G1B> 1/8
1/4 _ G, eB1Gy 1/8
3/4 DB eB1By 3/8
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The game goes into overtime if exactly one free throw is made. This event
has probability

P[O] =P [G1B,)+ P [B1Gy] =1/84+1/8 =1/4. (1)

Problem 2.1.5 Solution

The P[— |H] is the probability that a person who has HIV tests negative for
the disease. This is referred to as a false-negative result. The case where
a person who does not have HIV but tests positive for the disease, is called
a false-positive result and has probability P[+|H¢]. Since the test is correct
99% of the time,

P [~ |H] = P[+|H] = 0.01. (1)

Now the probability that a person who has tested positive for HIV actually
has the disease is

P+, H] P+, H]

|
o 2)

PIHIH] = +] P H +P[+ H]

We can use Bayes’ formula to evaluate these joint probabilities.

P [+|H] P [H]
[+[H]P [H] + P [+|H] P [H]
(0.99)(0.0002)
(0.99)(0.0002) + (0.01)(0.9998)
= 0.0194. (3)

P[H|+]:P

Thus, even though the test is correct 99% of the time, the probability that
a random person who tests positive actually has HIV is less than 0.02. The
reason this probability is so low is that the a priori probability that a person
has HIV is very small.

Problem 2.1.7 Solution

The tree for this experiment is
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3/4 _H, eA1H Ho 3/32

1/4 H1 ;’/3 T2 0A1H1T2 1/32

1/2 A1 3/4 T1 / H2 0A1T1H2 9/32

1/4 To e AT T> 3/32

1/4 __ H, By HiHo 3/32

/2> p, 34w, 7 Ty eB1H\Th 9/32
/

T i an
The event HyH, that heads occurs on both flips has probability
P[HHy| = P[A1H 1 Hy| + P [B1H 1 Hs] = 6/32. (1)
The probability of H; is

P [Hy] = P[A1H Hs) + P [A1H Ty + P [B1Hy Hs] + P [By H T
=1/2. (2)
Similarly,
P[H,] = P[A1H Hs) + P[A\T\Hy] + P [B1H1 Hs) + P [ByT Ho]
=1/2. (3)

Thus P[H H,| # P[H;]| P[H,|, implying H; and H, are not independent. This
result should not be surprising since if the first flip is heads, it is likely that
coin B was picked first. In this case, the second flip is less likely to be heads
since it becomes more likely that the second coin flipped was coin A.

Problem 2.1.9 Solution

(a) The primary difficulty in this problem is translating the words into the
correct tree diagram. The tree for this problem is shown below.
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HseT1HoHs 1/8

1/2
1/2 HieH; 1/2
1/2_H,eT HyT3Hy 1/16
1/2 Ho 1/2 T3 1/2 Ty oT1HoT3Ty 1/16
1/2 1/2
1/2 Ty 1/2 To / Hs / HyoT1ToHsHy 1/16

1/2 T4 o1 T2 H3Ty  1/16
V2N enimors 18

(b) From the tree,
P[Hs] = P[T\HyHs| + P [11T2HsHy| + P [T\ To H3 Hy)
—1/8+1/16+1/16 = 1/4. (1)
Similarly,

P (T3] = P [TyHoT3Hy| + P [Ty HyTsTy) + P [Ty T T
—1/8+1/16+1/16 = 1/4. (2)

(¢) The event that Dagwood must diet is

D - <T1H2T3T4) U (T1T2H3T4) U (TlTQTg). (3)

The probability that Dagwood must diet is

P [D] = P [T1HoT5Ty) + P [ThToHsTy) + P [Th T T3]
—1/1641/16 4+ 1/8 = 1/4. (4)
The conditional probability of heads on flip 1 given that Dagwood must
diet is
P [H, D]

P{H|D) = 5 =0 (5)

Remember, if there was heads on flip 1, then Dagwood always postpones
his diet.

22



(d) From part (b), we found that P[H3] = 1/4. To check independence, we
calculate

P [H,| = P [T1HyHs| + P [Ty Hy T3] + P [Ty H T, Ty = 1/4
Now we find that

P [HyH3] = 1/8 # P [Hy] P [Hs) . (7)

Hence, Hs and Hjs are dependent events. In fact, P[H3|Hy| = 1/2 while
P[H3] = 1/4. The reason for the dependence is that given Hy occurred,
then we know there will be a third flip which may result in H3. That is,

knowledge of H, tells us that the experiment didn’t end after the first
flip.

Problem 2.1.11 Solution

The starting point is to draw a tree of the experiment. We define the events
W that the plant is watered, L that the plant lives, and D that the plant
dies. The tree diagram is

0.8 L eWL 0.56

<W4 D eWwD 0.4
03 WC% L eW<eL 0.03
09— D eWc¢D 027

It follows that
(a) P[L] = P[WL]+P[Wc°L] = 0.56 4+ 0.03 = 0.59.
(b)

P [WeD)] 027 27

PIVAID] = =5 [D] ~ 0.14+027 41 (1)
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(c) P[D|W*] = 0.9.

In informal conversation, it can be confusing to distinguish between P[D|W¢]
and P[W¢|D]; however, they are simple once you draw the tree.

Problem 2.2.1 Solution

Technically, a gumball machine has a finite number of gumballs, but the
problem description models the drawing of gumballs as sampling from the
machine without replacement. This is a reasonable model when the machine
has a very large gumball capacity and we have no knowledge beforehand of
how many gumballs of each color are in the machine. Under this model, the
requested probability is given by the multinomial probability

| INZ/1\2 /1\2 /1\2
P{RQYQGsz]zm(z) (1) <Z> (Z)

8!
= 175 ~ 0.0385. (1)

Problem 2.2.3 Solution

(a) Let B;, L;, O; and C; denote the events that the ith piece is Berry,
Lemon, Orange, and Cherry respectively. Let F; denote the event that
all three pieces draw are the same flavor. Thus,

Fy = {51583, L1 Lo L3, 010,03, C1C,C3} (1)
P[F] = P[S15255] + P [L1LoLs] + P [O10,05] + P [C1CCs]  (2)

Note that 3 9 1 1
P[LyLoLs) = — - — - — = (3)

and by symmetry,

PIF] = 4P[L L) = o2 (4)
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(b) Let D; denote the event that the ith piece is a different flavor from all
the prior pieces. Let S; denote the event that piece i is the same flavor
as a previous piece. A tree for this experiment is

2/11 Sa 4/10 S3

DQ D3

9/11 6/10

Note that:

e P[D;] =1 because the first piece is “different” since there haven’t
been any prior pieces.

e The second piece is the same as the first piece with probability
2/11 because in the remaining 11 pieces there are 2 pieces that
are the same as the first piece. Alternatively, out of 11 pieces left,
there are 3 colors each with 3 pieces (that is, 9 pieces out of 11)
that are different from the first piece.

e Given the first two pieces are different, there are 2 colors, each with
3 pieces (6 pieces) out of 10 remaining pieces that are a different
flavor from the first two pieces. Thus P[D3|DyD;] = 6/10.

It follows that the three pieces are different with probability

P[D,DyDs] =1 <%) (%) = ?—g (5)

Problem 2.2.5 Solution

Since there are H = (572) equiprobable seven-card hands, each probability is

just the number of hands of each type divided by H.

(a) Since there are 26 red cards, there are (%) seven-card hands with all

red cards. The probability of a seven-card hand of all red cards is
(*)  26145!

25



(b) There are 12 face cards in a 52 card deck and there are (172) seven card

hands with all face cards. The probability of drawing only face cards is

P[F] = (?) 121451

GREES =5.92 x 107°. (2)
: 1521

(¢) There are 6 red face cards (J, Q, K of diamonds and hearts) in a 52 card
deck. Thus it is impossible to get a seven-card hand of red face cards:
P[R;F] = 0.

Problem 2.2.7 Solution

There are 2° = 32 different binary codes with 5 bits. The number of codes
with exactly 3 zeros equals the number of ways of choosing the bits in which
those zeros occur. Therefore there are (5) = 10 codes with exactly 3 zeros.

3
Problem 2.2.9 Solution

We can break down the experiment of choosing a starting lineup into a se-
quence of subexperiments:

1. Choose 1 of the 10 pitchers. There are N; = (110) = 10 ways to do this.

2. Choose 1 of the 15 field players to be the designated hitter (DH). There
are Ny = (115) = 15 ways to do this.

3. Of the remaining 14 field players, choose 8 for the remaining field posi-
tions. There are N3 = (1;) to do this.

4. For the 9 batters (consisting of the 8 field players and the designated
hitter), choose a batting lineup. There are Ny = 9! ways to do this.

So the total number of different starting lineups when the DH is selected
among the field players is

14
N = NN, N3N, = (10)(15) < . )9! = 163,459,296,000. (1)
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Note that this overestimates the number of combinations the manager must
really consider because most field players can play only one or two positions.
Although these constraints on the manager reduce the number of possible
lineups, it typically makes the manager’s job more difficult. As for the count-
ing, we note that our count did not need to specify the positions played by the
field players. Although this is an important consideration for the manager, it
is not part of our counting of different lineups. In fact, the 8 nonpitching field
players are allowed to switch positions at any time in the field. For example,
the shortstop and second baseman could trade positions in the middle of an
inning. Although the DH can go play the field, there are some coomplicated
rules about this. Here is an excerpt from Major League Baseball Rule 6.10:

The Designated Hitter may be used defensively, continuing to
bat in the same position in the batting order, but the pitcher must
then bat in the place of the substituted defensive player, unless
more than one substitution is made, and the manager then must
designate their spots in the batting order.

If you're curious, you can find the complete rule on the web.

Problem 2.2.11 Solution

(a) This is just the multinomial probability
4 10N 719N\ 10 / 9\ 2
pry (A0 ) (19) (19)7 2
19,19, 2 40 40 40
4 19 19 19 19 2 2 "
19119121 \ 40 40 40)

(b) Each spin is either green (with probability 19/40) or not (with prob-
ability 21/40). If we call landing on greeen a success, then Gyg is the
probability of 19 successes in 40 trials. Thus

e @@ @
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(c) If you bet on red, the probability you win is 19/40. If you bet green,
the probability that you win is 19/40. If you first make a random choice
to bet red or green, (say by flipping a coin), the probability you win is
still p = 19/40.

Problem 2.2.13 Solution

What our design must specify is the number of boxes on the ticket, and the
number of specially marked boxes. Suppose each ticket has n boxes and 5+ k
specially marked boxes. Note that when k£ > 0, a winning ticket will still
have k£ unscratched boxes with the special mark. A ticket is a winner if each
time a box is scratched off, the box has the special mark. Assuming the
boxes are scratched off randomly, the first box scratched off has the mark
with probability (5+ k)/n since there are 5+ k marked boxes out of n boxes.
Moreover, if the first scratched box has the mark, then there are 4+ k marked
boxes out of n—1 remaining boxes. Continuing this argument, the probability
that a ticket is a winner is

B4 kA+k31k24k1+E  (k+5)(n—5) "
N N kIn! )

By careful choice of n and k, we can choose p close to 0.01. For example,

n| 9 11 14 17
k|0 1 2 3 (2)
p 0.0079 0.012 0.0105 0.0090

A gamecard with N = 14 boxes and 5 + k& = 7 shaded boxes would be quite
reasonable.

Problem 2.3.1 Solution

n n—1n—-2n—-3n—-4

(a) Since the probability of a zero is 0.8, we can express the probability of
the code word 00111 as 2 occurrences of a 0 and three occurrences of a
1. Therefore

P [00111] = (0.8)%(0.2)* = 0.00512. (1)
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(b) The probability that a code word has exactly three 1’s is

P[ﬂneel%}—-(g)(OSV(OQF-—01512. (2)

Problem 2.3.3 Solution

We know that the probability of a green and red light is 7/16, and that of
a yellow light is 1/8. Since there are always 5 lights, G, Y, and R obey the
multinomial probability law:

ro-ayona 2 (DY () () o

The probability that the number of green lights equals the number of red
lights

P[G=R=P[G=1,R=1Y =3|+P[G=2,R=2Y = 1]
+P[G=0,R=0,Y = 5]

5 (TN (T 13+ st (TN T\ /1
st \16/ \16/) \8/) " 2m2r\16) \16) \8

51 (1)’
*’m051<§)

~ 0.1449. (2)

Problem 2.3.5 Solution

(a) There are 3 group 1 kickers and 6 group 2 kickers. Using G; to denote
that a group ¢ kicker was chosen, we have

P[Gi]=1/3, PGy =2/3. (1)
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In addition, the problem statement tells us that
PIKIG] =1/2,  P[K|Gy) =1/3. (2)
Combining these facts using the Law of Total Probability yields

P K] = P [K|Gi] P [Gh] + P [K|G:] P [Ga)
— (1/2)(1/3) + (1/3)(2/3) = 7/18. (3)

(b) To solve this part, we need to identify the groups from which the first
and second kicker were chosen. Let ¢; indicate whether a kicker was
chosen from group ¢ and let C;; indicate that the first kicker was chosen
from group ¢ and the second kicker from group j. The experiment to
choose the kickers is described by the sample tree:

2/8 c1 oCy1  1/12
9

<3/ Cl o
6/9 co % c1 (o 1/4
5/8 c2 .CQQ 5/12

Since a kicker from group 1 makes a kick with probability 1/2 while a
kicker from group 2 makes a kick with probability 1/3,

P [K1K,|Cn] = (1/2)?, P [K1K|Cro] = (1/2)(1/3),  (4)
P [K\|Cor] = (1/3)(1/2), P (K1 K|Cha) = (1/3)2.

By the law of total probability,

P [K\ K] = P [K1K|Cu] P [Ci] + P [K1 K| Cha] P [Cha]
-+ P [KlKQ‘Cgl] P [021] + P [KlKQICQQ] P [022]
11 11 11 15
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It should be apparent that P[K;] = P[K] from part (a). Symmetry
should also make it clear that P[K;| = P[K,] since for any ordering of
two kickers, the reverse ordering is equally likely. If this is not clear,
we derive this result by calculating P[K5|C;;] and using the law of total
probability to calculate P[K}].

P [KQ|011] - 1/2, P [K2|012] - 1/3, (7)
P [K,|Cy] = 1/2, P [K5|Co] = 1/3. (8)

By the law of total probability,

P [Ky] = P [Ky|Ch1] P [C1y] + P [Ka|Cha] P [Cio]
+ P [K;3|Co1] P [Ca1] + P [K3|Cas] P [Cos]
1111 11 15 7
BTV R YR STRRT ©)

We observe that K; and K, are not independent since

PR = o0 # (55) = PIIP I, (10)

Note that 15/96 and (7/18)% are close but not exactly the same. The
reason K; and K5 are dependent is that if the first kicker is successful,
then it is more likely that kicker is from group 1. This makes it more
likely that the second kicker is from group 2 and is thus more likely to
miss.

Once a kicker is chosen, each of the 10 field goals is an independent
trial. If the kicker is from group 1, then the success probability is 1/2.
If the kicker is from group 2, the success probability is 1/3. Out of 10
kicks, there are 5 misses iff there are 5 successful kicks. Given the type
of kicker chosen, the probability of 5 misses is

pivic = (1) w2ra/r, pined = (5 )asressy.
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We use the Law of Total Probability to find
P [M] = P[M|G1] P [Gi] + P [M|Go] P [G2]

) (15()) (/320 +@/3)(/37°2/37) . (12)

Problem 2.4.1 Solution

From the problem statement, we can conclude that the device components
are configured in the following way.

—( W} | Wz | W? W5
W, t W, j
To find the probability that the device works, we replace series devices 1, 2,

and 3, and parallel devices 5 and 6 each with a single device labeled with the
probability that it works. In particular,

P Wi WaWs] = (1 — ), (1)
PWsUWg| =1—P[WWE =1— ¢ (2)

This yields a composite device of the form

—[(1-61)3J I-q —
I-q
The probability P[W’] that the two devices in parallel work is 1 minus the
probability that neither works:

PW]=1-q(1-(1-q)?). (3)

Finally, for the device to work, both composite device in series must work.
Thus, the probability the device works is

PW]=[1-q(l—(1-q)1-q). (4)
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Problem 2.4.3 Solution

Note that each digit 0 through 9 is mapped to the 4 bit binary representa-
tion of the digit. That is, 0 corresponds to 0000, 1 to 0001, up to 9 which
corresponds to 1001. Of course, the 4 bit binary numbers corresponding to
numbers 10 through 15 go unused, however this is unimportant to our prob-
lem. the 10 digit number results in the transmission of 40 bits. For each bit,
an independent trial determines whether the bit was correct, a deletion, or
an error. In Problem 2.4.2, we found the probabilities of these events to be

P[C]=y=091854, P[D]=6=0081, P[E]=e=0.00046. (1)

Since each of the 40 bit transmissions is an independent trial, the joint prob-
ability of ¢ correct bits, d deletions, and e erasures has the multinomial prob-
ability

AL ~egdes ¢+ d+4e=40;¢,d,e >0,

P[C:c,D:d,E:d]:{c!d!ez7 @)

0 otherwise.

Problem 2.5.1 Solution

Rather than just solve the problem for 50 trials, we can write a function that
generates vectors C and H for an arbitrary number of trials n. The code for
this task is

function [C,H]=twocoin(n);
C=ceil (2*rand(n,1));
P=1-(C/4);

H=(rand(n,1)< P);

The first line produces the n x 1 vector C such that C(i) indicates whether
coin 1 or coin 2 is chosen for trial . Next, we generate the vector P such that
P(i)=0.75if C(i)=1; otherwise, if C(i)=2, then P(i)=0.5. As a result, H(i)
is the simulated result of a coin flip with heads, corresponding to H(i)=1,
occurring with probability P(i).
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Problem 2.5.3 Solution

To test n 6-component devices, (such that each component works with prob-
ability ¢) we use the following function:

function N=reliable6(n,q);

% n is the number of 6 component devices
%N is the number of working devices
W=rand(n,6)>q;
D=(W(C:,D&W(:,2)&W(:,3)) IW(:,4);
D=D&(W(:,5) |W(:,6));

N=sum(D) ;

The n x 6 matrix W is a logical matrix such that W(i,j)=1 if component j
of device i works properly. Because W is a logical matrix, we can use the
MATLAB logical operators | and & to implement the logic requirements for
a working device. By applying these logical operators to the n x 1 columns
of W, we simulate the test of n circuits. Note that D(i)=1 if device i works.
Otherwise, D(1)=0. Lastly, we count the number N of working devices. The
following code snippet produces ten sample runs, where each sample run tests
n=100 devices for ¢ = 0.2.

>> for n=1:10, w(n)=reliable6(100,0.2); end
>> w
W=
82 87 87 92 91 85 85 83 90 89
>>

As we see, the number of working devices is typically around 85 out of 100.
Solving Problem 2.4.1, will show that the probability the device works is
actually 0.8663.

Problem 2.5.5 Solution

For arbitrary number of trials n and failure probability ¢, the following func-
tions evaluates replacing each of the six components by an ultrareliable device.
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function N=ultrareliable6(n,q);
% n is the number of 6 component devices
%N is the number of working devices
for r=1:6,
W=rand(n,6)>q;
R=rand(n,1)>(q/2);
W(:,r)=R;
D=(WC:, DD&W(:,2)&W(:,3)) IW(:,4);
D=D&(W(:,5) IW(:,6));
N(r)=sum(D);
end

This code is based on the code for the solution of Problem 2.5.3. The n x 6
matrix W is a logical matrix such that W(i,j)=1 if component j of device
i works properly. Because W is a logical matrix, we can use the MATLAB
logical operators | and & to implement the logic requirements for a working
device. By applying these logical opeators to the n x 1 columns of W, we
simulate the test of n circuits. Note that D(i)=1 if device i works. Otherwise,
D(i)=0. Note that in the code, we first generate the matrix W such that each
component has failure probability ¢q. To simulate the replacement of the jth
device by the ultrareliable version by replacing the jth column of W by the
column vector R in which a device has failure probability ¢/2. Lastly, for each
column replacement, we count the number N of working devices. A sample
run for n = 100 trials and ¢ = 0.2 yielded these results:

>> ultrareliable6(100,0.2)
ans =
93 89 91 92 90 93

From the above, we see, for example, that replacing the third component with
an ultrareliable component resulted in 91 working devices. The results are
fairly inconclusive in that replacing devices 1, 2, or 3 should yield the same
probability of device failure. If we experiment with n = 10,000 runs, the
results are more definitive:
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>> ultrareliable6(10000,0.2)

ans =
8738 8762 8806 9135 8800 8796
>> >> ultrareliable6(10000,0.2)
ans =
8771 8795 8806 9178 8386 8875
>>

In both cases, it is clear that replacing component 4 maximizes the device
reliability. The somewhat complicated solution of Problem 2.4.4 will confirm
this observation.
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Problem Solutions — Chapter 3

Problem 3.2.1 Solution

(a) We wish to find the value of ¢ that makes the PMF sum up to one.

Py(n) = {0(1/2)” n=0,1,2 )

0 otherwise.
Therefore, 3°_, Px(n) = ¢ +¢/2 + ¢/4 = 1, implying ¢ = 4/7.
(b) The probability that N < 1 is
P[N<1=P[N=0+P[N=1=4/7+2/T=6/7.  (2)

Problem 3.2.3 Solution

(a) We choose ¢ so that the PMF sums to one.

ZPX($)25+2+§:%:1. (1)
Thus ¢ = 8/7. $

(b)
P[X:4]_PX(4):7%=§ (2)

(c)
P[X<4]:PX(2):%:% (3)

(d)
P[3<X<9]:PX(4)+PX<8):%+%:§ (4)
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Problem 3.2.5 Solution

(a) To find ¢, we apply the constraint ) Pn(n) = 1, yielding

i%—c<1+1+;) c(%).

n=1

Thus ¢ = 6/11.
(b) The probability that N is odd is

3 3

P [N is odd] = Py(1) + Py(3) :c<1+1) :C<§) _A

24

33

(2)

(c) We can view this as a sequential experiment: first we divide the file into
N packets and then we check that all N packets are received correctly.
In the second stage, we could specify how many packets are received
correctly; however, it is sufficient to just specify whether the N packets
are all received correctly or not. Using ), to denote the event that n

packets are transmitted and received correctly, we have

p : C1  oC
6/11_—~ N=1 r

I-p
p? Cy  oC
11
M=
1-p? a3
p3
2/11N N=3 Cs  oC
1—p3 C§

We see that

P[C]=P[Cy] 4+ P[Cy] + P [C4]

U T CRR R
11 11 11 11 '
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Problem 3.2.7 Solution

Note that N > 3 if we roll three rolls satisfying R; > 1, Ry > 2 and R3 > 3.

The tree for this experiment is

1/6_— =1 2/6 _—~ 1122 3/6_— 3<3

Ri1>1

Ro>2

5/6 4/6 3/6

We note that

5 4
PIN>3] =P[R > 1R >2, Ry >3] = oo oo = 1o

Problem 3.2.9 Solution

Ry>3 """

In Problem 3.2.8, each caller is willing to make 3 attempts to get through. An
attempt is a failure if all n operators are busy, which occurs with probability
g = (0.8)". Assuming call attempts are independent, a caller will suffer three
failed attempts with probability ¢> = (0.8)3". The problem statement requires

that (0.8)3" < 0.05. This implies n > 4.48 and so we need 5 operators.

Problem 3.2.11 Solution

(a) In the setup of a mobile call, the phone will send the “SETUP” message
up to six times. Each time the setup message is sent, we have a Bernoulli
trial with success probability p. Of course, the phone stops trying as
soon as there is a success. Using r to denote a successful response, and

n a non-response, the sample tree is

p T eK=1lp T eK=2p 7" eK=3p T eK=4p 1T eK=5p T eK=6

I-p

n e K=6



(b) We can write the PMF of K, the number of “SETUP” messages sent

(c)

(d)

as
(1—p)*1p k=1,2,...,5,
Pr(k) = q (1 =p°p+(1—=p)°=(1-p) k=6, (1)
otherwise.
Note that the expression for Pk(6) is different because K = 6 if either
there was a success or a failure on the sixth attempt. In fact, K = 6

whenever there were failures on the first five attempts which is why
Pk(6) simplifies to (1 — p)®.

Let B denote the event that a busy signal is given after six failed setup
attempts. The probability of six consecutive failures is P[B] = (1 —p)°.

To be sure that P[B] < 0.02, we need p > 1 — (0.02)/¢ = 0.479.

Problem 3.3.1 Solution

(a)

If it is indeed true that Y, the number of yellow M&M’s in a package,
is uniformly distributed between 5 and 15, then the PMF of Y, is

iy oy=56,7,...,15
Prly) = {0 otherwise (1)
PIY <10] = Py(5) + Py(6) +--- + Py(9) = 5/11. (2)
P[Y > 12] = Py (13) + Py (14) + Py (15) = 3/11. (3)

PR<Y <12 = Pr(8) 4+ Py (9) +---+ Py(12) =5/11.  (4)
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Problem 3.3.3 Solution

(a) Each paging attempt is an independent Bernoulli trial with success
probability p. The number of times K that the pager receives a message
is the number of successes in n Bernoulli trials and has the binomial
PMF

Dpk(1—p Tt k=0,1,...,n
Po(k) = (k)p ( 5 L ) 10y 1
i () {O otherwise. (1)

(b) Let R denote the event that the paging message was received at least
once. The event R has probability

P[Rl=P[B>0]=1-P[B=0]=1—-(1—-p)". (2)
To ensure that P[R] > 0.95 requires that n > In(0.05)/In(1 — p). For

p = 0.8, we must have n > 1.86. Thus, n = 2 pages would be necessary.

Problem 3.3.5 Solution

Whether a hook catches a fish is an independent trial with success probability
h. The the number of fish hooked, K, has the binomial PMF

"AF1 —h)™F k=0,1,...,m,
Py (k) = () ) . (1)
0 otherwise.

Problem 3.3.7 Solution

Each paging attempt is a Bernoulli trial with success probability p where a
success occurs if the pager receives the paging message.

(a) The paging message is sent again and again until a success occurs.
Hence the number of paging messages is N = n if there are n — 1 paging
failures followed by a paging success. That is, N has the geometric PMF

PN(n):{(l—p)”_lp n=12 ..., (1)

0 otherwise.
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(b) The probability that no more three paging attempts are required is
PIN<3]=1-P[N>3/=1-) Py(n)=1-(1-p)> (2

This answer can be obtained without calculation since N > 3 if the
first three paging attempts fail and that event occurs with probability
(1 — p)®. Hence, we must choose p to satisfy 1 — (1 — p)> > 0.95 or
(1 —p)? <0.05. This implies

p>1—(0.05)"3 ~ 0.6316. (3)

Problem 3.3.9 Solution

(a) K is a Pascal (5,p = 0.1) random variable and has PMF

Pett = (7 - = (M) oareare

(b) L is a Pascal (k = 33,p = 1/2) random variable and so its PMF is

= (' )= (1)) (%) )

(¢c) M is a geometric (p = 0.01) random variable, You should know that
that M has PMF

1-—p™'p m=12,...
0 otherwise.

Py (m) = { (3)
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Problem 3.3.11 Solution

(a) If each message is transmitted 8 times and the probability of a suc-
cessful transmission is p, then the PMF of N, the number of successful
transmissions has the binomial PMF

Pa(n) = {(i)p"(1—p)8—n n=0,1,...,8, O

0 otherwise.

(b) The indicator random variable I equals zero if and only if N = 8. Hence,
P[I=0=P[N=0]=1-P[I =1] (2)

Thus, the complete expression for the PMF of [ is

(1 - p)8 1= 07
Pr(i)=91-(1-p)® i=1, (3)
0 otherwise.

Problem 3.3.13 Solution

(a) Each of the four m&m’s is equally likely to be red or green. Hence the
number of red m&m'’s is a binomial (n = 4,p = 1/2) random variable
N with PMF

Pe = ()arram = (1) () 0

The probability of an equal number of red and green is
4 1 3
P[E]=P[N =2 = Pyx(2) = — ) == 2
Bl=riv =2 = e = () (5 ) = 5 ¢
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(b) In the bag of 64 m&m’s, each m&m is green with probability 1/2 so
that G is a binomial (n = 64, p = 1/2) random variable with PMF

reto) = (3 a2z = (O 3)

(c) This is similar to the number of geometric number number of trials
needed for the first success, except things are a little trickier because
the bag may have all red m&m’s. To be more clear, we will use r; and
g; to denote the color of the ith m&m eaten. The tree is

5 - 91 eR=0 5 -~ 92 eR=l 1 961 eR=63
1 LT T T64 eR—64

2

[NIES
[NIES

From the tree, we see that

and P[R = 64] = 27%. The complete PMF of R is

(1/2)* r=0,1,2,...,63,
Prp(r)=<(1/2)% r =64, (5)

0 otherwise.

Problem 3.3.15 Solution

The packets are delay sensitive and can only be retransmitted d times. For
t < d, a packet is transmitted ¢ times if the first ¢ — 1 attempts fail followed
by a successful transmission on attempt t. Further, the packet is transmitted
d times if there are failures on the first d — 1 transmissions, no matter what
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the outcome of attempt d. So the random variable T', the number of times
that a packet is transmitted, can be represented by the following PMF.

p(1—p)t t=12....d—1,
1L-p)=t t=d, (1)

Pr(t) =4 (
0 otherwise.

Problem 3.3.17 Solution

(a) Since each day is independent of any other day, P[WW33] is just the prob-
ability that a winning lottery ticket was bought. Similarly for P[Lg;]
and P[Ngg] become just the probability that a losing ticket was bought
and that no ticket was bought on a single day, respectively. Therefore

P(Wal =p/2,  PlLal=(1-p)/2.  PlNl=1/2. (1)

(b) Suppose we say a success occurs on the kth trial if on day k& we buy a
ticket. Otherwise, a failure occurs. The probability of success is simply
1/2. The random variable K is just the number of trials until the first
success and has the geometric PMF

Pr(k) = {(1/2)(1/2%-1 — (12 k=12, o

0 otherwise.

(c) The probability that you decide to buy a ticket and it is a losing ticket
is (1 — p)/2, independent of any other day. If we view buying a losing
ticket as a Bernoulli success, R, the number of losing lottery tickets
bought in m days, has the binomial PMF

"1 —p)/2]"[(1 2m" r=0,1,...
Palr) = {(»[( P+ =0l m,

0 otherwise.
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(d) Letting D be the day on which the j-th losing ticket is bought, we can
find the probability that D = d by noting that j — 1 losing tickets must
have been purchased in the d — 1 previous days. Therefore D has the
Pascal PMF

d—1 ' d—j -
=01 — p)/2Y[(1 )i 4= 1,...
Po(d) = {<]_1>[< p)/2V[(1+p)/2 Jid+ L, n

0 otherwise.

Problem 3.3.19 Solution

Since a and b are positive, let K be a binomial random variable for n trials
and success probability p = a/(a + b). First, we observe that the sum of over
all possible values of the PMF of K is

ZPK >

(1)) Gh)
Z;&wa ‘ (1)
Since > ;_, Pr(k) = 1, we see that
(a+b)" = (a+b)" Z Py (k 1:0 (Z) afprr, (2)

Problem 3.4.1 Solution
Using the CDF given in the problem statement we find that

(a) P[Y < 1] =0 and P[Y < 1] = 1/4.

(b)
Py >2=1-P[Y <2/ =1-1/2=1/2. (1)
PlY >2/=1-P[Y <2]=1-1/4=3/4. (2)
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PlY =3]=F(3")-F(37) =1/2

(3)

PlY >3] =1— Fy(3)=0. (4)

(d) From the staircase CDF of Problem 3.4.1, we see that Y is a discrete
random variable. The jumps in the CDF occur at at the values that
Y can take on. The height of each jump equals the probability of that

value. The PMF of YV is

Py (y)

Problem 3.4.3 Solution

1/4
1/4
1/2
0

y - 17
y=2,
B (5)
y - I
otherwise.

(a) Similar to the previous problem, the graph of the CDF is shown below.

F,0
cooo
(@) NN Yo Noo) ol

Fx(x)

(b) The corresponding PMF of X is

Px(l')

0.4
0.4
0.2
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0.8 5<z <7,
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T =3
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Problem 3.4.5 Solution

Since mushrooms occur with probability 2/3, the number of pizzas sold before
the first mushroom pizza is N = n < 100 if the first n pizzas do not have
mushrooms followed by mushrooms on pizza n + 1. Also, it is possible that
N =100 if all 100 pizzas are sold without mushrooms. the resulting PMF is

(1/3)"(2/3) n=0,1,...,99,
Py(n) =< (1/3)10 n = 100, (1)

0 otherwise.

For integers n < 100, the CDF of N obeys

n

Fy(n) = Z Py(i) = (1/3)'(2/3) =1 (1/3)"*". (2)

=0

A complete expression for Fy(n) must give a valid answer for every value of n,
including non-integer values. We can write the CDF using the floor function
| 2] which denote the largest integer less than or equal to X. The complete
expression for the CDF is

0 x <0,
Fy(z)=<1—(1/3)l1+1 0 <2 < 100, (3)
1 x > 100.

Problem 3.4.7 Solution

In Problem 3.2.6, we found the PMF of Y. This PMF, and its corresponding
CDF are

1—p y =0, 0 y <0,
v () 2 y—2 v (y) L 1<y<2, (1)
0 otherwise, 1 y > 2.
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For the three values of p, the CDF resembles

1 1 1
< 075 — < 075 _'—, < 075
:L’>- 0.5 I>- 0.5 :‘L’>- 0.5
0.25 0.25 0.25_’—’_
0 0 0
-1 0 1 2 3 -1 0 1 2 3 -1 0 1 2 3
y y y
p=1/4 p=1/2 p=3/4

Problem 3.5.1 Solution

For this problem, we just need to pay careful attention to the definitions of
mode and median.

(a) The mode must satisfy Px(Zmoq) > Px(x) for all z. In the case of the
uniform PMF, any integer 2’ between 1 and 100 is a mode of the random
variable X. Hence, the set of all modes is

Ximod = {1,2,...,100} . (1)

(b) The median must satisfy P[X < zpeq] = P[X > Zyeq]. Since

P[X <50]=P[X >51]=1/2. (2)
we observe that r,.q = 50.5 is a median since it satisfies
P[X < Zmed] =P [X > &ped] = 1/2. (3)

In fact, for any 2’ satisfying 50 < 2’ < 51, P[X < 2] = P[X > 2| =
1/2. Thus,

Xnea = {]50 < z < 51} . (4)
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Problem 3.5.3 Solution

(a) J has the Poisson PMF

tje*t/j! 7=0,1,2,...,
P;(7) =
70) {O otherwise.

It follows that

09=P[J>0=1-P;(0)=1—-¢" = t=1In(10)=2.3.

(b) For k=0,1,2,..., Pg(k) = 10¥e~*°/k!. Thus
P [K = 10] = Px(10) = 10"% ' = 0.1251.

(¢) L is a Poisson (« = E[L] = 2) random variable. Thus its PMF is

Py(l) = 2le”2/l! 1=0,1,2,...,
A 0 otherwise.

It follows that

P[L < 1] = Pr(0) + Pr(1) = 3e~% = 0.406.

Problem 3.5.5 Solution

(a) Each packet transmission is a Bernoulli trial with success probability
0.95 and X is the number of packet failures (received in error) in 10
trials. Since the failure probability is p = 0.05, X has the binomial

(n = 10, p = 0.05) PMF

Px(z) = (f) (0.05)%(0.95)0*.

50

(1)



(b) When you send 12 thousand packets, the number of packets received
in error, Y, is a binomial (n = 12000, p = 0.05) random variable. The
expected number received in error is E[Y] = np = 600 per hour, or
about 10 packets per minute. Keep in mind this is a reasonable figure

if you are an active data user.

Problem 3.5.7 Solution
From the solution to Problem 3.4.2, the PMF of X is

02 z=-1
05 =0
Px@) =303 2-1

0 otherwise.

The expected value of X is

ZxPX —1(0.2) 4+ 0(0.5) + 1(0.3) = 0.1.

Problem 3.5.9 Solution
From Definition 3.6, random variable X has PMF

Py (z) = {(x)(l/Q) r=0,1,2,3,4,

0 otherwise.

The expected value of X is

= Z xPx (z)

X]
SO ERC HESEHERE e

=[4+124+12+4]/2" =2.
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Problem 3.5.11 Solution
K has expected value E[K] =1/p = 11 and PMF
1—p*p k=12,...
PK(k>:{( p)"p 2, )

0 otherwise.

(a) From these facts,
P[K =E[K]] = Px(11) = (1 —p)"p
= (10/11)*°(1/11) = 10" /11" = 0.035.

=12
=p(1=p)" + (1 =p)"* +--]
=p(l=p)" 1+ A =p)+ (1 =p)*+-]
=(1-p)" = (10/11)" = 0.3505. (2)
The answer (1 —p)!! can also be found by recalling that K > 11 if and

only if there are 11 failures before the first success, an event which has
probability (1 — p)!L.

()
P[K <E[K]]=1-P[K > E[KH
—1—(P[K =E[K]]+P[K > E[K]])
::1._((10/11y0(1/11)%—(10/11)”)
— 1 (10/11)". (3)

Note that (10/11)° is the probability of ten straight failures. As long
as this does NOT occur, then K < 11.
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Problem 3.5.13 Solution

The following experiments are based on a common model of packet trans-
missions in data networks. In these networks, each data packet contains a
cylic redundancy check (CRC) code that permits the receiver to determine
whether the packet was decoded correctly. In the following, we assume that
a packet is corrupted with probability € = 0.001, independent of whether any
other packet is corrupted.

(a) Let X = 1 if a data packet is decoded correctly; otherwise X = 0.
Random variable X is a Bernoulli random variable with PMF

0.001 =0,
Px(z) =<0.999 z=1, (1)
0 otherwise.

The parameter ¢ = 0.001 is the probability a packet is corrupted. The
expected value of X is

E[X]=1—¢=0.999. (2)

(b) Let Y denote the number of packets received in error out of 100 packets
transmitted. Y has the binomial PMF

100 100—
(0.001)¥(0.999) v y=0,1,...,100,
Ry =4\ . 0
0 otherwise.

The expected value of Y is
E[Y] = 100e = 0.1. (4)

(c¢) Let L equal the number of packets that must be received to decode 5
packets in error. L has the Pascal PMF

PL(l) = {(’;1) (0.001)5(0.999)° [ = 5,6, ..,

0 otherwise.

(5)
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The expected value of L is

) 5
E|Ll = - = —— = 5000. 6
IZ] e 0.001 (©6)

(d) If packet arrivals obey a Poisson model with an average arrival rate of

1000 packets per second, then the number N of packets that arrive in
5 seconds has the Poisson PMF

{5000"6—5000/n! n=01,...,

Px(n) =
() 0 otherwise.

(7)
The expected value of N is E[N] = 5000.

Problem 3.5.15 Solution

In this "double-or-nothing” type game, there are only two possible payoffs.
The first is zero dollars, which happens when we lose 6 straight bets, and the
second payoff is 64 dollars which happens unless we lose 6 straight bets. So
the PMF of Y is

(1/2)°=1/64 y =0,
Pr(y) = {1 - (1/2)° = 63/64 y = 64, (1)
0 otherwise.

The expected amount you take home is
E[Y] =0(1/64) + 64(63/64) = 63. (2)

So, on the average, we can expect to break even, which is not a very exciting
proposition.

Problem 3.5.17 Solution

(a) Since you ignore the host, you pick your suitcase and open it. The tree
1s
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C —
1/4 100 eR=100

1/4 Ca200 ®R=200

1/4 Ca00 ®R=400

1/4
Csoo eR=800

The PMF of R is just

Pa(r) 1/4 r =100, 200, 400, 800,
’[" =
r 0 otherwise.

The expected value of R is

1
EWL:E:H%@):Zum}+%0+ﬂm+8m):3%. (2)

T

(b) In this case, the tree diagram is

1/2__ Ca00 eR=200

1/4 C100 1 Oua00 72 Csoo eR=800
1/2 Ci00 ®R=100
1/4__ Caoo L— O400 73— Cso0 eR=800
1/4 = Caoo L — Oa00 1/2 Cio0 eR=100
1/2 7 Csoo eR=800
1/4 Cs00 1 O200 1/2 C100 eR=100

1/2 Ca00 eR=400

All eight outcomes are equally likely. It follows that

r [100 200 400 800
Pr(r)|3/8 1/8 1/8 3/8
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The expected value of R is

E[R] = 2(100) + é(?OO +400) + 2(800) — 4125, (3)

You can do better by making your decision whether to switch to one
of the unopened suitcases depend on what suitcase the host opened.
In particular, studying the tree from part (b), we see that if the host
opens the $200 suitcase, then your originally chosen suitcase is either
the $400 suitcase or the $800 suitcase. That is, you learn you have
already picked one of the two best suitcases and it seems likely that you
would be better to not switch. On the other hand, if the host opens the
$400 suitcase, then you have learned that your original choice was either
the $100 or $200 suitcase. In this case, switching gives you a chance
to win the $800 suitcase. In this case switching seems like a good idea.
Thus, our intuition suggests that

e switch if the host opens the $400 suitcase;

e stay with your original suitcase if the host opens the $200 suitcase.

To verify that our intuition is correct, we construct the tree to evaluate
this new switching policy:

1/2 _ Cs99 eR=200

1/4 C100 1 Ou400 72 Cgo0 ®R=800
1/2__ Cio0 eR=100

1/4 Ca00 1 O400 /2 Cgoo eR=800

1/4 Caoo L 0300 1 stay eR=400

1/4

/ Cs00 1 O200 1 stay eR=800
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It follows that

r [100 200 400 800
Pr(r)|1/8 1/8 1/4 1/2

The expected value of R is
1 1 1
B[R] = £(100 + 200) + 7(400) + (800) = 537.5. (4)

Problem 3.5.19 Solution
By the definition of the expected value,

B0 =3 (") - 0

r=1

—4w§: e @

With the substitution ' = z — 1, we have

_an( ) (1—p *x_npsznlx_np. (3)

-~

1

The above sum is 1 because it is the sum of a binomial random variable for
n — 1 trials over all possible values.

Problem 3.5.21 Solution

(a) A geometric (p) random variable has expected value 1/p. Since R is a
geometric random variable with E[R] = 100/m, we can conclude that
R is a geometric (p = m/100) random variable. Thus the PMF of R is

- {(1 — m/100) "1 (m/100) r=1,2,... O

0 otherwise.

PR<T
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(b) From the problem statement, E[R] = 100/m. Thus
1
E[W] = E[5mE] = 5m E [R] = 5m—2 — 500. @)

m

(c¢) She wins the money if she does work W > 1000, which has probability

P IV > 1000] = P [5mR > 1000] = P [R > @] (3)

m

Note that for a geometric (p) random variable X and an integer z,

P[X > z] = ZPX

T=x0
=1=-p)" p(L+1-p)+1-p)*+-)
= (1 _p)mo—l. (4)
Thus for the geometric (p = m/100) random variable R,
200 200 m \ [ ]-
N R

where [z] denotes the smallest integer greater than or equal to .

As a function of m, the probability of winning is an odd sawtooth
function that has a peak each time 200/m is close to an integer. Here
is a plot if you’re curious:

0 10 20 30 40 50 60 70 80 90 100
m

o
N

P[W: 1000]
o

o

It does happen to be true in this case that P[I¥ > 1000] is maximized
atm=1. Form=1,

P [W > 1000] = P [R > 200] = (0.99)'° = 0.1353. (6)
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Problem 3.6.1 Solution
From the solution to Problem 3.4.1, the PMF of Y is

1/4 y=1,
1/4 y=2,

SXOES SN 1
0 otherwise.

(a) Since Y has range Sy = {1,2, 3}, the range of U = Y?is Sy = {1,4,9}.
The PMF of U can be found by observing that

PU=ul=P[Y’=u]=P[Y =Vu]+P[Y ==Vu]. (2

Since Y is never negative, Py(u) = Py(y/u). Hence,

(
PU(l) =Py (1) =1/4, (3)
Py(4) = Py(2) = 1/4, (4)
Py (9) = Py (3) = 1/2. (5)
For all other values of u, Py(u) = 0. The complete expression for the
PMF of U is
1/4 u=1,
1/4 u=4
P = ’ 6
v (u) 1/2 u=09, (6)
0 otherwise.

(b) From the PMF, it is straightforward to write down the CDF

0 u<l1,
1/4 1<u<4,
1/2 4<u<9,
1 u > 9.

FU(U) =
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(c) From Definition 3.13, the expected value of U is

ZuPU 1(1/4) 4+ 4(1/4) +9(1/2) = 5.75.

From Theorem 3.10, we can calculate the expected value of U as

EU=E[Y?] =) P (y)

= 1%(1/4) +2*(1/4) + 3%*(1/2) = 5.75.

As we expect, both methods yield the same answer.

Problem 3.6.3 Solution
From the solution to Problem 3.4.3, the PMF of X is

04 z=-3,
04 x =25,
Px@) =302 z—7

0 otherwise.

(a) The PMF of W = —X satisfies

Py (w) =P [-X = w|] = Px(—w).

This implies

Py (=7) = Px(7)=0.2
Py(=5)=Px(5) =04
Pw(3) = Px(—3) = 0.4.
The complete PMF for W is

0.2 w=-T1,
04 w=-5
P = ’

W)=Y 04 wos

0 otherwise.
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(b) From the PMF, the CDF of W is

0 w < =7,
0.2 _T<w<_5
Fuy (w) = = ) 7
w(w) =106 5<w<3, (M
1 w > 3.

(c¢) From the PMF, W has expected value

EW] =) wPy(w)=-7(02) + —5(0.4) + 3(0.4) = —2.2.  (8)
Problem 3.6.5 Solution

(a) The source continues to transmit packets until one is received correctly.
Hence, the total number of times that a packet is transmitted is X = x
if the first x — 1 transmissions were in error. Therefore the PMF of X
1s

¢ Hl—q) z=1,2,...,
Px(e) = {0 otherwise. (1)
(b) The time required to send a packet is a millisecond and the time required
to send an acknowledgment back to the source takes another millisec-
ond. Thus, if X transmissions of a packet are needed to send the packet
correctly, then the packet is correctly received after T = 2X — 1 mil-
liseconds. Therefore, for an odd integer t > 0, T' =t iff X = (¢t +1)/2.
Thus,

V21 —-¢q) t=1,3,5,...,

Pr(t) = Px((t+1)/2) = {0 (2)

otherwise.
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Problem 3.6.7 Solution

(a) A student is properly counted with probability p, independent of any
other student being counted. Hence, we have 70 Bernoulli trials and N
is a binomial (70, p) random variable with PMF

Pt = () )= p )

(b) There are two ways to find this. The first way is to observe that
P[U=u|=P[N =70—u| = Py(70 — u)

70 70— 70—(70—
— ul] — (70—u)
(70 B u)p (1-p)

= (V)a-mre )

We see that U is a binomial (70,1 — p). The second way is to argue
this directly since U is counting overlooked students. If we call an over-
looked student a “success” with probability 1 — p, then U, the number
of successes in n trials, is binomial (70,1 — p).

(c)

PU>2=1-PU <2
=1—(Py(0)+ Py(1))
=1—(p" +70(1 = p)p™). (3)

(d) The binomial (n = 70,1 — p) random variable U has E[U] = 70(1 — p).
Solving 70(1 — p) = 2 yields p = 34/35.
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Problem 3.7.1 Solution

Let W,, equal the number of winning tickets you purchase in n days. Since
each day is an independent trial, W, is a binomial (n,p = 0.1) random
variable. Since each ticket costs 1 dollar, you spend n dollars on tickets
in n days. Since each winning ticket is cashed for 5 dollars, your profit after
n days is

X, = 5W,, —n. (1)
It follows that
E[X, =5E[W,] —n=5bnp—n=(5p—1)n=—n/2. (2)
On average, you lose about 50 cents per day.

Problem 3.7.3 Solution

Whether a lottery ticket is a winner is a Bernoulli trial with a success probabil-
ity of 0.001. If we buy one every day for 50 years for a total of 50-365 = 18250
tickets, then the number of winning tickets 7" is a binomial random variable
with mean

E [T] = 18250(0.001) = 18.25. (1)

Since each winning ticket grosses $1000, the revenue we collect over 50 years
is R = 10007 dollars. The expected revenue is

E[R] = 1000 E[T] = 18250. (2)

But buying a lottery ticket everyday for 50 years, at $2.00 a pop isn’t cheap
and will cost us a total of 18250 - 2 = $36500. Our net profit is then Q =
R — 36500 and the result of our loyal 50 year patronage of the lottery system,
is disappointing expected loss of

E[Q] = E[R] — 36500 = —18250. (3)
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Problem 3.7.5 Solution

Given the distributions of D, the waiting time in days and the resulting cost,
C, we can answer the following questions.

(a) The expected waiting time is simply the expected value of D.
4
E[D] =) d-Pp(d) =1(0.2) +2(0.4) + 3(0.3) + 4(0.1) = 2.3. (1)
d=1

(b) The expected deviation from the waiting time is
E[D — pp] =E[D] = E[pa] = pp — pp = 0. (2)

(c) C can be expressed as a function of D in the following manner.

90 D=1,
0 D=2

CPI=V40 D=3 @)
10 D=4,

(d) The expected service charge is

E[C] = 90(0.2) + 70(0.4) + 40(0.3) + 40(0.1) = 62 dollars.  (4)

Problem 3.7.7 Solution

As a function of the number of minutes used, M, the monthly cost is

20 M < 30
C(M) = {20 + (M —30)/2 M > 30 )
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The expected cost per month is

= i C(m) Py (m
m=1

= S0Py (m) 3 20+ (m — 30)/2) Py (m)

m=31
o 1 o0
- zomzz1 Pas(m) + 5 W;l(m — 30) Py (m) . (2)
Since " | Py(m) =1 and since Py (m) = (1 —p)™ 'p for m > 1, we have
_ 1-p* < m—31
B[C] =20+ mz_;l(m 30)(1 — p)™*'p. (3)

Making the substitution j = m — 30 yields

BlC) =20+ 30i Sy 29 LR (4)
= i1 p= T

Problem 3.7.9 Solution

We consider the cases of using standard devices or ultra reliable devices sep-
arately. In both cases, the methodology is the same. We define random
variable W such that W = 1 if the circuit works or W = 0 if the circuit is
defective. (In the probability literature, W is called an indicator random vari-
able.) The PMF of W depends on whether the circuit uses standard devices
or ultra reliable devices. We then define the revenue as a function R(W) and
we evaluate E[R(WW)].

The circuit with standard devices works with probability (1 — ¢)!° and
generates revenue of k dollars if all of its 10 constituent devices work. In this
case, W = W, has PMF

1_(1_Q)10 U)ZO,
Py, (w) =4 (1-¢)" w =1, (1)
0 otherwise.
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In addition, let Ry denote the profit on a circuit with standard devices. We
observe that we can we can express R as a function 74(W5):

—10 Wy =0,

2
k—10 W,=1. @)

Rs - TS(WS) = {

Thus we can express the expected profit as

B[R ] = E[rs(W)]

= ZPws(w)Ts(w)
— Py, (0) (~10) + Ry, (1) (k — 10)
=(1—-(1—-¢)")(-10)+ (1 —¢)*k —10) = (0.9)*k —10.  (3)

To examine the circuit with ultra reliable devices, let W = W, indicate
whether the circuit works and let R, = r,(W,) denote the profit on a circuit
with ultrareliable devices. W, has PMF

L= (1= g/2" w=0,
Py, (w) = ¢ (1 —q/2)"° w =1, (4)
0 otherwise.

The revenue function is

a_wuwm—{;T% Wy )
Thus we can express the expected profit as
B[R] = E[r(W.)]
=Y P, (w)ry(w)
= P, (0) (=30) + Pw, (1) (k — 30)
= (1= (1-¢/2)"")(=30) + (1 — ¢/2)""(k — 30)
= (0.95)'°% — 30. (6)
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Now we can compare E[R;| and E[R,,] to decide which circuit implementation
offers the highest expected profit. The inequality E[R,] > E[R,], holds if and
only if

k> 20/[(0.95)' — (0.9)"] = 80.21. (7)

So for k < $80.21 using all standard devices results in greater revenue, while
for k > $80.21 more revenue will be generated by implementing the circuit
with all ultra-reliable devices. That is, when the price commanded for a
working circuit is sufficiently high, we should build more-expensive higher-
reliability circuits.

If you have read ahead to Section 7.1 and learned about conditional expected
values, you might prefer the following solution. If not, you might want to
come back and review this alternate approach after reading Section 7.1.

Let W denote the event that a circuit works. The circuit works and gen-
erates revenue of k dollars if all of its 10 constituent devices work. For each

implementation, standard or ultra-reliable, let R denote the profit on a device.
We can express the expected profit as

E[R] = P[W]E[R|W] + P [W°|E[RWF]. 8)

Let’s first consider the case when only standard devices are used. In this
case, a circuit works with probability P[WW] = (1 —¢)'. The profit made on a
working device is k — 10 dollars while a nonworking circuit has a profit of -10
dollars. That is, E[R|W] = k—10 and E[R|W*¢] = —10. Of course, a negative
profit is actually a loss. Using R, to denote the profit using standard circuits,
the expected profit is

B[R] =(1-¢)"°(k - 10) + (1 - (1 — ¢)"")(-10)
= (0.9)*k — 10. (9)
And for the ultra-reliable case, the circuit works with probability P[W] =

(1 —q/2)'%. The profit per working circuit is E[R|W] = k — 30 dollars while
the profit for a nonworking circuit is E[R|WW¢] = —30 dollars. The expected
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profit is

E[R.) = (1-¢/2)"(k —30) + (1 - (1 - ¢/2)"")(=30)
= (0.95)'% — 30. (10)

Not surprisingly, we get the same answers for E[R,| and E[Rg] as in the first
solution by performing essentially the same calculations. it should be apparent
that indicator random variable W in the first solution indicates the occurrence
of the conditioning event W in the second solution. That s, indicators are a
way to track conditioning events.

Problem 3.7.11 Solution

(a) There are (466) equally likely winning combinations so that

1 1

47 T 9,366,819

~1.07 x 107" (1)

(b) Assuming each ticket is chosen randomly, each of the 2n — 1 other
tickets is independently a winner with probability ¢. The number of
other winning tickets K, has the binomial PMF

(an—l)qk(l _q)Qn—l—k k:O,17...,2TL— 1,

0 otherwise.

Px. (k) = { (2)

Since the pot has n + r dollars, the expected amount that you win on

your ticket is

E[V]zO(l—q)—l—qE{
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Note that E[1/K,, + 1] was also evaluated in Problem 3.7.10. For com-
pleteness, we repeat those steps here.

2n—1
1 1 @2n-1 .
E - 1— g™
{KﬁJ ; Friken—1—mid 179

2n—1

1 (2n)!
S = (k)20 — (k+1

A

By factoring out 1/¢, we obtain

1 1 X</ 2n
E _ K+l _ g)2n—(k+1)
|:Kn+1:| 2nq Z <k+1>q (1=4)

k=0
2n
1 2n\ . )
= — I(1 — q)?" . 5
2nqj:1(j)q( q) (5)

N

A
We observe that the above sum labeled A is the sum of a binomial

PMF for 2n trials and success probability ¢ over all possible values
except j = 0. Thus A =1— (3")¢°(1 — ¢)>*°, which implies

B 1 B A 71—(1—(])2"
K,+1| 2ng 2ngq '

(6)
The expected value of your ticket is

g(n+r)[l —(1—q)

Blvl= 2nq

_ % (1+)n--a™. (7)

Each ticket tends to be more valuable when the carryover pot r is large
and the number of new tickets sold, 2n, is small. For any fixed number n,
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corresponding to 2n tickets sold, a sufficiently large pot r will guarantee
that E[V] > 1. For example if n = 107, (20 million tickets sold) then

E[V] = 0.44 (1 + 1%) . 8)

If the carryover pot r is 30 million dollars, then E[V] = 1.76. This
suggests that buying a one dollar ticket is a good idea. This is an
unusual situation because normally a carryover pot of 30 million dollars
will result in far more than 20 million tickets being sold.

So that we can use the results of the previous part, suppose there were
2n — 1 tickets sold before you must make your decision. If you buy
one of each possible ticket, you are guaranteed to have one winning
ticket. From the other 2n — 1 tickets, there will be K, winners. The
total number of winning tickets will be K,, + 1. In the previous part we
found that

9)

Let R denote the expected return from buying one of each possible
ticket. The pot had r dollars beforehand. The 2n — 1 other tickets are
sold add n — 1/2 dollars to the pot. Furthermore, you must buy 1/q
tickets, adding 1/(2¢) dollars to the pot. Since the cost of the tickets is
1/q dollars, your expected profit

E[ 1 }:1—(1—(;)%_

K,+1 2nq

L [r+n—1/24+1/(29) 1
E[R]_E[ — }_5
Cq2r+2n-1)+1 1 1
N 2q E[Kn+1} q
_ [q(2r+2n—1)+ 12](1 -(1-9) 1 (10)
dng q

For fixed n, sufficiently large r will make E[R] > 0. On the other hand,
for fixed r, lim, ., E[R] = —1/(2¢). That is, as n approaches infinity,
your expected loss will be quite large.
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Problem 3.8.1 Solution
Given the following PMF

0.2 n=0,
0.7 n=1,
Pv(n) =901 noo

0 otherwise,

the calculations are straightforward:
(a) E[N] = (0.2)0+ (0.7)1 + (0.1)2 = 0.9.
(b)
(c) Var[N]| = E[NQ] —E[N]?=1.1-(0.9)? = 0.29.
(d) on = /Var[N] = /0.29.

Problem 3.8.3 Solution
From the solution to Problem 3.4.2, the PMF of X is

E[N?] = (0.2)0% + (0.7)12 + (0.1)22 = 1.1.

0.2 z=-1,
05 z=0,
Px(@) =003 »-1

0 otherwise.

The expected value of X is
ZxPX —1)(0.2) + 0(0.5) + 1(0.3) = 0.1.

The expected value of X? is

= 2’Px(z) = (—=1)°(0.2) + 0*(0.5) + 1°(0.3) = 0.5.

The variance of X is

Var[X] = E [X?] — (E[X])* = 0.5 — (0.1)* = 0.49.
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Problem 3.8.5 Solution

(a) The expected value of X is

B[] = ixpx<x>
o518 (oo
= [4+12+12+4]/2* = 2. (1)

The expected value of X? is

E[X?] = ixQPX(x)
2=0
(e (e ()
=[4+24+36+16]/2" = 5. (2)
The variance of X is
Var[X] =E [X?] - (E[X])*=5-2"=1. (3)
Thus, X has standard deviation ox = \/W[X] = 1.

(b) The probability that X is within one standard deviation of its expected
value is

Plux —ox <X <px+ox] =P2-1<X <2+1]
—P[1<X<3. (4)

This calculation is easy using the PMF of X:
P[1 <X <3| =Px(1l)+ Px(2)+ Px(3) =17/8. (5)
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Problem 3.8.7 Solution

For Y = aX + b, we wish to show that Var[Y] = a? Var[X]. We begin by
noting that Theorem 3.12 says that E[aX + b = a E[X] + b. Hence, by the
definition of variance.

Var[Y] =E [(aX +b— (aE[X] +1))]
= E [o*(X — E[X])’]
@B [(X —E[X))7]. 0
Since E[(X — E[X])?] = Var[X], the assertion is proved.

Problem 3.8.9 Solution

With our measure of jitter being o7, and the fact that 7' = 2X — 1, we can
express the jitter as a function of ¢ by realizing that

4q
Var|T'| = 4 Var| X| = : 1
1) = 4VarlX] = = s @
Therefore, our maximum permitted jitter is
23
or = = 2 ms. 2
=) )

Solving for ¢ yields ¢> — 3¢ + 1 = 0. By solving this quadratic equation, we
obtain

’ iz\/g —3/2+5/2. (3)

Since ¢ must be a value between 0 and 1, we know that a value of ¢ =
3/2 —/5/2 ~ 0.382 will ensure a jitter of at most 2 milliseconds.

Problem 3.8.11 Solution

The standard deviation can be expressed as
op = /Var[D] = \/E[D?] - E[DP?, (1)
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where
4
E[D* =) d’Pp(d) =02+ 1.6+2.7+1.6=6.1. (2)
d=1

So finally we have

op =6.1—-232=10.81=0.9. (3)

Problem 3.9.1 Solution

For a binomial (n,p) random variable X, the solution in terms of math is

Lvar]
P[Ey = )  Px(2%). (1)

=0

In terms of MATLAB, the efficient solution is to generate the vector of per-
fect squares x = [0 1 4 9 16 ...] and then to pass that vector to the
binomialpmf.m. In this case, the values of the binomial PMF are calculated
only once. Here is the code:

function g=perfectbinomial(n,p);
i=0:floor(sqrt(n));

x=i."2;

g=sum(binomialpmf (n,p,x));

For a binomial (100,0.5) random variable X, the probability X is a perfect
square is

>> perfectbinomial(100,0.5)

ans =
0.0811
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Problem 3.9.3 Solution

Recall that in Example 3.27 that the weight in pounds X of a package and
the cost Y = g(X) of shipping a package were described by

0.15 z=1,2,3,4,
Px(z)=<0.1 x=5,6,7,8,
0 otherwise,

%shipcostpmf.m

sx=(1:8)";

px=[0.15%ones(4,1); ...
0.1*ones(4,1)];

gx=(sx<=5b) .* ...

(105*sx-5*(sx.72)) ...
+ ((sx>5).%500);
sy=unique(gx)’
py=finitepmf (gx,px,sy)’

Here is the output:

105X — 5X?2
500

1< X <5,
6< X < 10.

(1)

{

The shipcostpmf script on the left cal-
culates the PMF of Y. The vector gx is
the mapping ¢(z) for each x € Sx. In
gx, the element 500 appears three times,
corresponding to = 6, x 7, and
x 8. The function sy=unique(gx)
extracts the unique elements of gx while
finitepmf (gx,px,sy) calculates the prob-
ability of each element of sy.

>> shipcostpmf
sy =
100 190 270 340 400 500
py =
0.15 0.15 0.15 0.15 0.10 0.30

Problem 3.9.5 Solution
Suppose X, is a Zipf (n,a = 1)

PX(ZL’) = {

random variable and thus has PMF

c(n)/z
0

r=12,...,n,

(1)

otherwise.

The problem asks us to find the smallest value of k such that P[X,, < k] >

0.75.

That is, if the server caches the k most popular files, then with
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P[X,, < k| the request is for one of the k cached files. First, we might as
well solve this problem for any probability p rather than just p = 0.75. Thus,
in math terms, we are looking for

k=min{K'|P[X, < K] > p}. (2)

What makes the Zipf distribution hard to analyze is that there is no closed
form expression for

c(n) = <Z %) : (3)

Thus, we use MATLAB to grind through the calculations. The following simple
program generates the Zipf distributions and returns the correct value of k.

function k=zipfcache(n,p);

%Usage: k=zipfcache(n,p);

%for the Zipf (n,alpha=1) distribution, returns the smallest k
%such that the first k items have total probability p
pmf=1./(1:n);

pnf=pmf/sum(pmf); %normalize to sum to 1

cdf=cumsum (pmf) ;

k=1+sum(cdf<=p);

The program zipfcache generalizes 0.75 to be the probability p. Although
this program is sufficient, the problem asks us to find k for all values of n
from 1 to 103!. One way to do this is to call zipfcache a thousand times to
find k for each value of n. A better way is to use the properties of the Zipf
PDF. In particular,

P[X, <k Z—: (n) (4)

Thus we wish to find

k:mm{msk,) Zp} :min{mcél) > %} (5)




Note that the definition of k implies that

cé/)<%, =1, k1 (6)

Using the notation |A| to denote the number of elements in the set A, we can
write

e= e ki < o | g

This is the basis for a very short MATLAB program:

function k=zipfcacheall(n,p);

%Usage: k=zipfcacheall(n,p);

%returns vector k such that the first
%k(m) items have total probability >= p
%for the Zipf(m,1) distribution.
c=1./cumsum(1l./(1:n));
k=1+countless(1l./c,p./c);

Note that zipfcacheall uses a short MATLAB program countless.m that is
almost the same as count .m introduced in Example 3.40.If n=countless(x,y),
then n(i) is the number of elements of x that are strictly less than y (i) while
count returns the number of elements less than or equal to y(i).

In any case, the commands

k=zipfcacheall(1000,0.75);
plot(1:1000,k);

is sufficient to produce this figure of k as a function of m:
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We see in the figure that the number of files that must be cached grows slowly
with the total number of files n.

Finally, we make one last observation. It is generally desirable for MATLAB
to execute operations in parallel. The program zipfcacheall generally will
run faster than n calls to zipfcache. However, to do its counting all at once,
countless generates and n x n array. When n is not too large, say n < 1000,
the resulting array with n? = 1,000,000 elements fits in memory. For much
larger values of n, say n = 10° (as was proposed in the original printing of
this edition of the text, countless will cause an “out of memory” error.

Problem 3.9.7 Solution

We can compare the binomial and Poisson PMFs for (n,p) = (100,0.1) using
the following MATLAB code:

x=0:20;

p=poissonpmf (100,x) ;
b=binomialpmf (100,0.1,x);
plot(x,p,x,b);

For (n,p) = (10,1), the binomial PMF has no randomness. For (n,p) =
(100, 0.1), the approximation is reasonable:
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1 0.2
08 0.5
06
01
0.4
02 005
0 0
0 5 10 15 20 0 5 10 15 20
(a) n=10,p=1 (b) n=100,p = 0.1

Finally, for (n,p) = (1000, 0.01), and (n,p) = (10000, 0.001), the approxima-
tion is very good:

0.2 0.2
0.15 0.15
0.1 0.1
0.05 0.05
0 0
0 5 10 15 20 0 5 10 15 20
(a) n = 1000, p = 0.01 (b) n = 10000, p = 0.001

Problem 3.9.9 Solution

For the PC version of MATLAB employed for this test, poissonpmf (n,n)
reported Inf for n = n* = 714. The problem with the poissonpmf function
in Example 3.37 is that the cumulative product that calculated n*/k! can
have an overflow. Following the hint, we can write an alternate poissonpmf
function as follows:
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function pmf=poissonpmf (alpha,x)
%Poisson (alpha) rv X,
%out=vector pmf: pmf(i)=P[X=x(i)]
x=x(1);
if (alpha==0)
pmf=1.0%(x==0) ;
else
k=(1:ceil(max(x)))’;
logfacts =cumsum(log(k));
pb=exp([-alpha;

-alpha+ (kxlog(alpha))-logfacts]);
okx=(x>=0) . *(x==floor(x));
X=0KX.*X;
pmf=okx.*pb(x+1) ;

end

%pmf (1)=0 for zero-prob x(i)

By summing logarithms, the intermediate terms are much less likely to over-
flow.

80



Problem Solutions — Chapter 4

Problem 4.2.1 Solution
The CDF of X is

0 T < —1,
Fx(z) =< (x+1)/2 —1<uz<]1, (1)
1 z > 1.

Each question can be answered by expressing the requested probability in
terms of Fiy(z).

(a)
P[X >1/2]=1-P[X < 1/2]
—1- Fy(1/2) =1—3/4=1/4. 2)

(b) This is a little trickier than it should be. Being careful, we can write
P[-1/2< X <3/4=P[-1/2 < X <3/4]
+P[X=-1/2]-P[X =3/4]. (3)

Since the CDF of X is a continuous function, the probability that X
takes on any specific value is zero. This implies P[X = 3/4] = 0 and
P[X = —1/2] = 0. (If this is not clear at this point, it will become clear
in Section 4.7.) Thus,
P[-1/2< X <3/4] =P[-1/2 < X < 3/4]
= Fx(3/4) — Fx(—1/2) =5/8. (4)

P[|X]|<1/2] =P[-1/2 < X < 1/2]
—P[X <1/2 - P[X < -1/2]. (5)
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Note that P[X <1/2] = Fx(1/2) = 3/4. Since the probability that
P[X =-1/2] =0, P[X < —1/2] = P[X <1/2]. Hence P[X < —1/2] =
Fx(—1/2) = 1/4. This implies
P[X]<1/2]=P[X <1/2]-P[X < —1/2]
—3/4—1/4=1/2. (6)

(d) Since Fx(1) =1, we must have a < 1. For a < 1, we need to satisfy

a+1_
5=

P[X <a] = Fx(a) = 0.8. (7)

Thus a = 0.6.

Problem 4.2.3 Solution

(a) By definition, [nx]| is the smallest integer that is greater than or equal
to nx. This implies nz < [nz] < nz + 1.

(b) By part (a),

That is,
1
L (2)
n n
This implies
1
xﬁlim( w<lima:—|— =z (3)
n—oo N n—00 n
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(c) In the same way, |nx] is the largest integer that is less than or equal
to nz. This implies nz — 1 < |nz| < nz. Tt follows that

nr—1 _ |nx] o ne

< 4
n T n n ( )
That is,
1
x——SLnIJSx (5)
n n
This implies
1
lim oz — — =2 < lim Mﬂgx (6)
n—o00 n n—00 n

Problem 4.3.1 Solution

fx(x) = (1)

cx 0<z <2,
0  otherwise.

(a) From the above PDF we can determine the value of ¢ by integrating
the PDF and setting it equal to 1, yielding

2
/ cxdr =2c=1. (2)
0
Therefore ¢ = 1/2.
(b) P0< X <1]= [ Zda=1/4.

2

(c) P[-1/2< X <1/2] = [M* 2 dz = 1/16.

0o 2
(d) The CDF of X is found by integrating the PDF from 0 to z.

. 0 x <0,
Fx(x) :/o [x(@)da' =< 2?/4 0<2<2, (3)
1 x > 2.
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Problem 4.3.3 Solution

We find the PDF by taking the derivative of Fi (u) on each piece that Fy(u)
is defined. The CDF and corresponding PDF of U are

(

0 u < —9,
(u+5)/8 —5<u< -3,
Fy(u)=<1/4 —3<u<3, (1)
1/44+3(u—3)/8 3<u<h,
|1 u > b,

(0 u < —H,
1/8 —5<u< -3,

fo(w)=<0 —3<u<3, (2)
3/8 3<u <5,
\0 u > 5.

Problem 4.3.5 Solution
For x > 2,

fx(x) = (1/2) fa(x) = (c2/2)e™". (1)

The non-negativity requirement fx(x) > 0 for all = implies ¢; > 0. For
0 <z < 2, non-negativity implies

91 %250, 0<z<2 (2)
2 2
Since co > 0, we see that this condition is satisfied if and only if

(&1 C2 o
— + = >
9 5 e 0, (3)

which simplifies to ¢; > —cye™2. Finally the requirement that the PDF
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integrates to unity yields
1 [ 1 [
1 /[? 1 [
:—/ cld:t—I——/ coe Tdr
2 Jo 2 Jo

=1+ /2. (4)

Thus ¢; = 1 — ¢3/2 and we can represent our three constraints in terms of ¢y
as
ey >0, 1—cy/2 > —coe™. (5)

This can be simplified to

1
01:1—02/2, O§C2§m:2742 (6)

We note that this problem is tricky because fx(z) can be a valid PDF even
if ¢; <O.

Problem 4.4.1 Solution

0 otherwise.

fx(z) = {1/4 —lerss (1)

We recognize that X is a uniform random variable from [-1,3].

3+1)2

(a) E[X] =1 and Var[X] = @10 — 4/3

(b) The new random variable Y is defined as Y = h(X) = X?. Therefore
MELX]) = h(1) = 1 )

and

ER(X)=E[X*] =Var[X] +E[X]?=4/3+1=7/3.  (3)
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(c) Finally

3t 49 61 49
YI=E[XY —E[x)?= [ T gr- =2 22
Var [Y] [ ] [ ] 1 dx 9 : 5
Problem 4.4.3 Solution
The CDF of X is
0 x <0,
Fx(x)=qx/2 0<x<2,
1 x> 2.

(1)

(a) To find E[X], we first find the PDF by differentiating the above CDF.

fﬂ@_{wzogxgz

0 otherwise.

The expected value is then

/ —d:p:8/3

Var[X] ~B[X]*=8/3-1=5/3.

Problem 4.4.5 Solution
The CDF of Y is

0 y < —1,
Fy(y)=¢w+1)/2 -1<y<1,
1 y>1.
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(a) We can find the expected value of Y by first differentiating the above
CDF to find the PDF

2 —1<y <,
frly) = {O otherwise. @)
It follows that
BY]= [ w/2dy=0, (3)
(b)
E[Y?] = 1%;dy::1/3, (4)
Var[Y] =E [V -E[Y]’=1/3-0=1/3. (5)

Problem 4.4.7 Solution

To find the moments, we first find the PDF of U by taking the derivative of
Fy(u). The CDF and corresponding PDF are

(

0 u < —h,

(u+5)/8 5<u< -3,
Fy(u)=41/4 —-3<u<3, (1)

1/44+3(u—3)/8 3<u<h,

\1 u > 5.

(0 u< -5,
1/8 —5<u< -3,

fulu) =<0 -3 <u<3, (2)
3/8 3<u<h,
0 u > 5.
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(a) The expected value of U is

E[U]:/_ZufU(u) du:/_jgdqu/:%udu

-3 5
U2

~ 16

-5

(b) The second moment of U is

00 -3 ,,2 53 2
E [U?] :/ u? fur (u) du:/ %du—i—/ %du
o -5 3

5
—49/3.

3

_3+ u3
8

US

T

—5
The variance of U is Var[U] = E[U?] — (E[U])? = 37/3.

(c) Note that 2V = 2V This implies that

1 24
U oy — (In2)u du = —— (In2)u _ =
/ Y /6 " In 26 In2

The expected value of 2V is then

E[2Y] = /OO 2" fu(u) du

-3 Qu 5 3.9u
:/ —du+/ du
5 8 P
ou |7 3.9ul® 2307
— = = 13.001.
8In2 75—’_811123 256 1n 2
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Problem 4.5.1 Solution

Since Y is a continuous uniform (a = 1,b = 5) random variable, we know

that
1/4 1<y<5,
— 1
Fry) {0 otherwise, (1)
and that
_a+b _(b—a)2_4
E[Y]= 5 = 3, Var[Y] = o~ 3 (2)

With these facts, the remaining calculations are straightforward:
(a) PY >E[Y]]=P[Y >3] = [[ Ldy=1L.

(b) P[Y < Var[Y]] = P[X <4/3] = [}/* Lay = .

1 2

Problem 4.5.3 Solution

The reflected power Y has an exponential (A = 1/F,) PDF. From Theo-
rem 4.8, E[Y] = P,. The probability that an aircraft is correctly identified
is

<1
PlY > B = / —e VP gy =L, (1)
py 10
Fortunately, real radar systems offer better performance.

Problem 4.5.5 Solution
An exponential (\) random variable has PDF

fX(I)_{/\e‘”” x>0, Q

0 otherwise,

and has expected value E[Y] = 1/\. Although A was not specified in the
problem, we can still solve for the probabilities:
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(a) P[Y > E[Y]] :/ Ae Mdy = —e ) =€
/A /
(b) Py >2E[Y]] :/ Ne M dy = —e M| =7
2/A /

Problem 4.5.7 Solution

Since Y is an Erlang random variable with parameters A = 2 and n = 2, we
find in Appendix A that

= 2 '

0 otherwise.

(a) Appendix A tells us that E[Y] =n/\ = 1.
(b) Appendix A also tells us that Var[Y] =n/\? = 1/2.
(c) The probability that 1/2 <Y < 3/2 is
3/2 3/2
PI2SY <3/2)= | i) dy= / L)

This integral is easily completed using the integration by parts formula
[udv=uv— [vdu with

u =2y, dv = 2e~%,
du = 2dy, v=—e W,

Making these substitutions, we obtain

3/2
P[1/2<Y <3/2) = —2ye™|}) + / 2~ dy
1/2

=2e ! —4e73 = 0.537. (3)
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Problem 4.5.9 Solution

Since U is a continuous uniform random variable with E[U] = 10, we know
that « = 10 is the midpoint of a uniform (a,b) PDF. That is, for some
constant ¢ > 0, U is a continuous uniform (10 — ¢, 10 4 ¢) random variable
with PDF

1/(2¢) 10—c<u<10+c,
fol) = /(2¢) '
0 otherwise.

This implies

izpw>1m: () du

12

10+c

1 10 -12 1 1

R e
12 2c 2c 2 c

This implies 1/¢ = 1/4 or ¢ = 4. Thus U is a uniform (6, 14) random variable

with PDF
1/8 6 <u<14,
ful) = { /8 bsus

0 otherwise.

It follows that

9 9
P[U<9]—/ fU(u)du—/6 %du—%

Problem 4.5.11 Solution

For a uniform (—a, a) random variable X,
Var[X] = (a — (—a))?/12 = a*/3. (1)

Hence P[|X| < Var[X]] = P[|X]| < ¢?/3]. Keep in mind that

(mu»:{V@@ —a<z<a, 2

0 otherwise.
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If a®/3 > a, that is a > 3, then we have P[|X| < Var[X]] = 1. Otherwise, if

a < 3,

a?/3
P[|X]| < Var[X]] = P [|X] < a*/3] :/ —dxr =a/3.

*0,2/3 2&

Problem 4.5.13 Solution
Given that

0 otherwise,

e /2 g
{3 720

2
Pl1<X <2 = / (1/2)e 2 dx = e Y2 — e7! = 0.2387.
1

(b) The CDF of X may be be expressed as

Fy(x) 0 x <0, 0 r <0,
xT) = =
* Jo/2)e 2 dr x>0, 1—e? >0

(¢c) X is an exponential random variable with parameter a = 1/2.

Theorem 4.8, the expected value of X is E[X] =1/a = 2.

(d) By Theorem 4.8, the variance of X is Var[X] = 1/a? = 4.

Problem 4.5.15 Solution
Let X denote the holding time of a call. The PDF of X is

T)e T
= {1 20

0 otherwise.
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We will use Ca(X) and Cp(X) to denote the cost of a call under the two
plans. From the problem statement, we note that C4(X) = 10X so that
E[C4(X)] = 10E[X] = 107. On the other hand

Cp(X) =99+ 10(X —20)T, (2)
where y™ = y if y > 0; otherwise y™ = 0 for y < 0. Thus,
E[Cp(X)] =E [99 + 10(X — 20)7]
=99+ 10E [(X —20)7]
=99+ 10E [(X —20)"|X < 20] P[X < 20]
+10E [(X —20)*|X > 20] P[X > 20].

(3)
Given X < 20, (X — 20)* = 0. Thus E[(X — 20)*|X < 20] = 0 and
E[CR(X)] =99 + 10E[(X — 20)|X > 20] P [X > 20]. (4)
Finally, we observe that P[X > 20] = ¢72/" and that
E[(X — 20)|X > 20] = 7 (5)

since given X > 20, X — 20 has a PDF identical to X by the memoryless
property of the exponential random variable. Thus,
E[Cp(X)] =99 4 107e 20/ (6)

Some numeric comparisons show that E[Cp(X)] < E[Ca(X)] if 7 > 12.34
minutes. That is, the flat price for the first 20 minutes is a good deal only if
your average phone call is sufficiently long.

Problem 4.5.17 Solution

For an Erlang (n, A) random variable X, the kth moment is
E [X*] :/ o* fx () dt
0

00 \n . .n+k—1 —1)! 00 yn+k, .nt+k—1
:/ At et = (n+k )/ AT e~ Mdt. (1)
o (m—1) MNe(m=1! Jy (n+k—1)!

1
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The above integral equals 1 since it is the integral of an Erlang (n + k, \)
PDF over all possible values. Hence,

i n+k—1)!
E[X}_%. )

This implies that the first and second moments are

E[X]:LI

n (n+1)! (n+1)n
(n—1)Ix X

E[X2]:A2(n—1)!_ v

It follows that the variance of X is n/\2.

Problem 4.5.19 Solution

For n = 1, we have the fact E[X] = 1/ that is given in the problem state-
ment. Now we assume that E[X""!] = (n—1)!/A\""!. To complete the proof,
we show that this implies that E[X"| = n!/A\". Specifically, we write

B[X"] = / P d. (1)
0
Now we use the integration by parts formula [udv = uwv— [vdu with u = 2™
and dv = \e ™ dz. This implies du = nz" ' dr and v = —e~** so that
E [Xn] — " f/\x|0 / nxnflef)\x dx
0

=0+ E/ 2"\ dx
A Jo
n
= —E[X"1]. 2
g [ o
By our induction hyothesis, E[X"™1] = (n — 1)!/A"~! which implies

E[X"] = nl/\". (3)
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Problem 4.6.1 Solution

Given that the peak temperature, T, is a Gaussian random variable with mean
85 and standard deviation 10 we can use the fact that Fi(t) = ®((t —ur)/or)

and Table 4.2 on page 143 to evaluate:

P[T > 100] =1 — P[T < 100]
=1 — Fp(100)

% 100 — 85
10

— 1 ®(1.5) = 1 — 0.933 = 0.066,
60 — &5
PIT <60l =&
T < 60] ( - )
= @(—2.5) =1— @(2.5) =1-.993 =0.007,
P70 < T < 100] = Fr(100) — Fr(70)
= ®(1.5) — ®(—1.5) = 2B(1.5) — 1 = .866.

Problem 4.6.3 Solution
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PX<u+1=P[X —u<1]

—p {X; k< ﬂ
— ®(1/0) = $(0.5) = 0.692. (3)

P[Y > 65 =1—P[Y <65
Y — 50 65—50}
<

10 — 10
=1—®(1.5) =1 —0.933 = 0.067. (4)

:1_P{

Problem 4.6.5 Solution
Your body temperature 7" (in degrees Fahrenheit) satisfies

T —98.6 - 100 — 98.6
0.4 0.4

P[T > 100] =P } =Q(3.5)=232x10"% (1)
According to this model, if you were to record your body temperature every
day for 10,000 days (over 27 years), you would expect to measure a temper-
ature over 100 perhaps 2 or 3 times. This seems very low since a 100 degree
body temperature is a mild and not uncommon fever. What this suggests is
that this is a good model for when you are healthy but is not a good model
for when you are sick. When you are healthy, 2 x 10~* might be a reasonable
value for the probability of an elevated temperature. However, when you are
sick, you need a new model for body temperatures such that P[7T" > 100] is
much higher.

Problem 4.6.7 Solution

X is a Gaussian random variable with zero mean but unknown variance. We
do know, however, that

P[|X|<10] =0.1. (1)
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We can find the variance Var[X| by expanding the above probability in terms
of the ®(-) function.

P[-10 < X < 10] = Fx(10) — Fx(—10) = 2 (E) ~ 1. (2)

ox

This implies ®(10/0x) = 0.55. Using Table 4.2 for the Gaussian CDF, we
find that 10/ox = 0.15 or ox = 66.6.

Problem 4.6.9 Solution

Moving to Antarctica, we find that the temperature, T is still Gaussian but
with variance 225. We also know that with probability 1/2, T" exceeds —75
degrees. First we would like to find the mean temperature, and we do so by
looking at the second fact.

P[T>—75]—1—P[T§—75]—1—@(451—;/”) =12 (1)

By looking at the table we find that if ®(x) = 1/2, then 2 = 0. Therefore,

o (_751—;”) —1/2 2)

implies that (=75 — pr)/15 = 0 or upr = —75. Now we have a Gaussian T’
with expected value —75 and standard deviation 15. So we are prepared to
answer the following problems:

P[T>0]=0Q (%ﬁ) =Q((5)=287x10"", (3)

P [T < —100] = Fr(—100) = @ (#g@)

= ®(—5/3) =1 — ®(5/3) = 0.0478. (4)
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Problem 4.6.11 Solution

We are given that there are 100,000,000 men in the United States and 23,000
of them are at least 7 feet tall, and the heights of U.S men are independent
Gaussian random variables with mean 5'10”.

(a)

Let H denote the height in inches of a U.S male. To find ox, we look
at the fact that the probability that P[H > 84] is the number of men
who are at least 7 feet tall divided by the total number of men (the
frequency interpretation of probability). Since we measure H in inches,
we have

P[H >

84]

23,000 70 — 84
) @ (

= = = 0.00023. 1
100,000,000 ) 0.00023 (1)

0x
Since ¢(—z) =1 — ¢(z) = Q(x),

Q(14/ox) =2.3-107% (2)
From Table 4.3, this implies 14/0x = 3.5 or ox = 4.
The probability that a randomly chosen man is at least 8 feet tall is

96 — 70
4

Pl =96 -Q (") = (o5 3)

Unfortunately, Table 4.3 doesn’t include Q(6.5), although it should be
apparent that the probability is very small. In fact, MATLAB will cal-
culate Q(6.5) = 4.0 x 10711,

First we need to find the probability that a man is at least 7°6”.

P[Hz901=@(90;70) —QB)~3- 10T =8 (4)

Although Table 4.3 stops at (4.99), if you're curious, the exact value
is Q(5) = 2.87- 10"
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Now we can begin to find the probability that no man is at least 7°6”.
This can be modeled as 100,000,000 repetitions of a Bernoulli trial with
parameter 1 — 3. The probability that no man is at least 7'6” is

(1- 5)100,000,000 — 04 %1014 (5)

(d) The expected value of N is just the number of trials multiplied by the
probability that a man is at least 7°6”.

E [N] = 100,000,000 - 8 = 30. (6)

Problem 4.6.13 Solution

First we note that since W has an N[u, 02| distribution, the integral we wish
to evaluate is

o0 1 o0
I:/ fw(w) dw = \/W/ e (w29 gy, (1)

(a) Using the substitution x = (w — p)/o, we have dr = dw/c and

1 & 2
= — e 2 dg. 2
V2T /_oo ( )

(b) When we write I? as the product of integrals, we use y to denote the
other variable of integration so that

1 [> . 1>
(g o) (G [ o)

1 & & 2 2
:%/_Oo/_ooe(x /2 g dy. (3)

(c) By changing to polar coordinates, 2% + y* = r? and dx dy = r dr df so

that
1 27 e’}
I’=— e 2r dr df
2w Jo 0
1 27 0o 1 27
= — —{Wﬂwz—/dhm (4)
21 Jo 0 2m Jo



Problem 4.6.15 Solution

This problem is mostly calculus and only a little probability. The result is a
famous formula in the analysis of radio systems. From the problem statement,
the SNR Y is an exponential (1/7) random variable with PDF

e~ v/
fr(y) = {(” M y 20, 1)

0 otherwise.

Thus, from the problem statement, the BER is

P. = E[P.(Y)] = / T QW Iy () dy

- | awmteray ©)

Like most integrals with exponential factors, its a good idea to try integration
by parts. Before doing so, we recall that if X is a Gaussian (0,1) random
variable with CDF Fx(x), then

Qx) =1— Fx(x). (3)
It follows that Q(z) has derivative
Q’(x):M:_M:_fX(x) — _ 1 e—x2/2 (4)

dx dx v 2T

To solve the integral, we use the integration by parts formula

b b
/udv:uv\Z—/ vdu, (5)

U = Q(\/@)u dv = %e—y/w dy, (6)

du = Q'(v/29) \/127, _ —jS_y, b= eV, (7)

where
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From integration by parts, it follows that

. o0
P, = uv|8°—/ vdu
0

= —Q(\/2y)e y/'y / \/_e —y+A/] gy
1 o .
=0+ Q(0)e™° — N y e dy, (8)
0

where 7 = /(1 + 7). Next, recalling that Q(0) = 1/2 and making the
substitution ¢ = y/%, we obtain

— 1 1[5 [
P,=—-— —\/E/ 2t . (9)
2 2Vm7 )

From Math Fact B.11, we see that the remaining integral is the I'(z) function
evaluated z = 1/2. Since I'(1/2) = /T,

?e:%—%\/gf(lﬂ):%[l—\/ﬂ:%{1— T (o)

Problem 4.6.17 Solution

First we recall that the stock price at time ¢ is X, a uniform (k — ¢,k + t)
random variable. The profit from the straddle is R’ = 2d — (V + W) where

V=(k-X)%, W= (X-k)". (1)
To find the CDF, we write

Fr(r) =P[R <r]=P[2d — (V+ W) <]
—P[V+W>2d—1]. 2)

Since V + W is non-negative,

Fp(r)=PV+W>2d—-1r]=1, r > 2d. (3)
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Now we focus on the case r < 2d. Here we observe that V> 0 and W > 0
are mutually exclusive events. Thus, for 2d —r > 0,
Fr(r)=P[V>2d—r|+P[W>2d—r|=2P[W >2d—1r]. (4)
since W and V' are identically distributed. Since W = (X —k)* and 2d—r > 0,
PW>2d—r]=P[(X —k)">2d—r]
=P[X —Fk>2d—r]
B {0 (2d —r) > t,
| EEE (2d-r) <t

We can combine the above results in the following statement:

0 r<2d-—t,
Fri(r)=2P[W >2d—r| = { =280 2d — ¢ <r < 2d, (6)
1 r > 2d.

The PDF of R’ is

fr(r) = (7)

L 2d—t<r<2d,
0 otherwise.

It might appear that this is a good strategy since you may expect to receive
a return of E[R’] > 0 dollars; however this is not free because you assume the
risk of a significant loss. In a real investment, the PDF of the price X is not
bounded and the loss can be very very large. However, in the case of this
problem, the bounded PDF for X implies the loss is not so terrible. From
part (a), or by examination of the PDF fr/(r), we see that
. Ad—t
E[R] = 5
Thus E[R'] > 0 if and only if d > ¢/4. In the worst case of d = t/4, we
observe that R’ has a uniform PDF over (—¢/2,¢/2) and the worst possible
loss is t/2 dollars. Whether the risk of such a loss is worth taking for an
expected return E[R’] would depend mostly on your financial capital and your
investment objectives, which were not included in the problem formulation.
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Problem 4.7.1 Solution

(a) Using the given CDF

PX <—1]=Fx(-17) = (1)
PX <—-1]= F(—):—1/3+1/3_O (2)

Where Fx(—17) denotes the limiting value of the CDF found by ap-
proaching —1 from the left. Likewise, Fx(—1") is interpreted to be the
value of the CDF found by approaching —1 from the right. We notice
that these two probabilities are the same and therefore the probability
that X is exactly —1 is zero.

(b)
P[X <0]=Fx(07) =1/3, (3)
P[X < 0] = Fx(0) = 2/3. (4)

Here we see that there is a discrete jump at X = 0. Approached from
the left the CDF yields a value of 1/3 but approached from the right
the value is 2/3. This means that there is a non-zero probability that
X =0, in fact that probability is the difference of the two values.

PX=0=P[X<0-P[X<0/=2/3-1/3=1/3.  (5)

P0<X <1]=Fx(l)— Fx(0") =1-2/3=1/3, (6)
P0<X <1]=Fx(1)— Fx(07)=1-1/3=2/3. (7)

The difference in the last two probabilities above is that the first was
concerned with the probability that X was strictly greater then 0, and
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the second with the probability that X was greater than or equal to
zero. Since the the second probability is a larger set (it includes the
probability that X = 0) it should always be greater than or equal to
the first probability. The two differ by the probability that X = 0,
and this difference is non-zero only when the random variable exhibits
a discrete jump in the CDF.

Problem 4.7.3 Solution

(a) By taking the derivative of the CDF Fx(z) given in Problem 4.7.2, we
obtain the PDF

(1)

fea) fotl) p /44220 1< <,
x =
X 0 otherwise.

(b) The first moment of X is

E[X] :/fox(x) dx

1
= ‘r/4|z:—1 + ‘7‘2/8‘_1 + x/4|z:1
= —1/4+0+1/4=0. 2)

(¢) The second moment of X is

E [X?] = /00 2 fx (z) do

2+ a2l ]
—1/4+1/6+1/4=2/3. (3)

Since E[X] = 0, Var[X| = E[X?] = 2/3.
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Problem 4.7.5 Solution

The PMF of a geometric random variable with mean 1/p is

p(l—p)* 1 x=1,2...,
P = 1
x() {0 otherwise. (1)

The corresponding PDF is

Problem 4.7.7 Solution

The professor is on time 80 percent of the time and when he is late his arrival
time is uniformly distributed between 0 and 300 seconds. The PDF of T is

0.85(t—0)+ 22 (<t <300,
oty = 0Ot am D=1 = ()
0 otherwise.
The CDF can be found be integrating
0 t<—1,
Fr(t) =408+ 8 0 <t <300, (2)
1 t > 300.

Problem 4.7.9 Solution

The professor is on time and lectures the full 80 minutes with probability 0.7.
In terms of math,

P [T =80 =0.7. (1)

Likewise when the professor is more than 5 minutes late, the students leave
and a 0 minute lecture is observed. Since he is late 30% of the time and given
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that he is late, his arrival is uniformly distributed between 0 and 10 minutes,
the probability that there is no lecture is

P [T = 0] = (0.3)(0.5) = 0.15 (2)

The only other possible lecture durations are uniformly distributed between
75 and 80 minutes, because the students will not wait longer then 5 minutes,
and that probability must add to a total of 1—0.7—0.15 = 0.15. So the PDF
of T' can be written as

0.156(¢) t=0,

0.03 75 <7< 80
t) = = ’ 3
fr(t) 0.75(t — 80) ¢ = 80, ®)
0 otherwise.

Problem 4.8.1 Solution
Taking the derivative of the CDF Fy(y) in Quiz 4.2, we obtain

fr(y) = {1/4 O<ys<4 1)

0 otherwise.

We see that Y is a uniform (0, 4) random variable. By Theorem 6.3, if X is a
uniform (0, 1) random variable, then Y = 4.X is a uniform (0,4) random vari-
able. Using rand as MATLAB’s uniform (0, 1) random variable, the program
quiz31rv is essentially a one line program:

function y=quiz31rv(m)

%hUsage y=quiz31lrv(m)

%Returns the vector y holding m
%samples of the uniform (0,4) random
Y%variable Y of Quiz 3.1
y=4*rand(m,1) ;
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Problem 4.8.3 Solution

By Theorem 4.9, if X is an exponential (\) random variable, then K = [ X]|
is a geometric (p) random variable with p = 1 — e=*. Thus, given p, we can
write A = —In(1 — p) and [X] is a geometric (p) random variable. Here is
the MATLAB function that implements this technique:

function k=georv(p,m);
lambda= -log(1-p);
k=ceil (exponentialrv(lambda,m));

To compare this technique with that use in geometricrv.m, we first examine
the code for exponentialrv.m:

function x=exponentialrv(lambda,m)
x=-(1/lambda) *log(1l-rand(m,1));

To analyze how m = 1 random sample is generated, let R = rand(1,1).
In terms of mathematics, exponentialrv(lambda,1) generates the random
variable

In(1 — R)
X=——75 M

For A = —In(1 — p), we have that
In(1 — R)
In(1 - p)

This is precisely the same function implemented by geometricrv.m. In short,
the two methods for generating geometric (p) random samples are one in the

K= x]= [ (2)

samme.

107



Problem Solutions — Chapter 5

Problem 5.1.1 Solution

(a) The probability P[X < 2]Y < 3] can be found be evaluating the joint
CDF Fxy(z,y) at x =2 and y = 3. This yields

PIX<2Y <3 =Fxy(23)=(1-e?(1-e?) (1)

(b) To find the marginal CDF of X, Fx(z), we simply evaluate the joint
CDF at y = oo.

l—e™ x>0,

0 otherwise.

Fx(l’> = nyy(.l’,OO) = { (2)

(c) Likewise for the marginal CDF of Y, we evaluate the joint CDF at
X = o0.

I—e™ ?/207

0 otherwise.

Fy(y) = Fxy(00,y) = { (3)

Problem 5.1.3 Solution
We wish to find P[z; < X <asUy; <Y < ys]. We define events

so that P[A U B] is the probability of observing an X, Y pair in the “cross”
region. By Theorem 1.4(c),

P[AUB] =PI[A] + P[B] — P[AB] 2)
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Keep in mind that the intersection of events A and B are all the outcomes such
that both A and B occur, specifically, AB = {x; < X < z9,y1 <Y <y} Tt

follows that

PAUB]|=Plz; < X <a3]+Ply; <Y <y
—Plog <X < 29,10 <Y <o)

By Theorem 5.2,

Plz; <X <o,y <Y < g9
= Fxy(72,92) — Fxy(v2,51) — Fxy(21,92) + Fxy(z1,91) .

Expressed in terms of the marginal and joint CDFs,

P[AU B] = Fx(x2) — Fx(z1) + Fy (y2) — Fy (y1)
— Fxy(z2,12) + Fxy (22, %)
+ Fxy(x1,142) — Fxy(x1,41) -

Problem 5.1.5 Solution

In this problem, we prove Theorem 5.2 which states

Plo) < X < w9,y <Y <o) = Fxy(22,y2) — Fxy(z2,y1)

— Fxy(z1,92) + Fxy(z1,y1) -

(a) The events A, B, and C are

~
~
~
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(b) In terms of the joint CDF Fx y(z,y), we can write

P[A] = Fxy(z1,92) — Fxy (21, 11), (3)
P[B] = Fxy(v2,y1) — Fxy(71,41), (4)
P[AUBUC] = Fxy(22,95) — Fxy(x1,1) . (5)

(c) Since A, B, and C' are mutually exclusive,
P[AUBUC]=P[A]+P[B]+P|[C]. (6)
However, since we want to express
P[Cl=Plr; < X <x9,1n <Y < ) (7)
in terms of the joint CDF Fyy(x,y), we write

P[C]=P[AUBUC| —P[A]—P[B]
= Fxy(22,92) — Fxy(®1,92) — Fxy (w2, y1) + Fxy(z1,91), (8)

which completes the proof of the theorem.

Problem 5.2.1 Solution

In this problem, it is helpful to label points with nonzero probability on the
X, Y plane:

Yy PX,Y(xv y)

S N W
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(a) We must choose ¢ so the PMF sums to one:
>Y Py =c Y Yy
rz=1,2,4y=1,3 z=1,24 y=1,3
=c[1(1+3)+2(1+3)+4(1+3)] =28c. (1)
Thus ¢ = 1/28.

(b) The event {Y < X} has probability
PY <X]= > > Pxy(z,y)

r=1,2,4 y<zx

100) +2(1) +4(1+3) 18

N 28 S @)

(c) The event {Y > X} has probability
PIY>X]= Y > Pxy(z,y)

r=1,2,4 y>x
_13)+2(3)+4(0) 9 (3)
B 28 28
(d) There are two ways to solve this part. The direct way is to calculate

Py=xl= Y Y Py = 2O Ly

z=1,2,4 y=x

The indirect way is to use the previous results and the observation that
PY=X]=1-P[Y <X|-P[Y > X]
=1-18/28 —9/28 = 1/28. (5)

111



Problem 5.2.3 Solution

Let r (reject) and a (accept) denote the result of each test. There are four
possible outcomes: r7,ra,ar, aa. The sample tree is

p T err p
p T <
1 a era p(l-p)

P r ear p(l—p)
1=p™> <
1 a (1-p)2

Now we construct a table that maps the sample outcomes to values of X and

Y.
outcome | P[] |X|Y
T p? 111
ra p(l—p)| 11]0
ar p(1—p)| 0] 1
aa (1—p)3| 010
This table is esentially the joint PMF Px y(z,y).
(p? r=1ly=1,
Pxy(z,y)={p(l—p) z=1y=0,
(1-p)? 2=0y=0,
0 otherwise.

Problem 5.2.5 Solution

As the problem statement says, reasonable arguments can be made for the
labels being X and Y or x and y. As we see in the arguments below, the
lowercase choice of the text is somewhat arbitrary.
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e Lowercase axis labels: For the lowercase labels, we observe that we are
depicting the masses associated with the joint PMF Px y(z,y) whose
arguments are  and y. Since the PMF function is defined in terms of
x and y, the axis labels should be x and y.

o Uppercase azis labels: On the other hand, we are depicting the pos-
sible outcomes (labeled with their respective probabilities) of the pair
of random variables X and Y. The corresponding axis labels should
be X and Y just as in Figure 5.2. The fact that we have labeled the
possible outcomes by their probabilities is irrelevant. Further, since the
expression for the PMF Px y(z,y) given in the figure could just as well
have been written Px y(-,-), it is clear that the lowercase x and y are
not what matter.

Problem 5.2.7 Solution

(a) Using r, v, and n to denote the events that (r) Rutgers scores, (v)
Villanova scores, and (n) neither scores in a particular minute, the tree
is:

0.5 r e 010 R=2,V=0
0.10 R=1,V=1

0.5 r e 010 R=1V=1

v e 010 R=0,V=2
0.3 r e 018 R=1,V=0
0.6 n % v e 018 R=0,V=1
0.4 n e 024 R=0,V=0

From the leaf probabilities, we can write down the joint PMF of R and
V', taking care to note that the pair R = 1,V = 1 occurs for more than
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one outcome.
PRy(r,v)‘v:O v=1 v=2
r=20 0.24 0.18 0.1
r=1 0.18 0.2 0
r=2 0.1 0 0

mﬂzPuhﬂ4=§:my@w

= Pryv(0,0) + Prv(1,1)
=0.24+0.2=0.44. (1)

(c) By summing across the rows of the table for Pgy(r,v), we obtain
Pr(0) = 0.52, Pg(1) = 0.38, and Pg(r)2 = 0.1. The complete expresson
for the marginal PMF is

r o1 2
Pg(r)[0.52 0.38 0.10

(d) For each pair (R, V), we have G = R+ V. From first principles.

PG (0) = PR,V (07 0) = 0247 (2)
Pg(l) - PR,V(L 0) + PR’V(O, 1) == 036, (3)
Ps(2) = Ppy(2,0) + Pryv(1,1) + Pry(0,2) = 0.4. (4)
The complete expression is

024 ¢g=0,

0.36 g=1,
P = )
50 =010 e 9

0 otherwise.
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Problem 5.2.9 Solution

Each circuit test produces an acceptable circuit with probability p. Let
K denote the number of rejected circuits that occur in n tests and X is
the number of acceptable circuits before the first reject. The joint PMF,
P x(k,x) = P[K = k, X = z] can be found by realizing that { K = k, X = z}
occurs if and only if the following events occur:

A The first x tests must be acceptable.

B Test x + 1 must be a rejection since otherwise we would have = + 1
acceptable at the beginnning.

C' The remaining n — z — 1 tests must contain k& — 1 rejections.

Since the events A, B and C' are independent, the joint PMF for z + k£ < r,
z>0and k> 0is

n—x—1
KX\R,T)= D - P - D p
P (k ) x(l ) N ) (1 )klnml(k 1) (1>
~ —— —
PlA]  P[B] ~~ -
P[C]

After simplifying, a complete expression for the joint PMF is

("R — )kt k <njw >0,k >0,

0 otherwise.

PK,X(k,x) = { (2)

Problem 5.3.1 Solution
On the X, Y plane, the joint PMF Px y(z,y) is

Yy
4 PX,Y('T"vy>
3] ¥ &l
2
1 ¢ % (5
0 > L
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By choosing ¢ = 1/28, the PMF sums to one.

(a) The marginal PMFs of X and Y are

4/28 x=1,
8/28 x=
= Z PX,Y($7?J): ’
4 16/28 x =4,
0 otherwise,
7/28  y=1,
= 3 Puylay)={21/28 y=3,
=124 0 otherwise.

(b) The expected values of X and Y are

E[X]= )  aPx(z)=(4/28) +2(8/28) + 4(16/28) = 3,

r=1,2,4

= ) yPy(y) =7/28+3(21/28) = 5/2.

y=1,3

(¢) The second moments are

E[X?] = Z rPx(z)

r=1,2,4

= 1%(4/28) + 22(8/28) + 4%(16/28) = 73/1,
=Y yPy(y) =17(7/28) + 3°(21/28) = 7.

y=1,3

The variances are

Var[X] = E [X?] — (E[X])* = 10/7,
Var[Y] =E [Y?] — (E[Y])* = 3/4.

The standard deviations are ox = 1/10/7 and oy = /3/4.
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Problem 5.3.3 Solution

We recognize that the given joint PMF is written as the product of two
marginal PMFs Py(n) and Pg(k) where

100 100"e~ 1 g1
n)= Pyk(n, k) = nt A 1
) Z i (k) {O otherwise, (1)
100\, k 100—k
1—p) k=0,1,...,100
P (k) ()p'( 1,100,
Z e {O otherwise. @)

Problem 5.3.5 Solution
The joint PMF of N, K is

1-p)™'p/n k=1,2,....n
PNJ((’II,]{?): n:1,2..., (1)

0 otherwise.
For n > 1, the marginal PMF of N is

ZPNK n, k) Z( =p)"lpn=01-p)""p.  (2)

k=1

The marginal PMF of K is found by summing Py x(n, k) over all possible V.
Note that if K =k, then N > k. Thus,

=3 La- 3)

Unfortunately, this sum cannot be simplified.

Problem 5.4.1 Solution

3
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(a) The joint PDF of X and Y is
Y

! Y+ X=1

c z+y<l,z,y>0

0 otherwise.

Ixy(z,y) = {

1

To find the constant ¢ we integrate over the region shown. This gives

1—a
// cdydx—cx——

Therefore ¢ = 2.

:§:L (1)

(b) To find the P[X < Y] we look to integrate over the area indicated by
the graph
Y

1 X<Y 1/2 pl-z
0 T
1/2
= / (2 —4x)dx
X 0
I =1/2. (2)

(c) The probability P[X +Y < 1/2] can be seen in the figure. Here we can

set up the following integrals
Y

Y+X=1

1/2—x
P[X+Y§1/2]:/ / 2dydx
o Jo

1/2
= / (1 —2x)dx
I =1/2-1/4=1/4. (3)

Y+X=1%
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Problem 5.4.3 Solution
The joint PDF of X and Y is

6e~ (2239 1 >0,y >0
x,y) = - T 1
fxx(@y) {0 otherwise. (1)
(a) The probability that X >V is:
f X>v PX>Y]|= / / 6e~ 23 dy du
o Jo
:/ 2¢~ @ <—e’39‘yig> dx
0 v=
> X > —2z —5x
:/ 207 — 9% du = 3/5. (2)
0

The probability P[X +Y < 1] is found by integrating over the region
where X +Y < 1:

1 11—z
Y PX+Y <l1]= / / 6e~ 223 dy dx
A 0 0
1 1
X+r< 1 _ / 9p2¢ |:_e_3y‘yi1—x:| du
0 y=0
1
:/ 2e % [1 — 673(1’50)] dx
> X 0
1 — _67233_262:73‘(1]
=1+2e?—3e 2 (3)

(b) The event {min(X,Y’) > 1} is the same as the event {X > 1,Y > 1}.
Thus,

P [min(X,Y) > 1] = / / 6e~ T3 dy de = e~ (4)
1 1
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(c) The event {max(X,Y) < 1} is the same as the event {X <1,V <1}
so that

P max(X,Y) <1] = /01 /01 6e~ 23 dy de = (1 — e 2)(1 — e7?).
()

Problem 5.5.1 Solution
The joint PDF (and the corresponding region of nonzero probability) are
Y

A

1/2 —1<z<y<l,
= - 0T 1
« Y fxy(@:9) {O otherwise. M)

1 11 11_
P[X>O]:/ / —dyda::/ Tdr=1/4 (2)
0 T 2 0 2

This result can be deduced by geometry. The shaded triangle of the
X, Y plane corresponding to the event X > 0 is 1/4 of the total shaded
area.

(b) Forx >1oraz < —1, fx(z) =0. For =1 <z <1,

fX(a:):/_oo Fey (@ 1) dy:/ %dy:(l—x)/z (3)

The complete expression for the marginal PDF is

fX<x):{(1—x)/2 1<z<l, @

0 otherwise.
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(c¢) From the marginal PDF fx(x), the expected value of X is

E[X]:/ooxfx(a:) dx:%/lx(l—x)dx

—00 1

2 31

x x
4

1
= (5)

-1

Problem 5.5.3 Solution
X and Y have joint PDF

fX,Y(fan) = {

2 x+y§17'r7y20a

0 otherwise.

(1)

Using the figure to the left we can find the marginal
PDF's by integrating over the appropriate regions.

fX($)=/01_£2dy: {2(1_1’) 0<z<1,

0 otherwise.

Y+X=1

X
1

Likewise for fy(y):
fy(y):/l—ymx:{za—y) 0<y<1, )
0

0 otherwise.

Problem 5.5.5 Solution
The joint PDF of X and Y and the region of nonzero probability are
Y

! 5022 —1<a<1,0<y<a?

fxy(z,y) = {0 otherwise.

X (1)
- 1

We can find the appropriate marginal PDFs by integrating the joint PDF.
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(a) The marginal PDF of X is

* 52 52z4/2 —1<z<1
= —dy = - = 2
fx(2) /0 2 {0 otherwise. 2)
(b) Note that fy(y) =0fory >1ory<0. For 0 <y <1,
Y o0
1 fY(y) :/ fXY(ﬂC y) dx
VY
s A e e
<+ T T T >X 1 VY
S R = 5(1— 3/2>/3 (3)

The complete expression for the marginal CDF of Y is

fo ) = {5<1 —y¥)/3 0<y<1,

0 otherwise.

Problem 5.5.7 Solution
First, we observe that Y has mean py = aux + b and variance Var[Y] =
a® Var[X]. The covariance of X and Y is
Cov[X,Y]|=E[(X — ux)(aX +b—aux — b)]
=aE [(X — pux)?]
= a Var[X]. (1)
The correlation coefficient is
B Cov [X,Y] B a Var[X] _a
P = Nar X /VarlY] | /Var[X]/a Var[x]  Jal

When a > 0, pxy = 1. When a <0, pxy = —1.

(2)
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Problem 5.5.9 Solution

(a) The joint PDF of X and Y and the region of nonzero probability are
Y

1
cy 0<y<z<l,

0 otherwise.

fxy(z,y) = { (1)

1

(b) To find the value of the constant, ¢, we integrate the joint PDF over all

x and y.
o'} 00 1 T lch
|| s asay= [ [ eyayae= [ as
—o0 J —00 0 0 0 2
311
cr c
%, "6 @
0
Thus ¢ = 6.

(c) We can find the CDF Fx(z) = P[X < z| by integrating the joint PDF
over the event X < x. For z < 0, Fx(z) = 0. For z > 1, Fx(z) = 1.

For 0 <z <1,
Y
1 Fx(z) = / fxy (@' y') dy da
' <z
= / / 6y’ dy' dz’
o Jo
X x
x 1 = / 3(2")*da’ = 2°. (3)

0
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The complete expression for the joint CDF is

0 z<0,
Fx(z)=<2* 0<az<1, (4)
1 x>1.

(d) Similarly, we find the CDF of Y by integrating fx y(x,y) over the event
Y <y. Fory <0, Fy(y) =0 and for y > 1, Fy(y) =1. For 0 <y <1,

y Fy(y) = / Frv(@yf) dy do’
1

/<y
» //Gy dx’ dy
/Gy( y') dy
1 0

3y -2 =3 -2 (5)

M
Il

The complete expression for the CDF of Y is

0 y <0,
Fy(y)=q3y*—2y> 0<y<1, (6)
1 y > 1.

(e) To find P[Y < X/2], we integrate the joint PDF fxy(z,y) over the
region y < x/2.

1 pz/2
1 P[YSX/Q]—// 6y dy dx
X
1 /—dx—l/él (7)
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Problem 5.6.1 Solution

The key to this problem is understanding that “small order” and “big order”
are synonyms for W =1 and W = 5. Similarly, “vanilla”, “chocolate”, and
“strawberry” correspond to the events D = 20, D = 100 and D = 300.

(a) The following table is given in the problem statement.

vanilla choc. strawberry
small 1000 9 0.2
order
big 01 02 0.1
order

This table can be translated directly into the joint PMF of W and D.

Pyp(w,d) [ d=20 d=100 d=300
w=1 | 02 0.2 0.2 (1)
w="5 |01 0.2 0.1

(b) We find the marginal PMF Pp(d) by summing the columns of the joint
PMF. This yields

0.3 d=20,
04 d=100

Pp(d) = ’ 9

n(d) 0.3 d =300, @)

0 otherwise.

(c¢) To check independence, we calculate the marginal PMF

0.6 w=1,

3
0.4 w=>5, 3)

Pw(w) = Z Pwyp(w,d) = {

d=20,100,300
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and we check if Py p(w,d) = Py(w)Pp(d). In this case, we see that
Pw.p(1,20) = 0.2 # Py (1) Pp(20) = (0.6)(0.3). (4)

Hence W and D are dependent.

Problem 5.6.3 Solution

Flip a fair coin 100 times and let X be the number of heads in the first 75
flips and Y be the number of heads in the last 25 flips. We know that X and
Y are independent and can find their PMFs easily.

5
T

25
Yy

Pe() = (7)o r) = (T)apE

The joint PMF of X and N can be expressed as the product of the marginal
PMF's because we know that X and Y are independent.

Perte) = (7) () a2 )

z )

Problem 5.6.5 Solution
From the problem statement, X and Y have PDF's

fx<x>:{1/2 ==l fy(y)={1/5 VSUSS

0 otherwise, 0 otherwise.
Since X and Y are independent, the joint PDF is

1/10 0<2<2,0<y<5,

0 otherwise.

fxy(@,y) = fx(2) fr(y) = {
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Problem 5.6.7 Solution

(a) We find k by the requirement that the joint PDF integrate to 1. That

is,
00 o0 1/2  p1/2
=/ / fxy(z,y) dxdy:/ / (k + 32%) dx dy
—00 J —00 -1/2J-1/2

= (/_1/2 dy) (/_11/;(1@ +3x2)dx>

S (1)

= kr + 3’ —1/2

Thus k=3/4.
(b) For —1/2 <z < 1/2, the marginal PDF of X is

(9] 1/2
x) = /_ fxy(z,y) dy = /_ (k+32%)dy = k+32>.  (2)

1/2

The complete expression for the PDF of X is

kE+322 —1/2<x2<1/2,
fx (@) = { /2ezslf 3)
0 otherwise.

(c¢) For —1/2 <y <1/2,

Y) :/ fx(x) dx
1/2 s
:/ (k +32%) dr = kx + 3|x /1/2:k—|—1/4. (4)
~1/2

Since k = 3/4, Y is a continuous uniform (—1/2,1/2) random variable
with PDF

(5)

0 otherwise.
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(d) We need to check whether fxy(x,y) = fx(z)fy(y). If you solved for k
in part (a), then from (b) and (c) it is obvious that this equality holds
and thus X and Y are independent. If you were not able to solve for k in
part (a), testing whether fxy(z,y) = fx(z) fy(y) yields the requirement
1 =k + 1/4. With some thought, you should have gone back to check
that k& = 3/4 solves part (a). This would lead to the correct conclusion
that X and Y are independent.

Problem 5.6.9 Solution

This problem is quite straightforward. From Theorem 5.5, we can find the
joint PDF of X and Y is

o) = SO < SR < ) ) ()

Hence, Fxy(x,y) = Fx(x)Fy(y) implies that X and Y are independent.
If X and Y are independent, then

fxy(z,y) = fx(z) fr(y) . (2)
By Definition 5.3,

Pes(oo) = [ [ frr(wo) dodu
([t ([ sorw)

= Fx(x) Fx(x). (3)

Problem 5.7.1 Solution
We recall that the joint PMF of W and D is

Pyp(w,d) [ d=20 d=100 d=300
w=1 | 0.2 0.2 0.2 (1)
w=>5 | 0.1 0.2 0.1
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In terms of W and D, the cost (in cents) of a shipment is C' = WD. The
expected value of C' is

E[C] =) wdPyp(w,d)

= 1(20)(0.2) 4 1(100)(0.2) + 1(300)(0.2)
+5(20)(0.3) + 5(100)(0.4) 4 5(300)(0.3) = 764 cents.  (2)

Problem 5.7.3 Solution

We solve this problem using Theorem 5.9. To do so, it helps to label each
pair X,Y with the sum W = X 4+ Y

Pxy(z,y) |ly=1 y=2 y=3 y=4
r=5 1005 01 02 005
W=6 W=7 W=8 W=9
r=6 |0 0. 03 0.1
W=7 W=8 W=9 W=10

It follows that
E[X+Y]= Z(m +y)Pxy(z,y)

= 6(’0.05) +7(0.2) + 8(0.3) 4+ 9(0.35) + 10(0.1) = 8.25. (1)
and
E[(X+Y)] =) (z+y)Pxy(z.y)

T,y
= 6%(0.05) + 7%(0.2) + 8%*(0.3) + 92(0.35) + 10%(0.1)
= 69.15. (2)
It follows that
Var[X + Y] =E[(X +Y)?] — (E[X +Y))
= 69.15 — (8.25)% = 1.0875. (3)

An alternate approach would be to find the marginals Px(z) and Py(y) and
use these to calculate E[X], E[Y], Var[X] and Var[Y]. However, we would
still need to find the covariance of X and Y to find the variance of X + Y.
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Problem 5.7.5 Solution
We start by observing that

Cov[X,Y] = py/Var[X] Var[Y] = 1.
This implies
Var[X + Y] = Var[X] + Var[Y] +2Cov[X, Y| =1+4+2(1) = 7.

Problem 5.7.7 Solution

We will solve this problem when the probability of heads is p. For the fair
coin, p = 1/2. The number X; of flips until the first heads and the number
X5 of additional flips for the second heads both have the geometric PMF

1-p)=tlp z=12,...,

0 otherwise.

Py, (x) = Px, () = { (1)

Thus, E[X;] = 1/p and Var[X;] = (1 — p)/p*. By Theorem 5.11,

E[Y]=E[Xi] - E[Xy] =0. (2)
Since X; and X, are independent, Theorem 5.17 says
_ _ _2(1-p)
Var|Y'| = Var[X;] + Var[—X,] = Var[X;] 4+ Var[X,] = 7 (3)

Problem 5.7.9 Solution

(a) Since X and Y have zero expected value, Cov[X,Y] = E[XY] = 3,
E[U] = aE[X] =0 and E[V] = bE[Y] = 0. It follows that

Cov [U,V] = E[UV]
— E[abXY]
=abE[XY] = abCov [X,Y] = 3ab. (1)
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(b) We start by observing that Var[U] = a* Var[X] and Var[V] = b* Var[Y].
It follows that

Cov [U, V]

Var[U] Var[V]

B abCov [X,Y] _ab ~_loab
T @ VaXPvay] vai o 2a]

Note that ab/|ab| is 1 if a and b have the same sign or is —1 if they have

opposite signs.

(¢) Since E[X] =0,

puyv =

(2)

Cov [X,W] = E[XW] — E[X]E[U]
— E[XW]
=E[X(aX +bY)]
=aE [X?] +bE[XY]
= a Var[X]+ bCov [X,Y]. (3)
Since X and Y are identically distributed, Var[X| = Var[Y] and
1 Cov[X,Y]  Cov[X,Y] 3
g~ PRy = v/ Var[X] Var[Y] ~ Var[X] - Var[X] (4)

This implies Var[X| = 6. From (3), Cov[X, W] = 6a + 3b. Thus X and
W are uncorrelated if 6a + 3b = 0, or b = —2a.

Problem 5.7.11 Solution

(a) Since E[V] = E[X] - E[Y] =0,
Var[V] =E [V?] = E[X? - 2XY + Y?|
= Var[X]| 4+ Var[Y] — 2 Cov [X, Y]
= Var[X] + Var[Y] — ZUXo'pryy
=20 — 16pxy-. (1)
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This is minimized when pxy = 1. The minimum possible variance is 4.
On other hand, Var[V] is maximized when pxy = —1; the maximum
possible variance is 36.

(b) Since E[W] = E[X]| — E[2Y] =0,

Var [W] =E [W?] = E [X? — 4XY +4Y?]
= Var [X] +4Var[Y] —4Cov [X,Y]
= Var [X| +4Var[Y] — doxoypxy
— 68 — 32px.y. (2)

This is is minimized when pxy = 1 and maximized when pxy = —1.
The minimum and maximum possible variances are 36 and 100.

Problem 5.7.13 Solution
The joint PDF of X and Y and the region of nonzero probability are
Y

ey (@) hz2/2 —1<2<1,0<y<z?
:L" - .

XYY 0 otherwise.

‘ e X (1)

(a) The first moment of X is

6
// x—dydx—/ —dx—5x

Since E[X] = 0, the variance of X and the second moment are both

5’
E [X?] —d de = 2
Var[X] / / x ydz = —

o 2)

-1

10

:ﬁ'

(3)

-1
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(b) The first and second moments of Y are

1 x2 2
—1
> _ i
Y x y dy dr = —.
1 26

Therefore, Var[Y] = 5/26 — 5/14 = .0576.

(c) Since E[X] =0, Cov[X,Y] = XY] EX]|E]Y] = E[XY]. Thus,

L 57
Cov[X,Y]=E[XY] = xy— dydx = dezo.

(d) The expected value of the sum X + Y is

E[X+Y]:E[X]+E[Y]:1—54.

(e) By Theorem 5.12, the variance of X + Y is
Var[X + Y] = Var[X] + Var[Y] 4+ 2 Cov [X, Y]
=5/7+0.0576 = 0.7719.

Problem 5.7.15 Solution
Since E[Y] = E[X] = E[Z] = 0, we know that

Var[Y] = E [Y?], Var[X] = E [X?], Var[Z] = E [7?],
and
Cov[X,Y]=E[XY]=E[X(X+Z)|=E[X’]| +E[XZ].
Since X and Z are independent, E[X Z] = E[X]|E[Z] = 0, implying
Cov [X,Y] =E [X?].
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Independence of X and Z also implies Var[Y] = Var[X] + Var[Z], or equiva-
lently, since the signals are all zero-mean,

E[Y’] =E[X?]|+E|[Z?]. (4)

These facts imply that the correlation coefficient is

__ BX?Y E[X?]
P VEXIENY VB BN+ E(2)
1
= o7 ()
In terms of the signal to noise ratio, we have
1
pxy = (6)
1+ ¢
We see in (6) that pxy — 1 as I' — oo,
Problem 5.8.1 Solution
Independence of X and Z implies
Var[Y] = Var[X] + Var[Z] = 17 + 4 = 17. (1)
Since E[X] = E[Y] = 0, the covariance of X and Y is
Cov[X,Y]=E[XY]=E[X(X+Z)| =E[X?] +E[XZ]. (2)

Since X and Z are independent, E[XZ] = E[X]|E[Z] = 0. Since E[X] = 0,
E[X?] = Var[X] = 1. Thus Cov[X,Y] = 1. Finally, the correlation coefficient
is

Cov [X,Y] 1

P T NatX)JVarlY] V1T 0243 )

Since px,y # 0, we conclude that X and Y are dependent.
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Problem 5.8.3 Solution

y In Problem 5.2.1, we found the joint PMF
Pxy(,y) Px y(z,y) shown here. The expected values
and variances were found to be

T E[X]=0, Var[X] = 24/7, (1)
0, Var]Y] =5/7. (2)

We need these results to solve this problem.

(a) Random variable W = 2%Y has expected value

ERY) = Y 2vPy, (o)

r=-2,0,2y=—1,0,1

3 2 1 1 1
—92(=1) = 4 9=2(0) = 4 9=2(1) = 4 90(=1) = 4 90(1) —_
14 * 14 * 14 * 14 * 14
1 2 3
92(=1) = 4 92(0) = 92(1) =
* 14 i 14 i 14
— 61/28. (3)

(b) The correlation of X and Y is

rxy = xyPxy (z,y)
> X

r=-2,0,2y=—1,0,1

—2(=DB) |, =202 , =2(1)1)
[V VIRV
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(¢) The covariance of X and Y is
Cov[X,Y]|=E[XY]-E[X]|E[Y] =4/T7. (5)

(d) The correlation coefficient is

Cov[X,Y] 2

P Nar X VarlY] V30 ©)

(e) By Theorem 5.16,

Var [X + Y| = Var [X]| + Var[Y] 4+ 2 Cov [X, Y]

24 5 4 37
—74—?%—2?—7. (7)

Problem 5.8.5 Solution
X and Y are independent random variables with PDFs

1,-2/3 1,-y/2
fx(x>:{3€ 7 =0, fy(y):{ze b0y

0 otherwise, 0 otherwise.

(a) Since X and Y are exponential random variables with parameters \x =
1/3 and Ay = 1/2, Appendix A tells us that E[X] = 1/Ax = 3 and
E[Y] = 1/Ay = 2. Since X and Y are independent, the correlation is
E[XY] = E[X]E[Y] = 6.

(b) Since X and Y are independent, Cov[X,Y] = 0.
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Problem 5.8.7 Solution

Py 1/16
x )
x (T, Y) Wt
V=4

/12 1/16

[ ] [ ]

W=3 W=3

V=3 =4

1/8 /12 1/16

[ ] [ ] [ ]

V=2 V=3 V=4

1/4 1/8 /12 1/16
[ ] [ ] [ ] [ ]
w=1 W=l W=1 W=l
V=l V=2 V=3 V=4
-

—_—

w -

To solve this problem,
we identify the values
of W = min(X,Y) and
V = max(X,Y) for each
possible pair z,y. Here we
observe that W = Y and
V = X. This is a result of
the underlying experiment
in that given X = x, each
Y € {1,2,...,x} is equally
likely. Hence Y < X. This
implies min(X,Y) = Y and
max(X,Y) = X.

Using the results from Problem 5.8.6, we have the following answers.

(a) The expected values are

E[W]

(b) The variances are

E[Y] = 7/4,

Var[W] = Var|Y]| = 41/48,

(c) The correlation is

E[V] = E[X] = 5/2. (1)

Var[V] = Var[X] = 5/4. (2)

TW,V = E [WV] = E [XY] = T‘X7y = 5 (3)

(d) The covariance of W and V' is
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(e) The correlation coefficient is

10/16 _
@1/48)(5/4)

PWyV = PXy =
Problem 5.8.9 Solution

(a) Since X = aX, E[X] = ¢ E[X] and

E [X—E[XH E[aX — aE[X]]
— E[a(X ~ B[X])] = aE[X — E[X]].

In the same way, since Y = ¢Y, E[Y] = ¢E[Y] and

E [Y—E [Y” —EfaY — aE[Y]]
—Efa(Y —E[Y])] =aE[Y —E[Y]].

(b)
COV[X,?}:E[( [ })Y E[Y }
= Elac(X - E[ DY —E[Y])]
=acE[(X —E[X])(Y —E[Y])] = acCov [X,Y].

(c) Since X = aX,

Var[X] =



In the very same way,

Var[Y] = E [(f/ _E [Y] )2]
= E[(cV = cE[Y])’]
=E[*(Y —E[Y])?] = ¢ Var[Y] (5)
(d)
Cov [X, Y]

Pxy = ~ ~
\/ Var[X] Var[Y]
acCov [X,Y] ~ Cov[X,Y]

— _ ) | 6
Va2 Var[X]| Var[Y]  4/Var[X] Var[Y] PXY (6)
Problem 5.9.1 Solution
X and Y have joint PDF
fX,Y(SC, y) = ce*(xQ/S)f(yz/ls). (1>

The omission of any limits for the PDF indicates that it is defined over all
x and y. We know that fxy(z,y) is in the form of the bivariate Gaussian
distribution so we look to Definition 5.10 and attempt to find values for oy,
ox, E[X], E[Y] and p. First, we know that the constant is

¢ = ! 2)

2roxoy+/1 — pQI

Because the exponent of fxy(z,y) doesn’t contain any cross terms we know
that p must be zero, and we are left to solve the following for E[X], E[Y], ox,

and oy:
(Y5 (22
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From which we can conclude that
E[X]=E[Y] =0, (4)
V3, (5)
oy = V18. (6)
Putting all the pieces together, we find that ¢ = 5—. Since p = 0, we also
find that X and Y are independent.

Problem 5.9.3 Solution

FALSE: Let Y = X; + aX,. If E[X5] = 0, then E]Y] = E[X;] for all a.
Since Y is Gaussian (by Theorem 5.21), P[Y < y| = 1/2 if and only if E[Y] =
E[X,] = y. We obtain a simple counterexample when y = E[X;]| — 1.

Note that the answer would be true if we knew that E[X,] # 0. Also note
that the variance of W will depend on the correlation between X; and X,
but the correlation is irrelevant in the above argument.

Problem 5.9.5 Solution
For the joint PDF

fX,Y(‘Ta y) = Ce—(2x2—4acy+4y2)’ (1)
we proceed as in Problem 5.9.1 to find values for oy, ox, E[X], E[Y] and p.

(a) First, we try to solve the following equations

(w—U_E;[X])z — 41— ), 2)

(y—_E[YJ) 81— ), (3)

Oy
2p
Ox0y

The first two equations yield E[X] = E[Y] = 0.

=8(1-p%). (4)
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(b) To find the correlation coefficient p, we observe that
ox =1VAL=p?), oy =1/V/8(1- ). (5)
Using oy and oy in the third equation yields p = 1/v/2.
(c) Since p = 1/v/2, now we can solve for ox and oy-.

ox =1/V2, oy =1/2. (6)

(d) From here we can solve for c.

¢ = ! _2 (7)

2roxoy\/1—p?> T

(e) X and Y are dependent because p # 0.

Problem 5.9.7 Solution

(a) The person’s temperature is high with probability
p=P[T>38] =P[T—37>38—37]=1—&(1) =0.159. (1)

Given that the temperature is high, then W is measured. Since p = 0,

W and T are independent and

W -7 - 10-7
2 2

q:P[W>10}:P{ ]:1—(1)(1.5):0.067. (2)

The tree for this experiment is

q W>10

p T>38

W <10

T<38
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The probability the person is ill is

P[] =PI[T > 38 W > 10]
— P[T" > 38]P[W > 10] = pg = 0.0107. (3)

The general form of the bivariate Gaussian PDF is

(w—u1>2 _ 2p(w—p1)(t—p2) + <t—u2>2
o1 0109 o9
20— )

Jwr(w,t) = .
wir(w,?) 2mo1094/ 1 — p? 4)

exp |—

With py = E[W] =7, 01 =0w =2, uo = E[T] =37 and 0y = o7 = 1
and p = 1/\/5, we have

exp [_(w;?)? _ w3 37)2]

212
To find the conditional probability P[I|T = t]|, we need to find the con-

ditional PDF of W given T' = t. The direct way is simply to use algebra
to find

(5)

fwr(w,t) =

fwr(w,t)
fr(t)
The required algebra is essentially the same as that needed to prove

Theorem 7.15. Its easier just to apply Theorem 7.15 which says that
given T' = t, the conditional distribution of W is Gaussian with

(6)

fwir(wlt) =

E[W|T =t =E[W] +pj—j<t ~E[T]), (7)
Var[W|T = t] = o3,(1 — p?). (8)
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Plugging in the various parameters gives
EW|T =t]=7+V2(t—37), and Var[W|T =t]=2. (9)

Using this conditional mean and variance, we obtain the conditional
Gaussian PDF

_(w—(7+\/§(t—37)))2/4. (10)

1
w(|t) = ——e
Swir (wlt) T
Given T = t, the conditional probability the person is declared ill is
PUIT =t =P[W > 10|T =t

b W — (T4 V2(t — 37)) N 10 — (7 + V2(t — 37))
] V2 V2
. _Z>3_\/_f/(;_37)]

Problem 5.9.9 Solution
The key to this problem is knowing that a sum of independent Gaussian

random variables is Gaussian.

(a) First we calculate the mean and variance of Y. Since the expectation
of the sum is always the sum of the expectations,

E[Y] = %E X1 + %E X,] = 74. (1)

Since X; and X, are independent, the variance of the sum is the sum
of the variances:

Var|Y'| = Var[X, /2] + Var[X,/2]

1 1
=3 Var[X,] + 1 Var[X,] = 16%/2 = 128. (2)
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Thus, Y has standard deviation oy = 8v/2. Since we know Y is Gaus-
sian,
Y —-74 S 90 — 74
8v2 T 82
— Q(V2) =1 - 0(V). 3)

P[A] =P[Y >90] = P

With weight factor w, Y is still Gaussian, but with

EY]=wE[X]+ (1 —w)E[Xy] = 74, (4)
Var[Y] = Var[wX;] + Var[(1 — w)X,]
= w? Var[X{] + (1 — w)? Var[X] = 16%[w® + (1 —w)?].  (5)

Thus, Y has standard deviation oy = 164/w? + (1 —w)2. Since we
know Y is Gaussian,

P[A]:P[YZQO]:P{Y_74>90—74]

Oy Oy

1
:1-@( w2+(1_w)2). (6)

Since ®(z) is increasing in z, 1 — ®(x) is decreasing in x. To maximize
P[A], we want the argument of the ® function to be as small as possible.
Thus we want w? + (1 — w)? to be as large as possible. Note that
w?+(1—w)? is a parabola with a minimum at w = 1/2; it is maximized
atw=1orw=0.

That is, if you need to get exam scores around 74, and you need 90 to
get an A, then you need to get lucky to get an A. With w = 0, you just
need to be lucky on exam 1. With w = 0, you need only be lucky on
exam 2. It’s more likely that you are lucky on one exam rather than
two.
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(c) With the maximum of the two exams,
P [A] = P [max(X7, X3) > 90]
=1— P [max(X;, X2) < 90]
—1-P[X; <90, X, < 90]
—1-P[X; <90]P[X, < 90]
=1—(P[X; <90))

- [@ (901‘674)}2:14@2(1). (1)

(d) Let N, and N, denote the number of A’s awarded under the rules in
part (c) and part (a). The expected additional number of A’s is

E[N, — N,] = 100[1 — ®*(1)] — 100[1 — ®(v/2)]
= 100[®(v2) — ®*(1)] = 21.3. (8)

Problem 5.9.11 Solution

From Equation (5.68), we can write the bivariate Gaussian PDF as

1 —(x—uX)Q/Zag( 1 e—(y_ﬂY(l’))Z/Q&?/

fxy(z,y) = UX\/%B 5 Von ; (1)

where fiy(z) = py + pZ-(z — px) and 6y = oy+/1—p?. However, the
definitions of fiy(z) and gy are not particularly important for this exercise.
When we integrate the joint PDF over all x and y, we obtain

/ Z / Z Py (,y) dudy

[e’s) 1 ) ) 00 1 ) y
— —(z—px)?/20% / ~(y—hv (@)*/26% 3y, 4
e (& ua
/oo oxV2m o Oy V2T Y

N J/

1

0o 1 0o o

— —(z—px)7/20% d 2
(& Z.

/—oo UXV27T ( )
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The marked integral equals 1 because for each value of z, it is the integral
of a Gaussian PDF of one variable over all possible values. In fact, it is the
integral of the conditional PDF fy x(y|z) over all possible . To complete the
proof, we see that

o0 o0 [o'e) 1 ) )
| [t deay = [T iR
—oc0 J —c0 —0 00X

since the remaining integral is the integral of the marginal Gaussian PDF
fx(x) over all possible z.
Problem 5.10.1 Solution

The repair of each laptop can be viewed as an independent trial with four
possible outcomes corresponding to the four types of needed repairs.

(a) Since the four types of repairs are mutually exclusive choices and since
4 laptops are returned for repair, the joint distribution of Ny, ..., Ny is
the multinomial PMF

Pn,. .~y (N1, ..oy ng)

4

. ny,n2, N3, n4

= ( P1 Pa"P3 Py
ni, N2, N3, Ny

i) () (B) (5) () 0

(b) Let Lo denote the event that exactly two laptops need LCD repairs.
Thus P[Ls] = Pn,(2). Since each laptop requires an LCD repair with
probability p; = 8/15, the number of LCD repairs, Ny, is a binomial
(4,8/15) random variable with PMF

Pao (m1) = ( ! ) (8/15)" (7/15)4". @)

ny
The probability that two laptops need LCD repairs is

Py, (2) = (;l) (8/15)%(7/15)* = 0.3717. (3)
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(c) A repair is type (2) with probability p, = 4/15. A repair is type (3)
with probability ps = 2/15; otherwise a repair is type “other” with
probability p, = 9/15. Define X as the number of “other” repairs
needed. The joint PMF of X, Ny, N3 is the multinomial PMF

4 AN 2\ 9\"
o=, L)) (2 (2 o

However, Since X 4+ 4 — Ny — N3, we observe that

Py, Ny (n2,n3) = Py Ny, x (N2, 13,4 — ng — ng)

B 4 AN™ [ 2\™ 9\
N (ng,n3,4—n2 —ng) (1_5> (1_5) (E)

(9! 4 A\™ 2\ -
- (1_5) <”27n374—n2 —n3) (5) (5) ®)

Similarly, since each repair is a motherboard repair with probability
po = 4/15, the number of motherboard repairs has binomial PMF

- (V@) () o

Finally, the probability that more laptops require motherboard repairs
than keyboard repairs is

P [NQ > N3] = PN2,N3<1> O) + PNQ,N3 (27 O) + PNQ,Ns (27 1)
+ P, (3) + P, (4) .- (7)

where we use the fact that if Ny = 3 or Ny = 4, then we must have
Ny > Nj. Inserting the various probabilities, we obtain

P [Ny > Ny] = (1_95)4 (4 (33) +6 <;_§a) +412 (2%))
876546(1%) (%) + ( % )

= ~ (0.5129.
16,875 0.5129 (8)
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Problem 5.10.3 Solution

(a) In terms of the joint PDF, we can write the joint CDF as

..... Xn(x17'°‘7xn>

x;. In particular, fx,  x,(y1,...,y,) = 1if and only if 0 < y; < 1 for
each i. Since Fx, . x,(z1,...,2,) = 0if any z; < 0, we limit, for the
moment, our attention to the case where x; > 0 for all 7. In this case,
some thought will show that we can write the limits in the following

way:
max(1,z1) min(1,z,,)
FX1 ..... Xn('Il?"’,«rn)—/ ---/ dyl"'dyn
0 0

= min(1, z1) min(1, z) - - -min(1, z,).  (2)
A complete expression for the CDF of Xy,..., X, is

[ min(l,z;) 0<uz,i=1,2,...,n,

. (3)
0 otherwise.
(b) For n =3,
1-p [minXi < 3/4} —p [minXZ- > 3/4}
= P[X; > 3/4, Xy > 3/4, X3 > 3/4]
/ / / d{L‘l dIL‘Q deg
3/4 J3/4 J3/4
= (1-3/4)° =1/64. (4)
Thus P[min; X; < 3/4] = 63/64.
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Problem 5.10.5 Solution

The value of each byte is an independent experiment with 255 possible out-
comes. Each byte takes on the value b; with probability p; = p = 1/255. The
joint PMF of Ny, ..., Nass is the multinomial PMF

10000
Pny,.. Noss (00, - -, Nos5) = ( )Pnopnl R

No,N1,...,MN255
10000
= 1/255)10000, 1
(no,nl,...,n255)(/ ) ()

Keep in mind that the multinomial coefficient is defined for nonnegative in-
tegers n; such that

nolny!---nass!

( 10000 ) B {& no + - -+ + nags = 10000, @

ng, Ny, ..., N255 0 otherwise.

To evaluate the joint PMF of Ny and Ny, we define a new experiment with
three categories: by, by and “other.” Let N denote the number of bytes that
are “other.” In this case, a byte is in the “other” category with probability
p = 253/255. The joint PMF of Ny, Ny, and N is

10000 1\™ /1 \™ /253\"
P . n) — _— — -— . 3
st = () () () () @

Now we note that the following events are one in the same:
{Ng = Ny, N1 = TLI} = {Ng = Ny, N1 =Ny, N = 10000 — ng — nl} . (4)
Hence, for non-negative integers ng and n, satisfying ng + n; < 10000,

PN07N1 (n()?nl)
= Py x5 (0,111, 10000 — 19 — 17)

10000' 1 no+ni 253 10000—ng—n1
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Problem 5.10.7 Solution

We could use Theorem 8.2 to skip several of the steps below. However, it is
also nice to solve the problem from first principles.

(a) We first derive the CDF of V. Since each X; is non-negative, V' is non-
negative, thus Fy(v) = 0 for v < 0. For v > 0, independence of the X;
yields

Fy(v) =P[V <] =P min(Xy, Xs, X3) < 0]
=1— P [min(Xy, X5, X3) > v]
=1-P[X; >v, Xy >0v,X3>1]
=1-P[X; >0v]P[Xe >v]P[X3>0]. (1)

Note that independence of the X; was used in the final step. Since each
X; is an exponential (A) random variable, for v > 0,

PX;>v]=P[X >v]=1—Fx(v) =e". (2)
Thus,
Fr(v)=1— () =1—e". (3)

The complete expression for the CDF of V' is

0 v <0,
Fy(v) = {1 — e >, )

By taking the derivative of the CDF, we obtain the PDF

£ (o) = {o v <0, )

e 3Ny > 0.

We see that V' is an exponential (3\) random variable.
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(b) The CDF of W is found in a similar way. Since each X is non-negative,
W is non-negative, thus Fy(w) = 0 for w < 0. For w > 0, independence
of the X yields

Fyw(w) =P [W < w| =P [max(X7, X, X3) < w)
:P[Xl SU),XQ SU),Xg Sw]
=P[X; <w]P[Xs <w|P[X3<w]. (6)

Since each X; is an exponential (\) random variable, for w > 0,
PIX; <w]=1-e?" (7)

Thus, Fy(w) = (1 — e=*)3 for w > 0. The complete expression for the
CDF of Y is

0 w < 0,
(1 — e*)‘“’)5 w > 0.

Fy (w) = { (8)

By taking the derivative of the CDF, we obtain the PDF

forw) {0 w <0, o)

3(1 — e )2e= M g > 0.

Problem 5.10.9 Solution

(a) This is straightforward:

Fy, (u) = P max(Xy, ..., X,)
—PX, <., Xp <
=P[X; <u]P[Xy<u|---P[X, <u]=(Fx(u)". (1)
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(b) This is also straightforward.

Fr,(l)=1—=Pmin(Xy,...,X,) > ]
—1-P[X;>1,....X, >
=1-P[X;>P[Xyo>1]---P[X, >
=1-(1-Fx1)". (2)

(c) This part is a little more difficult. The key is to identify the “easy”
joint probability

P[L, > 1,U, <uj

P [min(Xy,..., X,) > [, max(Xy,..., X,) < u]
Pll<X;<wu,i=1,2,...,n]
Pll<X;<u]---Pll <X, <u

= [Fx(u) = Fx(D)]". (3)

Next we observe by the law of total probability that
PlU,<u|=P|[L,>1,U, <ul+P[L, <1,U, <u. (4)

The final term on the right side is the joint CDF we desire and using
the expressions we derived for the first two terms, we obtain

Fr,u,(lLu)y=P[U, <u]—-P[L,>1,U, <uj
= [Fx(w)]" = [Fx(u) — Fx(1)]". ()

Problem 5.10.11 Solution

Since Uy, ..., U, are iid uniform (0, 1) random variables,

UTh 0<u; <1l:i=1,2 ... n,
,un>:{/ Su S 1 SR

0 otherwise.
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Since Uy, ..., U, are continuous, P[U; = U;] = 0 for all i # j. For the same
reason, P[X; = X;| = 0 for ¢ # j. Thus we need only to consider the case
when x1 < 19 < -+ < ,,.

To understand the claim, it is instructive to start with the n = 2 case. In
this case, (X1, X2) = (z1,29) (with z; < xg) if either (Uy,Us) = (x1,x2) or
(U1, Us) = (w9, x1). For infinitesimal A,

fX17X2($1,$2) A2 = P [.CEl < Xl S T + A,l‘g < X2 S i) + A]
:P[[El < Uy S$1+A,JZ2< U, Sl’g—f—A]
+P[I2 < U §$2+A,$1 < U, SSL’l—i‘A]

= fuo v, (T1,29) A% + fu, v, (02, 71) A2 (2)
We see that for 0 < z; < x5 <1 that
Ixixs (X1, 22) = 2/T7. (3)

For the general case of n uniform random variables, we define

m=[r(1) ... 7(n)]. (4)

as a permutation vector of the integers 1,2,...,n and II as the set of n!
possible permutation vectors. In this case, the event
{X1:$1,X2:$2,...,Xn:37n} (5)
occurs if
Ui = 271),Us = Zr(2), - -, Up = () (6)
for any permutation 7w € II. Thus, for 0 <z <2y < --- <z, <1,
fX17~-~7Xn (:El? s 7xn) A" = Z fU1,...,Un (‘r”(l)? o 7x7r(”)) A" (7)
mell
Since there are n! permutations and fu,, . v, (Tx(1)s - - - Trm)) = 1/T™ for each
permutation 7r, we can conclude that
Ixiox, (@1, x,) = nl/Tm. (8)
Since the order statistics are necessarily ordered, fx, . x,(z1,...,2,) = 0
unless 1 < - -+ < x,,.
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Problem 5.11.1 Solution

The script imagepmf in Example 5.26 generates the grid variables SX, SY,
and PXY. Recall that for each entry in the grid, SX. SY and PXY are the
corresponding values of x, y and Pxy(z,y). Displaying them as adjacent
column vectors forms the list of all possible pairs z,y and the probabilities
Pxy(z,y). Since any MATLAB vector or matrix x is reduced to a column
vector with the command x(:), the following simple commands will generate
the list:

>> format rat;
>> imagepmf;
>> [SX(:) SY(:) PXY(:)]

ans =
800 400 1/5
1200 400 1/20
1600 400 0
800 800 1/20
1200 800 1/5
1600 800 1/10
800 1200 1/10
1200 1200 1/10
1600 1200 1/5

>>

Note that the command format rat wasn’t necessary; it just formats the
output as rational numbers, i.e., ratios of integers, which you may or may not
find esthetically pleasing.

Problem 5.11.3 Solution

In this problem randn(1,2) generates a 1 x 2 array of independent Gaussian
(0,1) random variables. If this array is [X Y], then W = 4(X +Y) and

Var[W] = Var[4(X + Y)] = 16(Var[X] + Var[Y]) = 16(1 + 1) = 32.
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Problem 5.11.5 Solution

By following the formulation of Problem 5.2.6, the code to set up the sample
grid is reasonably straightforward:

function [SX,SY,PXY]=circuits(n,p);
%Usage: [SX,SY,PXY]=circuits(n,p);
% (See Problem 4.12.4)
[SX,SY]=ndgrid(0:n,0:n);
PXY=0%SX;
PXY(find ((SX==n) & (SY==n)))=p~n;
for y=0:(n-1),
I=find ((SY==y) &(SX>=SY) &(SX<n));
PXY(D)=(p~y)*(1-p)* ...
binomialpmf (n-y-1,p,SX(I)-y);

end;

The only catch is that for a given value of y, we need to calculate the binomial
probability of x — y successes in (n —y — 1) trials. We can do this using the
function call

binomialpmf (n-y-1,p,x-y)

However, this function expects the argument n-y-1 to be a scalar. As a
result, we must perform a separate call to binomialpmf for each value of y.

An alternate solution is direct calculation of the PMF Px y(z,y) in Prob-
lem 5.2.6. In this case, we calculate m! using the MATLAB function gamma (m+1).
Because, gamma (x) function will calculate the gamma function for each ele-
ment in a vector x, we can calculate the PMF without any loops:
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function [SX,SY,PXY]=circuits2(n,p);
%Usage: [SX,SY,PXY]=circuits2(n,p);
% (See Problem 4.12.4)
[SX,8Y]=ndgrid(0:n,0:n);
PXY=0%*SX;
PXY(find ((S8X==n) & (SY==n)))=p~°n;
I=find ((SY<=SX) &(SX<n));
PXY (I)=(gamma (n-SY(I)) ./ (gamma (SX(I)-SY(I)+1)...
.xgamma (n-SX(I)))) .*(p. SX(I)).*x((1-p) .  (n-SX(I)));

Some experimentation with cputime will show that circuits2(n,p) runs
much faster than circuits(n,p). As is typical, the for loop in circuit
results in time wasted running the MATLAB interpretor and in regenerating
the binomial PMF in each cycle.

To finish the problem, we need to calculate the correlation coefficient

Py — Cov [X, Y]‘ (1)
0x0y
In fact, this is one of those problems where a general solution is better than
a specific solution. The general problem is that given a pair of finite random
variables described by the grid variables SX, SY and PMF PXY, we wish to
calculate the correlation coefficient

This problem is solved in a few simple steps. First we write a function that
calculates the expected value of a finite random variable.

function ex=finiteexp(sx,px);

%Usage: ex=finiteexp(sx,px)

%returns the expected value E[X]

%of finite random variable X described
%by samples sx and probabilities px
ex=sum((sx(:)).*x(px(:)));

Note that finiteexp performs its calculations on the sample values sx and
probabilities px using the column vectors sx(:) and px(:). As a result, we
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can use the same finiteexp function when the random variable is represented
by grid variables.We can build on finiteexp to calculate the variance using
finitevar:

function v=finitevar(sx,px);

%hUsage: ex=finitevar(sx,px)

%  returns the variance Var[X]

% of finite random variables X described by
% samples sx and probabilities px
ex2=finiteexp(sx."2,px);

ex=finiteexp(sx,px);

v=ex2-(ex"2);

Putting these pieces together, we can calculate the correlation coefficient.

function rho=finitecoeff (SX,SY,PXY);

%Usage: rho=finitecoeff (SX,SY,PXY)
%Calculate the correlation coefficient rho of
%finite random variables X and Y
ex=finiteexp(SX,PXY); vx=finitevar(SX,PXY);
ey=finiteexp(SY,PXY); vy=finitevar(SY,PXY);
R=finiteexp(SX.*SY,PXY);
rho=(R-ex*ey)/sqrt (vx*vy) ;

Calculating the correlation coefficient of X and Y, is now a two line exercise..

>> [SX,SY,PXY]=circuits2(50,0.9);
>> rho=finitecoeff (SX,SY,PXY)
rho =
0.4451
>>
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Problem Solutions — Chapter 6

Problem 6.1.1 Solution

In this problem, it is helpful to label possible points X,Y along with the
corresponding values of W = X — Y. From the statement of Problem 6.1.1,

Yy
PX,Y('I7 y)
1/14 1/14 3/14
W=-3 W/:—l W/:l
) 1 [ )
2/14 2/14
W=—2 _
® ® W=2 T
1 2
[ ] [ ]
3/14 1/14 1/14

To find the PMF of W, we simply add the probabilities associated with each
possible value of W:

Pw(=3) = Pxy(~2,1) = 1/14, (1)
Pw(=2) = Pxy(—2,0) = 2/14, 2)
Pw(=1) = Pxy(—=2,—1) + Pyy(0,1) = 4/14, (3)
P (1) = Py (0, —1) + Pyy(2,1) = 4/14, (4)
Py (2) = Pxy(2,0) = 2/14, (5)
Pw(3) = Pxy(2,1) = 1/14. (6)

158



For all other values of w, Py(w) = 0. A table for the PMF of W is

w | -3 -2 -1 1 2 3
Py(w) [1/14 2/14 4/14 4/14 2/14 1/14

Problem 6.1.3 Solution

This is basically a trick problem. It looks like this problem should be in
Section 6.5 since we have to find the PMF of the sum L = N + M. However,
this problem is an special case since N and M are both binomial with the
same success probability p = 0.4.

In this case, IV is the number of successes in 100 independent trials with
success probability p = 0.4. M is the number of successes in 50 independent
trials with success probability p = 0.4. Thus L = M + N is the number
of successes in 150 independent trials with success probability p = 0.4. We
conclude that L has the binomial (n = 150,p = 0.4) PMF

PL(l) = <1?0) (0.4)(0.6)150. (1)

Problem 6.1.5 Solution

Y
EDIDEDERERE A The z,y pairs with nonzero probability are
::::::::::/ shown in the figure. For w = 0,1,...,10,
e e e o e 000 0 0 we observe that
W— ® © o o o o o o o o
e P[W > w] = P [min(X,Y) > w]
® o 06060 00 0 0 o :P[X>w,Y>w]
® © © o o © o 0o o o :00110— 2. 1
: . w (10 -w? (1)
v w
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To find the PMF of W, we observe that for w =1, ..., 10,

Py (w) =P[W >w—1] = P[W > w]
= 0.01[(10 — w — 1)* — (10 — w)?] = 0.01(21 — 2w). (2)

The complete expression for the PMF of W is

0.01(21 —2w) w=1,2,...,10,

0 otherwise.

Problem 6.2.1 Solution

Since 0 < X < 1, Y = X? satisfies 0 < Y < 1. We can conclude that
Fy(y) =0 for y < 0 and that Fy(y) =1fory > 1. For 0 <y < 1,

Fy(y) =P [X? <y] =P[X < vi. (1)

Since fx(z) =1 for 0 <z <1, we see that for 0 <y < 1,

VY
PIX<Vi= [ dr=yi @)
0
Hence, the CDF of Y is
0 y <0,
Fy(y) =9y 0<y<]1, (3)
1 y > 1.

By taking the derivative of the CDF, we obtain the PDF

h@z?mﬂ>Ky“’ (4)

0 otherwise.
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Problem 6.2.3 Solution
Note that 7" has the continuous uniform PDF

1/15 60 <t <75,
t) = - =
fr(®) {0 otherwise.

(1)

The rider’s maximum possible speed is V' = 3000/60 = 50 km/hr while the
rider’s minimum speed is V' = 3000/75 = 40 km /hr. For 40 < v < 50,

3000 3000
F =P|— <wv| =P |T>
-] r e
75 75
1 t 200
:/ —dt = — =5—-—. (2)
3000/v 19 15 3000/0 v
Thus the CDF, and via a derivative, the PDF are
0 v < 40, 0 v < 40,
Fy(v) =< 5-200/v 40<v <50, fv(v)={200/v2 40<wv < 50,
1 v > 50, 0 v > 50.

(3)
Problem 6.2.5 Solution

Since X is non-negative, W = X? is also non-negative. Hence for w < 0,
fw(w) = 0. For w > 0,

Fy(w) =P W <w] =P [X? < w]
=P[X <w)
=1 —e VY (1)

Taking the derivative with respect to w yields fiy(w) = e V" /(2y/w). The
complete expression for the PDF is

e*)‘ﬁ
fW(w) — {AQ\/E w > 07 (2)

0 otherwise.
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Problem 6.2.7 Solution
Before solving for the PDF, it is helpful to have a sketch of the function

X —

(a)

—In(1-0).

From the sketch, we observe that X will be nonnegative. Hence Fix(z) =
0 for x < 0. Since U has a uniform distribution on [0, 1], for 0 < u < 1,
P{U < u] = u. We use this fact to find the CDF of X. For x > 0,

Fx(x)=P[-In(1 -U) < z]
=P[1-U>e*]=P[U<1—-¢7"]. (1)

Forx >0,0<1—e7"<1 and so
Fx(x)=Fy(1—e™)=1—e". (2)

The complete CDF can be written as

Fio(a) = {0 z <0, )

1—e™ x>0.

By taking the derivative, the PDF is

fx(x) = { v =0 (4)

0 otherwise.

Thus, X has an exponential PDF. In fact, since most computer lan-
guages provide uniform [0, 1] random numbers, the procedure outlined
in this problem provides a way to generate exponential random variables
from uniform random variables.
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(c) Since X is an exponential random variable with parameter a = 1,
EX] =1

Problem 6.2.9 Solution

Since X is constrained to the interval [—1, 1], we see that 20 <Y < 35. Thus
, Fy(y) =0 for y < 20 and Fy(y) = 1 fpr y > 35. For 20 < y < 35,

Fy(y) =P [20 + 15X? < y]

:P{X2§yz20}

5
B /y—20<X< ly — 20
5 = = 15

_/F o imm

=P

—dr = : (1)
V= 2 15

The complete expression for the CDF and, by taking the derivative, the PDF
are

0 < 20,
20 ’ ——L 20 <y <35,
Fr@) =52 05y<3, frl)=q Voo
otnerwise.
1 y > 35,

Problem 6.2.11 Solution

If X has a uniform distribution from 0 to 1 then the PDF and corresponding
CDF of X are

1 0<z<1 0 =<0,
x )
fx(x) = o Fy(z)=<z 0<az<1, (1)
0 otherwise,
1 x>1.
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For b —a > 0, we can find the CDF of the function Y =a+ (b —a)X
Fy(y)=PY <y|=Pla+(b-a)X <y

:P{ng_a]
b—a
y—a y—a
= F = . 2
X(b—a) b—a @)
Therefore the CDF of Y is
0 y < a,
Fy(y) =42 a<y<b, (3)
1 y > 0.

By differentiating with respect to y we arrive at the PDF

fﬁ@={”®_@ a<z<h, (1)

0 otherwise,

which we recognize as the PDF of a uniform (a,b) random variable.

Problem 6.2.13 Solution

We can prove the assertion by considering the cases where a > 0 and a < 0,
respectively. For the case where a > 0 we have

fwwzmysmzpkgy‘ﬂzﬂ4?‘ﬁ. 1)

a a

Therefore by taking the derivative we find that

f()=<&( ﬁ a0 )

Similarly for the case when a < 0 we have

y;b}:1—py(y;b). 3)

.w@zPng:th
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And by taking the derivative, we find that for negative a,

foly >=——fx( b) 0 <.

A valid expression for both positive and negative a is

f():mfx< b)

Therefore the assertion is proved.

Problem 6.3.1 Solution
From Problem 4.7.1, random variable X has CDF

0 T < —1,
x/34+1/3 —1<z<0,
x/34+2/3 0<xz<]1,
1 1 <z

FX(Z’) =

(1)

(a) We can find the CDF of Y, Fy(y) by noting that Y can only take on

two possible values, 0 and 100. And the probability that Y takes on
these two values depends on the probability that X < 0 and X > 0,
respectively. Therefore

0 y <0,
Fy(y) =P[Y <y]={P[X <0] 0<y <100, (2)
1 y > 100.

The probabilities concerned with X can be found from the given CDF
Fx(z). This is the general strategy for solving problems of this type:
to express the CDF of Y in terms of the CDF of X. Since P[X < 0] =
Fx(07) =1/3, the CDF of Y is

0 y <0,
Fy(y) =P[Y <y]={1/3 0<y <100, (3)
1 y>100.
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(b) The CDF Fy(y) has jumps of 1/3 at y = 0 and 2/3 at y = 100. The
corresponding PDF of Y is

fr(y) =0(y)/3 + 20(y — 100)/3. (4)

(c) The expected value of YV is

E[Y]z/_ooyfy(y) dyzoé+1oo.§:66.66. (5)

o0

Problem 6.3.3 Solution

Since the microphone voltage V' is uniformly distributed between -1 and 1
volts, V' has PDF and CDF

12 ~1<v<1 0 v<—l
fi(v) = =SS0 R =2 —1<u<1, (1)
0 otherwise, ) o1
v )

The voltage is processed by a limiter whose output magnitude is given by

below
< 0.
L JIVE VI —95’ 2)
0.5 otherwise.

P[L=05=P[V|>05 =P[V>05+P[V < —0.5]
—1— Fy(0.5) + Fy(—0.5)
—1-15/2405/2=1/2. (3)
(b) For 0 <1<0.5,

Fu) =P[[V| <] =Pl <v <]
= v (l) — Fyv (1)
120+ 1) =121+ 1) =1 (4)
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So the CDF of L is

0 <0,
Fr(l)=¢1 0<1<0.5, (5)
1 1>0.5.

(c) By taking the derivative of Fi(l), the PDF of L is

14+ (0.5)0(l—0.5) 0<1<0.5,
fuy = L0205 0= 1= )
0 otherwise.
The expected value of L is
B[] = / Lo (1) di
05 0.5
= / ldl + 0.5/ 1(0.5)8(1 — 0.5) dl = 0.375. (7)
0 0

Problem 6.3.5 Solution

Given the following function of random variable X,

Y =g(X)=

{10 X <0, Q)

—-10 X >0.

we follow the same procedure as in Problem 6.3.1. We attempt to express
the CDF of Y in terms of the CDF of X. We know that Y is always less
than —10. We also know that —10 <Y < 10 when X > 0, and finally, that
Y =10 when X < 0. Therefore

0 y < —10,
Fy(y) =P[Y <y|={P[X >0]=1-Fx(0) —-10<y<10, (2
1 y > 10.
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Problem 6.3.7 Solution
The PDF of U is

0 otherwise.

ﬁmn:{”2‘*§“§L (1)

Since W > 0, we see that Fy{w) = 0 for w < 0. Next, we observe that the
rectifier output W is a mixed random variable since

P[W:()]:P[U<O]:/_OlfU(u)du:1/2. 2)

The above facts imply that
Fw(0)=P[W <0]=P[W=0]=1/2. (3)

Next, we note that for 0 < w < 1,

Fa(w) = PU < w] = Tmmnw=m+nﬂ. (4)

Finally, U < 1 implies W < 1, which implies Fy{w) = 1 for w > 1. Hence,
the complete expression for the CDF is

0 w < 0,
Fy(w)=<¢(w+1)/2 0<w<1, (5)
1 w > 1.

By taking the derivative of the CDF, we find the PDF of W however, we
must keep in mind that the discontinuity in the CDF at w = 0 yields a
corresponding impulse in the PDF.

0 otherwise.

fo () = {(5(w)+1)/2 0<w<1, ©)
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From the PDF, we can calculate the expected value

E[W]:/O w(a(w)+1>/zdw:o+/0 (w/2)dw=1/4.  (7)

Perhaps an easier way to find the expected value is to use Theorem 3.10. In
this case,

B = [ " o) o (w) du = / u(1/2) du = 1/4. (8)

o0

As we expect, both approaches give the same answer.

Problem 6.3.9 Solution

You may find it helpful to plot W as a function of V' for the following calcula-
tions. We start by finding the CDF Fy(w) = P[W < w]. Since 0 < W < 10,
we know that

Fy(w)=0  (w<0) (1)
and that
Fy(w)=1  (w>10). (2)

Next we recall that continuous uniform V has the CDF

0 v < —19,
Fy(v)=<¢ (v+15)/30 —15<wv <15, (3)
1 v > 15.

Now we can write for w = 0 that
Fw(0)=P[V <0] = F,(0) = 15/30 = 1/2. (4)
For 0 < w < 10,

FW(w):P[Wgw]zP[ng]sz(w):w;row. (5)
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Thus the complete CDF of W is

0 w < 0,
Fy(w) = ¢ (w+15)/30 0 <w < 10, (6)
1 w > 10.

If you study (and perhaps plot) Fy{(w), you'll see that it has a jump discon-
tinuity of height 1/2 at w = 0 and also has a second jump of height 1/6 at
w = 10. Thus when we take a derivative of the CDF, we obtain the PDF

(1/2)d(w) w =0,
30 0<w< 10,
Wl =1 (1/6)s0w - 10) w =10, ")
0 otherwise.

Problem 6.3.11 Solution

A key to this problem is recognizing that W is a mixed random variable. Here
is the mapping from V to W:

>

\

To find the CDF Fy(w) = P[W < w], careful study of the function shows
there are three different cases for w that must be considered:

W
A AJ 0.6 A __
0.6 0.6

etV eV eV
0.6 —0.6 0.6 —0.6 0.6

/o / /

(a) w< —0.6 (b) 0.6 <w < 0.6 (c) w>0.6
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(a) If w < —0.6, then the event {W < w}, shown as the highlighted range
on the vertical axis of graph (a) corresponds to the event that the the
pair (V,WW) is on the gray highlighted segment of the function W =
g(V'), which corresponds to the event {V < w}. In this case, Fy(w) =

(b) If —0.6 < w < 0.6, then the event {WW < w}, shown as the highlighted
range on the vertical axis of graph (b) corresponds to the event that
the pair (V, W) is on the gray highlighted segment of the function W =
g(V'), which corresponds to the event {V' < 0.6}. In this case, Fy(w) =
P[V < 0.6] = Fy/(0.67).

(c) If w > 0.6, then the event {IW < w}, shown as the highlighted range
on the vertical axis of graph (c) corresponds to the event that the pair
(V,W) is on the gray highlighted segment of the function W = ¢(V'),
which now includes pairs v, w on the horizontal segment such that w =
0.6, and this corresponds to the event {V' < w}. In this case, Fy(w) =
PV <w| = Fy(w).

We combine these three cases in the CDF

Fy(w) w < —0.6,
Fu(w) = { Fy(0.67) —0.6 <w < 0.6, (1)
Fy(w w > 0.6.
Thus far, our answer is valid for any CDF Fy(v). Now we specialize the

result to the given CDF for V. Since V is a continuous uniform (—5,5)
random variable, V' has CDF

0 v < —9,
Fy(v) =< (v+5)/10 —5<wv <5, (2)
1 otherwise.

The given V causes the case w < 0.6 to split into two cases: w < —5 and
—5 < w < 0.6. Similarly, the w > 0.6 case gets split into two cases. Applying
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this CDF to Equation (1), we obtain

/

0 w < —h,
(w+5)/10 =5 < w < —0.6,
Fy(w) =< 0.44 —0.6 <w < 0.6, (3)
(w+5)/10 0.6 <w <5,
1 w > 1.

\

In this CDF, there is a jump from 0.44 to 0.56 at w = 0.6. This jump of
height 0.12 corresponds precisely to P[WW = 0.6] = 0.12.

Since the CDF has a jump at w = 0.6, we have an impulse at w = 0 when
we take the derivative:

(0.1 —5<w < —0.6,
0 —0.6 < w < 0.6,
fw(w) =< 0.120(w — 0.6) w = 0.6, (4)
0.1 0.6 <w < 5,
0 otherwise.

\

Problem 6.3.13 Solution

(a) Given Fx(z) is a continuous function, there exists z( such that Fx(zq) =
u. For each value of u, the corresponding zy is unique. To see this,
suppose there were also x; such that Fx(x;) = u. Without loss of
generality, we can assume x; > 1z, since otherwise we could exchange
the points xy and z;. Since Fx(z¢) = Fx(x1) = u, the fact that Fx(x)
is nondecreasing implies Fix(z) = u for all z € [zg, 1], i.e., Fx(z) is flat
over the interval [z, ], which contradicts the assumption that Fx(x)
has no flat intervals. Thus, for any u € (0, 1), there is a unique zy such
that Fx(x) = u. Moreiver, the same z( is the minimum of all 2’ such
that Fx(«') > u. The uniqueness of zq such that Fy(z)rg = u permits
us to define F(u) = zo = Fx'(u).
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(b)

(c)

In this part, we are given that Fx(x) has a jump discontinuity at x.
That is, there exists ug = Fx(zy) and ug = Fx(zd) with vy < ug.
Consider any u in the interval [uy,uf]. Since Fx(zo) = Fx(z§) and
Fx(z) is nondecreasing,

Fx(z) > Fx(z0) = ug, x> 2. (1)
Moreover,
Fx(z) < Fx(zy) = ug, xr < Xo. (2)

Thus for any w satisfying u, < u < ug, Fx(x) < u for 2 < x and
Fx(z) > u for x > xy. Thus, F(u) = min{z|Fx(x) > u} = x.

We note that the first two parts of this problem were just designed to
show the properties of F'(u). First, we observe that

p [X < x] —P [F(U) < g;] = Plmin {2/|Fx(z) > U} <a].  (3)
To prove the claim, we define, for any z, the events

A: min{2'|Fx(z') > U} <z, (4)
B: U< Fy(z). (5)

Note that P[A] = P[X < z|. In addition, P[B] = P[U < Fx(z)] =
Fx(z) since P[U < u] = u for any u € [0, 1].

We will show that the events A and B are the same. This fact implies
P|X <a| =PA =P [B] = P[U < Fx(2)] = Fx(z).  (6)

All that remains is to show A and B are the same. As always, we need
to show that A C B and that B C A.

e To show A C B, suppose A is true and min{z'|Fx(z') > U} < x.
This implies there exists zo < x such that Fx(xo) > U. Since xy <
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x, it follows from Fy(z) being nondecreasing that F'y(z) < Fx(x).
We can thus conclude that

U < Fx(xg) < Fx(x). (7)

That is, event B is true.

e To show B C A, we suppose event B is true so that U < Fx(x).
We define the set

L={d|Fx(z') > U}. (8)

We note x € L. It follows that the minimum element min{z’|z’ € L} <
x. That is,

min {z'|Fx (2') > U} <z, 9)
which is simply event A.

Problem 6.4.1 Solution

Since 0 < X < 1,and 0 <Y < 1, we have 0 <V < 1. This implies Fi{(v) =0
for v <0 and Fy(v) =1forv>1. For 0 <v <1,

Fy(v) =Pmax(X,Y) <v]=P[X <0,V <]

/ / 6uy? di dy
(o) ()

= (v!)(v*) = 0", (1)
The CDF and (by taking the derivative) PDF of V' are

0 wv<0, Bt 0<p <1
v v
Fy(v)=4¢v> 0<v<, fv(v) = - (2)
0 otherwise.
1 v>1,
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Problem 6.4.3 Solution

The key to the solution is to draw the triangular region where the PDF is
NONZero:

Y
'}

» X

1

(a) X and Y are not independent. For example it is easy to see that
fX(3/4> = fy(3/4) > 0 and thus fx(3/4)fy(3/4) > 0. HOWGVGI‘, fX’y(3/4, 3/
0.

(b) First we find the CDF. Since X > 0 and Y > 0, we know that Fy(u) =0
for u < 0. Next, for non-negative u, we see that

Fy(u) =P min(X,Y) <u] =1—-Pmin(X,Y) > u]
=1-P[X >uY >u. (1)

At this point is is instructive to draw the region for small u:
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We see that this area exists as long as u < 1 —u, or u < 1/2. This is
because if both X > 1/2 and Y > 1/2 then X +Y > 1 which violates

the constraint X +Y < 1. For 0 <u <1/2,

1—u 11—z
—1—/ / 2dydx

=1-2= [1—u) ul> =1 —[1 —2u)?.

2

(2)

Note that we wrote the integral expression but we calculated the integral

as ¢ times the area of integration. Thus the CDF of U is

0 u < 0,
Fyuy=<1-[1-2u* 0<u<1/2,
1 u>1/2.

Taking the derivative, we find the PDF of U is

Fur(u) 41 -2u) 0<u<1/2
u) =
v 0 otherwise.

For the CDF of V, we can write

Fy(v) =P[V <v] =P[max(X,Y) <]
=P[X <0, Y <0

//fXYfo dz, dy.

This is tricky because there are two distinct cases:
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'} '}
1 1
v (1—wv,v)
Y (v,1—0)
> X > X
v 1 vo1
0<wv<1/2 1/2<v<1

For 0 < v <1/2,

:/ / 2 dx dy = 2v°. (6)
o Jo

For 1/2 <wv <1, you can write the integral as

1—v
/ / Qdydm—l—/ / 2dydx
1—v

2{1} —5[1)—(1—21)]}
=20 — (- 1) =4v — 2% — 1, (7)

where we skipped the steps of the integral by observing that the shaded
area of integration is a square of area v? minus the cutoff triangle on
the upper right corner. The full expression for the CDF of V' is

0 v <0,
202 0<v<1/2

F = - 7 8
A PP 1/2<v<1, ®)

1 v > 1.

Taking a derivative, the PDF of V' is
4v 0<wv<1/2

v) = - 9
fv (@) {41—@ 1/2<v<1. ©)
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Problem 6.4.5 Solution

(a)

Since the joint PDF fx y(z,y) is nonzero only for 0 < y < 2 < 1, we
observe that W =Y — X < 0 since Y < X. In addition, the most
negative value of W occurs when ¥ = 0 and X =1 and W = —1.
Hence the range of W is Sy = {w| — 1 < w < 0}.

For w < —1, Fy(w) = 0. For w > 0, Fyy(w) = 1. For —1 < w <0, the
CDF of W is

Y Fy(w) =P[Y — X <]

/ / 6y dy dx

¥ :/_w3(a:+w) dx
= (@ +w?|l =1+w? (1)

Therefore, the complete CDF of W is

0 w < —1,
Fy(w)=< 1+w)?® —-1<w<0, (2)
1 w > 0.

By taking the derivative of fy(w) with respect to w, we obtain the PDF

fW(w>:{3(w+1)2 1 <w<0, @)

0 otherwise.

Problem 6.4.7 Solution
Random variables X and Y have joint PDF
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2 0<y<z<l,

0 otherwise.

fxy(z,y) = {

1

(a) Since fxy(z,y) = 0 for y > x, we can conclude that Y < X and that
W = X/Y > 1. Since Y can be arbitrarily small but positive, W can
be arbitrarily large. Hence the range of W is Sy = {w|w > 1}.

(b) For w > 1, the CDF of W is
x P[Y<Xh]
Fy(w) =P[X/Y < w]

Lw —1-P[X/Y > u]
| —1-P[Y < X/u|
> —1-1/w. (2)

Note that we have used the fact that P[Y < X/w] equals 1/2 times the
area of the corresponding triangle. The complete CDF is

0 w<1

F = ’ 3
ww) {L—Uw w > 1. 3)

The PDF of W is found by differentiating the CDF.

dFy (w) /w? w>1,
= = 4
fuw (w) dw {0 otherwise. 4)

To find the expected value E[W], we write
EW] = [ whetw) do= [ °F. )
—00 1

However, the integral diverges and E[WW] is undefined.
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Problem 6.4.9 Solution
Since X; and X, are iid Gaussian (0, 1), each has PDF

1 2
sz(x) = \/%6 / : (1>

For w < 0, Fy(w) = 0. For w > 0, we define the disc

R(w) = {(ml,xg)]x% + 2 < w} ) (2)

and we write

Fy(w) =P [X]+ X} <w] = //R( )le(xl)fXQ(xQ) dxy dxy

1 2 2
= // — e~ @H)/2 ) du,. (3)
R(w) 27

Changing to polar coordinates with r = /2% + 23 yields

27 p/w
Fy(w) = / / i6%2/27‘ dr df
o Jo 2w

N
= / re "2 dr = —e 2
0

Taking the derivative of Fy(w), the complete expression for the PDF of W is

N

=1 —e w2, 4
. e (4)

fiv () = {gewm " 6

w > 0.

Thus W is an exponential (A = 1/2) random variable.

Problem 6.4.11 Solution

Although Y is a function of two random variables X and Z, it is not similar
to other problems of the form Y = ¢g(X, Z) because Z is discrete. However,
we can still use the same approach to find the CDF Fy(y) by identifying those
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pairs (X, Z) that belong to the event {Y < y}. In particular, since Y = ZX,
we can write the event {Y < y} as the disjoint union

[V <y} ={X <9, Z=1}U{X >y, Z = —1}. (1)

In particular, we note that if X > —yand Z = —1,thenY = Z7X = - X <.
It follows that

Fy(y) =P[Y <y
=P[X<y,Z=14P[X >—y,Z=—1]
=P[X <y|P[Z=1]+P[X > —y|P[Z =—-1] (2)
=pP[X <y]+(1-p)P[-X <y
=pP[X <y]+(1-p)P[-X <y
=p®(y) + (1 —p)P(y) = (y). (3)

Note that we use independence of X and Z to write (2). It follows that Y is
Gaussian (0,1) and has PDF

1 2
= eV /2, 4
Note that what has happened here is that as often as Z turns a negative X
into a positive Y = — X, it also turns a positive X into a negative ¥ = —X.

Because the PDF of X is an even function, these switches probabilistically
cancel each other out.

Problem 6.4.13 Solution

Following the hint, we observe that either Y > X or X > Y or, equivalently,
(Y/X)>1or (X/Y)>1. Hence, W > 1. To find the CDF Fy (w), we know
that Fyy(w) =0 for w < 1. For w > 1, we solve

Fy (w) = P [max[(X/Y), (Y/X)] < w]
=P[(X/Y) <w,(Y/X) < w]
=P[Y > X/w,Y < wX]

=P[X

Jw <Y <wX]. (1)
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Y=wX We note that in the middle of the above steps, nonnega-
tivity of X and Y was essential. We can depict the given
set {X/w <Y <wX} as the dark region on the XY
plane. Because the PDF is uniform over the square, it
is easier to use geometry to calculate the probability.
In particular, each of the lighter triangles that are not

a part of the region of interest has area a?/2w.

This implies

PX/w<Y <wX]|=1

_a*)2w+d® 2w

a2

The final expression for the CDF of W is

0 w <1,
1—1/w w>1.

By taking the derivative, we obtain the PDF

fw(w):{() w <1,

/w? w>1.

Problem 6.4.15 Solution

—1- L 2)

(a) To find if W and X are independent, we must be able to factor the joint
density function fxw(z,w) into the product fx(z)fw(w) of marginal
density functions. To verify this, we must find the joint PDF of X and

W. First we find the joint CDF.

Fxw(z,w)=P[X <z, W < w|

=PX<z,Y - X<w=PX<z,Y <X+w. (1)
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Since Y > X, the CDF of W satisfies
Fxw(z,w)=P[X <2, X <Y < X +w]. (2)

Thus, for x > 0 and w > 0,

FXwa:

Y

{X<IN{X<Y<X+w)} /
/ Ae x*”) dz’
0

w) ' |®

= — €

—)\$+w +)\€—Az> dl‘/

/ N dy da’
(-
(

=(1—e?)(1-e™) (3)

We see that Fiy y(x,w) = Fx(x)Fw(w). Moreover, by applying Theo-
rem 5.9,

fxw(z,w) = % =X MM = fx(z) fw(w).  (4)

Since we have our desired factorization, W and X are independent.

Following the same procedure, we find the joint CDF of Y and W.

=Py <X+wY<y. (5)

The region of integration corresponding to the event {Y < z +w,Y < y}
depends on whether y < w or y > w. Keep in mind that although
W =Y — X <Y, the dummy arguments y and w of fyy(w,y) need
not obey the same constraints. In any case, we must consider each case
separately.
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For y > w, the integration is

y—w u+w
! Fwy (w,y) = / / Ne™ du du
0 U

{Y<p){Y<X+w}

Y Y
+/ / Me ™ dv du
y—w Ju
y—w
_ )\/ [e—Au . e—/\(u+w):| du
0

+ A /y : [e™ — ] du.  (6)

It follows that

Fiy (w,y) = [—e™" 4 0] i_“’ + [—e M —ure™V] y—w
=1—eM — Jwe™. (7)
For y < w,
Y vy
Fyy (w,y) = / / e N dv du
{Y<p/ o Ju
y
= / [_)\67)‘?,/ + )\ef)\u] du
g 0
X = —Jue N — e"\“|g
=1—(1+A\y)e ™. (8)

The complete expression for the joint CDF is

I—e ™ - Jdwe™ 0<w<y,
Fwy(w,y) =41 — (14 Xy)e ™ 0<y<uw, 9)
0 otherwise.
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Applying Theorem 5.5 yields

Jwy (w,y) = (10)

PFwy(w,y)  |2Xe ™ 0<w<y
o otherwise.

ow Oy

The joint PDF fyy(w,y) doesn’t factor and thus W and Y are depen-
dent.

Problem 6.5.1 Solution

Since X and Y are take on only integer values, W = X + Y is integer valued
as well. Thus for an integer w,

Py(w)=P[W=w]=P[X+Y =uw]. (1)

Suppose X =k, then W = w if and only if Y = w — k. To find all ways that
X +Y = w, we must consider each possible integer k such that X = k. Thus

Py(w)= Y PX=kY=w-k= i Pxy(k,w—k). (2

k=—o0 k=—o0

Since X and Y are independent, Px y(k,w — k) = Px(k)Py(w — k). It follows
that for any integer w,

Py(w) = Y Px(k)Py(w—k). (3)

k=—o00

Problem 6.5.3 Solution
The joint PDF of X and Y is

2 0<zx<y<l1,

0 otherwise.

fxy(z,y) = { (1)

We wish to find the PDF of W where W = X + Y. First we find the
CDF of W, Fy(w), but we must realize that the CDF will require different
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integrations for different values of w.

4 Y=X

Area of
Integration

X+Y=w
y X

T
w

Y=X

Area of
Integration

X+Y=w

For values of 0 < w < 1 we look to integrate the
shaded area in the figure to the right.

5 w—x 2
Fy (w) = / / 2 dy dz = % 2)
0 T

For values of w in the region 1 < w < 2 we look
to integrate over the shaded region in the graph
to the right. From the graph we see that we can
integrate with respect to z first, ranging y from
0 to w/2, thereby covering the lower right trian-
gle of the shaded region and leaving the upper
trapezoid, which is accounted for in the second
term of the following expression:

w

5 y 1 w—y
» X Fw(w):/ /2da:dy+// 2dz dy
o Jo z Jo
w2

=2w—1-— (3)

Putting all the parts together gives the CDF

0 w < 0,
“ 0<w<1,
2w—1-% 1<w<2,
1 w > 2,
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and (by taking the derivative) the PDF

w 0<w<l,
fww)=<¢2—w 1<w<2, (5)
0 otherwise.

Problem 6.5.5 Solution

By using Theorem 6.9, we can find the PDF of W = X + Y by convolving
the two exponential distributions. For p # A,

fwtw) = [ " (@) fo(w— 1) da

= / e e Mw=2) dg
0

:)\pe_’“"/ e~ A1 dy
0

_ {/\A_ﬂu (e—uw _ e—Aw) w >0,

(1)

0 otherwise.

When g = A, the previous derivation is invalid because of the denominator
term A\ — pu. For p = A, we have

fur(w) = /_°° Fx(@) fy (w - 2) de

:/ e M e MW= 1o
0

:)\26_’\w/ dx
0

Nwe ™™ w >0,
= { (2)

0 otherwise.

Note that when p = A, W is the sum of two iid exponential random variables
and has a second order Erlang PDF.
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Problem 6.5.7 Solution

We first find the CDF of W following the same procedure as in the proof of
Theorem 6.8.

Few)=px <y rul= [ [ pep a0

By taking the derivative with respect to w, we obtain

fw(w) = M = /OO d (/Hw fX,Y(Ly) d$> dy

dw o dw o
:/ Ixy(w+y,y) dy. (2)

With the variable substitution y = x — w, we have dy = dx and

fw(w) = /_00 fxy(z,x—w) dx. (3)

Problem 6.6.1 Solution

Given 0 < u < 1, we need to find the “inverse” function that finds the value
of w satisfying u = Fy(w). The problem is that for u = 1/4, any w in
the interval [—3, 3] satisfies Fyy(w) = 1/4. However, in terms of generating
samples of random variable W, this doesn’t matter. For a uniform (0, 1)
random variable U, P[U = 1/4] = 0. Thus we can choose any w € [—3,3]. In
particular, we define the inverse CDF as

w:FV—Vl(u):{8“_5 0<u<1/4, )
Bu+17)/3 1/4<u<l.
Note that because 0 < Fy{w) < 1, the inverse Fy;'(u) is defined only for
0 <u < 1. Careful inspection will show that v = (w+5)/8 for =5 < w < —3
and that u = 1/4 + 3(w — 3)/8 for —3 < w < 5. Thus, for a uniform (0, 1)
random variable U, the function W = F};;'(U) produces a random variable
with CDF Fy{(w). To implement this solution in MATLAB, we define
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function w=iwcdf (u);
w=((u>=0) .*x(u <= 0.25) .*%(8*%u-5))+...
((u > 0.25).%(u<=1) .*%((8*%u+7)/3));

so that the MATLAB code W=icdfrv(@iwcdf,m) generates m samples of ran-
dom variable W.
Problem 6.6.3 Solution

In the first approach X is an exponential (\) random variable, Y is an in-
dependent exponential () random variable, and W = Y/X. we implement
this approach in the function wrv1.m shown below.

In the second approach, we use Theorem 6.5 and generate samples of a uni-
form (0, 1) random variable U and calculate W = F};'(U). In this problem,

Fr (w) :1—%. (1)

Setting u = Fy(w) and solving for w yields

w:FV—Vl(u)zi( l ) 2)

u\l—u

We implement this solution in the function wrv2. Here are the two solutions:

function w=wrvl(lambda,mu,m)
%Usage: w=wrvl(lambda,mu,m)
%Return m samples of W=Y/X
%X is exponential (lambda)
%Y is exponential (mu)

x=exponentialrv(lambda,m) ;
y=exponentialrv(mu,m) ;
w=y./X;

function w=wrv2(lambda,mu,m)
%Usage: w=wrvl(lambda,mu,m)
J%Return m samples of W=Y/X
%X is exponential (lambda)
%Y is exponential (mu)

%Uses CDF of F_W(w)

u=rand(m,1);
w=(lambda/mu) *u./(1-u);

We would expect that wrv2 would be faster simply because it does less
work. In fact, its instructive to account for the work each program does.
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e wrvl Each exponential random sample requires the generation of a uni-
form random variable, and the calculation of a logarithm. Thus, we
generate 2m uniform random variables, calculate 2m logarithms, and
perform m floating point divisions.

e wrv2 Generate m uniform random variables and perform m floating
points divisions.

This quickie analysis indicates that wrvl executes roughly 5m operations
while wrv2 executes about 2m operations. We might guess that wrv2 would
be faster by a factor of 2.5. Experimentally, we calculated the execution time
associated with generating a million samples:

>> t2=cputime;w2=wrv2(1,1,1000000) ;t2=cputime-t2

t2 =
0.2500
>> tl=cputime;wl=wrv1(1,1,1000000) ;tl=cputime-t1
tl =
0.7610
>>

We see in our simple experiments that wrv2 is faster by a rough factor of 3.
(Note that repeating such trials yielded qualitatively similar results.)
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Problem Solutions — Chapter 7

Problem 7.1.1 Solution
Given the CDF Fx(x), we can write
FX\X>O($) =P [X < fﬂ‘X > O]
PIX <z, X > 0]

P[X > 0]
_Plo<Xx<a] O z <0, a
P[X > 0] B0 >0,

From Fx(z), we know that Fx(0) = 0.4 and P[X > 0] = 1 — Fx(0) = 0.6.
Thus

0 z <0
Fx|xso(z) = {F (z)—0.4 .
5% x>0,
0 T < b,
_ ) o08-04 _ 2
= 06 —3 oS <T, (2)
1 x>T.

From the jumps in the conditional CDF Fy|xso(z), we can write down the
conditional PMF

2/3 x =05,
P_)(|X>0(flf> = 1/3 r = 7, (3)
0 otherwise.

Alternatively, we can start with the jumps in Fx(x) and read off the PMF of
X as

04 z=-3
0.4 =z =05,
P =02 w7 @

0 otherwise.
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The event {X > 0} has probability P[X > 0] = Px(5) + Px(7) = 0.6. From
Theorem 7.1, the conditional PMF of X given X > 0 is

2/3 =5
PX(x) )
Py|xso(z) = ¢ "0 ren =<1/3 z=T7, (5)
0 otherwise, 0 therwi
otherwise.

Problem 7.1.3 Solution

The event B = {X # 0} has probability P[B] =1 — P[X = 0] = 15/16. The
conditional PMF of X given B is

Pxjp(x) = {iﬁg) e B’. = (4)i (1)

0 otherwise,

Problem 7.1.5 Solution

(a) You run M = m miles if (with probability (1 —¢)™) you choose to run
the first m miles and then (with probability ¢) you choose to quite just
prior to mile m 4+ 1. The PMF of M, the number of miles run on an
arbitrary day is

q1—q¢)™ m=0,1,...,
0 otherwise.

Py (m) = { (1)

(b) The probability that we run a marathon on any particular day is the
probability that M > 26.

P[M > 26] = qu—q (1—q)*. (2)

m=26
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(¢) We run a marathon on each day with probability equal to r, and we
do not run a marathon with probability 1 — . Therefore in a year we
have 365 tests of our jogging resolve, and thus 365 chances to run a
marathon. So the PMF of the number of marathons run in a year, J,
can be expressed as

365
J

Piti) = (% )a =y 3)

(d) The random variable K is defined as the number of miles we run above
that required for a marathon, K = M — 26. Given the event, A, that
we have run a marathon, we wish to know how many miles in excess of
26 we in fact ran. So we want to know the conditional PMF P (k).

Pagall) = T = PR E )

Since P[A] =r, for k =0,1,...,

(1 _ q)26+kq
(1—q)*

The complete expression of for the conditional PMF of K is

Pya(k) = =(1-¢q)*q. (5)

(1_Q)kq kZO,l,...,
P =
KIA(k) {O otherwise.
Problem 7.1.7 Solution

(a) Given that a person is healthy, X is a Gaussian (u = 90,0 = 20)
random variable. Thus,

;6—(:13—#)2/202 _ 1 6—(3:—90)2/800‘ (1)

fX|H(x):O_\/% 20\/%
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(b) Given the event H, we use the conditional PDF fx () to calculate
the required probabilities
P [T*|H] = P[X > 140|H] = P [X — 90 > 50|H]
_p {X - 90

> 2.5|H]
=1-—®(2.5) = 0.006. (2)
Similarly,

P[T7|H] =P[X < 110[H] =P [X — 90 < 20|H]

X —90
=P <1|H

= d(1) = 0.841. (3)
(c) Using Bayes Theorem, we have
_, _ P[I[H]P[H] P [T |H]P[H]
PLHITT) = — [T-] ~ P[T-|D|P[D]+P[T|H|P[H] )

In the denominator, we need to calculate

P [T~|D] = P[X < 110|D] = P[X — 160 < —50|D]
X — 160

40
= §(—1.25) = 1 — &(1.25) = 0.106. (5)

=P

< —1.25|D

Thus,

P [T |H]| P [H]
[I-|D]P[D] +P [T~ |H] P [H]
B 0.841(0.9)
~0.106(0.1) + 0.841(0.9)

PHIT] = 5

= 0.936. (6)
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(d) Since T—,T?, and T are mutually exclusive and collectively exhaustive,
P[T°|H] =1-P [T |H] —P[T|H]
— 1—0.841 — 0.006 = 0.153. (7)

We say that a test is a failure if the result is 7°. Thus, given the event
H, each test has conditional failure probability of ¢ = 0.153, or success
probability p = 1 — ¢ = 0.847. Given H, the number of trials N until a
success is a geometric (p) random variable with PMF

1-p)'p n=1,2,...,

0 otherwise.

PN|H(TL) = { (8)

Problem 7.1.9 Solution

For this problem, almost any non-uniform random variable X will yield a non-
uniform random variable Z. For example, suppose X has the “triangular”

PDF

(1)

0 otherwise.

frln) = {8.7:/7“2 0<z<r/2,

In this case, the event B; that Y = iA + A/2 occurs if and only if iA < X <
(¢ + 1)A. Thus

P[B] = = dx = : (2)

A r2 r2

/“*”A 8z SA(IA +A/2)

It follows that the conditional PDF of X given B; is

fxip(z) = Jll)fg}) x € B, _ A(z’AiA/z) iIA<z<(i+1)A, 3)
Z 0 otherwise, 0 otherwise.

Given event B;, Y = iA+ A/2,s0 that Z =X —Y = X —iA — A/2. This
implies

IR _AN/9< 2 < A2,

fa1B(2) = fxip. (2 HiA + A)2) = {g(mw/z) @

otherwise.
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We observe that the PDF of Z depends on which event B; occurs. Moreover,

fz1B/%) is non-uniform for all B;.
Problem 7.2.1 Solution
The probability of the event B is
P[B]=P[X > ux] =P [X >3] = Px(3) + Px(4) + Px(5)

_ )+ %512) ) o1/

The conditional PMF of X given B is

Px(z) reB Y1 . —345
Px|B(ZL’):{P[B] :{(x)Zl )y

0 otherwise, 0 otherwise.

The conditional first and second moments of X are

5\ 1 5\ 1 5\ 1
E[X|B] = ZIPX|B (3>ﬁ+4(4)i+5(5)21

— [30 + 20 + 5] /21 = 55/21,

5\ 1 5\ 1 5\ 1
E [X?B] P =3 | = +4° ()=
5] Zx xis (2 (3) TR VY ST Y b

= [90 + 80 + 25] /21 = 195/21 = 65,7.

The conditional variance of X is
Var[X|B] = E [X*|B] - (E[X|B])?
= 65/7 — (55/21)* = 1070/441 = 2.43.

Problem 7.2.3 Solution
The PDF of X is

fe@) = {1/10 —5<2<5,

0 otherwise.
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(a) The event B has probability

PB|=P[-3<X <3| = / —dx— (2)
From Definition 7.3, the conditional PDF of X given B is
fx(x)/P[B] ze€B, 1/6  |z| <3,
= = 3
Jxi5(2) {0 otherwise, 0 otherwise. )

(b) Given B, we see that X has a uniform PDF over [a,b] with a = —3
and b = 3. From Theorem 4.6, the conditional expected value of X is
E[X|B] = (a+b)/2=0.

(c¢) From Theorem 4.6, the conditional variance of X is Var[X|B] = (b —
a)?/12 = 3.

Problem 7.2.5 Solution

The condition right side of the circle is R = [0,1/2]. Using the PDF in
Example 4.5, we have

1/2 1/2
[ rway= [ sray=1s 1)
0 0
Therefore, the conditional PDF of Y given event R is
2P 0<y<1)2
= 2
frir(y) {0 otherwise. @)
The conditional expected value and mean square value are
00 1/2
VIR = [ ufvel) du= [ 210 dy =3/ meter,  (3)
—0o0 0
00 1/2
EVAR] = [ hnt) dv= [ 2tdy=s20mt. (@
—0o0 0

197



The conditional variance is

Var [Y|R] = E [Y?|R] — (E[Y|R])? = 230 (g) —3/320m%  (5)

The conditional standard deviation is oy|r = 1/ Var[Y|R] = 0.0968 meters.
Problem 7.2.7 Solution

(a) Consider each circuit test as a Bernoulli trial such that a failed circuit
is called a success. The number of trials until the first success (i.e. a
failed circuit) has the geometric PMF

pN<n>:{<1_p>n_lp e (1)

0 otherwise.

(b) The probability there are at least 20 tests is

P[B] =P[N > 20| = Z Py(n —p)". (2)

n=20

Note that (1 — p)!? is just the probability that the first 19 circuits pass
the test, which is what we would expect since there must be at least 20
tests if the first 19 circuits pass. The conditional PMF of N given B is

Pn(n)

neb
P, n) ={ PBl ’
wiz () {0 otherwise,

@ —p)"p n=20,21,...,
0 otherwise.
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(c) Given the event B, the conditional expectation of N is

o0

E[N|B] = ZnPMB = n(l-p)" . (4)

n=20

Making the substitution 7 = n — 19 yields

o0

E[N|B] =) (j+19)(1—p)'p=1/p+19. (5)
j=1
We see that in the above sum, we effectively have the expected value of
J + 19 where J is geometric random variable with parameter p. This
is not surprising since the N > 20 iff we observed 19 successful tests.
After 19 successful tests, the number of additional tests needed to find
the first failure is still a geometric random variable with mean 1/p.

Problem 7.2.9 Solution

(a) We first find the conditional PDF of T. The PDF of T' is

100109 ¢ > 0,
0 otherwise.

The conditioning event has probability

P[T > 0.02] = N fr(t) dt = —e 100> =72, (2)

0.02
0.02
From Definition 7.3, the conditional PDF of T is

fr(t)
fT|T>0.02 (t) = {P[T>0.02] t > 0.02,

0 otherwise,

{1006—100@—0-02) t>0.02,

0 otherwise.
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The conditional expected value of T is

oo

E[T|T > 0.02] = / t(loo)efloo(tfo.oz) dt.

0.02

The substitution 7 =t — 0.02 yields
E[T|T > 0.02] = / (7 +0.02)(100)e "7 dr
0

= /OOO(T +0.02) fr(7) dr
=E [T+ 0.02] = 0.03.

(b) The conditional second moment of 7" is

o

E[T?T > 0.02] = / £2(100)e100(t=0:02) gt

0.02

The substitution 7 =t — 0.02 yields
E [T?|T > 0.02] = / (7 +0.02)%(100)e~ "7 dr
0

_ /0 (4 0022 () dr
— E[(T+0.02)2 .

Now we can calculate the conditional variance.

Var[T|T > 0.02] = E [T?|T > 0.02] — (E[T'|T > 0.02])*

=E [(T' +0.02)*] — (E[T +0.02])
= Var[T + 0.02]
= Var[T] = 0.01.
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Problem 7.2.11 Solution

(a) In Problem 4.7.8, we found that the PDF of D is

~0.30(y) y <60,
foly) = {0_076_@_60)/10 y > 60. (1)

First, we observe that D > 0 if the throw is good so that P[D > 0] = 0.7.
A second way to find this probability is

P01~ [ foly) dy =0 )
0+
From Definition 7.3, we can write

fp(y)
posg Y >0,
0 otherwise,

fD\D>0 (y) =

= (3)

_ [(/10)e 000y > 6,
0 otherwise.

(b) If instead we learn that D < 70, we can calculate the conditional PDF
by first calculating

70
P[D <70] = fo(y) dy
0
70

60
= / 0.30(y) dy + / 0.07e~W=60/10 gy
0 60

= 0.34 —0.7¢" W 0010) T — 1 _ 0.7, (4)
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The conditional PDF is

Ipoip<ro(y) =

fp(y)
P[z];gym} y <70,
0 otherwise,

TomT0(y) 0 <y < 60,

17%.%—1 e~ W=60/10 60 < y <10,

0 otherwise.

Problem 7.3.1 Solution

X and Y each have the discrete uniform PMF

0.1 »z=1,2,...,10,
0 otherwise.

Px(l‘) = Py(l’) = {

The joint PMF of X and Y is

Pxy(z,y) = Px(z) Py (y)
_{om r=1,2,...,10;y=1,2,...,10,

0 otherwise.

The event A occurs iff X > 5 and Y > 5 and has probability

10 10
P[A]=P[X >5Y >5/=> ) 0.0l =025

=6 y=06

(3)

Alternatively, we could have used independence of X and Y to write P[A] =

P[X > 5] P[Y > 5] = 1/4. From Theorem 7.6,

Px v(zy) (:E
7y) € A’
P r,Yy)= oA
X,Y\A( y) {() otherwise,

_{OM 2 =6,...,10;y=6,...,20,

0 otherwise.
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Problem 7.3.3 Solution
Given the event A = {X +Y < 1}, we wish to find fx ya(z,y). First we find

1 1—x
= / / 6e~ 23 dy dor = 1 — 32 + 2e72, (1)
o Jo
So then
6e—(2z+3y)
——— 5.3 I+ §1,x20, 20,
fx,y|A(-’E,y) _ ) 1-3e"242e73 Yy : Yy (2)
0 otherwise.
Problem 7.3.5 Solution
The joint PDF of X and Y is
r+y)/3 0<z<1,0<y<2
Fer(ay) =&Y/ . 1)
0 otherwise.
(a) The probability that Y <1 is
Pl =PI < / Py (@) dody
Y 1 1 T4y
/ / dy dx
o Jo
1 2 y=1
Y<1 _ / Yy de
0 3 6 y=0
X Lor+1
:/ T+ e
0 6
22 ozt 1
= — 4+ | =—. 2
6 + 6], 3 (2)
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(b) By Definition 7.7, the conditional joint PDF of X and Y given A is

fx.y(z,y)
= (v,y) € A,
fxyialz,y) = { b (@)

0 otherwise,
(3)

a4y 0<z<t0<y<t,
1o otherwise.

From fxya(z,y), we find the conditional marginal PDF fx 4(x). For
0<x <1,

Fxialz) = / Frviale.y) dy
1

y=1

:/O(a:—iry)dy:xy—i—— zx—l—%. (4)

2

y=0
The complete expression is

0 otherwise.

For 0 <y <1, the conditional marginal PDF of Y is
Jyia(y) Z/ fxyalz,y) do
1 2

—/ (x +y)de = %4—91;3/
0

The complete expression is

y+1/2 0<y<l1,
0 otherwise.

frialy) = {
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Problem 7.3.7 Solution

(a) For a woman, B and T are independent and thus

P (b,t) = Ppyw (b) Priw (t) - (1)
Expressed in the form of a table, we have

Pprw(b,t) [t=0 t=1 t=2
b=0 0.36 0.12 0.12 @)
b=1 0.18 0.06 0.06
b=2 0.06 0.02 0.02

(b) For a man, B and T are independent and thus
Pg v (b, t) = P (b) Priu(t) - (3)

Expressed in the form of a table, we have

Pgr(bt) |[t=0 t=1 t=2
b=0 0.04 0.04 0.12 (1)
b=1 0.06 0.06 0.18
b=2 0.10 0.10 0.30

(c¢) To find the joint PMF, we use the law of total probability to write

Ppr(b,t) =P [W] Pgrw(b,t) + P [M] Pgr (b, t)
1

1
=3 srw (b, t) + §PB,T\M(b7 t). (5)

Equation (5) amounts to adding the tables for Pg ryw/(b, t) and Pg ra(b, t)
and dividing by two. This yields

Pgr(bt) |[t=0 t=1 t=2
b=0 |020 0.08 0.12 (©)
b=1 | 012 0.06 0.12
b=2 | 008 0.06 0.16
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(d) To check independence, we compute the marginal PMFs by writing the
row and column sums:

Ppr(bt)|t=0 t=1 t=2]|Ps(b)
b=0 | 020 003 0.12 | 0.40
b=1 |0.12 006 0.12 | 0.30 (7)
b=2 |0.08 006 0.16 | 0.30
Pr(t) | 040 020 0.40

We see that B and T are dependent since Pg (b, t) # Pp(b)Pr(t). For
example, P 7(0,0) = 0.20 but P(0)Pr0) = (0.40)(0.40) = 0.16.

Now we calculate the covariance Cov[B,T| = E[BT| — E[B] E[T] via

E([B] = i bPg(b) = (1)(0.30) + (2)(0.30) = 0.90, (8)
E[T] = itPT(t) = (1)(0.20) + (2)(0.40) = 1.0, (9)

E[BT] = ZQ: 22: bt Py (b, 1)

- (f- 1;(0.06) +(1-2)(0.12)
+(2-1)(0.06) + (2 - 2)(0.16)
= 1.06. (10)

Thus the covariance is
Cov[B,T] =E[BT]— E[B]E[T] = 1.06 — (0.90)(1.0) = 0.16.  (11)

Thus baldness B and time watching football T" are positively correlated.
This should seem odd since B and T' are uncorrelated for men and also
uncorrelated for women. However, men tend to be balder and watch
more football while women tend to be not bald and watch less football.
Averaged over mean and women, the result is that baldness and football
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watching are positively correlated because given that a person watches
more football, the person is more likely to be a man and thus is more
likely to be balder than average (since the average includes women who
tend not to be bald.)

Problem 7.3.9 Solution
X and Y are independent random variables with PDFs

2v 0<zx <1, 32 0<y<1,
T) = - - = 1
Jx(@) {O otherwise, ) {0 otherwise. (1)

For the event A = {X > Y}, this problem asks us to calculate the conditional
expectations E[X|A] and E[Y'|A]. We will do this using the conditional joint
PDF fxyja(z,y). Since X and Y are independent, it is tempting to argue
that the event X > Y does not alter the probability model for X and Y.
Unfortunately, this is not the case. When we learn that X > Y, it increases
the probability that X is large and Y is small. We will see this when we
compare the conditional expectations E[X|A] and E[Y|A] to E[X] and E[Y].

(a) We can calculate the unconditional expectations, E[X] and E[Y], using
the marginal PDFs fx(z) and fy(y).

E [X] :/00 fx(z) dmz/o 222 dx = 2/3, (2)
E[Y]Z/m fr (y) dy:/o 3y’ dy = 3/4. (3)

(b) First, we need to calculate the conditional joint PDF ipdf X, Y |Az,y.
The first step is to write down the joint PDF of X and Y:

6zy> 0<x<1,0<y<I,

0 otherwise.

fxy(z,y) = fx(z) fr(y) = { (4)
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The event A has probability

14 P[A]:/ fxy(z,y) dydx

X>Y
& :/ / 62y dy dx

! _/ 20t dx = 2/5. (5)

0

v
e

The conditional joint PDF of X and Y given A is

fX Y(l‘,y)
=02 (x,y) € A,
Q&Wumz{PW (@)

0 otherwise,

(6)

_{15a:y2 0<y<a<l,

1 0 otherwise.

The triangular region of nonzero probability is a signal that given A, X
and Y are no longer independent. The conditional expected value of X
given A is

Eww:/‘/ 2 fxpia (@ yla) o,y dy de

1 T
= 15/ x2/ y* dy dx
0 0

:5/01x5dx:5/6. (7)
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The conditional expected value of Y given A is

B = [ [ ufsviaan) dyds

—15/ /ydydx

=— [ 2°dx=5/8. (8)
4 0
We see that E[X|A] > E[X] while E[Y|A] < E[Y]. That is, learning
X > Y gives us a clue that X may be larger than usual while Y may
be smaller than usual.

Problem 7.4.1 Solution

These conditional PDFs require no calculation. Straight from the problem
statement,

1 e
Tyiix (i]1) = 5=° e~ mm /2, (1)

Jralx (y2lz) = o~ (W2—2)?/22% )

Conditional PDFs like fy,|x(y1]|z) occur often. Conditional PDFs resembling
fyva|x(12|x) are fairly uncommon.
Problem 7.4.3 Solution

This problem is mostly about translating words to math. From the words,
we learned that

fx(z) =

0 otherwise,

{1ogx§L

1/(1+z) 0<y<l+u,

0 otherwise.

fY\X(y|$) = {
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It follows that the joint PDF is

Ixy(x,y) = frix(ylz) fx(x)
)1/l +2) 0<2<1,0<y<1+ux,
0 otherwise.

Problem 7.4.5 Solution

The main part of this problem is just interpreting the problem statement. No
calculations are necessary. Since a trip is equally likely to last 2, 3 or 4 days,

1/3 d=2,3,4
_P d — b ) ) 1
n(d) {0 otherwise. (1)

Given a trip lasts d days, the weight change is equally likely to be any value
between —d and d pounds. Thus,

PW|D(w\d):{1/<2d+1) w=—d,—d+1,...,d, 2

otherwise.
The joint PMF is simply
Ppw(d,w) = Pwp(w|d) Pp(d)
B {1/(6d+3) d=234w=—d,....d

0 otherwise.

(3)

Problem 7.4.7 Solution

We are told in the problem statement that if we know 7, the number of feet a
student sits from the blackboard, then we also know that that student’s grade
is a Gaussian random variable with mean 80 — r and standard deviation r.
This is exactly

1 o~ (@—[80—r])? /2% (1)

fxir(zlr) = 5
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Problem 7.4.9 Solution

This problem is fairly easy when we use conditional PMF’s. In particular,
given that N = n pizzas were sold before noon, each of those pizzas has
mushrooms with probability 1/3. The conditional PMF of M given N is the

binomial distribution
Pasonl) = ()1 /31723 )

Since Pysn(m|n) depends on the event N = n, we see that M and N are
dependent.

The other fact we know is that for each of the 100 pizzas sold, the pizza is
sold before noon with probability 1/2. Hence, N has the binomial PMF

100 . .
Pt = () a2 )
The joint PMF of N and M is for integers m,n,

Py v (m,n) = Pyyn(m|n) Py (n)
- (M) (") amresrrap 3

m

Problem 7.4.11 Solution

We can make a table of the possible outcomes and the corresponding values
of Wand Y

outcome | P[] W Y
hh p? 0 2
ht |p(l—p) 1 1 (1)
th  |pl—p) -1 1
tt (1-p)? 0 0
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In the following table, we write the joint PMF Py y(w,y) along with the

marginal PMFs Py(y) and Py(w).

Pyy(w,y) | w=—1 w=0 w=1

y=0 0 (1-p)? 0

y=1 |p(l—-p) 0 p(1—p) 2p(1—p)
y =2 0 p? 0

Py(w) |p(1—p) 1=2p+2p* p(1—p)

(2)

Using the definition Pyy(w|y) = Pwy(w,y)/Py(y), we can find the condi-

tional PMFs of W given Y:

Py (w|0) = {(1) th};rg;ise,
Pwy (w|l) = {(1)/2 z)vth:er;visjel,’
Py (w]2) = {é Z;h:er(:):/ise-
Similarly, the conditional PMF's of Y given W are
Prw(yl —1) = {(1) Zt;e;vise,

(1-p)* _
l—2p£i-2p2 Y= O’

Priw(yl0) = § 1o ¥ = 2,

0 otherwise,
1 y=1
P 1) = ’
vw (yl1) {O otherwise.

Problem 7.4.13 Solution

(8)

The key to solving this problem is to find the joint PMF of M and N. Note
that N > M. For n > m, the joint event {M = m, N = n} has probability
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m—1 n—m—1
calls calls

—
PM=m,N=n]=Pldd---dvdd---dv]
=(L—=p)"p(L—p)" " 'p
= (L—p)"*p".
A complete expression for the joint PMF of M and N is

(1_p)n72p2 m:172a"'7n_1;
PM,N(m,n)Z n=m+1m+2,...,
0 otherwise.

The marginal PMF of N satisfies

n—1

Py(n)=> (1—p)"?p"=(n=1)(1=p)" ", n=23,. ...

m=1
Similarly, for m = 1,2, ..., the marginal PMF of M satisfies

o)

Py(m)= > (1—p)"2p’

S e N R G,
=(1—-p)™ 'p.

The complete expressions for the marginal PMF’s are

1—p)™1p m=1,2...,

0 otherwise,

pogy [ DO =2
’)’L =
N 0 otherwise.

(6)

Not surprisingly, if we view each voice call as a successful Bernoulli trial, M
has a geometric PMF since it is the number of trials up to and including
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the first success. Also, N has a Pascal PMF since it is the number of trials
required to see 2 successes. The conditional PMF’s are now easy to find.

(7)

Pyu(nim) = ———— =

Py n(m,n) 1—p) ™ 1p n=m+1m+2,...,
Py (m)

0 otherwise.

The interpretation of the conditional PMF of N given M is that given M = m,
N = m+ N’ where N’ has a geometric PMF with mean 1/p. The conditional
PMF of M given N is

(8)

Pyn(m,n) J1/(n—1) m=1,...,n—1,
o otherwise.

PN(TL)

Given that call N = n was the second voice call, the first voice call is equally
likely to occur in any of the previous n — 1 calls.

Problem 7.4.15 Solution

If you construct a tree describing what type of packet (if any) that arrived
in any 1 millisecond period, it will be apparent that an email packet arrives
with probability v = pqr or no email packet arrives with probability 1 — «.
That is, whether an email packet arrives each millisecond is a Bernoulli trial
with success probability «. Thus, the time required for the first success has
the geometric PMF
t—1 _

{(1 a)ta t=1,2,... 1)

0 otherwise.

Note that NV is the number of trials required to observe 100 successes. More-
over, the number of trials needed to observe 100 successes is N = T + N’
where N’ is the number of trials needed to observe successes 2 through 100.
Since N’ is just the number of trials needed to observe 99 successes, it has
the Pascal (k =99,p) PMF

Pt = (g5 ) - 2. )
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Since the trials needed to generate successes 2 though 100 are independent of
the trials that yield the first success, N’ and T" are independent. Hence

PN|T(TL’t) = PN/|T(TL—t|t) = PN/(TL—t) (3)
Applying the PMF of N’ found above, we have
—t—1
PN|T(TL‘t) = (TL 98 )@99<1 — Oé)nitigg- (4)

Finally the joint PMF of N and T is

Pyr(n,t) = Pyr(n|t) Pr(t)

This solution can also be found a consideration of the sample sequence of
Bernoulli trials in which we either observe or do not observe an email packet.

To find the conditional PMFE Prn(t|n), we first must recognize that N is
simply the number of trials needed to observe 100 successes and thus has the
Pascal PMF

Pt = (" D)o - oo o

Hence for any integer n > 100, the conditional PMF is

Pyr(n,t) (")
Pu(n) = ()

PT|N(t|7’L) =

Problem 7.5.1 Solution

Random variables X and Y have joint PDF
Y

1
2 0<y<zx<l1

0 otherwise.

fxy(z,y) = {

215



For 0 <y <1,

00 1
fr(y) = / fxy(x,y) dov = / 2dr =2(1—y). (2)
N y
Also, for y < 0ory > 1, fy(y) = 0. The complete expression for the marginal
PDF is
Pl =20 0= )
0 otherwise.

By Theorem 7.10, the conditional PDF of X given Y is

fXY(:E7y) 1% yngSL

aly) = 22D Sy 4
fX|Y( ) v (y) 0 otherwise. )
That is, since Y < X < 1, X is uniform over [y,1] when Y = y. The
conditional expectation of X given Y = y can be calculated as

BIXY =)= [ afuy(aly) ds (5)
Uy 22 |1 14y
:/y 1—ydx:2(1—y)y: 2 (6)

In fact, since we know that the conditional PDF of X is uniform over [y, 1]
when Y = y, it wasn’t really necessary to perform the calculation.

Problem 7.5.3 Solution

(a) First we observe that A takes on the values Sy = {—1,1} while B takes
on values from Sp = {0,1}. To construct a table describing P4 g(a, b)
we build a table for all possible values of pairs (A, B). The general form
of the entries is

Pap(a,b) | b=0 b=1
a=—1 [PoaOl- DB Poal- DBCD (1)
a=1 Ppa(0[1) P(1) Ppa(1]1) Pa(1)
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Now we fill in the entries using the conditional PMFs Pgj4(bla) and the
marginal PMF Py(a). This yields

Pag(a,b)| b=0 b=1
a=—1 | (1/3)(1/3) (2/3)(1/3) . (2)
a=1 |(1/2)(2/3) (1/2)(2/3)

which simplifies to
Pap(a,b)[b=0 b=1

a=—1 | 1/9 2/9 . (3)
a=1 | 1/3 1/3

(b) Since PA(l) = PA’B(l, O) + PA,B(L 1) = 2/3,

PAB(l,b) 1/2 b=0,1,
Ppi4(b|1 = 4
pa(bl1) = (1) 0 otherwise. )
If A =1, the conditional expectation of B is
E[B|A = 1] ZbPB|A b|1) = Pga(1]1) = 1/2. (5)

(c) Before finding the conditional PMF Py (all), we first sum the columns
of the joint PMF table to find

4/9 b=0,
Pp(b)=4¢5/9 b=1, (6)
0 otherwise.

The conditional PMF of A given B =1 is

Py p(a,1) 2/5 a= -1,

AB\A,

Pap(all) = —PB(l) =1<¢3/5 a=1, (7)
0 otherwise.



(d) Now that we have the conditional PMF Pyp(all), calculating condi-
tional expectations is easy.

E[A|B=1] = Z aPyp(all) = —1(2/5) + (3/5) =1/5,  (8)

E[A’B=1] = Z a*Pap(all) = 2/5+3/5 = 1. (9)

The conditional Variance is then
Var[A|B = 1] = E [A*|B =1] — (E[A|B = 1])?

= 1—(1/5)2 = 24/25. (10)
(e) To calculate the covariance, we need
_ Z aPy(a) = —1(1/3) +1(2/3) = 1/3, (11)
ZbPB 0(4/9) + 1(5/9) = 5/9, (12)
E[AB] = ) ZabPAB(a, b)
— —1(0)(1/9) + —1(1)(2/9) + 1(0)(1/3) + 1(1)(1/3)
—1/9. (13)

The covariance is just
Cov[A, Bl =E[AB] — E[A] E[B]
/9)

=1/9—(1/3)(5/9) = —2/27. (14)
Problem 7.5.5 Solution
Random variables N and K have the joint PMF
100™e—100 == 0, ].7 Y N
Pyg(n k)= ' pn—01,..., (1)

0 otherwise.
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(a) We can find the marginal PMF for N by summing over all possible K.
For n > 0,

n

1007167100 1007167100
P(n) = Z (n+1)! B nl @)
k=0

We see that N has a Poisson PMF with expected value 100. For n > 0,
the conditional PMF of K given N = n is

PNJ((TZ,]{?)_ 1/(n—|—1) k’IO,l,...,TL,
PN<TL) a

Prin (kn) = (3)

0 otherwise.

That is, given N = n, K has a discrete uniform PMF over {0,1,...,n}.
Thus,

E[KIN =n]=> k/(n+1)=n/2. (4)

(b) Since E[K|N = n| = n/2, we can conclude that E[K|N] = N/2. Thus,
by Theorem 7.13,
BE[K] = E[E[K[N]] = E[N/2] = 50, ()

since N is Poisson with E[N] = 100.

Problem 7.5.7 Solution
We are given that the joint PDF of X and Y is

1/(7r?) 0<a?+y? <r?

0 otherwise.

Ixy(z,y) = {

(a) The marginal PDF of X is

/”’Q”Q 1 {—QVﬁzmQ —r <z <,

fx(x) = (2)

0 otherwise.



The conditional PDF of Y given X is

fry(@,y) _ {1/<2F2 —2%) P <t -a?

fx () )

Jyix (ylz) = 0 otherwise.

(b) Given X = x, we observe that over the interval [—v/r2 — 22, v/r2 — 22|,
Y has a uniform PDF. Since the conditional PDF fy|x(y|) is symmetric
about y = 0,

E[Y|X =] =0. (4)

Problem 7.5.9 Solution
Since 50 cents of each dollar ticket is added to the jackpot,

N;

Given J; = 7, N; has a Poisson distribution with mean j. It follows that
E[N;|J; = j| = j and that Var|[N;|J; = j| = j. This implies

E [N?|J; = j] = Var[N;|J; = j] + (E[Ni| J; = 5])°
=j+5 (2)

In terms of the conditional expectations given J;, these facts can be written
as

E[N;| L] =0,  E[NZJL] =Ji+ J7. (3)

This permits us to evaluate the moments of J;_; in terms of the moments of
J;. Specifically,

1 Ji 3J;
Using the iterated expectation, this implies
3
ElJia] =B[E[Jial| L)l = S E[J]. (5)
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We can use this the calculate E[J;] for all i. Since the jackpot starts at

1 million dollars, Js = 10% and E[Js] = 10°. This implies

E[J] = (3/2)""10° (6)
Now we will find the second moment E[J?]. Since
JPy = J}+ NiJ;+ N} /4, (7)
we have
E[JZ /] = E [J}|Ji] + E[NiJ;|Ji] + E [N?|J;] /4
= J2+ L E[N|J] + (J; + J?) /4
= (3/2)*J7 + J; /4. (8)
By taking the expectation over J; we have
E[J2] =G/ E[]+E[J] /4 (9)
This recursion allows us to calculate E[J?] for i = 6,5,...,0. Since Js = 10°,
E[JZ] = 10'2. From the recursion, we obtain
E[J2] = (3/2°E [22] + E[Ji] /4
1
= (3/2)*10" + 4106 (10)
E[J2] = (3/2)°E [ 2] + E[J;)] /4
1
= (3/2)'10" + + [(3/2)* + (3/2)] 10°, (11)
B[] = (3/2)°F [ 3] + B[] /4
1
= (3/2)"10% + 7 [(3/2)" + (3/2)° + (3/2)°] 10". (12)
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The same recursion will also allow us to show that

E[J7] = (3/2)%10" + ;1 [(3/2)° + (3/2)° + (3/2)* + (3/2)°] 10°,  (13)
E [J7] = (3/2)'°10"

411 [(3/2)° + (3/2)" + (3/2)° + (3/2)" + (3/2)"] 10°,  (14)
E[J7] = (3/2)"*10" + 1 [(3/2)10 +(3/2)° + -+ (3/2)°] 10°. (15)

Finally, day 0 is the same as any other day in that J = Jy + Ny/2 where N
is a Poisson random variable with mean Jy. By the same argument that we
used to develop recursions for E[J;] and E[J?], we can show

E[J] = (3/2)E[Jy] = (3/2)710° =~ 17 x 10°. (16)
and
E[J?] = (3/2)°E [J;] + E[Jo] /4

= (3/2)"10" + i [(3/2) + (3/2)" + -+ -+ (3/2)°] 10°
106

= (3/2)"*10" + 7(3/2)6[(3/2)7 —1]. (17)
Finally, the variance of J is
Var[J] = E [2] - E[J])? = =2 32013/~ 1] (18)

Since the variance is hard to interpret, we note that the standard deviation of
J is 0y ~ 9572. Although the expected jackpot grows rapidly, the standard
deviation of the jackpot is fairly small.

Problem 7.6.1 Solution
This problem is actually easy and short if you think carefully.
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(a) Since Z is Gaussian (0,2) and Z and X are independent,

1
fzix(zlz) = fz(2) = \/gez2/8~ (1)
(b) Using the hint, we observe that if X = 2, then Y = 2+ Z. Furthermore,
independence of X and Z implies that given X = 2, Z still has the
Gaussian PDF f4(z). Thus, given X =z = 2, Y = 247 is conditionally
Gaussian with

EY|X=2=24+E[Z|X =2| =2, (2)
Var[V|X = 2] = Var[2+ Z|X = 2] = Var[Z]|X = 2| = 2. (3)
The conditional PDF of Y is
1 2

2) — —(y—2)%/8 4
fY\X(y| ) \/ge ( )

Problem 7.6.3 Solution

We need to calculate

cov[€.¥] = B [x¥] B [£]B[¥] 0

To do so, we need to condition on whether a cyclist is male (event M) or
female (event F):

E [X} — pE [X|M] L (1-p)E [X]F}
=pE[X]+ (1-p)E[X'] = 0.8(20) + (0.2)(15) = 16, (2)
E M — pE[Y|M] + (1 —p)E[Y|F]
—pE[Y]+ (1 —p)E[Y'] = 0.8(75) + (0.2)(50) = 70. (3)
Similarly, for the correlation term,
B[XV] =pE VM| + (1 - p) E[XVF]
=08E[XY]+02E[X'Y]. (4)
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However, each of these terms needs some additional calculation:

E[XY]=Cov[X,Y]+E[X]E[Y]
= pPxyOx0Oy + E [X] E [Y]

= —0.6(10) + (20)(75) = 1494. (5)
and
E[X'Y'] = Cov[X', V'] + E[X'|E[Y]
= pxryioxioy + E[XE[Y]
— —0.6(10) + (15)(50) = 744. 6)
Thus,
E [XY} —08E[XY]+02E[X"Y]
— 0.8(1494) + 0.2(744) = 1344, (7)
and

Cov[X,Y]=E [XY} ~E [X] E [Y]
— 1344 — (70)(19) = 14. (8)

Thus we see that the covariance of X and Y is positive. It follows that Py >
0. Hence speed X and weight Y are positively correlated when we choose a
cyclist randomly among men and women even though they are negatively
correlated for women and negatively correlated for men. The reason for this
is that men are heavier but they also ride faster than women. When we mix
the populations, a fast rider is likely to be a male rider who is likely to be a
relatively heavy rider (compared to a woman).

Problem 7.6.5 Solution

The key to this problem is to see that the integrals in the given proof of
Theorem 5.19 are actually iterated expectation. We start with the definition
E[(X — pux)(Y — py)]

= . 1
PX,Y oxOy ( )
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To evaluate this expected value, we use the method of iterated expectation
in Theorem 7.14 to write
E[E[(X — px)(Y — ) [Y]]
Ox0Oy
_ E [(Y — ,uY) E [(X — uX)|YH (2)

OoxO0y ’
In Equation (2), the “given Y” conditioning allows us to treat Y — uy as
a given that comes outside of the inner expectation. Next, Theorem 7.16

implies

PXyYy =

E(X = p)lY] = BIXIY] = px = p (Y = ). (3)
Therefore, (2) and (2) imply
E (Y — uy)pZX (Y — py)
PE[(Y — py)?

= = =P (4)

PXyYy =

Problem 7.7.1 Solution

The modem receiver voltage is genrated by taking a £5 voltage representing
data, and adding to it a Gaussian (0,2) noise variable. Although siuations
in which two random variables are added together are not analyzed until
Chapter 5, generating samples of the receiver voltage is easy in MATLAB.
Here is the code:

function x=modemrv(m);

%Usage: x=modemrv(m)

%generates m samples of X, the modem
%receiver voltage in Exampe 3.32.
%X=+-5 + N where N is Gaussian (0,2)
sb=[-5; 5]; pb=[0.5; 0.5];
b=finiterv(sb,pb,m);
noise=gaussrv(0,2,m);

x=b+noise;
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The commands
x=modemrv(10000) ; hist(x,100);

generate 10,000 sample of the modem receiver voltage and plots the relative
frequencies using 100 bins. Here is an example plot:

300 T T T T T

N
al
o

200
150
100

Relative Frequency

(6]
o

As expected, the result is qualitatively similar (“hills” around X = —5 and
X =5) to the sketch in Figure 4.3.
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Problem Solutions — Chapter 8

Problem 8.1.1 Solution
This problem is very simple. In terms of the vector X, the PDF is

fx<x>={1 0=x=1, 1)

0 otherwise.

However, just keep in mind that the inequalities 0 < x and x < 1 are vector
inequalities that must hold for every component x;.

Problem 8.1.3 Solution
Filling in the parameters in Problem 8.1.2, we obtain the vector PDF

Fx(x) = 2wy +ap+a3) 0<my, 29,05 <1,
X 0 otherwise.

In this case, for 0 < x3 < 1, the marginal PDF of X3 is

fXS £C3 / / (£C1 + X9 + CCg) dl’l dl‘g
0

2
= 5/0 ( 9 + Xoxq + Ll'giCl) o dl’g
2/1 L vy ) d
3 o 9 2 3 2
2 (1o a2 SR NS B |
= — e —_ e — — 2
3 ( 5 + 9 +Q33l’2) o 312 + 9 + 23 ( )

The complete expresion for the marginal PDF of X3 is

0 otherwise.

fX3 (x3) = {
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Problem 8.1.5 Solution

Since Ji, Jo and J3 are independent, we can write
Py (k) = Py, (k1) P, (k2 — k1) Py, (ks — k2) . (1)

Since Pj(j) > 0 only for integers j > 0, we have that Px(k) > 0 only for
0 < k1 < ko < ks; otherwise Pg(k) = 0. Finally, for 0 < ky < ky < ks,

P (k) = (1 —p)"~'p(1 —p)= " 1p(1 — p)fs—r—tp

= (1—-p)=~%p". (2)
Problem 8.1.7 Solution
In Example 5.21, random variables Ny, ..., N, have the multinomial distri-
bution
P = (7t 0
Niyee ey Ny

where n > r > 2.

(a) To evaluate the joint PMF of N; and N,, we define a new experiment
with mutually exclusive events: si, so and “other” Let N denote the
number of trial outcomes that are “other”. In this case, a trial is in the
“other” category with probability p = 1 — p; — po. The joint PMF of
Nl, NQ, and N is

~ n n,.n n
N (R R R S DR )

Now we note that the following events are one in the same:
{N1:nl,Ngzng}:{lenl,Ngzng,N:n—nl—ng}. (3)
Hence,

PNl,Nz(nbn?) = PN17N2’N(nlan27n —ny — 712)

n mn n n—ni—n
( )pllpf(l—pl—pz) ()

niy,Ng, N —N1 —Na
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From the definition of the multinomial coefficient, Py, n,(n1, n2) is nonzero
only for non-negative integers n; and ns satisfying n; + no < n.

(b) We could find the PMF of T; by summing Py, n,(n1,...,n,). However,
it is easier to start from first principles. Suppose we say a success occurs
if the outcome of the trial is in the set {si, s9,...,s;} and otherwise a
failure occurs. In this case, the success probability is ¢; = p; + -+ - + p;
and T; is the number of successes in n trials. Thus, T; has the binomial

PMF
N1 —g)" " t=0,1,...,n
P v t — (t)ql( 7 Y 9 Y ) 5
(1) {O otherwise. (5)
(¢) The joint PMF of T} and T, satisfies

Pr, 1, (t1,t2) = P [Ny = t1, Ny + Ny = 1]
:P[letl,NQZtQ—tl]
= Py, (Tt — 1) (6)

By the result of part (a),

n B .
Pr, 1, (t1,t2) = < )p?p? N1 —p—po) " (7)

ti,ty —t1,n —ty

Similar to the previous parts, keep in mind that Pr, 7,(¢1,t2) is nonzero
only if 0 <t; <ty <n.

Problem 8.1.9 Solution
In Problem 8.1.5, we found that the joint PMF of K = [Kl Ky K3}/ is

PP(L—p)==3 k< ke < ks,

0 otherwise.

Px (k) = { (1)

In this problem, we generalize the result to n messages.
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(a) For ky < kg < -+ < k,, the joint event
{Kl — kviQ - k27"' 7Kn - kn}
occurs if and only if all of the following events occur

Ay ky — 1 failures, followed by a successful transmission,
As (kg — 1) — Kk failures followed by a successful transmission,
Az (ks — 1) — ko failures followed by a successful transmission,

A, (kn — 1) — k1 failures followed by a successful transmission.

Note that the events Ay, As, ..., A, are independent and
P4] = (1—p) 5 p.
Thus

PKI K"(kl ...7kn>

— P AP [As] - P[A,]

= (1 — p)tr= D+ ke —kr =D (ks—ka =14+ (kn—kn—1=1)

=p"(1—p) "

To clarify subsequent results, it is better to rename K as
K,=[K Ko - K.

We see that

pn(l—p>k”_n 1§k1<k2<"'<kn,
0 otherwise.

PKn(kn) = {

(b) For j < n,

77777

(3)



Since K is just K,, with n = j, we have

pj<1—p)kj_j 1§k1<k2<"'<k’j
0 otherwise.

Py, (kj) = { (8)

(c) Rather than try to deduce Pgk,(k;) from the joint PMF Pk (k,), it is
simpler to return to first principles. In particular, K; is the number of
trials up to and including the ith success and has the Pascal (i, p) PMF

Pty = (57 )= o )

Problem 8.2.1 Solution
For i # j, X; and X, are independent and E[X;X;] = E[X;] E[X,] = 0 since
E[X;] = 0. Thus the 4, jth entry in the covariance matrix Cx is
o2 i=j,

Cx(i,j) = E[X;X;] = { ' (1)

0  otherwise.

Thus for random vector X = [X 1 Xg - Xn} /, all the off-diagonal entries
in the covariance matrix are zero and the covariance matrix is
o}
o3
Cx = (2)
on

Problem 8.2.3 Solution
We will use the PDF

fx(x) {66_(m+2x2+3x3) x> 0,29 > 0,23 >0,
xX\X) =

0 otherwise.
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to find the marginal PDFs fx,(z;). In particular, for x; > 0,

le (.171) = / / fx(X) dafg dl’g
o Jo
= 6e ™! (/ 6_2x2d1)2) (/ ) e 3% dag
0 0
1 o 1 o
= 6e ™ (——62” ) (——63”33 ) =e "
2 0 3 0

e " x>0,
Ix,(z1) = { =

Thus,

0 otherwise.

Following similar steps, one can show that

2—21}2 I‘2>0
) day d —
fx, (22) / / fx(x) daydrs = {() otherwise,

3_3$3 I3 >0
) dxyd -
fxs (w3) / / fx(x) dwy dvs = {O otherwise.

Thus

fx(x) = fx,(21) [x, (22) [x, (23) -
We conclude that X7, X5, and X3 are independent.
Problem 8.2.5 Solution

We find the marginal PDF's using Theorem 5.26. First we note that for x < 0,

fx,(x) =0. For z; >0,

fx, (1) = / (/ e s dxg) dry = / e "2 dry = e ",
x1 xr2 z1
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Similarly, for x5 > 0, X5 has marginal PDF

T2 00 x2
Ix,(za) = / (/ e dx3> dry = / e "2 dxy; = xoe "2, (2)
0 To 0
T3 T3
fXg ($3) _/ (/ 6_13 d,TQ) dl‘l
0 x1

3
= / (x5 — z1)e” " dry
0 T1=x3

= axge_m‘“’. (3)

Lastly,

—_ _ - o 2 _—ux3
2(:103 x1)%e

x1=0
The complete expressions for the three marginal PDFs are

e x>0,

0 otherwise,

fX1 (xl) = {

—T
Toe 2 19 >0,

0 otherwise,

fx,(22) = {

(1/2)x2e " 23 >0,

0 otherwise.

fX3 (5133) = {

In fact, each X; is an Erlang (n, \) = (7, 1) random variable.

Problem 8.3.1 Solution

For discrete random vectors, it is true in general that
Py(y)=P[Y =y]=P[AX+b=y]=P[AX =y —b]. (1)

For an arbitrary matrix A, the system of equations Ax = y —b may have no
solutions (if the columns of A do not span the vector space), multiple solutions
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(if the columns of A are linearly dependent), or, when A is invertible, exactly
one solution. In the invertible case,

Py(y)=P[AX=y—-b]=P[X=A"'(y—b)] =Px(A ' (y—b)). (2)

As an aside, we note that when Ax = y — b has multiple solutions, we would
need to do some bookkeeping to add up the probabilities Px(x) for all vectors
x satisfying Ax =y — b. This can get disagreeably complicated.
Problem 8.3.3 Solution

The response time X; of the ith truck has PDF fx.(z;) and CDF Fy (z;) given

by
le=2/2 >0
() =<2 -
Jx () {0 otherwise,
1—e? >0
Fx (v) = — 1
x(2) {0 otherwise. (1)
Let R = max(Xy, Xs,...,Xg) denote the maximum response time. From
Theorem 8.2, R has PDF
Fr(r) = (Fx(r))". (2)

(a) The probability that all six responses arrive within five seconds is

P[R<5]=Fr(5) = (Fx(5) = (1 —e?)%=0.5982.  (3)

(b) This question is worded in a somewhat confusing way. The “expected
response time” refers to E[X}], the response time of an individual truck,
rather than E[R]. If the expected response time of a truck is 7, then
each X; has CDF

1—e /7 x>0,

0 otherwise.

Fx,(x) = Fx () = { (4)
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The goal of this problem is to find the maximum permissible value of
7. When each truck has expected response time 7, the CDF of R is

(1—eT/m)8 >0,

0 otherwise.

Fr(r) = (Fx(z)r)® = { (5)

We need to find 7 such that
PR<3]=(1—-e¥)0 =009 (6)

This implies

-3
"= A ogy T8 (7)

Problem 8.4.1 Solution

(a) The coavariance matrix of X = [X; Xg}/ is

Cx = {coza[ﬂ[c)f,l)]g] 0055[()1532]} - E 3} |

(b) From the problem statement,

Y = Bﬁj — [; _42] X = AX. (2)

By Theorem 8.8, Y has covariance matrix

ov=aexa'= |y ][5 3] [ 0] =[5 ) ©
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Problem 8.4.3 Solution

Since X and Y are independent and E[Y;] = 0 for all components Y}, we ob-
serve that E[X;Y;] = E[X;] E[Y;] = 0. This implies that the cross-covariance
matrix is

E[XY']|=E[X]E[Y] = 0. (1)

Problem 8.4.5 Solution

From Cy we see that

Y1Ys = COV{YMYQ] = 7 = ~/10. 1
P T Ny VarlYs] | /(25)(d) i (1)

The requirement |py,y,| < 1 implies |y| < 10. Note that you can instead
require that the eigenvalues of Cy are non-negative. This will lead to the
same condition.

Problem 8.4.7 Solution

This problem is quite difficult unless one uses the observation that the vector
. / .

K can be expressed in terms of the vector J = [Jl Jo Jg] where J; is the

number of transmissions of message i. Note that we can write

1
K=AJ= |1 (1)
1

— — o
— o o
—

We also observe that since each transmission is an independent Bernoulli trial

with success probability p, the components of J are iid geometric (p) random
variables. Thus E[J;] = 1/p and Var[J;] = (1 — p)/p?. Thus J has expected
value

E[J] =p,=[E[L] Bl B[] =[1/p 1/p 1/p]. (2)
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Since the components of J are independent, it has the diagonal covariance
matrix

Var[.J;] 0 0 1—
c,=| 0 Vvalp o |=—"1 (3)
0 0 Var[J3] p

Given these properties of J, finding the same properties of K = AJ is simple.

(a) The expected value of K is

1 0 0| [1/p 1/p
EK]=Ap,=|1 1 0f |1/p| = |2/p (4)
U [1p] 3

(b) From Theorem 8.8, the covariance matrix of K is

CK:ACJA/
1—

L ATA
P

L [roo] o1 111
—— L2l 1 oflo1 1= 12 2. (5
P~ 11 1 110 0 1 12 3

(c¢) Given the expected value vector p, and the covariance matrix Cg, we

237



can use Theorem 8.7 to find the correlation matrix

Ry = Cx + ppp

op |t 1] 1/p
=—— |1 2 2|+ [2/p| [1/p 2/p 3/p] (6)
P~ 1 2 3] |3/p
T R S Y I b A
——Plt22/+5(246 (7)
P12 3] P36 9
1 [2—p 3-p 4-p
== |[3-p 6-2p 8-2p|. (8)
PPla—p 8—2p 12-3p

Problem 8.4.9 Solution
In Example 5.23, we found the marginal PDF of Y3 is

2(1_y3) 0§y3§17

0 otherwise.

frva(ys) = { (1)

We also need to find the marginal PDF's of Y7, Y3, and Y. In Equation (5.78)
of Example 5.23, we found the marginal PDF

4(1 — 0<y; <1,0<y, <1,
fY1,Y4 <y17 y4) _ ( y1>y4 > = Yq (2)
0 otherwise.
We can use this result to show that
1
fri(n) = / Syiva (Wi, va) dys = 2(1 — y1), 0<y <1, (3)
0
1
fra(ys) = / frivaWiya) dyn =2ys,  0<ys <1 (4)
0
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The full expressions for the marginal PDFs are

21 —y1) 0<y <1,
_ )
fyi (1) {0 otherwise, ©
2ys 0 <y, <1,
_ 6
fri(ya) {O otherwise. o

Similarly, we found in Equation (5.80) of Example 5.23 the marginal PDF

dya(1 —y3) 0<y, <1,0<y; <1,

0 otherwise.

fYQ,Ys (y2;y3) = { (7)

This implies that for 0 <y <1,

o0 1
fro(y2) = /_ Jyavs (42, y3) dys = /0 4ya(1 — y3) dys = 2y» (8)

It follows that the marginal PDF of Y5 is

20 0<y <1,
— 9
Jra (1) {O otherwise. 9)

Equations (1), (5), (6), and (9) imply
EY ] = E[Ys] = /0 2y(1 —y)dy =1/3, (10)
Bl =Bl = [ 22ay =23 )

Thus Y has expected value E[Y] = [1/3 2/3 1/3 2/3}/. The second part
of the problem is to find the correlation matrix Ry. In fact, we need to find
Ry (i,j) = E[Y;Y]] for each 7,5 pair. We will see that these are seriously
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tedious calculations. For i = j, the second moments are
1
BV =E}] = [ 220-ndy=1/6 (12)
0

1
E[Y;] =E[Y]] :/ 2y° dy = 1/2. (13)
0
In terms of the correlation matrix,

To find the off-diagonal terms Ry (7, j) = E[Y;Y}], we need to find the marginal
PDFs fy, y,(yi,y;). Example 5.23 showed that

41-y)ys 0<y; <1,0<y, <1,

fY1,Y4 (ylay4) = ( ) . (15)
0 otherwise,
dyp(1 —y3) 0< 9y <1,0<y3 <1,

fYQ,Yg (92,y3) = ( ) . (16)
0 otherwise.

Inspection will show that Y; and Y are independent since fy, v,(y1,v1) =
fvi(y1) fri(ys). Similarly, Y5 and Y3 are independent since fy,yi(y2,y3) =
fvo(y2) frs(ys). This implies

Ry(1,4) = E[V,Yy] = E[Yi] E[Yi] = 2/9, (17)
Ry(2,3) = E[V;Y;] = E[Y] E V3] = 2/9. (18)

We also need to calculate the marginal PDF's

Fiye Wi v2) s frava(Ws,va) s frivs (W, us), and fyg v, (Y2, va) -
To start, for 0 < y; <y < 1,

fY1,Y2 (ylva) = / / fY1 Y2,Ys, Y4(y1 yg,yg,y4) dy3 dy4

/ / 4dy3dy4—/ dys dys = 2. (19)

240



Similarly, for 0 < y3 <y, <1,

ng,Y4(y37y4) = / / le Ys,Y3, Y4(yl yg,yg,y4) dy, dys

/ / 4dy, dy, = / dyy dyp = 2. (20)

In fact, these PDFs are the same in that

2 0<zr<y<l,

0 otherwise.

thYQ (.Ii,y) = ng,Y4<:L’,y) = {

This implies Ry (1,2) = Ry(3,4) = E[Y3Y}] and that

1
1
E[Y3Yy] = // nydmdy—/ ( xQ‘g) dy:/ vy = —. (22)
0

Continuing in the same way, we see for 0 < y; <1 and 0 < y3 < 1 that

W

Ivivs(W1,y3) = / / Ivava.vsva (U1, Y2, Y3, ya) dys dys

([ (] )
= 41— )1~ ) 2

We observe that Y] and Y3 are independent since fy, y4(y1, y3) = fva(v1) fra(ys)-
It follows that

Ry(1,3) = E[11Ys] = E[Vi] E[V3] = 1/9. (24)

Finally, we need to calculate

fYQ,Y4 (y27y4) - / / fY1,Y2,Y3,Y4 (y17y27y37y4> dyl dy3

(L) ([
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We observe that Y and Y} are independent since fy, v,(y2, y1) = fyy(y2) fyi(va)-
It follows that Ry(2,4) = E[Y2Yy] = E[Y5] E[Y4] = 4/9. The above results
give Ry(i,7) for ¢ < j. Since Ry is a symmetric matrix,

1/6 1/4 1/9 2/9
1/4 1/2 2/9 4/9
1/9 2/9 1/6 1/4
2/9 4/9 1/4 1/2

Ry = (26)

Since pux = [1/3 2/3 1/3 2/3},, the covariance matrix is

Cy = Ry — pxpx
- (1/3

1/6 1/4 1/9 2/9

= |1/4 1/2 2/9 4/9| — f/g [1/3 2/3 1/3 2/3]
2/9 4/9 1/4 1/2 ??3

[1/18 1/36 0 01
1/36 1/18 0 0
“ o 0 1/18 1/36|" (27)
0 0 1/36 1/18]

The off-diagonal zero blocks are a consequence of [Yl Yg}, being indepen-

dent of [Yg Y4}/. Along the diagonal, the two identical sub-blocks occur
because fy, vo(%,y) = fysvi(x,y). In short, the matrix structure is the result
of [Yl Yg}, and [Yg Y4], being iid random vectors.

Problem 8.4.11 Solution

The 2-dimensional random vector Y has PDF
2 y=z0,[1 1]y<t,
fy (}’) = . (1)
0 otherwise.

Rewritten in terms of the variables y; and ys,

2 y120,y2>0,y1 +y2 <1,

0 otherwise.

le,Yz (yl, y2) = {
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In this problem, the PDF is simple enough that we can compute E[Y;"] for
arbitrary integers n > 0.

00 % 1 1—y2
E[Y"] = / / Y1 friva (U1, 92) dyr dys = / / 2y dyrdya. (3)
—00 J —00 0 0
A little calculus yields
1-y2
dyo
0

E{yn]_/l 2 n+1
11 = ; n—i—lyl
1
2
= /(1—y2)n+1dy2:
0 (

2
: (4)
n+1 n+1)(n+2)
Symmetry of the joint PDF fy, ,(y1,2) implies that E[Y}'] = E[Y]*]. Thus,
E[Yi] = E[Ya] = 1/3 and

E[Y]=py =[1/3 1/3]". (5)

In addition,
Ry(1,1) = E[Y?] = 1/6, Ry(2,2)=E[Y}] =1/6.  (6)
To complete the correlation matrix, we find

:/ / y1y2fyl,yz(y1>y2) dy: dys

1 pl-ys
= / / 2y1y2 dyy dys. (7)
0 0

Following through on the calculus, we obtain

! 1—y—2
RY(LQ):/ (?J%‘o ! >y2dy2
0
1
:/ ya(1 — y2)* dys
0

1 2 1"
=~y — U5 + U

1
272 3 T g T 12 ®)

12

0
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Thus we have found that

E[YZ E[Y,Y 16 1/12
Ry = [E [1[31%] E[ mﬂ = {1/12 1/6] : (9)

Lastly, Y has covariance matrix

Cy = Ry — pigptly — {1/6 1/12] B [1/3] /3 1/3]

1/12 1/6 1/3
[ 19 —1/36
= {—1/36 1/9 } (10)
Problem 8.5.1 Solution
(a) From Theorem 8.7, the correlation matrix of X is
Rx = Cx + pxpy
[4 -2 1] [4
= -2 4 2|+ (8][4 8 6]
1 2 4| |6
[4 —2 1] [16 32 24 20 30 25
= -2 4 —2|+ (32 64 48] = [30 68 46|. (1)
1 -2 4] |24 48 36| |25 46 40

(b) Let Y = [Xl XQ}/. Since Y is a subset of the components of X, it is
a Gaussian random vector with expected velue vector

py = [EX)] EX,)]'=[4 8. (2)
and covariance matrix

Var[X;] Cov [XI,XQW _ {4 —21

Cr = Cx, X,  Var[Xy] —2 4

(3)
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We note that det(Cy) = 12 and that
1[4 2] [1/3 1/6
L —_ —
T [2 4] {1/6 1/3}‘ (4)
This implies that

(Y =) Cy (Y —y) = [ =4 2 — 8] [%2 ifﬂ B; - ;l]

_ 1/3+y2/6 —8/3
= -1 - {ygi/6+yyz/3—10/3}

2 16 20 > 112
:&_i_?/lyZ_ Y1 VY2 @ju_ (5)

3 3 3 3 3 3
The PDF of Y is
]- r—1
fr(ly) = e~ (V—ry)'Cy (y—hy)/2
2m/12
= ;6_(:‘/%"!‘2’41?/2—16?;1—20y2+y§+112)/6 (6)
V4872

Since Y = [Xl, Xg]/, the PDF of X; and X, is simply

le,XQ (351, 96’2) = le,YQ (ﬂUl, 1’2)

1 6—(w§+x1x2—16x1—20m2+x§+112)/6 (7)

V482

(c) We can observe directly from gy and Cx that X; is a Gaussian (4, 2)
random variable. Thus,

P[X1>8]:P[X1_4 8_4}

s > 5| = Q@) =0.022. (8)
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Problem 8.5.3 Solution

We are given that X is a Gaussian random vector with

4 4 -2 1
6 1 -2 4

We are also given that Y = AX + b where

IR i R

Since the two rows of A are linearly independent row vectors, A has rank
2. By Theorem 8.11, Y is a Gaussian random vector. Given these facts,
the various parts of this problem are just straightforward calculations using
Theorem 8.11.

(a) The expected value of Y is

py = Apx +b
4
N I NE R

(b) The covariance matrix of Y is

CY - ACXA

4 -2 1 11
o2 23] | - B
- L —1/2. 2 3] 12 —42 42 ég 21//32

143 55
T 9|55 103]°
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(¢) Y has correlation matrix

Ry = Cy + pypy

- % Eg 15053} i m 8 0]

11619 55
9 [55 103} ' 5)
(d) From v, we see that E[Y5] = 0. From the covariance matrix Cy,

we learn that Y3 has variance o3 = Cy(2,2) = 103/9. Since Y; is a
Gaussian random variable,

Problem 8.5.5 Solution

(a) C must be symmetric since
a=p=E[X;X]. (1)

In addition, a must be chosen so that C is positive semi-definite. Since
the characteristic equation is

det (C — AI) = (1 — A\)(4 — \) — o
=N -5\ +4—a’=0, (2)
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the eigenvalues of C are

Ao = 5+ /25 —24(4 —a?) @)

The eigenvalues are non-negative as long as o < 4, or |a| < 2. Another

way to reach this conclusion is through the requirement that |px, x,| <
L.

It remains true that o = § and C must be positive semi-definite. For
X to be a Gaussian vector, C also must be positive definite. For the
eigenvalues of C to be strictly positive, we must have |a| < 2.

Since X is a Gaussian vector, W is a Gaussian random variable. Thus,
we need only calculate

E[W]=2E[Xi] - E[X,] =0, (4)
and

Var[W] = B [W?] = B [4X2 — 4X, X, + X2
= 4 Var[X;| — 4 Cov [ X1, X5] + Var[X5]
—4—da+4=402—a) (5)
The PDF of W is
1

W)= w820
fir(w) = e (®

Problem 8.5.7 Solution

(a)

Since X is Gaussian, W is also Gaussian. Thus we need only compute
the expected value

E[W] = E[X,] + 2E[Xs] = 0
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and variance

Var[W] = E [W?] = E [(X; + 2X3)?]
=E [X] +4X, X, + 4X] |
- 011 + 4012 + 4022 == 10 (1)

Thus W has the Gaussian (0,1/10) PDF

]_ 2
—w2/20
fir(w) = —e i
(w) 207

(b) We first calculate

E[V]=0, Var[V] = 4 Var[X;] = 8, (2)
E[W]=0, Var[W] = 10, (3)
and that V and W have correlation coefficient
__ E[VW]
vw = \/ Var[V] Var[W]

 E2Xi (X1 +2Xy)]

B V30

:2011—1—4012: 8 :i. (4)

V80 V80 V5

Now we recall that the conditional PDF fy(v|w) is Gaussian with
conditional expected value

E[VIW = w] =B[V] + pvw (w ~ B[W)

2 /8
= ——=w = 4w/5 5
vt~ ®
and conditional variance
8
VarlV[W] = Var[V](1 = py) = . (6)

5
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It follows that

1 o~ (w=B[V[W])2/2 Var[V|W]

Jow (vho) = 27 Var[V|IV]

=/ —¢€

5 —5(v—4w/5)2/16
v w . 7
167 0

Problem 8.5.9 Solution

(a)

(b)

(c)

First b = ¢ since a covariance matrix is always symmetric. Second,
a = Var[X;] and b = Var[X,]. Hence we must have ¢ > 0 and d > 0.
Third, C must be positive definite, i.e. the eigenvalues of C must be
positive. This can be tackled directly from first principles by solving for
the eigenvalues using det(()C — AI) = 0. If you do this, you will find,
after some algebra that the eigenvalues are

(a+d)+ (a—d)2—|—4b2.

A\ =
2

(1)

The requirement A\ > 0 holds iff ¥*> < ad. As it happens, this is pre-
cisely the same conditon as requiring the correlation coefficient to have
magnitude less than 1:

<1 (2)

b
’pX1X2| - ‘m

To summarize, there are four requirements:

a >0, d >0, b=c, b’ < ad. (3)

This is easy: for Gaussian random variables, zero covariance implies X;
and X, are independent. Hence the answer is b = 0.

X and X, are identical if they have the same variance: a = d.
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Problem 8.5.11 Solution

(a)

From Theorem 8.8, Y has covariance matrix
Cy = QCxQ’
_ [cos® —sinf] [67 O] [ cos® sind
" |sinf  cosf | |0 o3| |—sinf cosf

B [a% cos?0 + o2sin?0 (o} — 02)sinf cos 0]

(1)

(02 —02)sinfcosd o?sin*6 + o2 cos®f

We conclude that Y; and Y5 have covariance
Cov [V1,Ys] = Cy(1,2) = (6] — 03) sinf cos 6. (2)

Since Y] and Y, are jointly Gaussian, they are independent if and only
if Cov[Y1, Ys] = 0. Thus, Y; and Y3 are independent for all 6 if and only
if 02 = 02. In this case, when the joint PDF fx(x) is symmetric in x;
and z2. In terms of polar coordinates, the PDF fx(x) = fx, x,(®1,x2)
depends on r = /22 + 23 but for a given r, is constant for all ¢ =
tan~!(xy/x1). The transformation of X to Y is just a rotation of the
coordinate system by 6 preserves this circular symmetry.

If 03 > o7, then Y] and Y3 are independent if and only if sin 6 cos 6 = 0.
This occurs in the following cases:

e #=0:Y, =X;and Y5 = X,

[ ] 6:71'/2: Y1 = —X2 and }/2 = —X1

e f=m Y =—X; and Vs = —-X,

e 0 =—7m/2: Y1 =Xyand Y5 = X
In all four cases, Y; and Y5 are just relabeled versions, possibly with
sign changes, of X; and X,. In these cases, Y] and Y, are independent
because X; and X, are independent. For other values of 6, each Y;

is a linear combination of both X; and X,. This mixing results in
correlation between Y] and Y5.
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Problem 8.5.13 Solution

As given in the problem statement, we define the m-dimensional vector X,

/ /
Y’} . Note that W has expected

R0 = N

The covariance matrix of W is

the n-dimensional vector Y and W = [

value

_ {E (X = px) (X = px)] E[(X—px)(Y - :U'Y)/]:|
E[(Y —py)X = px)] E[Y = py)(Y — py)]
Cx Cxy
= {CYX Cy } @)

The assumption that X and Y are independent implies that
Cxy = E[(X — px)(Y' — py)] = (E[(X - px)|E[(Y' —py)]=0.  (3)
This also implies Cyx = Cky = 0". Thus
_|Cx 0
Cw = { > CJ |

Problem 8.6.1 Solution

We can use Theorem 8.11 since the scalar Y is also a 1-dimensional vector.
To do so, we write

Y =[1/3 1/3 1/3] X = AX. (1)
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By Theorem 8.11, Y is a Gaussian vector with expected value
ElY]=Apyx = (E[Xi] + E[X,] + E[X5])/3
=(4+8+6)/3=6. (2)
and covariance matrix

Cy = Var[Y] = ACxA’

4 -2 1713
=[1/3 1/3 1/3]|-2 4 -2||1/3|=%. (3)
1 -2 4] [1/3

Thus Y is a Gaussian (6, 1/2/3) random variable, implying

Y —6_ 4-6
P[y >4 =P \/%>\/m]
=1 ®(—6) = B(v/6) = 0.9928. (4)

Problem 8.6.3 Solution

Under the model of Quiz 8.6, the temperature on day ¢ and on day j have
covariance

. 36
Cov [Tl,T]] =Crli—j]= m (1)
From this model, the vector T = [Tl cee T 31}/ has covariance matrix
Crl0] Cr[1] - Cr[30]
Crll] Cr|0 :
Cr = T‘[ ] T[ ] . (2>
: - - Cr (1]
Cr[30] - Cr[l] Cr[0]

If you have read the solution to Quiz 8.6, you know that Cr is a symmet-
ric Toeplitz matrix and that MATLAB has a toeplitz function to generate
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Toeplitz matrices. Using the toeplitz function to generate the covariance
matrix, it is easy to use gaussvector to generate samples of the random
vector T.Here is the code for estimating P[A] using m samples.

function p=julytemp583(m) ; julytemp583(100000)
c=36./(1+(0:30)); ans =
CT=toeplitz(c); 0.0684
mu=80%*ones(31,1); >> julytemp583(100000)
T=gaussvector (mu,CT,m) ; ans =
Y=sum(T)/31; 0.0706
Tmin=min(T) ; >> julytemp583(100000)
p=sun((Tmin>=72) & (Y <= 82))/m; ans =
0.0714
>> julytemp583(100000)
ans =
0.0701

We see from repeated experiments with m = 100,000 trials that P[A] ~
0.07.

Problem 8.6.5 Solution

When we built poissonrv.m, we went to some trouble to be able to generate
m iid samples at once. In this problem, each Poisson random variable that we
generate has an expected value that is different from that of any other Poisson
random variables. Thus, we must generate the daily jackpots sequentially.
Here is a simple program for this purpose.
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function jackpot=lotteryl(jstart,M,D)
%#Usage: function j=lotteryl(jstart,M,D)
%Perform M trials of the D day lottery
%of Problem 5.5.5 and initial jackpot jstart
jackpot=zeros(M,1);
for m=1:M,

disp(’trm)
jackpot(m)=jstart;
for d=1:D,

jackpot (m)=jackpot (m)+(0.5*poissonrv(jackpot(m),1));
end
end

The main problem with lotteryl is that it will run very slowly. Each call
to poissonrv generates an entire Poisson PMF Py(z) for z = 0,1, ..., Tpax
where 2. > 2-10°. This is slow in several ways. First, we repeating the
calculation of Zf:i" log 7 with each call to poissonrv. Second, each call to
poissonrv asks for a Poisson sample value with expected value o > 1 - 10°.
In these cases, for small values of x, Px(x) = a®e~**/z! is so small that it is
less than the smallest nonzero number that MATLAB can store!

To speed up the simulation, we have written a program bigpoissonrv
which generates Poisson («) samples for large a. The program makes an
approximation that for a Poisson («) random variable X, Px(z) =~ 0 for
|t — a| > 64/a. Since X has standard deviation /a, we are assuming
that X cannot be more than six standard deviations away from its mean
value. The error in this approximation is very small. In fact, for a Poisson
(a) random variable, the program poissonsigma(a,k) calculates the error
P[|X — a| > k+/a]. Here is poissonsigma.m and some simple calculations:
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function err=poissonsigma(a,k); >> poissonsigma(1,6)
xmin=max (0,floor (a-k*sqrt(a))); ans =
xmax=a+ceil (kxsqrt(a)); 1.0249e-005
SX=Xmin:xmax; >> poissonsigma(10,6)
logfacts =cumsum([0,log(1:xmax)]); ans =
%logfacts includes O in case xmin=0 2.5100e-007
%Now we extract needed values: >> poissonsigma(100,6)
logfacts=logfacts(sx+1); ans =
%pmf(i,:) is a Poisson a(i) PMF 1.2620e-008
% from xmin to xmax >> poissonsigma(1000,6)
pmf=exp(-a+ (log(a)*sx)-(logfacts)); ans =
err=1-sum(pmf) ; 2.6777e-009
>> poissonsigma(10000,6)
ans =
1.8081e-009
>> poissonsigma(100000,6)
ans =
-1.6383e-010

The error reported by poissonsigma(a,k) should always be positive. In
fact, we observe negative errors for very large a.For large o and x, numerical
calculation of Px(z) = a"e~“/x! is tricky because we are taking ratios of very
large numbers. In fact, for « = x = 1,000,000, MATLAB calculation of o”
and z! will report infinity while e™® will evaluate as zero. Our method of
calculating the Poisson (o) PMF is to use the fact that Inz! = 77 Inj to
calculate

exp (In Px(z)) = exp <x Ina—a— Zlnj) : (1)

j=1

This method works reasonably well except that the calculation of the loga-
rithm has finite precision. The consequence is that the calculated sum over
the PMF can vary from 1 by a very small amount, on the order of 10~7 in
our experiments. In our problem, the error is inconsequential, however, one
should keep in mind that this may not be the case in other other experi-
ments using large Poisson random variables. In any case, we can conclude
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that within the accuracy of MATLAB’s simulated experiments, the approxi-
mations to be used by bigpoissonrv are not significant.

The other feature of bigpoissonrv is that for a vector alpha corresponding
to expected values [a1 am]/, bigpoissonrv returns a vector X such
that X(i) is a Poisson alpha(i) sample. The work of calculating the sum
of logarithms is done only once for all calculated samples. The result is a
significant savings in cpu time as long as the values of alpha are reasonably
close to each other.

function x=bigpoissonrv(alpha)

%for vector alpha, returns a vector x such that

% x(i) is a Poisson (alpha(i)) rv

%set up Poisson CDF from xmin to xmax for each alpha(i)

alpha=alpha(:);

amin=min(alpha(:));

amax=max (alpha(:));

%Assume Poisson PMF is negligible +-6 sigma from the average

xmin=max (0,floor (amin-6*sqrt (amax))) ;

xmax=amax+ceil (6*sqrt (amax)) ;%set max range

sSX=xmin:xmax;

%Now we include the basic code of poissonpmf (but starting at xmin)

logfacts =cumsum([0,log(1l:xmax)]); %include O in case xmin=0

logfacts=logfacts(sx+1); ’extract needed values

%pmf(i,:) is a Poisson alpha(i) PMF from xmin to xmax

pmf=exp(-alpha*ones(size(sx))+ ...
(log(alpha)*sx)-(ones(size(alpha))*logfacts));

cdf=cumsum(pmf,2); %each row is a cdf

x=(xmin-1)+sum((rand (size (alpha))*ones(size(sx)))<=cdf,2);

Finally, given bigpoissonrv, we can write a short program lottery that sim-
ulates trials of the jackpot experiment. Ideally, we would like to use lottery
to perform m = 1,000 trials in a single pass. In general, MATLAB is more
efficient when calculations are executed in parallel using vectors. However, in
bigpoissonrv, the matrix pmf will have m rows and at least 12y/a = 12,000
columns. For m more than several hundred, MATLAB running on my laptop
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reported an “Out of Memory” error. Thus, we wrote the program lottery
to perform M trials at once and to repeat that N times. The output is an
M x N matrix where each 7, j entry is a sample jackpot after seven days.

function jackpot=lottery(jstart,M,N,D)
%#Usage: function j=lottery(jstart,M,N,D)
%Perform M trials of the D day lottery

%of Problem 5.5.5 and initial jackpot jstart
jackpot=zeros(M,N) ;

for n=1:N,
jackpot(:,n)=jstart*ones(M,1);
for d=1:D,
disp(d);
jackpot (:,n)=jackpot(:,n)+(0.5*bigpoissonrv(jackpot(:,n)));
end
end

Executing J=lottery(1e6,200,10,7) generates a matrix J of 2,000 sample
jackpots. The command hist(J(:),50) generates a histogram of the values
with 50 bins. An example is shown here:

150 T T T T T T T T T

Frequency

0
1.7076 1.7078 1.708 1.7082 1.7084 1.7086 1.7088 1.709 1.7092 1.7094 1.7096
J 7

x 10
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Problem Solutions — Chapter 9

Problem 9.1.1 Solution
Let Y = X1 — XQ.

(a) Since Y = X + (—X3), Theorem 9.1 says that the expected value of

(b)

the difference is
EY|=E[Xj]+E[-X,] =E[X]-E[X]=0. (1)

By Theorem 9.2, the variance of the difference is

Var[Y'| = Var[X;] + Var[—X,] = 2 Var[X]. (2)

Problem 9.1.3 Solution

(a)

The PMF of Ny, the number of phone calls needed to obtain the correct
answer, can be determined by observing that if the correct answer is
given on the nth call, then the previous n — 1 calls must have given
wrong answers so that

fmmnz{““”1““>”:Ll““ O

0 otherwise.

N is a geometric random variable with parameter p = 1/4. In Theo-
rem 3.5, the mean of a geometric random variable is found to be 1/p.
For our case, E[N;] = 4.

Using the same logic as in part (a) we recognize that in order for n to
be the fourth correct answer, that the previous n — 1 calls must have
contained exactly 3 correct answers and that the fourth correct answer
arrived on the n-th call. This is described by a Pascal random variable.

Py, (1) = {(nE )(B/H"H1/4) n=4,5,...,

0 otherwise.

(2)
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(d) Using the hint given in the problem statement we can find the mean of
N4 by summing up the means of the 4 identically distributed geometric
random variables each with mean 4. This gives E[V,] = 4E[N;] = 16.

Problem 9.1.5 Solution
We can solve this problem using Theorem 9.2 which says that

Var[W] = Var[X]| 4+ Var[Y] 4+ 2 Cov [ X, Y]. (1)

The first two moments of X are

:/01/01x2xdyd:c:/012:c(1—x)d:c:1/3, @)
E [X?] :/Ol/ol_xQ:BQdydx:/012x2(1—x)dx:1/6. (3)

Thus the variance of X is Var[X] = E[X?| — (E[X])? = 1/18. By symmetry,
it should be apparent that E[Y| = E[X] = 1/3 and Var[Y]| = Var[X] = 1/18.
To find the covariance, we first find the correlation

E[XY]—/l/1 z2:z:ydydx—/1x(1—x)2dx—1/12. (4)
The covariance is o 0
Cov[X,Y]=E[XY]-E[X]E[Y] =1/12 — (1/3)* = —1/36. (5)
Finally, the variance of the sum W = X +Y is
Var[W] = Var[X| + Var[Y]| — 2 Cov [X, Y]
=2/18 —2/36 = 1/18. (6)

For this specific problem, it’s arguable whether it would easier to find Var[IV]
by first deriving the CDF and PDF of W. In particular, for 0 < w <1,

Fy(w) =P[X +Y < w]

/ / 2dy dx

_/0 w— ) dr = w. (7)
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Hence, by taking the derivative of the CDF, the PDF of W is

20 0<w <1,

fw (w) = { A (8)

0 otherwise.

From the PDF, the first and second moments of W are

E[W]:/OIQdew:2/3, E [W?] :/012w3dw:1/2. (9)

The variance of W is Var[W] = E[W?] — (E[W])? = 1/18. Not surprisingly,
we get the same answer both ways.

Problem 9.2.1 Solution

For a constant a > 0, a zero mean Laplace random variable X has PDF

fx(x) = ge’“m -0 < <oo (1)

The moment generating function of X is

a [° a [
¢x(s) =E[e”*] = —/ e*Te dx + —/ e*Te " dx
2 2/,

B ae(s—i—a)m N ae(s a)z |*°
_2s+a B 2 s—a|,

_a
2 s—l—a S—a

- o)
Problem 9.2.3 Solution
We find the MGF by calculating E[e**] from the PDF fx(z).

1 ebs — 88
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Now to find the first moment, we evaluate the derivative of ¢x(s) at s = 0.

_dox(s)| s [bet — aet] - [ — ]

B ds (b—a)s?

(2)

s=0 s=0

Direct evaluation of the above expression at s = 0 yields 0/0 so we must
apply 'Hopital’s rule and differentiate the numerator and denominator.

bebs —ae® + s [b2ebs - a2€a5] . [bebs o aeas}

LX) = liy ST
b2ebs — q2e® b+4a
=i = 3

To find the second moment of X, we first find that the second derivative of

odx(s) is

Ppx(s)  s* [0’ — a’e™] — 2s [beb® — ae] + 2 [beb® — ae™]

ds? (b—a)s? - @

Substituting s = 0 will yield 0/0 so once again we apply 'Hopital’s rule and
differentiate the numerator and denominator.

) d2¢X(S> . 82 |:b3€bs o (136(13}
21 _ _
Blx] = i ds> 520 3(b—a)s?
b’ — a? 2 2
:3(b—a):(b +ab+a”)/3. (5)

In this case, it is probably simpler to find these moments without using the
MGF.

Problem 9.2.5 Solution
The PMF of K is

PK(k>:{1/n k=1,2,....,n, (1)

0 otherwise.
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The corresponding MGF of K is

6i(s) = BeN] = L (e 4 s+ )

n
S
:%<1—|—€S—|—628+---—|—6(n_1)8)
_ e’(e™ — 1) ©)
n(es —1)°

We can evaluate the moments of K by taking derivatives of the MGF. Some
algebra will show that

dqbK(S) B ne(n+2)s . (TL + 1)€(n+1)s +es (3)
ds n(es —1)2 ’

Evaluating do¢k(s)/ds at s = 0 yields 0/0. Hence, we apply I’'Hopital’s rule
twice (by twice differentiating the numerator and twice differentiating the
denominator) when we write

doK (s) ~ lim n(n 4 2)e+2s — (n 4 1)2e(rHs 4 e
ds |, s20 2n(es — 1)
_n(n+2)2emts — (n 4 1)3emtDs 4 es
= lim
s—0 2nes

A significant amount of algebra will show that the second derivative of the
MGF is

d*dx(s)
ds?
n2e3s — (2n2 4 2n — 1)+ 4 (n 4 1)2e(mF1)s — 25 _ 5 .
B n(es —1)3 - )

Evaluating d*¢x(s)/ds* at s = 0 yields 0/0.Because (e® — 1) appears in the

263



denominator, we need to use I’Hopital’s rule three times to obtain our answer.

P (s)
ds? |,

i n?(n +3)3e3s — (202 4+ 2n — 1)(n +2)%e™*2s 4 (n +1)° — 8 — ¢
5s—0 6nes

n*n+3)P° - @2n*+2n—1)(n+2°+ (n+1)> -9

N 6n

— (2n+1)(n + 1)/6. (6)

We can use these results to derive two well known results. We observe that
we can directly use the PMF Pg(k) to calculate the moments

1< 1<
==Yk E[K]==> k. (7)

Using the answers we found for E[K] and E[K?], we have the formulas

Zk_ +1)’ Zk’z n+1)6(2n+1). (8)

Problem 9.3.1 Solution

N is a binomial (n = 100,p = 0.4) random variable. M is a binomial (n =
50, p = 0.4) random variable. Thus N is the sum of 100 independent Bernoulli
(p = 0.4) and M is the sum of 50 independent Bernoulli (p = 0.4) random
variables. Since M and N are independent, L = M + N is the sum of 150
independent Bernoulli (p = 0.4) random variables. Hence L is a binomial
n = 150,p = 0.4) and has PMF

Pr(l) = <1?0) (0.4)1(0.6)*50, (1)
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Problem 9.3.3 Solution
In the iid random sequence K, Ky, ..., each K; has PMF

1—-p k=0,
Pr(k)=<p k=1, (1)
0 otherwise.

(a) The MGF of K is ¢x(s) = E[e*f] =1 — p + pe®.
(b) By Theorem 9.6, M = K; + Ky + ...+ K,, has MGF

O (s) = [px(s)]" = [1 —p+pe’]”. (2)

(c) Although we could just use the fact that the expectation of the sum
equals the sum of the expectations, the problem asks us to find the
moments using ¢/ (s). In this case,

doa(s)

s=0

=n(l—-p+ pes)"_lpes’$:0 = np. (3)

The second moment of M can be found via

d¢M(8)
dS s=0

=np ((n—1)(1 —p+pe’)pe® + (1 —p+pe’)"'e’)| _,

— npl(n — Dp+ 1. (4)

E[M?] =

The variance of M is

Var[M] = E [M?] — (E[M])> = np(1 — p) = n Var[K]. (5)
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Problem 9.3.5 Solution
K; has PMF

2ke2/kl k=0,1,2,...

0 otherwise.

Py, (k) = { ’ (1)

(a) From Table 9.1, we find that the Poisson (o = 2) random variable K
has MGF ¢ (s) = €21,

(b) The MGF of R; is the product of the MGFs of the K;’s.
or,(s) = [ [ duls) = 2D (2)

(c) Since the MGF of R; is of the same form as that of the Poisson with
parameter, a = 2i. Therefore we can conclude that R; is in fact a
Poisson random variable with parameter o = 2¢. That is,

(3)

0 otherwise.

20" e % /rl r=0,1,2,...,
PRi(T):{H /

(d) Because R; is a Poisson random variable with parameter o = 2i, the
mean and variance of R; are then both 2.

Problem 9.3.7 Solution
By Theorem 9.6, we know that ¢n(s) = [¢x(s)]".

(a) The first derivative of ¢y(s) is

d¢M(S)

_ n—1 d¢K(S)
ds n oK (s)]

A (1)
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We can evaluate doy(s)/ds at s = 0 to find E[M].

B[M] = d(béi(S) .
— nlon() " ) el ©)
(b) The second derivative of ¢p(s) is
P (s) dorc(s)\
T i~ Dot (“4)
ol T, ®)
Evaluating the second derivative at s = 0 yields
E[M?] = dQ(ng(s) By
=n(n—1)(E[K])> +nE[K?]. (4)

Problem 9.4.1 Solution

(a) From Table 9.1, we see that the exponential random variable X has

MGF
A

bx(5) = 1o (1
(b) Note that K is a geometric random variable identical to the geometric
random variable X in Table 9.1 with parameter p = 1 — ¢. From

Table 9.1, we know that random variable K has MGF

(1 —q)e?

= 2
Pr(s) == - (2)
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Since K is independent of each X;, V = X; 4+ --- + Xk is a random
sum of random variables. From Theorem 9.10,

dv(s) = ox(Indx(s))

_ (1 - Q) )és _ (1 — q))\ . (3)

1—qﬁ (1—g)A—s

We see that the MGF of V' is that of an exponential random variable
with parameter (1 — ¢)A. The PDF of V' is

— e 1=DM 4
fr(v) = {“ D . (4)

0 otherwise.

Problem 9.4.3 Solution

In this problem, Y = X; + --- + Xy is not a straightforward random sum of
random variables because N and the X;’s are dependent. In particular, given
N = n, then we know that there were exactly 100 heads in N flips. Hence,
given N, X1+ .-+ Xy = 100 no matter what is the actual value of N. Hence
Y = 100 every time and the PMF of Y is

1y =100,
Py(y) = 1
v () {0 otherwise. (1)

Problem 9.4.5 Solution

Since each ticket is equally likely to have one of (466) combinations, the prob-
ability a ticket is a winner is

1
_ 1
q (46) ( )

6

Let X; = 1 if the ith ticket sold is a winner; otherwise X; = 0. Since the
number K of tickets sold has a Poisson PMF with E[K] = r, the number of
winning tickets is the random sum

V=Xi+ -+ Xx. (2)
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From Appendix A,

ox(s) = (1 —q) + qe’, drc(s) = el =1, (3)
By Theorem 9.10,
0y (5) = bxe(ln dx (5)) = ¥, = grater= @)

Hence, we see that V' has the MGF of a Poisson random variable with mean
E[V] = rq. The PMF of V is

Py (v) = {(rq)“e""q/v! v=0,1,2,..., (5)

0 otherwise.

Problem 9.4.7 Solution

The way to solve for the mean and variance of U is to use conditional expec-
tations. Given K =k, U = X; 4+ --- + X} and

EUK=k=E[X\ 4+ +Xg| X1+ + X, = k]
k
= BIX)| X1+ + X, = k. (1)

i=1

Since X; is a Bernoulli random variable,

j=1

:P[Xizl,z#in:kz—l]. o
P S X = k|

Note that Z?Zl X; is just a binomial random variable for n trials while
> i+ Xj is a binomial random variable for n — 1 trials. In addition, X;
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and ) 4 Xj are independent random variables. This implies
PX, =1]P [Z#Z.Xj :k—l}

P X = k|
PGt A —p D g
=,

(h)pF(L = p)n=*
A second way is to argue that symmetry implies

(3)

the same for each 7. In this case,

ny =Y EIX|X+- 4+ X, =k
i=1
=E[Xi+ -+ X, Xa+ -+ X, =k =k (5)
Thus v = k/n. At any rate, the conditional mean of U is

k
E[UIK =k =Y B[X;|Xi+-+ X, =
=1
2

S

This says that the random variable E[U|K] = K?/n. Using iterated expecta-
tions, we have

E[U]=E[E[U|K]]=E[K?/n]. (7)

Since K is a binomial random variable, we know that E[K] = np and Var[K] =
np(l — p). Thus,

E[K? _ Var[K] + (E[K])

ElUl= n n

=p(1—p) +np’. (8)

On the other hand, V' is just and ordinary random sum of independent random
variables and the mean of E[V]| = E[X] E[M] = np?.
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Problem 9.5.1 Solution

We know that the waiting time, W is uniformly distributed on [0,10] and
therefore has the following PDF.

fW(w>:{1/1o 0<w < 10, O

0 otherwise.

We also know that the total time is 3 milliseconds plus the waiting time, that
is X =W+3.

(a) The expected value of X is E[X| =E[W + 3] =E[W]+3=5+3=38.
(b) The variance of X is Var[X] = Var[W + 3] = Var[W] = 25/3.
c) The expected value of A is E[A] = 12 E[X] = 96.

e) P[A>116] = 1 — G(H6=9) — 1 — §(2) = 0.02275.

)
)
(c)
(d) The standard deviation of A is 04 = /Var[A] = 1/12(25/3) = 10.
)
y

(
(f) P[A < 86] = B(%-%) = §(—1) = 1 — B(1) = 0.1587.

10

Problem 9.5.3 Solution

(a) Let Xi,..., X9 denote the set of call durations (measured in min-
utes) during the month. From the problem statement, each X — I is
an exponential () random variable with E[X;] = 1/A = 2.5 min and
Var[X;] = 1/A? = 6.25 min?. The total number of minutes used during
the month is Y = X; + - - - + Xj99. By Theorem 9.1 and Theorem 9.3,

E[Y] = 120 E[X;] = 300
Var|Y'| = 120 Var[X;] = 750. (1)
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The subscriber’s bill is 30 + 0.4(y — 300)* where 2t = z if x > 0 or
T = 0if z < 0. the subscribers bill is exactly $36 if Y = 315. The
probability the subscribers bill exceeds $36 equals

Y —300 315 — 300
P[Y>315]:P{ > }

Oy Oy
15

(b) If the actual call duration is X;, the subscriber is billed for M; = [X;]
minutes. Because each X; is an exponential (A\) random variable, The-
orem 4.9 says that M; is a geometric (p) random variable with p =
1 — e =0.3297. Since M; is geometric,

1 1
E[M] = - = 3.033, Var[M;] = — L

=667 (3
p

The number of billed minutes in the month is B = M; + - -+ + M.
Since M;, ..., My are iid random variables,

E[B] = 120E[M;] = 364.0, Var[B] = 120 Var[M;] = 740.08.  (4)

Similar to part (a), the subscriber is billed $36 if B = 315 minutes. The
probability the subscriber is billed more than $36 is

B —364 315 — 365

V71008 /74008
= Q(—1.8) = D(1.8) = 0.964. (5)

P[B > 315 =P

Problem 9.5.5 Solution
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(a) Since the number of requests N has expected value E[N] = 300 and

(b)

variance Var[N] = 300, we need C' to satisfy

P[N>C’]:P{N—3OO C’—SOO]

>
V300 v/ 300

1% (%) = 0.05. (1)

From Table 4.2, we note that ®(1.65) = 0.9505. Thus,

C = 300 + 1.65v/300 = 328.6. (2)

For C' = 328.6, the exact probability of overload is

PIN>C|]=1-P[N < 328
= 1 — poissoncdf (300,328) = 0.0516, (3)

which shows the central limit theorem approximation is reasonable.

This part of the problem could be stated more carefully. Re-examining
Definition 3.9 for the Poisson random variable and the accompanying
discussion in Chapter 3, we observe that the webserver has an arrival
rate of A = 300 hits/min, or equivalently A = 5 hits/sec. Thus in a one
second interval, the number of requests N’ is a Poisson (a = 5) random
variable.

However, since the server “capacity” in a one second interval is not pre-
cisely defined, we will make the somewhat arbitrary definition that the
server capacity is C' = 328.6/60 = 5.477 packets/sec. With this some-
what arbitrary definition, the probability of overload in a one second
interval is

PIN'>(C|=1-P[N' <5477 =1-P[N' < 5]. (4)

Because the number of arrivals in the interval is small, it would be a
mistake to use the Central Limit Theorem to estimate this overload
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probability. However, the direct calculation of the overload probability
is not hard. For E[N'] = o = 5,

5
1-P[N'<5|=1-> Py(n)
n=0
5 an
=l1-e"> —7 = 0.3840. (5)

n=0

Here we find the smallest C' such that P[N' < C] > 0.95. From the
previous step, we know that C' > 5. Since N’ is a Poisson (o = 5)
random variable, we need to find the smallest C' such that

PN < (] = Zaea/n'>095 (6)

Some experiments with poissoncdf (alpha,c) will show that
P [N < 8] =0.9319, P [N < 9] =0.9682. (7)
Hence C' = 9.

If we use the Central Limit theorem to estimate the overload probability
in a one second interval, we would use the facts that E[N’] = 5 and
Var[N'] =5 to estimate the the overload probability as
1—P[N’<5]=1—<1>(E>:05 (8)
— \/g 7
which overestimates the overload probability by roughly 30 percent.
We recall from Chapter 3 that a Poisson random is the limiting case
of the (n,p) binomial random variable when n is large and np = «a.In
general, for fixed p, the Poisson and binomial PMFs become closer as
n increases. Since large n is also the case for which the central limit
theorem applies, it is not surprising that the the CLT approximation
for the Poisson () CDF is better when aw = np is large.
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Comment: Perhaps a more interesting question is why the overload prob-
ability in a one-second interval is so much higher than that in a one-minute
interval? To answer this, consider a T-second interval in which the number
of requests Ny is a Poisson (A7) random variable while the server capac-
ity is ¢T" hits. In the earlier problem parts, ¢ = 5.477 hits/sec. We make
the assumption that the server system is reasonably well-engineered in that
¢ > A. (In fact, to assume otherwise means that the backlog of requests will
grow without bound.) Further, assuming 7 is fairly large, we use the CLT to
estimate the probability of overload in a T-second interval as

P [Ny > cT] =P NT\/;_TAT > CT\/_A_TAT] =Q (kﬁ) : (9)

where k = (¢ — A\)/v/\. As long as ¢ > ), the overload probability decreases
with increasing T'. In fact, the overload probability goes rapidly to zero as T’
becomes large. The reason is that the gap ¢I" — AT between server capacity
T and the expected number of requests AT' grows linearly in T while the
standard deviation of the number of requests grows proportional to v/7.

However, one should add that the definition of a T-second overload is some-
what arbitrary. In fact, one can argue that as T" becomes large, the require-
ment for no overloads simply becomes less stringent. Using more advanced
techniques found in the Markov Chains Supplement, a system such as this
webserver can be evaluated in terms of the average backlog of requests and
the average delay in serving in serving a request. These statistics won’t de-
pend on a particular time period T and perhaps better describe the system
performance.

Problem 9.5.7 Solution

Random variable K, has a binomial distribution for n trials and success
probability P[V] = 3/4.

(a) The expected number of video packets out of 48 packets is

E [K;] = 48P [V] = 36. (1)
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(b) The variance of Kyg is
Var[K4s) = 48P [V] (1 —P[V]) =48(3/4)(1/4) =9 (2)
Thus Kyg has standard deviation ok, = 3.

(c¢) Using the ordinary central limit theorem and Table 4.2 yields

49 — —
Pl 6w (225 g (1220)

3
= P(2) - &(-2) (3)
Recalling that ®(—xz) =1 — ®(z), we have
P30 < K5 < 42] ~ 20(2) — 1 = 0.9545. (4)

(d) Since Kys is a discrete random variable, we can use the De Moivre-
Laplace approximation to estimate

42405 — —0.5—
P [30 < Kys < 42] %@(#) —@(W)
— 20(2.16666) — 1 = 0.9687. (5)

Problem 9.5.9 Solution
By symmetry, E[X] = 0. Since X is a continuous (a = —1,b = 1) uniform
random variable, its variance is Var[X]| = (b — a)?/12 = 1/3. Working with
the moments of X, we can write
E[Y]=E[20 4+ 15X7]
=20+ 15E [X7]
= 20 + 15 Var[X?] = 25, (1)
where we recall that E[X] = 0 implies E[X?] = Var[X]. Next we observe that
Var[Y] = Var[20 + 15X7]
= Var[15X?]
= 225 Var[X?] = 225 (E [(X?)*] — (E[X?])?) (2)
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Since E[X?] = Var[X] = 1/3, and since E[(X?)?] = E[X"], it follows that
Var[Y] = 225 (E [X*] — (Var[X])?)

=225 (/_11 %aﬁdz— <%>2> = 225 (é—%) = 20. (3)

To use the central limit theorem, we approximate the CDF of W by a Gaus-
sian CDF with expected value E[W] and variance Var[W]. Since the expec-
tation of the sum equals the sum of the expectations,

100
B[W] = [100 DY

100
1

100 &=

E[Y;] = E[Y] = 25. (4)

Since the independence of the Y; follows from the independence of the X;, we
can write
100

ZY

100

Z\/ar Vel o s

Var[W] = 100

Var

1002 1002

By a CLT approximation,

P[W <254 =P {W_% < 25‘4_25}

V02 T V02
0.4
~ (m) = ®(2/V/5) = 0.8145, (6)

Problem 9.5.11 Solution

(a) On quiz i, your score X; is the sum of n = 10 independent Bernoulli
trials and so X; is a binomial (n = 10, p = 0.8) random variable, which
has PMF

Py (z) = (f) (0.8)7(0.2)10-<. (1)
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(b) First we note that E[X;] = np = 8 and that
Var[X;] = np(1 — p) = 10(0.8)(0.2) = 1.6. (2)

Since X is a scaled sum of 100 Bernoulli trials, it is appropriate to use
a central limit theorem approximation. All we need to do is calculate
the expected value and variance of X:

Hx = E [X] = 0.01 iE [Xz] = 0.8, (3)
0% = Var[X] = (0.01)* Var ixl

10
=107 Var[X;] =16 x 10~*. (4)
=1

To use the central limit theorem, we write

X —px >0-9_,UX:|

HM:PWEQQZP{

ox ox
~ P [ZZ 0.9—0.8}
0.04
=P [Z > 25 =Q(25). (5)

A nicer way to do this same calculation is to observe that
10
P[A]:P[XZOQ]:P[ZXZ-Z%]. (6)

Now we define W = Zilil X; and use the central limit theorem on W.
In this case,

E[W]=10E[X;] = 80, Var[W] =10 Var[X;] = 16.  (7)
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Our central limit theorem approximation can now be written as

W —80 _ 90 — 80
P[A] =P[W >90] =P >

Ve — V16
~P[Z > 2.5 =Q(25). (8)

We will see that this second approach is more useful in the next problem.

With n attendance quizzes,

P[A] =P [X' > 0.9
10
10n+ZXZ- > 9n + 90

i=1

—p —P[W>90-n], (9

where W = Zgl X, is the same as in the previous part. Thus

PlA] =

W — E[W] 90—n—E[W]]

\/ Var[W \/ Var[W]
_0 (10 - ”> = Q(2.5 — 0.25n). (10)

Without the scoring change on quiz 1, your grade will be based on

Y _ B+ D iy Xi _ 8+Y
100 100 °
With the corrected scoring, your grade will be based on
X — 9+ i X _9+Y
100 100
The only time this change will matter is when X is on the border-
line between two grades. Specifically, your grade will change if X €
{0.59,0.69,0.79,0.89}. Equivalently,
PU =P[Y =51]+P[Y =61]+P[Y =T71]+P[Y = 81]
= Py (51) + Py (61) + Py (71) + Py (81). (13)

(11)

= 0.01 + X. (12)
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If you're curious, we note that since Y is binomial with E[Y] = 72, the
dominant term in the above sum is Py(71) and that

90

P[U‘] = (71) (0.8)(0.2)" 2~ 0.099. (14)

This near 10 percent probability is fairly high because the student is
a borderline B/C student. That is, the point matters if you are a
borderline student. Of course, in real life, you don’t know if you're a
borderline student.

Problem 9.6.1 Solution
Note that W, is a binomial (10", 0.5) random variable. We need to calculate

P [B,] = P[0.499 x 10" < W, < 0.501 x 10"]
= P[W, <0501 x 10"] — P [W,, < 0.499 x 10"] . (1)

A complication is that the event W,, < w is not the same as W,, < w when
w is an integer. In this case, we observe that

P W, <w]=P[W, <[w]—-1] = Fw,(Jw] —1). (2)
Thus
P[B,] = Fw, (0.501 x 10") — Fy, ([0.499 x 10°] — 1) . (3)
For n=1,..., N, we can calculate P[B,] in this MATLAB program:

function pb=binomialcdftest(N);
pb=zeros(1,N);
for n=1:N,
w=[0.499 0.501]1%10 n;
w(1l)=ceil(w(1))-1;
pb(n)=diff (binomialcdf(10°n,0.5,w));
end
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Unfortunately, on this user’s machine (a Windows XP laptop), the program
fails for N = 4. The problem, as noted earlier is that binomialcdf.m uses
binomialpmf .m, which fails for a binomial (10000, p) random variable. Of
course, your mileage may vary. A slightly better solution is to use the
bignomialcdf .m function, which is identical to binomialcdf .m except it calls
bignomialpmf.m rather than binomialpmf.m. This enables calculations for
larger values of n, although at some cost in numerical accuracy. Here is the
code:

function pb=bignomialcdftest(N);
pb=zeros(1,N);
for n=1:N,
w=[0.499 0.501]1%10"n;
w(l)=ceil(w(1))-1;
pb(n)=diff (bignomialcdf(10°n,0.5,w));

end

For comparison, here are the outputs of the two programs:

>> binomialcdftest(4)

ans =
0.2461 0.0796 0.0756 NaN

>> bignomialcdftest (6)

ans =

0.2461 0.0796 0.0756 0.1663 0.4750 0.9546

The result 0.9546 for n = 6 corresponds to the exact probability in Exam-
ple 9.14 which used the CLT to estimate the probability as 0.9544. Unfortu-
nately for this user, bignomialcdftest(7) failed.

Problem 9.6.3 Solution

In this problem, we re-create the plots of Figure 9.3 except we use the binomial
PMF and corresponding Gaussian PDF. Here is a MATLAB program that
compares the binomial (n,p) PMF and the Gaussian PDF with the same
expected value and variance.
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function y=binomcltpmf (n,p)

x=-1:17;

xx=-1:0.05:17;

y=binomialpmf (n,p,x) ;

std=sqrt (nxp*(1-p));

clt=gausspdf (n*p,std,xx) ;

hold off;

ponfplot(x,y,’\it x’,’\it p_X(x) f_X(x));
hold on; plot(xx,clt); hold off;

Here are the output plots for p = 1/2 and n = 2,4, 8, 16.

1 0.4
g g
i S
. 05 . 02
e X
“ L :
0 0
-5 0 5 10 15 20 -5 0 5 10 15 20
binomcltpmf (2,0.5) binomcltpmf (4,0.5)
0.4 0.2
g g
. 02 - 01
X X
= =
0 0
-5 0 5 10 15 20 -5 0 5 10 15 20
binomcltpmf (8,0.5) binomcltpmf (16,0.5)

To see why the values of the PDF and PMF are roughly the same, consider
the Gaussian random variable Y. For small A,

For A = 1, we obtain
fr(z) = Fy(z+1/2) — Fy(z —1/2). (2)
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Since the Gaussian CDF is approximately the same as the CDF of the bino-
mial (n,p) random variable X, we observe for an integer x that

fr(z)= Fx(xr+1/2) — Fx(x —1/2) = Px(x). (3)

Although the equivalence in heights of the PMF and PDF is only an approx-
imation, it can be useful for checking the correctness of a result.

Problem 9.6.5 Solution

In Example 10.4, the height of a storm surge X is a Gaussian (5.5, 1) random
variable. Here were are asked to estimate

PX>T7=P[X—-55>15=1-®(L5). (1)
using the uniform12.m function defined in Example 9.18.

The exact correct value is 1 — ®(1.5) = 0.0668. You may wonder why this
problem asks you to estimate 1 — ®(1.5) when we can calculate it exactly.
The goal of this exercise is really to understand the limitations of using a sum
of 12 uniform random variables as an approximation to a Gaussian.

Unfortunately, in the function uniform12.m, the vector T=(-3:3) is hard-
coded, making it hard to directly reuse the function to solve our problem. So
instead, let’s redefine a new unif12sum.m function that accepts the number
of trials m and the threshold value T as arguments:

function FT = unifi2sum(m,T)

%Using m samples of a sum of 12 uniform random variables,
%FT is an estimate of P(X<T) for a Gaussian (0,1) rv X
x=sum(rand(12,m))-6;

FT=(count(x,T)/m) ’;

end

Before looking at some experimental runs, we note that unif12sum is making
two different approximations. First, samples consisting of the sum of 12
uniform random variables are being used as an approximation for a Gaussian
(0,1) random variable X. Second, we are using the relative frequency of
samples below the threshold 7" as an approximation or estimate of P[X < T7.
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(a) Here are some sample runs for m = 1000 sample values:

>> m=1000;t=1.5;
>> 1-[unifi12sum(m,t) unifi2sum(m,t) unifi2sum(m,t)]
ans =

0.0640 0.0620 0.0610
>> 1-[unif12sum(m,t) unifi2sum(m,t) unifi2sum(m,t)]
ans =

0.0810 0.0670 0.0690

We see that six trials yields six close but different estimates.

(b) Here are some sample runs for m = 10,000 sample values:

>> m=10000;t=1.5;
>> 1-[unif12sum(m,t) unifi2sum(m,t) unifi2sum(m,t)]
ans =

0.0667 0.0709 0.0697
>> 1-[unifi12sum(m,t) unifi2sum(m,t) unifi2sum(m,t)]
ans =

0.0686 0.0672 0.0708

Casual inspection gives the impression that 10,000 samples provide bet-
ter estimates than 1000 samples. Although the small number of tests
here is definitely not sufficient to make such an assertion, we will see in
Chapter 10 that this is indeed true.

Problem 9.6.7 Solution

The function sumfinitepmf generalizes the method of Example 9.17.

function [pw,sw]=sumfinitepmf (px,sx,py,sy);
[SX,S8Y]=ndgrid(sx,sy);
[PX,PY]=ndgrid(px,py);

SW=SX+SY; PW=PX. *PY;

sw=unique (SW) ;

pw=finitepmf (SW,PW,sw) ;
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The only difference is that the PMFs px and py and ranges sx and sy are
not hard coded, but instead are function inputs.

As an example, suppose X is a discrete uniform (0, 20) random variable and
Y is an independent discrete uniform (0, 80) random variable. The following
program sum2unif will generate and plot the PMF of W = X + Y.

%sum2unif.m

sx=0:20;px=ones(1,21)/21;
sy=0:80;py=ones(1,81)/81;
[pw,sw]=sumfinitepmf (px,sx,py,sy);
h=pmfplot (sw,pw,’\it w’,’\it P_W(w)’);
set(h,’LineWidth’,0.25);

Here is the graph generated by sum2unif.
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Problem Solutions — Chapter 10

Problem 10.1.1 Solution

Recall that X, X5... X, are independent exponential random variables with
mean value ux = 5 so that for z > 0, Fx(z) = 1 — e™*/5.

(a) Using Theorem 10.1, ‘712\4n(x) = 0% /n. Realizing that o3 = 25, we obtain

WMMMXH:%fz%; (1)
(b)
P[X;>7=1-P[X, <7]
=1 Fx(7)
=1—-(1—e ™) =e"5=0.247. (2)

(c) First we express P[My(X) > 7] in terms of X, ..., Xo.

P [My(X) > 7] = 1 — P [My(X) <7
—1-P[(Xi+...+Xo) <63]. (3)

Now the probability that Mq(X) > 7 can be approximated using the
Central Limit Theorem (CLT).

P[My(X)>7 =1-P[(X;+...+ Xq) <63

1 63 — Yux
~ 1 (I)( \/§UX )
—1—®(6/5). (4)

Consulting with Table 4.2 yields P[Mo(X) > 7] ~ 0.1151.

286



Problem 10.1.3 Solution

This problem is in the wrong section since the standard error isn’t defined
until Section 10.4. However is we peek ahead to this section the problem
isn’t very hard. Given the sample mean estimate M , the standard error
is defined as the standard deviation e, = \/Var[M, In our problem, we
use samples X; to generate ¥; = X?. For the sample mean M, (Y'), we need
to find the standard error

Var[M, Var| ] (1)
Since X is a uniform (0, 1) random variable,
1
E[Y]=E [X?] :/ v dr = 1/3, (2)
0
1
E[Y?] =E[X"] :/ atde =1/5. (3)
0

Thus Var[Y] = 1/5—(1/3)? = 4/45 and the sample mean M,,(Y) has standard
error

n =1/ —. 4
¢ 45n ()

Problem 10.2.1 Solution

If the average weight of a Maine black bear is 500 pounds with standard
deviation equal to 100 pounds, we can use the Chebyshev inequality to upper
bound the probability that a randomly chosen bear will be more then 200
pounds away from the average.

Var[W] < 1002

PW —E > 200] <
W = E[W]] 2 200] < =505~ < 5502

— 0.25. (1)
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Problem 10.2.3 Solution

The arrival time of the third elevator is W = X; + Xy + X3. Since each
X; is uniform (0,30), E[X;] = 15 and Var[X;] = (30 — 0)?/12 = 75. Thus
E[W] = 3E[X;] = 45, and Var[W]| = 3 Var[X;] = 225.

(a) By the Markov inequality,

EW] 45 3
P < Wl _ %5
W=Dl < === =5

(b) By the Chebyshev inequality,

P[W > 75 = P[W — E[W] > 30]
< P[W —E[W]| > 30]
Var [W]

ST3 a1 @)

Problem 10.2.5 Solution

On each roll of the dice, a success, namely snake eyes, occurs with probability
p = 1/36. The number of trials, R, needed for three successes is a Pascal
(k = 3, p) random variable with

B[R] = > — 108, Var[R] = S0=P) _ g7g0. (1)

p p

(a) By the Markov inequality,

E[R] 54
P[R>250] < - = 2~ —(.432. 2
[R>250] < S = = - = 0.43 (2)

(b) By the Chebyshev inequality,
P[R > 250] = P[R — 108 > 142] = P[|R — 108| > 142]

Var[R]
< {1aap = 1875 (3)
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(c) The exact value is P[R > 250] = 1 — 3.7%, Pg(r). Since there is no
way around summing the Pascal PMF to find the CDF, this is what
pascalcdf does.

>> 1-pascalcdf (3,1/36,249)
ans =
0.0299

Thus the Markov and Chebyshev inequalities are valid bounds but not
good estimates of P[R > 250].

Problem 10.2.7 Solution

For an N|u,0?] random variable X, we can write
PIX2d=P[X—-p)foz(c—p)fo]=P[Z=(c—p)/o. (1)

Since Z is N[0, 1], we can apply the result of Problem 10.2.6 with ¢ replaced

by (¢ — p)/o. This yields

PIX > =P[Z>(c—p)fo] <e w2 (2)

Problem 10.2.9 Solution

This problem is solved completely in the solution to Quiz 10.2! We repeat
that solution here. Since W = X; + Xy + X3 is an Erlang (n = 3,\ = 1/2)
random variable, Theorem 4.11 says that for any w > 0, the CDF of W
satisfies

Fw(w):1—zw{;—!€w (1)

k=0
Equivalently, for A = 1/2 and w = 20,
P[W > 20] = 1 — Fy (20)
10 102

_ —10 - I —-10 __
e (1 + o7t o ) — 61e~"" = 0.0028. (2)
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Problem 10.3.1 Solution
X1, X, ...areiid random variables each with mean 75 and standard deviation
15.

(a) We would like to find the value of n such that
P [74 < M,(X) < 76] = 0.99. (1)

When we know only the mean and variance of X;, our only real tool is
the Chebyshev inequality which says that

P [74 < M,(X) < 76] = 1 — P[|M,(X) ~ E[X]| > 1
Var [ X] 225

—1-22>09. (2
. . (2)

>1—

This yields n > 22,500.

(b) If each X; is a Gaussian, the sample mean, M, (X) will also be Gaussian
with mean and variance

B[M(X)] = E[X] =75, (3)
Var [M,,(X)] = Var [X] /n’ = 225/n/ (4)

In this case,

P (74 < My (X) < 76] =@<76_M) - (74_u>

= ®(vV/n'/15) — ®(—v/n' /15)
= 20(v/n'/15) — 1 = 0.99. (5)
Thus, n’ = 1,521.

Since even under the Gaussian assumption, the number of samples n’ is so
large that even if the X; are not Gaussian, the sample mean may be approx-
imated by a Gaussian. Hence, about 1500 samples probably is about right.
However, in the absence of any information about the PDF of X; beyond the
mean and variance, we cannot make any guarantees stronger than that given
by the Chebyshev inequality.
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Problem 10.3.3 Solution

(a) Asn — 00, Ys, is a sum of a large number of iid random variables, so
we can use the central limit theorem. Since E[Y3,] = n and Var[Ys,| =

P [Yan —nl < \/n/ﬂ =P |Var — E[Ya] < V2]
[Yan = E [Yad]l ]

\/ Var[Ya,]

—P[-1<Z,<1]. (1)

By the central limit theorem, Z,, = (Y2, — E[Y2,])/+/Var[Ys,] is con-

verging to a Gaussian (0, 1) random variable Z. Thus

lim P [|Y2n | < \/n/Z} —P[1<Z<]1]

(b) Note that Y5,/(2n) is a sample mean for 2n samples of X,. Since
E[X,] = 1/2, the weak law says that given any € > 0,

Yo 1
lim P ||— — = =0. 3
Jim, [zn 2\”1 3)
An equivalent statement is
lim P [|Ys, —n| > 2ne] = 0. (4)
n—oo
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Problem 10.3.5 Solution

Given Ny, Ny, ..., there are jN; chips used in cookies with j chips. The total
number of chips used is > ;- , kNj. You are equally likely to be any one of
the chips in a cookie, so the probability you landed in a cookie with j chips
is

N, I
20:0 k Ny Zzio k%

PlJ=jl= (1)

First, we note that P[J = 0] = 0 since a chip cannot land in a cookie that has
zero chips. Second, we note that N;/n is the relative frequency of cookies with
J chips out of all cookies. By comparison, Pk(j) is the probability a cookie

has j chips. As n — oo, the law of large numbers implies N;/n — Pk(j). It
follows for j > 1 that as n — oo,

J Pk (5) _ 7(10)7e=10/41 _ (10)i-1e~10
> heo b Pre (K) E K] (j—1)!

Py (j) — (2)

Problem 10.3.7 Solution

(a) We start by observing that E[R;] = E[X;] = ¢. Next, we write

(n=DFns ;)R"‘l + % (1)

R, =

If follows that
n — ].) E [Rn_1|Rn_1 = 7’] 4 E [Xn|Rn_1 = 7’]

B[Rl Ry 1 — 1] = &

-1
_=Dr
n n
Thus E[R,|R,—1] = R,—1 and by iterated expectation, E[R,] = E[R,_1].
By induction, it follows that E[R,] = E[Ry] = q.

n n

=7 (2)
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(b) From the start, Ry = X is Gaussian. Given Ry =1, Ry = Ry /2+ X5/2
where X, is conditionally Gaussian given R;. Since R; is Gaussian,
it follows that R; and X, are jointly Gaussian. It follows that Rs
is also Gaussian since it is a linear combination of jointly Gaussian
random variables. Similarly, X,, is conditionally Gaussian given R,
and thus X,, and R,_; are jointly Gaussian. Thus R,, which is a linear
combination of X,, and R,_; is Gaussian. Since E[R,] = ¢, we can

define 02 = Var[R,] and write the PDF of R, as

1 —(r— o
fra(r) = e~ (=02, (3)

\/2mo?

The parameter o2 still needs to be determined.

(c) Following the hint, given R, =r, R, = (n—1)r/n+ X,,/n. It follows
that

E[R2Ry = 1] — E [(M n ﬁf Roy = r]

n n
— 1)%r2 -1X, X?
—E{(n 2) L +2r(n 2> —i——;]Rnl—r]
n n n
_ (n— 1)27‘2 N 2(n —21)1“2 N E [X2|R,;_1 = r]. (4)
n n n

Given R,_; =r, X, is Gaussian (r,1). Since Var[X,|R,_1 = 7] =1,

E [X2|R\o1 =7] = Var[X,,|R,_1 = 7] + (E[X,,|Rue1 = 7])°

This implies

E [REL’Rnfl = } =




and thus

1
B[R R, 1] = Ry + (7)
By the iterated expectation,
1
E[R]=E[R:_]+ = (8)
Since E[R?] = E[X?] = 1 + ¢, it follows that
~ 1
E [R?] =q2+zj—2. (9)
j=1
Hence
~ 1
Var[R,] = E [R;] — (E[R.])* =) 1 (10)
j=1

Note that Var|[R,] is an increasing sequence and that lim,,_,, Var[R,]| ~
1.645.

(d) When the prior ratings have no influence, the review scores X, are
iid and by the law of large numbers, R, will converge to ¢, the “true
quality” of the movie. In our system, the possibility of early mis-
judgments will lead to randomness in the final rating. The eventual
rating R, = lim, ,, R, is a random variable with E[R] = ¢ and
Var[R] ~ 1.645. This may or may not be representative of how bad
movies can occasionally get high ratings.

Problem 10.4.1 Solution
For an an arbitrary Gaussian (i, o) random variable Y,
Plp—o <Y <pu+o=P[-0 <Y —p<o]

Y —p
= P(1) — &(—1) =2d(1) — 1 =0.6827. (1)

=P|-1< <1
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Note that Y can be any Gaussian random variable, including, for example,
M, (X) when X is Gaussian. When X is not Gaussian, the same claim holds
to the extent that the central limit theorem promises that M, (X) is nearly
Gaussian for large n.

Problem 10.4.3 Solution

This problem is really very simple. If we let Y = X; X, and for the ith trial,
let Y; = X;(i)X5(i), then R,, = M, (Y), the sample mean of random variable
Y. By Theorem 10.9, M, (Y") is unbiased. Since Var[Y]| = Var[X; X, < oo,
Theorem 10.11 tells us that M, (Y) is a consistent sequence.

Problem 10.4.5 Solution

Note that we can write Y} as

Xor 1 — Xop \ 2 Xor — Xop1 \ 2
}/;c:< 21@12 2k)+< 2k 221@1)

_ (Xok _2)(%1)2. (1)

Hence,

E[Y;] = %E (X5, — 2Xo Xop1 + X5, ]
= E[X?] — (E[X])? = Var[X]. (2)

Next we observe that Yi,Y5,... is an iid random sequence. If this indepen-
dence is not obvious, consider that Y is a function of X; and X5, Y5 is a func-
tion of X3 and X}, and so on. Since X, X, ... is an idd sequence, Y7, Y5, ...
is an iid sequence. Hence, E[M,,(Y)] = E[Y] = Var[X], implying M, (Y) is
an unbiased estimator of Var[X]|. We can use Theorem 10.9 to prove that
M, (Y) is consistent if we show that Var[Y] is finite.Since Var[Y] < E[Y?], it
is sufficient to prove that E[Y?] < co. Note that

Yk2 _ ng B 4X§kX2k’—1 + 6X22kX22k71 - 4X2kX5’k71 + Xékfl (3)
1 .
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Taking expectations yields
B[Y] = B[X'] — 2B [ B[X] + 5 (B [X7])". 0

Hence, if the first four moments of X are finite, then Var[Y] < E[Y?] < oo.
By Theorem 10.9, the sequence M, (Y') is consistent.

Problem 10.5.1 Solution
X has the Bernoulli (0.9) PMF

0.1 z=0,
Px(z) =409 z=1, (1)
0  otherwise.
(a) E[X] is in fact the same as Px (1) because X is Bernoulli.
(b) We can use the Chebyshev inequality to find

P | Mgo(X) — Px(1)| = .05] = P [[Moo(X) — E[X][ > .05]
<a. (2)

In particular, the Chebyshev inequality states that

o3 .09

T 900052 ~ 90(.05)2 3)
(¢) Now we wish to find the value of n such that
P[|M,(X)— Px(1)| > .03] <0.1. (4)
From the Chebyshev inequality, we write
2
0.1=—X_, (5)

n(.03)?

Since 0% = 0.09, solving for n yields n = 100.
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Problem 10.5.3 Solution

First we observe that the interval estimate can be expressed as

Pu(A) — P [A]‘ < 0.05. (1)

Since P,(A) = M, (X,4) and E[M,(X4)] = P[A], we can use Theorem 10.5(b)
to write
P

Note that Var[X4] = P[A](1 — P[4]) < 0.25. Thus for confidence coefficient
0.9, we require that

Var[XA]
n(0.05)2 @)

Pu(A) — P [A]) <0.05) > 1-

Var| X 0.25
ar[Xa > 0.9, (3)

- ——2A s
n(0.05)2 = n(0.05)2 =

This implies n > 1,000 samples are needed.

Problem 10.6.1 Solution

In this problem, we have to keep straight that the Poisson expected value
a = 1 is a different o than the confidence coefficient 1 — . That said, we
will try avoid using « for the confidence coefficient. Using X to denote the
Poisson (o = 1) random variable, the trace of the sample mean is the sequence
M, (X), M2(X), ... The confidence interval estimate of o has the form

M,(X)—c<a<M,/(X)+ec (1)
The confidence coefficient of the estimate based on n samples is

PIMy(X)—c<a<M/(X)+c=Pla—c< M, (X) <a+(
=P[-c< M, (X)—a <. (2)

Since Var[M,(X)] = Var[X]/n = 1/n, the 0.9 confidence interval shrinks
with increasing n. In particular, ¢ = ¢, will be a decreasing sequence. Using
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a Central Limit Theorem approximation, a 0.9 confidence implies

—c,, < M, (X) — « < Cn
Vi S Vim Vi

= ®(cpv/n) — (—cnv/n) = 2®(c,v/n) — 1. (3)
Equivalently, ®(c,y/n) = 0.95 or ¢, = 1.65//n.

Thus, as a function of the number of samples n, we plot three functions:
the sample mean M, (X), and the upper limit M,(X) + 1.65/y/n and lower
limit M, (X) — 1.65/4/n of the 0.9 confidence interval. We use the MATLAB
function poissonmeanseq(n) to generate these sequences for n sample values.

09=P

function M=poissonmeanseq(n);
x=poissonrv(l,n);

nn=(1:n)’;

M=cumsum(x) ./nn;
r=(1.65)./sqrt(nn);
plot(an,M,nn,M+r,nn,M-r);

Here are two output graphs:

\M’_\
1Vhw””“‘

0 20 40 60 0 200 400 600
n n

poissonmeanseq(60) poissonmeanseq(600)
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Problem 10.6.3 Solution

First, we need to determine whether the relative performance of the two
estimators depends on the actual value of X\. To address this, we observe that
if Y is an exponential (1) random variable, then Theorem 6.3 tells us that
X = Y/\ is an exponential (\) random variable. Thus if Y, Y5, ... are iid
samples of Y, then Y1 /A, Y5/, ... are iid samples of X. Moreover, the sample
mean of X is

Ma(X) = = 3"V = LMY, (1)

Similarly, the sample variance of X satisfies

Vi) = == 37 (% = Ma(X))°

n

1 Y, 1 VY
:n—1Z(?_XM”(Y)) == (2)

1=

We can conclude that

A=

M, (Y)’ VI(Y)

For X\ # 1, the estimators A and ) are just scaled versions of the estimators
for the case A = 1. Hence it is sufficient to consider only the A = 1 case. The
function z=lamest(n,m) returns the estimation errors for m trials of each
estimator where each trial uses n iid exponential (1) samples.

function z=lamest(n,m); In lamest.m, each column of matrix
x=exponentialrv(1l,n*m); x represents one trial. Note that mx
x=reshape(x,n,m) ; is a row vector such that mx (i) is the
mx=sum(x)/n; sample mean for trial 2. The matrix MX
MX=ones (n, 1)*mx; has mx (i) for every element in column
vx=sum((x-MX)."2)/(n-1); i. Thus vx is a row vector such that
z=[(1./mx); (1./sqrt(vx))]-1;

vx (1) is the sample variance for trial
7.
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Finally, z is a 2 X m matrix such that column 7 of z records the estimation
errors for trial . If )\ and )\ are the estimates for for trial i, then z(1,1) is
the error Z = )\ — 1 while z(2,1) is the error Z = )\ — 1.

Now that we can simulate the errors generated by each estimator, we need
to determine which estimator is better. We start by using the commands

z=lamest (1000, 1000) ;
plot(z(1,:),z(2,:),’bd?)

to perform 1,000 trials, each using 1,000 samples. The plot command gener-
ates a scatter plot of the error pairs (Z;, Z;) for each trial. Here is an example
of the resulting scatter plot:

0.2 T T

0.1}

2(2,0)
o

-0.1 -0.05 0 0.05 0.1 0.15
z(1,0)

In the scatter plot, each diamond marks an independent pair (Z , Z) where Z
is plotted on the z-axis and Z is plotted on the y-axis. (Although it is outside
the scope of this solution, it is interesting to note that the errors Z and Z
appear to be positively correlated.) From the plot, it may not be obvious that
one estimator is better than the other. However, by reading the axis ticks
carefully, one can observe that it appears that typical values for Z are in the
interval (—0.05,0.05) while typical values for Z are in the interval (—0.1,0.1).
This suggests that Z may be superior.To verify this observation, we calculate
the sample mean for each squared errors

1 = 5 1 &
= _ E 72 = — g ) 4
m < i m ()
From our MATLAB experiment with m = 1,000 trials, we calculate
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>> sum(z."~2,2)/1000
ans =

0.0010

0.0021

That is, ]\/[17000(22) = 0.0010 and ]\/[17000(22) = 0.0021. In fact, one can show
(with a lot of work) for large m that

M (2°) =~ 1/m, M (Z%) = 2/m, (5)
and that
72
lim Mm(Z0) (6)
m—o0 Mm(ZQ)

In short, the mean squared error of the X estimator is twice that of the A
estimator.

Problem 10.6.5 Solution

The difficulty in this problem is that although E[X] exists, FX? and higher
order moments are infinite. Thus Var[X] is also infinite. It also follows for
any finite n that the sample mean M, (X) has infinite variance. In this case,
we cannot apply the Chebyshev inequality to the sample mean to show the
convergence in probability of M, (X) to E[X].

If lim,, oo P[|M,,(X) — E[X]| > €] = p, then there are two distinct possibil-
ities:
e p>0,or

e p = 0 but the Chebyshev inequality isn’t a sufficient powerful technique
to verify this fact.

To resolve whether p = 0 (and the sample mean converges to the expected
value) one can spend time trying to prove either p = 0 or p > 0. At this point,
we try some simulation experiments to see if the experimental evidence points
one way or the other.
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As requested by the problem, the MATLAB function samplemeantest(n,a)
simulates one hundred traces of the sample mean when E[X] = a. Each trace
is a length n sequence M;(X), My(X), ..., M,(X).

function mx=samplemeantest(n,a);
u=rand(n,100);

x=a-2+(1./sqrt(1-u));
d=((1:n)’)*ones(1,100);
mx=cumsum(x) ./d;

plot(mx);

xlabel(’\it n’); ylabel(’\it M_n(X)’);
axis([0 n a-1 a+1]);

The n x 100 matrix x consists of iid samples of X. Taking cumulative sums
along each column of x, and dividing row ¢ by 4, each column of mx is a length
n sample mean trace. we then plot the traces.

The following graph was generated by samplemeantest (1000,5):

4
0 100 200 300 400 500 600 700 800 900 1000
n

Frankly, it is difficult to draw strong conclusions from the graph. If the
sample sequences M, (X) are converging to E[X], the convergence is fairly
slow. Even after averaging 1,000 samples, typical values for the sample mean
appear to range from a — 0.5 to a + 0.5. There may also be outlier sequences
which are still off the charts since we truncated the y-axis range. On the
other hand, the sample mean sequences do not appear to be diverging (which
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is also possible since Var[X] = oo.) Note the above graph was generated
using 10° sample values. Repeating the experiment with more samples, say
samplemeantest (10000,5), will yield a similarly inconclusive result. Even
if your version of MATLAB can support the generation of 100 times as many
samples, you won’t know for sure whether the sample mean sequence always
converges. On the other hand, the experiment is probably enough that if you
pursue the analysis, you should start by trying to prove that p = 0.
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Problem Solutions — Chapter 11

Problem 11.1.1 Solution

Assuming the coin is fair, we must choose a rejection region R such that
a = P[R] = 0.05. We can choose a rejection region R = {L > r}. What
remains is to choose r so that P[R] = 0.05. Note that L > [ if we first observe
[ tails in a row. Under the hypothesis that the coin is fair, [ tails in a row
occurs with probability

P[L>1]=(1/2). (1)
Thus, we need
P[R]=P[L>r]=2"=0.05. (2)

Thus, r = —1og,(0.05) = log,(20) = 4.32. In this case, we reject the hy-
pothesis that the coin is fair if L > 5. The significance level of the test is
a = P[L > 4] = 27* = 0.0625 which close to but not exactly 0.05.

The shortcoming of this test is that we always accept the hypothesis that
the coin is fair whenever heads occurs on the first, second, third or fourth flip.
If the coin was biased such that the probability of heads was much higher than
1/2, say 0.8 or 0.9, we would hardly ever reject the hypothesis that the coin
is fair. In that sense, our test cannot identify that kind of biased coin.

Problem 11.1.3 Solution
We reject the null hypothesis when the call rate M is too high. Note that

E[M] = E[N] = 25, Var[M] = Val;Ni] _ 2T—5 (1)

For large T', we use a central limit theorem approximation to calculate the
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rejection probability

P[R] =P [M > m]
_ [M—2.5 N m0—2.5]

oM - oM
—25
—1-09 | = 0.05, (2)
2.5
T

It follows that

my — 2.5 1.65v2.5 2.6

029 _ 165 = mo=25+ 254 =2 3
V/2.5/T ’ VT VT ®)

That is, we reject the null hypothesis whenever

2.6
M>25+ —. 4
> 25+ — @

As T gets larger, smaller deviations of M above the expected value E[M] = 2.5
are sufficient to reject the null hypothesis.

Problem 11.1.5 Solution

In order to test just a small number of pacemakers, we test n pacemakers and
we reject the null hypothesis if any pacemaker fails the test. Moreover, we
choose the smallest n such that we meet the required significance level of the
test.

The number of pacemakers that fail the test is X, a binomial (n, g = 10™*)
random variable. The significance level of the test is

a=P[X>0=1-P[X=0=1-(1—q)" (1)
For a significance level a = 0.01, we have that

In(1 — «)

n = g~ 1005 (2)

305



Comment: For a = 0.01, keep in mind that there is a one percent proba-
bility that a normal factory will fail the test. That is, a test failure is quite
unlikely if the factory is operating normally.

Problem 11.1.7 Solution

A reasonable test would reject the null hypothesis that the plant is operating
normally if one or more of the chips fail the one-day test. Exactly how
many shold be tested and how many failures NV are needed to reject the null
hypothesis would depend on the significance level of the test.

(a) The lifetime of a chip is X, an exponential (\) random variable with
A = (T/200)2. The probability p that a chip passes the one-day test is

p="P[X >1/365] = e 3%, (1)
For an m chip test, the significance level of the test is
a=P[N>0=1-P[N =0
=1 —pm=1—¢ ™M, (2)
(b) At T'=100°, A = 1/4 and we obtain a significance level of o = 0.01 if

©3651n(0.99)  3.67
A T

m =

= 14.74. (3)

In fact, at m = 15 chips, the significance level is o = 0.0102.

(c) Raising T raises the failure rate A = (7/200)? and thus lowers m =
3.67/A. In essence, raising the temperature makes a “tougher” test and
thus requires fewer chips to be tested for the same significance level.
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Problem 11.1.9 Solution

Since the null hypothesis Hy asserts that the two exams have the same mean
and variance, we reject Hy if the difference in sample means is large. That is,

R ={|D] = do}.

Under Hy, the two sample means satisfy

E[M,] = E[Mg] = p,
Var[M 4] = Var[Mp| = G- @ (1)

n n

Since n is large, it is reasonable to use the Central Limit Theorem to ap-
proximate M4 and Mp as Gaussian random variables. Since M4 and Mp are
independent, D is also Gaussian with

E[D] = E[Ma] — E [Mj] = 0,

Var[D] = Var[M 4] + Var[Mg] = % (2)

Under the Gaussian assumption, we can calculate the significance level of the
test as

a =P[|D| = do] =2 (1 — ®(do/op)) - (3)

For o« = 0.05, ®(dy/op) = 0.975, or dy = 1.960p = 1.964/200/n. If n = 100
students take each exam, then dy = 2.77 and we reject the null hypothesis
that the exams are the same if the sample means differ by more than 2.77
points.

Problem 11.2.1 Solution

For the MAP test, we must choose acceptance regions Ay and A; for the two
hypotheses Hy and H;. From Theorem 11.2, the MAP rule is

PN|H0(n) > P[Hl]

n € Ay if ;
* " Py (n) = P[H

n € A; otherwise. (1)
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Since Pyjm,(n) = A'e=*i/n!, the MAP rule becomes

" P\H
n e A if (i—?) e~ (Co=21) > 5 {Hj; n € A; otherwise. (2)

By taking logarithms and assuming A\; > ) yields the final form of the MAP

rule

)\1 — )\0 + IH(P [Ho] /P [H1]> .
ln()\l//\o) ’

From the MAP rule, we can get the ML rule by setting the a priori probabil-
ities to be equal. This yields the ML rule

A=A
111()\1/)\0)7

neAyifn<n*=

n € A, otherwise. (3)

neAyifn<n = n € Ay otherwise. (4)

Problem 11.2.3 Solution
By Theorem 11.5, the decision rule is

P
n € A if L(n) = —PZ? EZ;

where 7 is the largest possible value such that > Lny<y PN m(n) < a.

>, n € Ay otherwise, (1)

Given Hy, N is Poisson (ag = 1,000) while given H;, N is Poisson (a; =
1,300). We can solve for the acceptance set Ag by observing that n € Ay if
PN|H0 (n) _ age_ao/n!
Py, (n)  ate~a1/n! —

(2)
Cancelling common factors and taking the logarithm, we find that n € Ag if
nin 2 > (ap — ay) +1In~. (3)

a1

Since In(ap/a;) < 0, dividing through reverses the inequality and shows that

(ap —ay) +1n~y _ (a1 —ag) —Iny

neAyifn<n' = ;
0 - In(ag/ay) In(ay/ag)

n € Ay otherwise.
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However, we still need to determine the constant v. In fact, it is easier to
work with the threshold n* directly. Note that L(n) < + if and only if n > n*.
Thus we choose the smallest n* such that

PN >n'[Ho] = Y Pujm,(n)a < 107°. (4)
n>n*

To find n* a reasonable approach would be to use Central Limit Theorem
approximation since given Hy, N is a Poisson (1,000) random variable, which
has the same PDF as the sum on 1,000 independent Poisson (1) random
variables. Given Hy, N has expected value ag and variance ag. From the
CLT,
N —ay n*—a

Tt |
~Q ("*_“0) <1078, (5)

Jao

P [N > n*|Hy| :P[

From Table 4.3, Q(4.75) = 1.02 x 1075 and Q(4.76) < 107%, implying
n* = ag + 4.76\/ag = 1150.5. (6)

On the other hand, perhaps the CLT should be used with some caution since
a = 107% implies we are using the CLT approximation far from the center
of the distribution. In fact, we can check out answer using the poissoncdf
functions:

>> nstar=[1150 1151 1152 1153 1154 1155];

>> (1.0-poissoncdf (1000,nstar))’

ans =
1.0e-005 *

0.1644 0.1420 0.1225 0.1056 0.0910 0.0783
>>

Thus we see that n*1154. Using this threshold, the miss probability is
P[N <n*|H,] =P [N < 1154|H,]
= poissoncdf (1300,1154) = 1.98 x 107°. (7)

Keep in mind that this is the smallest possible Pyss subject to the constraint
that Ppa < 107S.
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Problem 11.2.5 Solution
Given Hy, X is Gaussian (0,1). Given H;, X is Gaussian (v,1). By Theo-
rem 11.4, the Neyman-Pearson test is

_ fX|H0 (I) e/

— — > ;
Fom (@) ez =

xr € A if L(x) x € A; otherwise. (1)

This rule simplifies to
z € Ay if L(z) = e 7 @02 = gmvade?/2 5 x € Ay otherwise. (2)

Taking logarithms, the Neyman-Pearson rule becomes
: v o1 :
reAyifx <xp= 57 In~; x € Ay otherwise. (3)
v

The choice of v has a one-to-one correspondence with the choice of the thresh-
old xy. Moreoever L(z) > ~ if and only if z < xy. In terms of z;, the false
alarm probability is

Pen = PL(X) < |Ho] = P [X > | Ho] = Qo). (4)
Thus we choose xy such that Q(xy) = a.

Problem 11.2.7 Solution

Given Hy, M, (T) has expected value E[V]|/n = 3/n and variance Var[V|/n =
9/n. Given Hy, M,(T) has expected value E[D]/n = 6/n and variance
Var[D]/n = 36/n.

(a) Using a Central Limit Theorem approximation, the false alarm proba-
bility is
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(b) Again, using a CLT Approximation, the miss probability is

Puigs = P [M,(T) < to|H1]
MAT) =6 _ g6

\V/36/n \/36/71

(¢) From Theorem 11.6, the maximum likelihood decision rule is

= o(Vn[to/6 - 1]).  (2)

an(T |Ho (t>

te A if
° P @)

> 1; t € Ay otherwise. (3)

We will see shortly that using a CLT approximation for the likelihood
functions is something of a detour. Nevertheless, with a CLT approxi-
mation, the likelihood functions are

¥ n(t—3) /18
Mn |H0

an |H1 t 6 /72 (4)

ﬁﬁ

From the CLT approximation, the ML decision rule is

79 e—n(t 3)2/18
te AO if SW 2 1, te Al otherwise. (5)

This simplifies to
t € Ay if 2¢ A3 —(=0%/72 > . t € Ay otherwise. (6)

After more algebra, this rule further simplifies to

241In2
n

te Ay if t? — 4t —

<0; t € Ay otherwise. (7)
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Since the quadratic ¢ — 4t — 241n(2)/n has two zeros, we use the
quadratic formula to find the roots. One root corresponds to a neg-
ative value of ¢ and can be discarded since M, (7') > 0. Thus the ML
rule (for n = 9) becomes

teAgift <tyrp=2+2y/1+61In(2)/n =4.42; t € Ay otherwise.

The negative root of the quadratic is the result of the Gaussian as-
sumption which allows for a nonzero probability that M, (T") will be
negative. In this case, hypothesis H; which has higher variance be-
comes more likely. However, since M, (T') > 0, we can ignore this root
since it is just an artifact of the CLT approximation.

In fact, the CLT approximation gives an incorrect answer. Note that
M, (T) = Y,/n where Y, is a sum of iid exponential random variables.
Under hypothesis Hy, Y,, is an Erlang (n, \g = 1/3) random variable.
Under hypothesis Hy, Y, is an Erlang (n, A\; = 1/6) random variable.
Since M, (T) = Y,/n is a scaled version of Y,,, Theorem 6.3 tells us
that given hypothesis H;, M, (T) is an Erlang (n,n)\;) random variable.
Thus M, (T) has likelihood functions
\ngn—1,—nX;t
S 120,
0 otherwise.

(8)

Ity (8) =

Using the Erlang likelihood functions, the ML rule becomes

AO if an(T)|H0 (t) _ (ﬁ)ne—n(ko—/\l)t > 1;
te Ity (1) A1 I 9)

A, otherwise.

This rule simplifies to

te Agift <ty t € A, otherwise. (10)
where
In( Ao/
b, = OO o g g5, (11)
Ao — M1
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Since 61n2 = 4.159, this rule is not the same as the rule derived using
a CLT approximation. Using the exact Erlang PDF, the ML rule does
not depend on n. Moreoever, even if n — 0o, the exact Erlang-derived
rule and the CLT approximation rule remain different. In fact, the
CLT-based rule is simply an approximation to the correct rule. This
highlights that we should first check whether a CLT approximation is
necessary before we use it.

In this part, we will use the exact Erlang PDFs to find the MAP decision
rule. From 11.2, the MAP rule is

A if fM (1) Ho (1) _ <ﬁ) e oAt S, P[H]
te St (), () A1 B
A;  otherwise.

Since P[Hy] = 0.8 and P[H;| = 0.2, the MAP rule simplifies to

s~ Lin B
A, ift<t = ! g
te 0 II'?t = Tmap Mo — Ay

A; otherwise.

In4
—6{1 2+ }

(13)

For n =9, tyap = 5.083.

Although we have seen it is incorrect to use a CLT approximation to
derive the decision rule, the CLT approximation used in parts (a) and
(b) remains a good way to estimate the false alarm and miss probabili-
ties. However, given H;, M, (T) is an Erlang (n,n)\;) random variable.
In particular, given Hy, M, (T) is an Erlang (n,n/3) random variable
while given Hy, M, (T) is an Erlang (n,n/6). Thus we can also use
erlangcdf for an exact calculation of the false alarm and miss proba-
bilities. To summarize the results of parts (a) and (b), a threshold %,
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implies that

Pea = P[M,(T) > to|Hy
= 1-erlangcdf (n,n/3,t0) ~ Q(v/nlte/3 — 1)), (14)

Puss = P [My(T') < to| Hyj
= erlangcdf (n,n/6,t0) ~ ®(y/nty/6 — 1]). (15)

Here is a program that generates the receiver operating curve.

%voicedatroc.m

t0=1:0.1:8";

n=9;

PFA9=1.0-erlangcdf (n,n/3,t0);

PFA9clt=1-phi (sqrt(n)*((£0/3)-1));

PM9=erlangcdf (n,n/6,t0);

PM9clt=phi (sqrt (n)*((t0/6)-1));

n=16;

PFA16=1.0-erlangcdf (n,n/3,t0);
PFA16clt=1.0-phi(sqrt(n)*((t0/3)-1));
PM16=erlangcdf(n,n/6,t0);
PM16clt=phi(sqrt(n)*((t0/6)-1));

plot (PFA9,PM9,PFA9clt,PM9clt,PFA16,PM16,PFA16clt,PM16clt);
axis([0 0.8 0 0.8]);

legend (’Erlang n=9’,’CLT n=9’,’Erlang n=16",’CLT n=16");

Here are the resulting ROCs.

0.8 . . . . . : :
— Erlang n=9
06 —— CLT n=9 1
—— Erlang n=16
0.4 —— CLTn=16 |

0.2
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Both the true curve and CLT-based approximations are shown. The
graph makes it clear that the CLT approximations are somewhat in-
naccurate. It is also apparent that the ROC for n = 16 is clearly better
than for n = 9.

Problem 11.2.9 Solution

Given hypothesis Hy that X =0, Y = W is an exponential (A = 1) random
variable. Given hypothesis H; that X = 1, Y =V 4+ W is an Erlang (n =
2, A = 1) random variable. That is,

frim, (y) = {ey y=0, fyim (y) = {yey v =0 (1)

0 otherwise, 0 otherwise.

The probability of a decoding error is minimized by the MAP rule. Since
P[Hy) = P[H,] = 1/2, the MAP rule is

v _P[H
y € Ag if Jyim (v) - > L] =1; y € Ay otherwise.  (2)

fyim(y)  ye v — P[Hy)

Thus the MAP rule simplifies to

y e Agify <1, y € A; otherwise. (3)
The probability of error is

1/00 “Vd +1/1 vd
== e - e
2/, Yy 9 Oy Y

o1—=2et 1—e!

Problem 11.2.11 Solution
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(a) Since Y is continuous, the conditioning event isy <Y <y + dy. We
then write

PX=1y<Y <y+dy]
 Ply<Y<y+dy|X =1P[X = 1]
B Ply <Y <y +dy]
T fyix (y]1) dy

= ) 1
Tivix(yll) dy + L fyix(y] — 1) dy M)
We conclude that
Jyix (y|1) 1
PIX=1Y=y| = = . 2
X =Y =Y = o+ AT —D 13 fsor s @
Fy1x(yI1)

Given X =z, Y; = x + W, and

P (gilz) = —el=/2 (3)
' V2T

Since the W; are iid and independent of X, given X = x, the Y; are
conditionally iid. That is,

n P 2
fY\X (ylz) = ny|x yilr) = o )n/2 —2izi(yi—2)?/2 (4)
This implies
Jyix(y|—=1) =i (wit1)?/2
L) = S STy
Srix(yl1)
E @D =(wi=1%)/2 _ =230 s (5)
and that
1 1
PX=1Y=y]= (6)

1+ L(y) 1+e2Ziw
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P=P[X*#X[X=1]=P[X* = —1|X = 1]
1 1
Pl X =1
Try) <2 }

—PIL(Y) > 1[X = 1]
—P 2T 5 )X = 1]

=P im<0\x_1]. (7)

Given X =1,Y;=1+W, and Y ;' | Y;=n+ W where W =" W,
is a Gaussian (0, y/n) random variable. Since, W is independent of X,

P.=Pn+W<0X=1=P[W<-n]=P[W >n]=Q(\n). (8)

First we observe that we decide X* = 1 on stage n iff
Xo(Y)>1—-€e=2P[X=1Y=y]-1<1—c¢
=PX=1Y=y]|>1—-¢/2=c¢. 9)
However, when we decide X* = 1 given Y =y, the probability of a

correct decision is P[X = 1|Y = y]. The probability of an error thus
satisfies

P.=1-P[X=1Y =y| <¢/2. (10)

This answer is simple if the logic occurs to you. In some ways, the
following lower bound derivation is more straightforward. If X =1, an
error occurs after transmission n = 1 if X;(y) < —1 + €. Thus

P.>P [Xl(y) <—1+¢X = 1}
1—L(y)
=P {TL(y)<—1+e|X:1]
—P[L(y) > (2/e) — 1]X =1]. (11)
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For n =1, L(y) = e™?1 = ¢ 2X+W1)_ This implies

P, >P [e723W) > 9/ —1|1X = 1]

bl (2]
T (B B ™

Problem 11.2.13 Solution
The key to this problem is to observe that

P [Ao|Hol = 1 — P [A{|Hy], P[A1|Hy| =1—P[Ag|Hy]. (1)
The total expected cost can be written as

E[C'] = P [A1|Ho] P [Ho] Cjy + (1 — P [Ay|Ho]) P [Ho] Cpy
+ P [Ao| H\] P [H1] Coy + (1 = P[Ag|Hy|) P[H1] Oy (2)

Rearranging terms, we have

E[C] = P [Ay|Ho] P [Ho] (Cyp — Co) + P [Ao Hi] P [H] (Cgy — Cy)
+ P [Ho) Cy + P [Hy] C15. (3)

Since P[H,|C{,+P[H;]C}; does not depend on the acceptance sets Ay and A,
the decision rule that minimizes E[C’] is the same decision rule that minimizes

E[C"] = P[Ay[Ho] P [Ho] (Chg — Cop) + P [Ao| Ha] P [H1] (Cpy — C1y). (4)

The decision rule that minimizes E[C"] is the same as the minimum cost test
in Theorem 11.3 with the costs Cy; and Cjg replaced by the differential costs
Coy — C1y and Cp — Cop.

318



Problem 11.3.1 Solution

Since the three hypotheses Hy, Hi, and Hy are equally likely, the MAP and
ML hypothesis tests are the same. From Theorem 11.8, the MAP rule is

r € Ap it fxim,, (z) 2 fxim,(2) for all j. (1)

Since N is Gaussian with zero mean and variance o3, the conditional PDF
of X given H; is

1 —(x—a(i— o
fxim () = e~ (emali-D)/20% (2)

V210

Thus, the MAP rule is

x € Apif (x —a(m —1))* < (z —a(j —1))* for all j. (3)
This implies that the rule for membership in Ay is
€ Ay if (x+a)? <z’ and (v +a)’ < (z—a) (4)
This rule simplifies to
reAifr < —a/2. (5)
Similar rules can be developed for A; and A,. These are:
re A if —a/2 <z <a/2, (6)
r e Ay if v > a/2. (7)

To summarize, the three acceptance regions are
Ag={z|lz < —a/2} Ay ={z| —a/2 <x<a/2},As ={z|x >a/2}. (8)

Graphically, the signal space is one dimensional and the acceptance regions
are

Just as in the QPSK system of Example 11.13, the additive Gaussian noise
dictates that the acceptance region A; is the set of observations x that are
closer to s; = (i — 1)a than any other s;.
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Problem 11.3.3 Solution

Let H; denote the hypothesis that symbol a; was transmitted. Since the four
hypotheses are equally likely, the ML tests will maximize the probability of a
correct decision. Given H;, Ni and N, are independent and thus X; and X,
are independent. This implies

fX1,X2\Hi (xlv x2> = fX1|Hi (xl) fX2|Hi (132)

_ 2730—2 6_(x1_Si1)2/2026_($2_Si2)2/202
1
=5 e l(@1=si)?+(z2—5:2)%]/20% (1)

From Definition 11.2 the acceptance regions A; for the ML multiple hypothesis
test must satisfy

(z1,22) € Ai if fx, xo1m, (21, T2) > fx) 001, (21, 72) for all j. (2)
Equivalently, the ML, acceptance regions are

(l’l, IQ) € Al if (ZL’l — Si1)2 + (ZEQ — Si2)2 S HljiIl(l’l — Sj1)2 + (.TQ — Sj2)2. (3)

In terms of the vectors x and s;, the acceptance regions are defined by the
rule

x € Aif [Ix = sif]? < flx — s[> (4)

Just as in the case of QPSK, the acceptance region A; is the set of vectors x
that are closest to s;.

Problem 11.3.5 Solution

(a) Hypothesis H; is that X = s;+ N, where N is a Gaussian random vector
independent of which signal was transmitted. Thus, given H;, X is a
Gaussian (s;, 0%I) random vector. Since X is two-dimensional,

1 1 _ 1

1 V271 ) _s: |12
5 26_5("_51)/0 I~ (x—s;) — 5 26 262 llx—sl . (1)
o o

fX|HZ- (X) =
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Since the hypotheses H; are equally likely, the MAP and ML rules are
the same and achieve the minimum probability of error. In this case,
from the vector version of Theorem 11.8, the MAP rule is

x € Ap it fxjm, (x) = fxm,(x) for all j. (2)
Using the conditional PDFs fxp,(x), the MAP rule becomes

X € A if ||x — sp||” < ||x — s]* for all 5. (3)

In terms of geometry, the interpretation is
that all vectors x closer to s,, than to any
other signal s; are assigned to A,,. In this
problem, the signal constellation (i.e., the set
of vectors s;) is the set of vectors on the circle
of radius F. The acceptance regions are the
“pie slices” around each signal vector.

(b) Consider the following sketch to determine d.
Geometrically, the largest d such that ||x —s;|| <

d defines the largest circle around s; that can be
inscribed into the pie slice A;. By symmetry,
this is the same for every A;, hence we exam-
ine Ap. Each pie slice has angle § = 27 /M.
Since the length of each signal vector is VE,
v the sketch shows that sin(6/2) = d/v/E. Thus
v d = Esin(r/M).

(c) By symmetry, Pggrg is the same as the conditional probability of error
1 — P[A;|H;], no matter which s; is transmitted. Let B denote a circle
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of radius d at the origin and let B; denote the circle of radius d around
s;. Since By C Ay,

P[Ao|Ho] =P [X € Ag|Ho] = P [X € By|Ho] =P [N € B]. (4)

Since the components of N are iid Gaussian (0, %) random variables,

P[N € B] = // le,NQ(n]JHQ) dnl an
B

1 2 2 2
— —(n{+n3)/20
=53 //B e\t dny dns. (5)

By changing to polar coordinates,

1 d 27 ) )
P[N € B] = / / e 27 df dr
0 0

2mo?

d
1 —T‘2 /20.2

=3 ; re rdr
27952 |9 _ 42 /952
:_67‘/20 :1_€d/20
0
—1— efEsin2(7r/M)/202. (6)

Thus
Perr=1-P [A0|H0] <1-P [N c B] _ e—Esin2(7r/M)/202‘ (7)

Problem 11.3.7 Solution

Let p; = P[H;]. From Theorem 11.8, the MAP multiple hypothesis test is
(w1, 72) € Ay if pifx, xo0m, (21, 2) > D fx) x001, (21, 22) for all 5. (1)

From Example 11.13, the conditional PDF of X, X5 given H; is

1 —[(z1— cos 0;)24(zo— sin 6;)2]/202
27TU2€ [(%1—VE cos 0;)%+(z2—VE sin ;)?] /2 ‘ (2)

Using this conditional joint PDF, the MAP rule becomes

le,X2|H7L (3:17 372) =
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o (x1,x9) € A; if for all j,

(1 — V'E cos6;)? + (z2 — VEsin6;)?
202
N (1 — VE cos Qj)22+2(x2 —VEsin6;)? > s (3)
o Di

Expanding the squares and using the identity cos?d + sin?@ = 1 yields the
simplified rule

o (x1,m9) € A, if for all 7,

02 7
x1[cos 0; — cos ;] + zo[sin§; — sin 6;] > =, (4)
| )+ T
Note that the MAP rules define linear constraints in x; and zs. Since 6, =
/4 +im /2, we use the following table to enumerate the constraints:

‘ cos 6, sin 6;

i=0| 1/vV2 1/V2
i=1]-1/v2 1/V2 (5)
i=2|-1/vV2 —1/V2
i=3| 1/V/2 —1/v2

To be explicit, to determine whether (z1,x3) € A;, we need to check the MAP
rule for each j # i. Thus, each A; is defined by three constraints. Using the
above table, the acceptance regions are

° (:L’l,l’g) c AO if

2 2 2
7 lnz2 7 T+ X9 > 7 _m?2, (6)

= \/2E ) P22 NoTo = V2E 1o
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° (ZL’l,JIQ) c Al if

i 1 2 > o’ In + > i
< n—, Ty > = —It a9 >
\/2E = RE p Y= RE T m

o (I‘l,l'Q) € A2 if

2 0.2 2

< 7 ln@, Ty < lnz2 T+ T > O
\/2E V2FE V2E
) (1‘1,1'2) c Ag if
2 2 2
P2 g p3 g b2
T, > ln—7 Ty < -1+ Ty > In
= V2E 2= \/ﬁ IR

Using the parameters
0=08 E=1, py=1/2, p=ps=ps=1/6,

the acceptance regions for the MAP rule are

= { T1,T9 ’.’El > —0497, i) 2 —0497, X1+ T2 2 —0497},

( )
Al = {<$1,$2)|ZE1 S —0497, T Z 0, —I1 + ) 2 O},
Ay = {(21, m2) |11 < 0,29 < 0,21 4 25 > —0.497},
Az = {(x1, 9)|w1 > 0,29 < —0.497, —2 + 29 > 0} .

Here is a sketch of these acceptance regions:
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Note that the boundary between A; and Az defined by —x1 + x5 > 0 plays
no role because of the high value of py.

Problem 11.3.9 Solution

A short answer is that the decorrelator cannot be the same as the optimal
maximum likelihood (ML) detector. If they were the same, that means we
have reduced the 2* comparisons of the optimal detector to a linear transfor-
mation followed by k single bit comparisons.

However, as this is not a satisfactory answer, we will build a simple example
with k& = 2 users and precessing gain n = 2 to show the difference between
the ML detector and the decorrelator. In particular, suppose user 1 transmits
with code vector S; = [1 0}/ and user transmits with code vector S, =
[cos@ sin 0}’ In addition, we assume that the users powers are p; = p, = 1.
In this case, P =1 and

1 cosf
S = [0 sin@] ’ (1)

For the ML detector, there are four hypotheses corresponding to each possible
transmitted bit of each user. Using H; to denote the hypothesis that X = x;,
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we have

cnef) xenef]

When X = x;, Y = y; + N where y; = Sx;. Thus under hypothesis H;,
Y =y, + N is a Gaussian (y;, 0*I) random vector with PDF

1 1271 1

— ==y (e* D) (y—yi)/2 _ 4

2o’ 2mo? (4)

With the four hypotheses equally likely, the MAP and ML detectors are the

same and minimize the probability of error. From Theorem 11.8, this decision
rule is

Fyi (y) o ly—vilP/20*

y € A if fym,. (y) > fy|m; (y) for all j.

This rule simplifies to

()

(6)
It is useful to show these acceptance sets graphically. In this plot, the area

around y; is the acceptance set A; and the dashed lines are the boundaries
between the acceptance sets.

y € Am lf Hy_ymH S Hy_yjH fOI‘ aH j

YZ
4
“‘ A3 . A/
% Vs H Vi
: |14 cost | —=1+cost
< / ------ o), Y, VU= sing |0 V2T sinf |’
/‘ / ., |1 —=cost _ |=1—cosd
Y, : Y. y2 = _ sinf |’ ya= —sinf ’
A, { 4, .,

The probability of a correct decision is

P[C] = %LZ/A S (y) dy.
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Even though the components of Y are conditionally independent given H;,
the four integrals [ A, Jxiu,(y)dy cannot be represented in a simple form.
Moreoever, they cannot even be represented by the ®(-) function. Note that
the probability of a correct decision is the probability that the bits X; and
X, transmitted by both users are detected correctly.

The probability of a bit error is still somewhat more complex. For example
if X; = 1, then hypotheses H; and Hj are equally likely. The detector guesses
Xl =1ifY € AjUA;s. Given X; = 1, the conditional probability of a correct
decision on this bit is

) 1 1
PlX, =1x, = 1] = SPIY € Ay UA[Hi] + S PY € Ay U Ag|Hy
1 1
- —/ Ty (y) dy + —/ Sy (y) dy. (8)
2 A1UA3 2 A1UA3

By comparison, the decorrelator does something simpler. Since S is a square
invertible matrix,

1 |1 —cosf
S'S) 18 =S8 1(8) s =81 = :
S's) ) il )
We see that the components of Y = S™1Y are
~ cos ~ Y,
V. =Y, — Y- Y, = ) 1
! ' sing ¥ 27 sin6 (10)

Assuming (as in earlier sketch) that 0 < 6 < 7/2, the decorrelator bit deci-
sions are

. - cos 6
X7 =sgn(Yy) = sgn (Y1 - sin9Y2) , (11)
X, = (Ya) = RIS (Yz) (12)
2 =sgn (Y2) =sgn | - | =sgn (¥2).

Graphically, these regions are:
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Because we chose a coordinate system such that S; lies along the z-axis,
the effect of the decorrelator on the rule for bit X, is particularly easy to
understand. For bit X5, we just check whether the vector Y is in the upper
half plane. Generally, the boundaries of the decorrelator decision regions are
determined by straight lines, they are easy to implement and probability of
error is easy to calculate. However, these regions are suboptimal in terms of
probability of error.

Problem 11.4.1 Solution
Under hypothesis H;, the conditional PMF of X is

L—p)pf /(1 —p?) z=1,2,...,20,
PX|H¢($):{( pi)p; /(1 —pi) (1)

0 otherwise,

where pg = 0.99 and p; = 0.9. It follows that for zo = 0,1,...,19 that

I —p; o
P[X>$0|Hi]=ﬁ Z pit
_pl r=x0+1
0
1 — Di T 19
_1—1120[’0jL '+pi}
pmo( pz‘) 19—z
== 1 +pz + : +pi 0
pP(L=p" ™) pp —pi 5
o 1 — p20 1 — 20 (2)
i p;



We note that the above formula is also correct for o = 20. Using this formula,
the false alarm and miss probabilities are

pxo__pQO
Pey = P [X > zo| Ho| = =—- (3)
— Do
1—pi°
Puigs = 1 — P [X > x| Hy] :1—2920' (4)
— D1

The MATLAB program rocdisc(pO,pl) returns the false alarm and miss
probabilities and also plots the ROC. Here is the program and the output for
rocdisc(0.9,0.99):

function [PFA,PMISS]=rocdisc(p0,pl); 1
x=0:20; 0.8
PFA= (p0. x-p0~(20))/(1-p0~(20));
PMISS= (1.0-(p1."x))/(1-p1~(20)); 7- 6
plot (PFA,PMISS, ’k.’); fo. 4
xlabel (’\itP_{\rm FA}’); 0.2
ylabel (’\itP_{\rm MISS}’); '
00 0.5 1

FA

From the receiver operating curve, we learn that we have a fairly lousy sen-
sor. No matter how we set the threshold z, either the false alarm probability
or the miss probability (or both!) exceed 0.5.

Problem 11.4.3 Solution

With v = 1.5 and d = 0.5, it appeared in Example 11.14 that 7" = 0.5
was best among the values tested. However, it also seemed likely the error
probability P, would decrease for larger values of T'. To test this possibility
we use sqdistor with 100,000 transmitted bits by trying the following:

>> T=[0.4:0.1:1.0] ;Pe=sqdistor(1.5,0.5,100000,T) ;
>> [Pmin,Imin]=min(Pe) ;T(Imin)
ans =

0.80000000000000
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Thus among {0.4,0.5,--- , 1.0}, it appears that 7" = 0.8 is best. Now we test
values of T" in the neighborhood of 0.8:

>> T=[0.70:0.02:0.9] ;Pe=sqdistor(1.5,0.5,100000,T) ;
>>[Pmin,Imin]=min(Pe) ; T(Imin)
ans =

0.78000000000000

This suggests that T = 0.78 is best among these values. However, inspection
of the vector Pe shows that all values are quite close. If we repeat this
experiment a few times, we obtain:

>> T=[0.70:0.02:0.9] ;Pe=sqdistor(1.5,0.5,100000,T) ;
>> [Pmin,Imin]=min(Pe) ;T(Imin)
ans =

0.78000000000000
>> T=[0.70:0.02:0.9] ; Pe=sqdistor(1.5,0.5,100000,T);
>> [Pmin,Imin]=min(Pe) ; T(Imin)
ans =

0.80000000000000
>> T=[0.70:0.02:0.9] ;Pe=sqdistor(1.5,0.5,100000,T);
>> [Pmin,Imin]=min(Pe) ;T(Imin)
ans =

0.76000000000000
>> T=[0.70:0.02:0.9] ;Pe=sqdistor(1.5,0.5,100000,T) ;
>> [Pmin,Imin]=min(Pe) ; T(Imin)
ans =

0.78000000000000

This suggests that the best value of T' is in the neighborhood of 0.78. If
someone were paying you to find the best T', you would probably want to do
more testing. The only useful lesson here is that when you try to optimize
parameters using simulation results, you should repeat your experiments to
get a sense of the variance of your results.
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Problem 11.4.5 Solution

In the solution to Problem 11.3.5, we found that
the signal constellation and acceptance regions
shown in the adjacent figure. We could solve this
problem by a general simulation of an M-PSK
system. This would include a random sequence
of data sysmbols, mapping symbol i to vector s;,
adding the noise vector N to produce the receiver
output X =s; + N.

However, we are only asked to find the probability of symbol error, but not
the probability that symbol i is decoded as symbol j at the receiver. Because
of the symmetry of the signal constellation and the acceptance regions, the
probability of symbol error is the same no matter what symbol is transmitted.

A Thus it is simpler to assume that s; is transmitted

_ every time and check that the noise vector N is in

5 the pie slice around sy. In fact by translating s
CE” D) (0.0) N to the origin, we obtain the “pie slice” geometry
‘ shown in the figure. Because the lines marking the

boundaries of the pie slice have slopes 4 tan§/2.

The pie slice region is given by the constraints
N, < tan(6/2) [Ny + VE] | Ny > —tan(6/2) [Ny + VE| . (1)

We can rearrange these inequalities to express them in vector form as

e LN <[] vEimor o)

Finally, since each N; has variance 02, we define the Gaussian (0, 1) random
vector Z = N /o and write our constraints as

ity A [2] < [1] vimor o
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where v = E/o? is the signal to noise ratio of the system.

The MATLAB “simulation” simply generates many pairs [Zl ZQ}/ and
checks what fraction meets these constraints. the function mpsksim(M, snr,n)
simulates the M-PSK system with SNR snr for n bit transmissions. The
script mpsktest graphs the symbol error probability for M = 8,16, 32.

function Pe=mpsksim(M,snr,n);

%Problem 8.4.5 Solution:

%#Pe=mpsksim(M,snr,n)

%n bit M-PSK simulation

t=tan(pi/M);

A=[-t 1; -t -1];

Z=randn(2,n);

PC=zeros(length(snr));

for k=1:length(snr),
B=(A*Z)<=t*sqrt (snr(k));
PC(k)=sum(min(B))/n;

end

Pe=1-PC;

Jmpsktest.m;

snr=10."((0:30)/10);

n=500000;

Pe8=mpsksim(8,snr,n) ;
Pel6=mpsksim(16,snr,n);
Pe32=mpsksim(32,snr,n);
loglog(snr,Pe8,snr,Pel6,snr,Pe32);
legend(’M=8’,°M=167,’M=32’,3);

In mpsksim, each column of the matrix Z corresponds to a pair of noise
variables [Zl ZQ}/. The code B=(A*Z)<=t*sqrt(snr(k)) checks whether
each pair of noise variables is in the pie slice region. That is, B(1,j) and
B(2,j) indicate if the ith pair meets the first and second constraints. Since
min (B) operates on each column of B, min (B) is a row vector indicating which
pairs of noise variables passed the test.

Here is the output of mpsktest:
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10°

The curves for M = 8 and M = 16 end prematurely because for high SNR,
the error rate is so low that no errors are generated in 500,000 symbols. In
this case, the measured P, is zero and since log 0 = —oo, the loglog function
simply ignores the zero values.

Problem 11.4.7 Solution

For the CDMA system of Problem 11.3.9, the received signal resulting from
the transmissions of k£ users was given by

Y = SPY/2X + N, (1)

where S is an n x k matrix with ith column S; and P'/? = diag[\/p1, . . ., \/Px]
is a k x k diagonal matrix of received powers, and N is a Gaussian (0, o*I)
Gaussian noise vector.

(a) When S has linearly independent columns, S’S is invertible. In this case,
the decorrelating detector applies a transformation to Y to generate

Y = (S'S)7!S'Y = PY/2X + N, (2)

where N~: (S'S)"'S'N is still a Gaussian noise vector with expected

value E[N] = 0. Decorrelation separates the signals in that the ith
component of Y is

Y = VpiXi + N.. (3)



(b)

(c)

This is the same as a single user-receiver output of the binary commu-
nication system of Example 11.6. The single-user decision rule X; =
sgn (Y;) for the transmitted bit X; has probability of error

P,=P [Y > 01X, = —1}

:p[—\/@+m>o] :Q< Vaffm). (4)

However, since N = AN where A = (S'S)~'S’, Theorem 8.11 tells
us that N has covariance matrix Cg = ACNA’. We note that the
general property that (B™!) = (B’)~! implies that A’ = S((S'S)")~! =
S(S’S)~!. These facts imply

Cy = (S'S)7'S/(¢1)S(S'S) " = o2(S'S)~. (5)

Note that S’S is called the correlation matrix since its 7, jth entry is
S:S; is the correlation between the signal of user 7 and that of user j.
Thus Var[N;] = 6(S'S);;* and the probability of bit error for user i is
for user i is

ra=o (i) =2 (asm): o

To find the probability of error for a randomly chosen but, we average
over the bits of all users and find that

reprroize(fegy) o

When S’S is not invertible, the detector flips a coin to decide each bit.
In this case, P,; = 1/2 and thus P, = 1/2.

When S is chosen randomly, we need to average over all possible matri-
ces S to find the average probability of bit error. However, there are 2*"
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possible matrices S and averaging over all of them is too much work.
Instead, we randomly generate m matrices S and estimate the average
P, by averaging over these m matrices.

A function berdecorr uses this method to evaluate the decorrelator
BER. The code has a lot of lines because it evaluates the BER using
m signal sets for each combination of users k and SNRs snr. However,
because the program generates signal sets and calculates the BER ass-
sociated with each, there is no need for the simulated transmission of
bits. Thus the program runs quickly. Since there are only 2" distinct
columns for matrix S, it is quite possible to generate signal sets that
are not linearly independent. In this case, berdecorr assumes the “flip
a coin” rule is used. Just to see whether this rule dominates the error
probability, we also display counts of how often S is rank deficient.

Here is the (somewhat tedious) code:

function Pe=berdecorr(n,k,snr,m);
%Problem 8.4.7 Solution: R-CDMA with decorrelation
%proc gain=n, users=k, average Pe for m signal sets
count=zeros(1,length(k)); %counts rank<k signal sets
Pe=zeros(length(k),length(snr)); snr=snr(:)’;
for mm=1:m,
for i=1:length(k),
S=randomsignals(n,k(i)); R=S’*S;
if (rank(R)<k(i))
count (i)=count (i)+1;
Pe(i,:)=Pe(i,:)+0.5%ones(1,length(snr));
else
G=diag(inv(R));
Pe(i,:)=Pe(i,:)+sum(qfunction(sqrt((1./G)*snr)))/k(i);
end
end
end
disp(’Rank deficiency count:’);disp(k);disp(count);
Pe=Pe/m;
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Running berdecorr with processing gains n = 16 and n = 32 yields
the following output:

>> k=[1 2 4 8 16 32];
>> pel6=berdecorr(16,k,4,10000);
Rank deficiency count:

1 2 4 8 16 32

0 2 2 12 454 10000
>> pel6’
ans =

0.0228 0.0273 0.0383 0.0755 0.3515 0.5000
>> pe32=berdecorr(32,k,4,10000) ;
Rank deficiency count:

1 2 4 8 16 32
0 0 0 0 0 0
>> ped2’
ans =
0.0228 0.0246 0.0290 0.0400 0.0771 0.3904

>>

As you might expect, the BER increases as the number of users in-
creases. This occurs because the decorrelator must suppress a large
set of interferers. Also, in generating 10,000 signal matrices S for each
value of k£ we see that rank deficiency is fairly uncommon, however it
occasionally occurs for processing gain n = 16, even if k =4 or k = 8.
Finally, here is a plot of these same BER statistics for n = 16 and
k € {2,4,8,16}. Just for comparison, on the same graph is the BER
for the matched filter detector and the maximum likelihood detector
found in Problem 11.4.6.
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We see from the graph that the decorrelator is better than the matched
filter for a small number of users. However, when the number of users
k is large (relative to the processing gain n), the decorrelator suffers
because it must suppress all interfering users. Finally, we note that
these conclusions are specific to this scenario when all users have equal
SNR. When some users have very high SNR, the decorrelator is good
for the low-SNR user because it zeros out the interference from the
high-SNR user.

Problem 11.4.9 Solution

(a) For the M-PSK communication system with additive Gaussian noise,
A; denoted the hypothesis that signal s; was transmitted. The solution
to Problem 11.3.5 derived the MAP decision rule

X € Ay if |x — sp|]> < ||Ix — 557 for all 5.

In terms of geometry, the interpretation is
that all vectors x closer to s, than to any
other signal s; are assigned to A,,. In this
problem, the signal constellation (i.e., the set
of vectors s;) is the set of vectors on the circle
of radius F. The acceptance regions are the
“pie slices” around each signal vector.
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We observe that
Ix —s;]* = (x —5;)/(x —s;) =x'x — 2x's; +8)s'. (1)

Since all the signals are on the same circle, s’s; is the same for all j.
Also, x'x is the same for all j. Thus

min ||x — s;|* = min —x’s; = maxx's;. (2)
j j j
Since x's; = ||x|| ||s;|| cos ¢ where ¢ is the angle between x and s;. Thus
maximizing x's; is equivalent to minimizing the angle between x and
S;.

In Problem 11.4.5, we estimated the probability of symbol error without
building a complete simulation of the M-PSK system. In this problem,
we need to build a more complete simulation to determine the prob-
abilities P;;. By symmetry, it is sufficient to transmit sy repeatedly
and count how often the receiver guesses s;. This is done by the func-
tionp=mpskerr(M,snr,n).

function p=mpskerr(M,snr,n); Note that column ¢ of S is
%iProblem 8.4.5 Solution: the signal s;_;.  The kth
%Pe=mpsksim(M, snr,n) column of X corresponds to
%n bit M-PSK simulation X = so + Nj, the received
t=(2%pi/M)*(0: (M-1)); signal for the kth transmis-

S=sqrt(snr)*[cos(t) ;sin(t)];
X=repmat (S(:,1),1,n)+randn(2,n);
[y,el=max(S’*X);
p=countequal (e-1, (0: (M-1)))’/n;

sion. Thus y(k) corresponds
to max; X}s; and e(k) re-
ports the receiver decision for
the kth transmission. The
vector p calculates the rel-
ative frequency of each re-
ceiver decision.

The next step is to translate the vector [Poo Py - Py M—l], (cor-
responding to p in MATLAB) into an entire matrix P with elements P;;.
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The symmetry of the phase rotiation dictates that each row of P should
be a one element cyclic rotation of the previous row. Moreover, by sym-
metry we observe that FPyy = Py y—1, Poo = Po,m—2 and so on. However,
because p is derived from a simulation experiment, it will exhibit this

symmetry only approximately.

function P=mpskmatrix(p);
M=length(p);
r=[0.5 zeros(1,M-2)];
A=toeplitz(r)+...

hankel (fliplr(r));
A=[zeros(1,M-1);A];
A=[[1; zeros(M-1,1)] Al;
P=toeplitz(Ax(p(:)));

Our ad hoc (and largely unjustified)
solution is to take the average of esti-
mates of probabilities that symmetry
says should be identical. (Why this
is might be a good thing to do would
make an interesting exam problem.)
In mpskmatrix(p), the matrix A im-
plements the averaging. The code
will become clear by examining the
matrices A and the output P.

The next step is to determine the effect of the mapping of bits to trans-
mission vectors s;. The matrix D with ¢, jth element d;; that indicates
the number of bit positions in which the bit string assigned to s; differs
from the bit string assigned to s;. In this case, the integers provide a
compact representation of this mapping. For example the binary map-

ping is

S0 S1 S2

S3 Sy S5 S6 S7

000 001 010 011 100 101 110 111

0 1 2
The Gray mapping is

S0 S1 S2

3 4 ) 6 7

S3 Sy S5 S6 S7

000 001 011 010 110 111 101 100

0 1 3

2 6 7 5 4
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Thus the binary mapping can be represented by a vector

01:[0 1

while the Gray mapping is described by

7, (3)

co=[0 132675 4. (4)

function D=mpskdist(c);
L=length(c) ;m=log2(L);
[C1,C2]=ndgrid(c,c);
Bl=dec2bin(C1,m);
B2=dec2bin(C2,m) ;

D=reshape (sum((B1~=B2),2),L,L);

The function D=mpskdist(c)
translates the mapping vec-
tor ¢ into the matrix D with
entries d;;. The method is
to generate grids C1 and C2
for the pairs of integers, con-
vert each integer into a length
log, M binary string, and then
to count the number of bit po-
sitions in which each pair dif-
fers.

Given matrices P and D, the rest is easy. We treat BER as as a
finite random variable that takes on value d;; with probability P;;. the
expected value of this finite random variable is the expected number of
bit errors. Note that the BER is a “rate” in that

1
BER = Z ; Pyd;;. (5)

is the expected number of bit errors per transmitted symbol.
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function Pb=mpskmap(c,snr,n);

M=length(c);

D=mpskdist(c);

Pb=zeros(size(snr));

for i=1:length(snr),
p=mpskerr (M,snr(i),n);
P=mpskmatrix(p) ;
Pb(i)=finiteexp(D,P)/NM;

end

Given the integer mapping
vector ¢, we estimate the
BER of the a mapping us-
ing just one more function
Pb=mpskmap (c,snr,n). First
we calculate the matrix D with
elements dij. Next, for each
value of the vector snr, we
use n transmissions to estimate
the probabilities F;;. Last, we
calculate the expected number
of bit errors per transmission.

(d) We evaluate the binary mapping with the following commands:

>> ¢c1=0:7;
>>snr=[4 8 16 32 64] ;
>>Pb=mpskmap (c1,snr,1000000) ;
>> Pb
Pb =
0.7640 0.4878 0.2198 0.0529 0.0038
(e) Here is the performance of the Gray mapping:
>> c2=[0 132675 4];
>>snr=[4 8 16 32 64] ;
>>Pg=mpskmap(c2,snr,1000000) ;
>> Pg
Pg =
0.4943 0.2855 0.1262 0.0306 0.0023

Experimentally, we observe that

the BER of the binary mapping is

higher than the BER of the Gray mapping by a factor in the neighbor-

hood of 1.5 to 1.7
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In fact, this approximate ratio can be derived by a quick and dirty
analysis. For high SNR, suppose that that s; is decoded as s; 1 or s; 1
with probability ¢ = P;;41 = P;;—1 and all other types of errors are
negligible. In this case, the BER formula based on this approximation
corresponds to summing the matrix D for the first off-diagonals and the
corner elements. Here are the calculations:

>> D=mpskdist(cl);
>> sum(diag(D,1))+sum(diag(D,-1))+D(1,8)+D(8,1)
ans =
28
>> DG=mpskdist(c2);
>> sum(diag(DG,1))+sum(diag(DG,-1))+DG(1,8)+DG(8,1)
ans =
16

Thus in high SNR, we would expect
BER(binary) ~ 28¢/M, BER(Gray) ~ 16q/M. (6)

The ratio of BERs is 28/16 = 1.75. Experimentally, we found at high
SNR that the ratio of BERs was 0.0038,/0.0023 = 1.65, which seems to
be in the right ballpark.
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Problem Solutions — Chapter 12

Problem 12.1.1 Solution
First we note that the event 7' > t; has probability

P[T >t = / e Mt = e Mo,

to

Given T > tg, the conditional PDF of T is

fT|T>t (t) = P[J;TSZO} t> th _ )\e_)‘(t—to) t> 1o,
’ 0 otherwise,

Given T > ty, the minimum mean square error estimate of 71" is

T:E[T\T>t0]:/

—00 to

oo

With the substitution ¢’ = ¢t — ¢y, we obtain
o0
T = / At + t)e™ dt’
0

= to/ Ae M dt’+/ e ™ dt' =ty + E[T].
0 0

-~

i E[T]

Problem 12.1.3 Solution

(a) For 0 <z <1,

fx(z) = /_fo,y(w,y) dy = /r12dy =2(1-x).

The complete expression of the PDF of X is
{2(1—x) 0<z<l1,

0 otherwise.

fx(z) =

343

0 otherwise.
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(b) The blind estimate of X is
~ 1 203
Xp =E[X] —/ 2¢(1 —x)de = (xZ—i)
0

(c) First we calculate

PIX >1/2|= 1/12fx(a:) dx

1 1

:/1 2(1 —x)dx = (Qx—xz)H/Z =7

/2
Now we calculate the conditional PDF of X given X > 1/2.

fx(x)
Ixixs1/2(z) = {P[X>1/2] x>1/2,

0 otherwise,
)81l —=z) 1/2<2<1,
1o otherwise.
The minimum mean square error estimate of X given X > 1/2 is
BX[X > 1/2] = / fxions(@) do

1 3
= / 8x(1 —x)dr = (49&2 - Si)
1/2 3

(d) For 0 <y <1, the marginal PDF of Y is

oo y
fr(y) = / Fxv(@,y) do = / 2da = 2y,

—00

The complete expression for the marginal PDF of Y is

v = 0  otherwise.
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(e) The blind estimate of Y is
! 2
in=EY) = [ 27y =2 ©
0

(f) We already know that P[X > 1/2] = 1/4. However, this problem differs
from the other problems in this section because we will estimate Y
based on the observation of X. In this case, we need to calculate the
conditional joint PDF

Loxwa) 5 172

_ ) PIX>1/2]
Z, -
fX,Y|X>1/2( v) {0 otherwise,

)8 12<x<y<l,
10 otherwise.

The MMSE estimate of Y given X > 1/2 is
E[Y|X >1/2] = / / yfxyixs1/2(z,y) drdy

1 y
Lo([e)s
1/2 1/2

=/1 y(8y —4)dy = —. (11)

/2

Problem 12.1.5 Solution

(a) First we find the marginal PDF fy(y). For 0 <y < 2,
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fy(y)z/fo,y(x,y) dw:/y2dx=2y- (1)

0

y
A
7] x=0
4 Hence, for 0 < y < 2, the conditional PDF of X given
x=y Y is
Kk X
1 fxy(@,y) l/y 0<z<y,
€T = 2 == 2

P (aly) Ty (y) 0 otherwise. 2)

(b) The optimum mean squared error estimate of X given Y =y is

i) = BIXY =4l = [ apavtely) do= [ Zae—yp @)

—00 0

(¢) The MMSE estimator of X given Y is X3;(Y) = E[X|Y] = Y/2. The
mean squared error is

ey =B [(X = Xu(¥))?]
=E[(X-Y/2?] =E[X* - XY +Y?/4]. (4)

Of course, the integral must be evaluated.
1 ry
ey = / / 2(2° — zy + y*/4) dz dy
0o Jo
1
= / (22°/3 — 2Py + 2y [2)|._, dy
0

:/0 %3dy — 124 (5)

Another approach to finding the mean square error is to recognize that
the MMSE estimator is a linear estimator and thus must be the optimal
linear estimator. Hence, the mean square error of the optimal linear
estimator given by Theorem 12.3 must equal e . That is, €y, =
Var[X](1 — p%y). However, calculation of the correlation coefficient
pxy is at least as much work as direct calculation of €% .
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Problem 12.1.7 Solution

We need to find the conditional estimate

[e.9]

E[X]Y =) = / zfxy (2ly) de. (1)

—0o0

Replacing y by Y in E[X|Y = y| will yield the requested E[X|Y]. We start
by finding fy|x(y|z). Given X =z, Y =2 — Z so that

PlY<ylX=2]=Plz —Z <y|X =z
=PlZ>r—ylX=x]=1-Fz(x—vy). (2)

Note the last inequality follows because Z and X are independent random
variables. Taking derivatives, we have

dP[Z <z —y|X =z
dy

1 —Fz(x—vy)) = fz(x —y). (3)

frix(ylz) =

d
_@(

It follows that X and Y have joint PDF
fxy(@,y) = frix(le) fx (@) = fz(z —y) fx(2). (4)

By the definition of conditional PDF,

Ixy(x,y)  fz(x—vy) fx(z)

Ixpy (zly) = W) Fr(y) ’ (5)
and thus
BIXY =)= [ o ﬁ@)fxm “
1 oo
- / _afzle—y) fx(a) da. (6)
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Without more information, this is the simplest possible answer. Also note
that the denominator fy(y) is given by

ﬁnnz/ffxﬂawdmz/ffdx—wfﬂwdm (7)

For a given PDF f4(z), it is sometimes possible to compute these integrals in
closed form; Gaussian Z is one such example.

Problem 12.2.1 Solution

(a) The marginal PMFs of X and Y are listed below

1/3 z=-1,0,1
P x — ) ) ) 1
x(2) {0 otherwise, (1)
1/4 y=-3,-1,0,1,3,
P = 2
v () {0 otherwise. )

(b) No, the random variables X and Y are not independent since
Pxy(1,-3) =0# Px(1) Py (—3) (3)

(c) Direct evaluation leads to

E[X] =0, Var [X] = 2/3, (4)
E[Y]=0, Var [Y] = 5. (5)

This implies
Cov[X,Y|=E[XY]|-E[X|E[Y]|=E[XY]=7/6. (6)

(d) From Theorem 12.3, the optimal linear estimate of X given Y is

R o 7
X, (V) = pxy—(Y — py) + px = ==Y +0. (7)
Oy 30

Therefore, a* = 7/30 and b* = 0.
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(e) From the previous part, X and Y have correlation coefficient

pxy = Cov[X,Y]/v/Var[X] Var[Y] = 1/49/120.

(8)

From Theorem 12.3, the minimum mean square error of the optimum

linear estimate is

. 9 9 271 71
e =ox(1—pxy) = 37120 180"

(f) The conditional probability mass function is

Y6 —9/3 x=-1,

PX,Y (l’, —3) 1/4
PX|Y(x|_3):W: %:1/3 r =0,
0 otherwise.

(g) The minimum mean square estimator of X given that Y = 3 is

in(—3) =B[X[Y = =3] =) aPxy(z| - 3) = —2/3.

(h) The mean squared error of this estimator is
én(—3) =E [(X — 2m(—3))%]Y = —3]

= (=1/3)%(2/3) + (2/3)*(1/3) = 2/9.

Problem 12.2.3 Solution

(9)

(10)

(11)

(12)

The solution to this problem is to simply calculate the various quantities
required for the optimal linear estimator given by Theorem 12.3. First we
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calculate the necessary moments of X and Y.

E[X] = —1(1/4) + 0(1/2) + 1(1/4) = 0, (1)
E [X?] = (—1)%(1/4) + 0%(1/2) + 1%(1/4) = 1/2, (2)
E[Y] = —1(17/48) + 0(17/48) + 1(14/48) = —1/16, (3)
E [V?] = (=1)*(17/48) + 0°(17/48) + 1*(14/48) = 31/48, (4)
E[XY]=3/16—-0—-0+1/8 =5/16. (5)

The variances and covariance are
Var[X] = E [X?] — (E[X])* = 1/2, (6)
Var[Y] =E [Y?] — (E[Y])? = 493/768, (7)
Cov[X,Y]|=E[XY]-E[X]E[Y] =5/16, (8)
Cov[X,Y]  5V6 )

Py = \/Var[X] Var[Y] /493

By reversing the labels of X and Y in Theorem 12.3, we find that the optimal
linear estimator of Y given X is

00 =pey Z (X-E)+EN] = 2X - (10)

The mean square estimation error is

e; = Var[Y](1 — py ) = 343/768. (11)

Problem 12.2.5 Solution

The linear mean square estimator of X given Y is

; _ (EXY] = pxpy
X (Y) = ( Var[Y]

) (Y — y) + o )
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To find the parameters of this estimator, we calculate

)
fy<y>:/06<y—x>dx=6xy—3x2\g:3y2 O<y<1).,

! 3(14+—2x+2%) 0<a<l,
fula) = [ 6ty —o)dy =1 ) o= 3
x 0 otherwise.
The moments of X and Y are
1
BY) = [ 35y =3/1, (4)
0
1
E [X] _/ 3r(1 — 2z + 2%) dv = 1/4, (5)
0
1
E [Y?] :/ 3y* dy = 3/5, (6)
0
1
E[X?] = / 32%(1 + —2z + 2%) dx = 1/10. (7)
0
The correlation between X and Y is
1yl
E[XY]:6/ / xy(y —x)dyde = 1/5. (8)
0 T
Putting these pieces together, the optimal linear estimate of X given Y is
5 1/5—-3/16 3 1Y
X Y)=|——— )Y —- - =—. 9
0= (55 =amr) (1) 173 v

Problem 12.2.7 Solution

From the problem statement, we learn the following facts:
e r>0 re”"™ x>0
r) = -7 x|r) = - 1
Jr(r) {0 otherwise, fX‘R( Ir) {0 otherwise. (1)

Note that fx g(x,r) > 0 for all non-negative X and R. Hence, for the re-
mainder of the problem, we assume both X and R are non-negative and we
omit the usual “zero otherwise” considerations.
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(a) To find 7y;(X), we need the conditional PDF

fX\R(x\T) fr(r)
fx(@)

frix(rlz) =
The marginal PDF of X is
fr@)= [ fomlaln) falr) dr= [ reeran @)
0 0

We use the integration by parts formula [« dv = uv— [ v du by choosing

u=rand dv = e @) dr. Thus v = —e~ @7 /(z + 1) and
—r 0 1 o]
_ —(z+1)r —(z+1)r d
fx(@) x+16 0+x+1/o ‘ g
— —(z+Dr| _
= e = . 4
(z 4 1) o (z+1)? @

Now we can find the conditional PDF of R given X.

frix(r|z) = fXR(fﬂg)me

By comparing, frx(r|z) to the Erlang PDF shown in Appendix A, we
see that given X = z, the conditional PDF of R is an Erlang PDF with
parameters n = 1 and A = x + 1. This implies

= (x4 1)%re@r, (5)

1 1

E[RIX =z] = 1 Var [R|X = z| = CEE

(6)
Hence, the MMSE estimator of R given X is

Par(X) = B[RIX] = 2 (7)
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(b) The MMSE estimate of X given R = r is E[X|R = r]. From the initial
problem statement, we know that given R = r, X is exponential with
expectred value 1/r. That is, E[X|R=7r] = 1/r. Another way of
writing this statement is

#v(R) = E[X|R] = 1/R. 8)

(c) Note that the expected value of X is

o e} T
EX] = dx = ———— dx = 00. 9
M= [ an@d= [ e )
Because E[X] doesn’t exist, the LMSE estimate of X given R doesn’t

exist.

(d) Just as in part (c), because E[X] doesn’t exist, the LMSE estimate of
R given X doesn’t exist.

Problem 12.2.9 Solution

These four joint PMFs are actually related to each other. In particular,
completing the row sums and column sums shows that each random variable
has the same marginal PMF. That is,

Px(x) = Py(z) = Py(x) = Py(x) = Ps(z) = Pr(z) = Py(z) = Pr(x)
_ {1/3 x=-1,0,1, 1)

0 otherwise.

This implies

E[X?| =E[Y?] =E[U?] =E[V?]
E[T?] =E[Q’] =E[R*] =2/3. (3)

I
o
o
I_lkv>
I
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Since each random variable has zero expected value, the second moment
equals the variance. Also, the standard deviation of each random variable
is \/m These common properties will make it much easier to answer the
questions.

(a)

Random variables X and Y are independent since for all x and y,

Pxy(z,y) = Px(z) Py (y). (4)

Since each other pair of random variables has the same marginal PMFs
as X and Y but a different joint PMF, all of the other pairs of random
variables must be dependent. Since X and Y are independent, pxy = 0.
For the other pairs, we must compute the covariances.

Cov|U,V]=E[UV]=(1/3)(-1)+ (1/3)(—1) = —2/3, (

Cov[S,T) =E[ST] =1/6 —1/6 +0+—1/6+1/6 =0,  (
Cov[Q, R =E[QR] =1/12—1/6 —1/6+1/12=—1/6  (

~N O Ot
~— ~— ~—

The correlation coeflicient of U and V is
oy — Cov [U, V] B -2/3 B
S NatlUVVar[V]  vV2/3v2/3

In fact, since the marginal PMF’s are the same, the denominator of the
correlation coefficient will be 2/3 in each case. The other correlation
coefficients are

_ Cov[S,T] ~ Cov[Q,R]

= =0 = ———1 - = _1/4. 9
pPs,T 2/3 ) PQ,R 2/3 / ( )

1 8)

From Theorem 12.3, the least mean square linear estimator of U given
Vis

Uu(V) = poy 0V =BV + B[U] = puyV = =V, (10)
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Similarly for the other pairs, all expected values are zero and the ratio
of the standard deviations is always 1. Hence,

X (V) =pxyY =0, (11)
SU(T) = psaT =0, (12)
OL(R) = porR = —R/A. (13)
From Theorem 12.3, the mean square errors are
ep(X,Y) = Var[X](1 - piy) = 2/3, (14)
er (U, V) = Var[U](1 — pi;y) = 0, (15)
er(S,T) = Var[S](1 — p§r) = 2/3, (16)
e1(Q, R) = Var[Q](1 — pg z) = 5/8. (17)
Problem 12.3.1 Solution
In this case, the joint PDF of X and R is
fx,R(ﬂf,T) = fX\R(l"\?”) fR(T)
1 —(2+404+401og;q )2
B mme(+o+o g107)2/128 0<r<r, (1)
0 otherwise.

From Theorem 12.5, the MAP estimate of R given X = x is the value of r
that maximizes fx|r(z|r)fr(r). Since R has a uniform PDF over [0, 1000],

Tvap(x) = arg nolggi Ix|r(x|r) fr(r) = arg ogrygal}éoo Ix|r(x|r) (2)

Hence, the maximizing value of r is the same as for the ML estimate in
Quiz 12.3 unless the maximizing r exceeds 1000 m. In this case, the max-
imizing value is » = 1000 m. From the solution to Quiz 12.3, the resulting
ML estimator is

(3)

(o) — {1000 x < —160,
T xTr) =
M (0.1)10-2/% 2 > —160.
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Problem 12.3.3 Solution

Both parts (a) and (b) rely on the conditional PDF of R given N = n.
When dealing with situations in which we mix continuous and discrete random
variables, its often helpful to start from first principles.

frin(rin) dr =P[r < R <r+dr[N = n]
Plr<R<r+dr,N =n]

P [N =n]
_P[N=n|R=7r|P[r<R<r+dr] .
B P [N =n] ' (1)

In terms of PDFs and PMFs, we have
Pyir(n|r) fr(r)
PN (n) .

To find the value of n that maximizes fgn(r|n), we need to find the denomi-
nator Py(n).

(2)

frin(r|n) =

Py(n) = /_OO Prr(n|r) fr(r) dr

o0 (T\1 —rT
= / —(T )e pe M dr
0 n!
:U/Tn /OO n —(p+T)r
= — r(pu—+T)e W dr
nl(p+1T) Jo e+ 1)
- B )
ol +T) '
where X is an exponential random variable with expected value 1/(p +
T').There are several ways to derive the nth moment of an exponential ran-
dom variable including integration by parts. In Example 9.4, the MGF is
used to show that E[X"] = n!/(x+ T)". Hence, for n > 0,
pI"

Py(n) = (i Ty (4)
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Finally, the conditional PDF of R given N is

(a)

frin(rin) = PN‘R(MT) Sr(r)
| Px(n)
B (rT):L!efr-Tluef,ur B (N +T)n+1rn€f(u+T)r (5)
o _urm o n! '
(7T

The MMSE estimate of R given N = n is the conditional expected
value E[R|N = n|. Given N = n, the conditional PDF oF R is that of
an Erlang random variable or order n + 1. From Appendix A, we find
that E[RIN =n| = (n+1)/(p+ T). The MMSE estimate of R given
N is

N+1

Ry (N) =E[R|N] = DT (6)

The MAP estimate of R given N = n is the value of r that maximizes
ENGIOR

Ryap(n) = arg max frin (r|n)

+ T n+1
= arg max ur”e’(wﬂr. (7)
>0 n!

By setting the derivative with respect to r to zero, we obtain the MAP
estimate

n

RMAP(TL) = 1 T T.

(8)

The ML estimate of R given N = n is the value of R that maximizes
PN|R(TL’T>. That iS,

R T’T)ne_TT
Ry (n) = argmax —

(9)
Seting the derivative with respect to r to zero yields

Ry (n) = n/T. (10)
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Problem 12.4.1 Solution

(a)

Since Y7 = X + Np, we see that
Di=Y1—-X=(X+N;)—X=N,. (1)

Thus E[D;] = E[N;] = 0 and E[D?] = E[N?]. Since E[N;] = 0, we know
that E[N?] = Var[N;] = 1. That is, E[D?] = 1.

Note that
Yi Yo X+N X+ N
Y == —_— —
3= 5 1 5 T3
Ny Ny
=X+ —= 4+ —. 2
+to 5 (2)
It follows that
N N
m:n—Xzahuf (3)

Since N; and N, are independent Gaussian random variables, Dj is
Gaussian with expected value and variance

Bip,) = 2 BUEL_ (4)
Var[Dg] _ VariNl] i VariNg] _ i i j_ll _ Z (5)

Since E[D3] = 0, D3 has second moment E[D3] = Var[D3] = 5/4. In
terms of expected squared error, the estimator Y3 is worse than the
estimator Y;. Even though Y3 gets to average two noisy observations
Y] and Y5, the large variance of Ny makes Y5 a lousy estimate. As a
result, including Y, as part of the estimate Y3 is worse than just using
the estimate of Y] by itself.
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(c) In this problem,

Yy=aY1+ (1 —-a)Ys
=a(X +N)+ (1 —a)(X + Ny)
=X +aN; + (1 —a)Ns. (6)

This implies
D4:}/4—X:CLN1+(1—CL>N2. (7)

Thus the error Dy is a linear combination of the errors N; and Ny. Since
N; and N, are independent, E[D,] = 0 and

Var[Dy] = a* Var[Ny] + (1 — a)* Var[N,]
=a®+4(1 —a)*. (8)

Since E[Dy4] = 0, the second moment of the error is simply
E [D}] = Var[Dy] = a® + 4(1 — a)*. (9)

Since E[D?] is a quadratic function in a, we can choose a to minimize the
error. In this case, taking the derivative with respect to a and setting it
equal to zero yields 2a — 8(1 — a) = 0, implying a = 0.8. Although the
problem does not request this, it is interesting to note that for a = 0.8,
the expected squared error is E[D?] = 0.80, which is significantly less
than the error obtained by using either just Y; or an average of Y; and
Y.

Problem 12.4.3 Solution

From the problem statement, we learn for vectors X = [Xl Xy X3:|/ and
Y = [V7 Y] that

1 3/4 1/2

E[X] =0, Rx = [3/4 1 3/4], (1)
1/2 3/4 1
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and

Y:AX:[[l) } ﬂx (2)

(a) Since E[Y] = AE[X] = 0, we can apply Theorem 12.6 which states that

the minimum mean square error estimate of X7 is X 1Y) = RleR{(lY
where a =. The rest of the solution is just calculation. (We note that
even in the case of a 3 x 3 matrix, its convenient to use MATLAB with
format rat mode to perform the calculations and display the results
as nice fractions.) From Theorem 8.8,

Lo o3 o
01 J 3/4 1 3/4| |1 1
1/2 3/4 1| |01

72 3
= { 3 7/2} ' )
In addition, since Rx,y = E[X;Y'] = E[X;X'A’] = E[X;X'|A/,
Ryy = [E[X? E[X,X;] E[X,X;]] A’

RY = ARxA/ - [

= [Rx(1,1) Rx(2,1) Rx(3,1)] A’
10
[1 3/4 1/2} 11 [7/4 5/4] . (4)
01
Finally,
1 14/13  —12/13
RuyRy' = [7/4 5/4] —12/13  14/13
= [19/26 —7/26]. (5)
Thus the linear MMSE estimator of X; given Y is
. 19 7
— -1 i VA
£(Y) = R yRY'Y = oY — Y
= 0.7308Y; — 0.2692Y5. (6)
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(b)

By Theorem 12.6(b), the mean squared error of the optimal estimator
is

ez = Val"[Xl] — éllf{,YX1
= Rx(1,1) - Ryy,Ry'Ryx,

14/13  —12/13] [7/4] _ 3
=174 5/ | Jyg g 14/13} {5/4} T 52 @)

We can estimate random variable X; based on the observation of ran-
dom variable Y; using Theorem 12.3. Note that Theorem 12.3 is just
a special case of Theorem 12.7 in which the observation is a random
vector. In any case, from Theorem 12.3, the optimum linear estimate

is X'I(YI) = a*Y] + b* where

. Cov[X, Y] . .
= VY] b = px, — a*py,. (8)
Since Y; = X7 + X5, we see that
Mx, = E [Xl] =0, (9)
v, = E[Vi] = E[X)] + B[Xa] = 0. (10)

These facts, along with Rx and Ry from part (a), imply

Cov [XhY'l] == E[Xln]
— E[X1<X1 +X2)

]
= Rx(1,1) + Rx(1,2) = 7/4, (11)
Var[Yi] = E [Y?] = Ry(1,1) = 7/2 (12)
Thus
., CovlXp,Yi] 7/4 1
T T Valy] 72 2 (13)
b = Hxy — a*:uY1 = 0. (14)
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Thus the optimum linear estimate of X; given Y] is

() = (15)

From Theorem 12.3(a), the mean square error of this estimator is

ez :U§(1<1_p§(1,yl)' (16)

Since X; and Y; have zero expected value, O'gﬁ = Rx(1,1) = 1 and
oy, = Ry(1,1) = 7/2. Also, since Cov[Xy,Y;] = 7/4, we see that
Cov [X1, Y] 7/4 7
1 q = = — . 17
PX1,Y; e \/m 3 (17)

Thus e} = 1 — (1/7/8)* = 1/8. Note that 1/8 > 3/52. As we would
expect, the estimate of X; based on just Y; has larger mean square error

than the estimate based on both Y; and Y5.

Problem 12.4.5 Solution
The key to this problem is to write Y in terms of Q. First we observe that

Yi=qo+1q + 1@+ 7y, (1)
Yy = qo + 2q1 + 2°qo + Zo, (2)
Yo = qo +ng1 +n’qe + Z,. (3)

In terms of the vector Q, we can write

1 1 12
22

Y=|. . . |Q+Z=K,Q+Z (4)
1 n n?

Kn
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From the problem statement we know that E[Q] = 0, E[Z] = 0, Rq =1, and
Rz = I. Applying Theorem 12.8 as expressed in Equation (12.77), we obtain

Q.(Y) = RqvRy'Y. ()

Since QQ and the noise Z are independent,

BE[QZ]=E[QIE[Z] =0. (6)
This implies
Rqv = E[QY]
=E[Q(K,Q + Z)’]
= E[QQK;,, + QZ] = RoK,. (7)

Again using (6), we have that

Ry =E[YY']
=E[(K.Q+Z)(K.Q + Z)']
=E[(K,Q+ Z)(QK,, + Z')]
=K,E[QQK,+ K,E[QZ]+ E[ZQ'| K/, + E [ZZ']
=K,K, +1L (8)
It follows that

Q = RovR{'Y = K/ (K, K/, + I)7'Y. (9)

Problem 12.4.7 Solution

From Theorem 12.6, we know that the minimum mean square error estimate
of X given Y is X, (Y) = &Y, where & = Ry'Ryx. In this problem, Y is
simply a scalar Y and a is a scalar a. Since E[Y] =0,

Ry —E[YY]|=E[Y?] = o%. (1)
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Similarly,
Ryx =E[YX]|=E[YX]=Cov[X,Y]. (2)

It follows that

ox Cov [ X,Y o
_X# — _XPX,Y- (3)
Oy Ox0y oy

i =Ry'Ryx = (0;2/)_1 Cov [X,Y] =

Problem 12.4.9 Solution

(a) In this case, we use the observation Y to estimate each X;. Since

k

E[Y] =) E[X;]/p;S, +E[N]=0. (1)

Jj=1

Thus, Theorem 12.6 tells us that the MMSE linear estimate of X; is
Xi(Y) = RXZ.YR}IY. First we note that

(2)

k
Rxy =E[X;Y]=E [Xi (Z X;\/p;8; + N’)
j=1

Since N and X; are independent, E[X;N'] = E[X;] E[N'] = 0. Because
X; and X are independent for i # j, E[X;X;] = E[X;] E[X|] = 0 for
i # j. In addition, E[X?] = 1, and it follows that

k
Ryy =Y E[X.X)] P8, +E[X;N] = /pS's. (3)

=1

364



For the same reasons,

Ry = E[YY/]

=B [(Z VP XS, + N) (Z VXS + N’)

=> Y VP E[X;X]S;S

j=1 1=1

k k
+ D, E[X;N|S; + m E[X;N']S", + E[NN'
jZlm [ZSJJ 2 VP [:0] NN
k
= ijSjS,j + (TZI. (4)
j=1
Now we use a linear algebra identity. For a matrix S with columns
S1,So, ..., Sk, and a diagonal matrix P = diag[py, pa, - - -, Pk,

k
> p;S;8; =SPS. (5)

Jj=1

Although this identity may be unfamiliar, it is handy in manipulating
correlation matrices. (Also, if this is unfamiliar, you may wish to work
out an example with k& = 2 vectors of length 2 or 3.) Thus,

Ry = SPS’ + oI, (6)
and
Rx,vRy' = v/0:S (SPS' +0%1) . (7)

Recall that if C is symmetric, then C~! is also symmetric. This implies
the MMSE estimate of X; given Y is

A~

X,(Y) = RxyRY'Y = /1S’ (SPS' +0°1) ' Y. (8)
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(b) We observe that V = (SPS' + 0°I) Y is a vector that does not depend
on which bit X; that we want to estimate. Since X; = \/ES’iV, we can
form the vector of estimates

X VPiShV N S’
X=1:1]= : = |V
X VS’ V VPE| |S'k

= P'/?S'V

— P28 (SPS' +0°1) Y. (9)

Problem 12.5.1 Solution

This problem can be solved using the function mse defined in Example 12.10.
All we need to do is define the correlation structure of the vector X =
[Xl Xgl}/. Just as in Example 12.10, we do this by defining just the
first row of the correlation matrix. Here are the commands we need, and the
resulting plot.

r1=sinc(0.1*(0:20)); mse(rl); 1
hold on; 0.8
r5=sinc(0.5%(0:20)); mse(r5); :
r9=sinc(0.9%(0:20)); mse(r9); 0.6
0.4
0.2
0
0 5 10 15 20 25

Although the plot lacks labels, there are three curves for the mean square er-
ror MSE(n) corresponding to ¢y € {0.1,0.5,0.9}. Keep in mind that MSE(n)
is the MSE of the linear estimate of X5 using random variables Xy,..., X,,.

If you run the commands, you'll find that the ¢g = 0.1 yields the lowest
mean square error while ¢g = 0.9 results in the highest mean square error.
When ¢y = 0.1, random variables X,, for n = 10,11, ...,20 are increasingly
correlated with X5;. The result is that the MSE starts to decline rapidly
for n > 10. As ¢y increases, fewer observations X,, are correlated with Xo;.
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The result is the MSE is simply worse as ¢, increases. For example, when
®o = 0.9, even Xy has only a small correlation with X5;. We only get a good
estimate of X5 at time n = 21 when we observe Xy, + Woy.

Problem 12.5.3 Solution

The solution to this problem is almost the same as the solution to Exam-
ple 12.10, except perhaps the MATLAB code is somewhat simpler. As in
the example, let W X® and Y™ denote the vectors, consisting of the
first n components of W, X, and Y. Just as in Examples 12.8 and 12.10,
independence of X(™ and W implies that the correlation matrix of Y™ is

RY(n) =E [(X(n) + W(Tb))(X(n) + W(n))/} _ RX(n) + RW(n) (1)

Note that Ry and Ry are the n x n upper-left submatrices of Rx and
Rw. In addition,

X1 + W1 To
Xn + Wn Tn—1

Compared to the solution of Example 12.10, the only difference in the solution
is in the reversal of the vector Ry . The optimal filter based on the first
n observations is a(® = R;l(n) Ry x, and the mean square error is

¢; = Var[X1] — (3") Ry (3)
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function e=mse953(r) The program mse953.m simply

N=length(r); calculates the mean square er-
e=[1; ror e;. The input is the vec-
for n=1:N, tor r corresponding to the vec-
RYX=r(1:n)’; tor [ro --- 7], which holds
RY=toeplitz(r(1:n))+0.1%eye(n); the first row of the Toeplitz
a=RY}1;d)(X;( ARV correlation matrix Rx. Note
= - J * . . .
enr a ’ that Ry is the Toeplitz ma-
e=[e;en];

trix whose first row is the first

end
n elements of r.

plot(1:N,e);

To plot the mean square error as a function of the number of observations,
n, we generate the vector r and then run mse953(r). For the requested
cases (a) and (b), the necessary MATLAB commands and corresponding mean
square estimation error output as a function of n are shown here:

0.1 0.1
o) o)
$ 005 © 005
0 0
0 5 10 15 20 2 0 5 10 15 20 2

n n

rb=cos(0.5xpi*(0:20));
mse953(rb)

(a) (b)

In comparing the results of cases (a) and (b), we see that the mean square
estimation error depends strongly on the correlation structure given by 7,_;/.
For case (a), Y7 is a noisy observation of X; and is highly correlated with
Xi. The MSE at n = 1 is just the variance of Wj. Additional samples of Y,
mostly help to average the additive noise. Also, samples X,, for n > 10 have
very little correlation with X;. Thus for n > 10, the samples of Y,, result in
almost no improvement in the estimate of X;.

ra=sinc(0.1*pix*(0:20));
mse953(ra)
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In case (b), Y7 = X; + W7, just as in case (a), is simply a noisy copy of X;
and the estimation error is due to the variance of W;. On the other hand,
for case (b), X5, Xo, X13 and X7 and Xo; are completely correlated with
Xj. Other samples also have significant correlation with X;. As a result, the
MSE continues to go down with increasing n.
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Problem Solutions — Chapter 13

Problem 13.1.1 Solution

There are many correct answers to this question. A correct answer specifies
enough random variables to specify the sample path exactly. One choice for
an alternate set of random variables that would specify m(t, s) is

e m(0,s), the number of ongoing calls at the start of the experiment
e N, the number of new calls that arrive during the experiment

e Xi,..., Xy, the interarrival times of the N new arrivals

e H the number of calls that hang up during the experiment

e Dy,..., Dy, the call completion times of the H calls that hang up

Problem 13.1.3 Solution

The sample space of the underlying experiment is S = {sy, $1, S2, s3}. The
four elements in the sample space are equally likely. The ensemble of sample
functions is {z(t, s;)|i = 0, 1,2, 3} where

x(t, s;) = cos(2m fot + /4 + im/2), 0<t<T. (1)

For fy = 5/T, this ensemble is shown below.
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Problem 13.1.5 Solution

The statement is false. As a counterexample, consider the rectified co-
sine waveform X (t) = R|cos2r ft| of Example 13.9. When t = 7/2, then
cos 2w ft = 0 so that X (7/2) = 0. Hence X (7/2) has PDF

Fxtm/z) () = 6(z). (1)
That is, X (7/2) is a discrete random variable.

Problem 13.2.1 Solution

In this problem, we start from first principles. What makes this problem
fairly straightforward is that the ramp is defined for all time. That is, the
ramp doesn’t start at time ¢ = WW. Thus,

PIX(t)<z]=P[t—W <z]|=P[W >t—2za]. (1)
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Since W > 0, if x > ¢t then P[W >t — z] = 1. When z < t,
PW>t—za]= / fw(w) dw = e =), (2)
t—x

Combining these facts, we have

e =0 g <t
1 t<ux.

Fxo(e) =P[W >t — 1] = { 3)

We note that the CDF contain no discontinuities. Taking the derivative of
the CDF Fx)(x) with respect to x, we obtain the PDF

r—t

Fxio (@) = { Tt (4)

0 otherwise.

Problem 13.2.3 Solution

Once we find the first one part in 10* oscillator, the number of additional tests
needed to find the next one part in 10* oscillator once again has a geometric
PMF with mean 1/p since each independent trial is a success with probability
p. That is T, = T} + T where T” is independent and identically distributed
to T7. Thus,

E[L|T = 3] =E[T[T = 3] + E[T|Ty = 3]
= 3+ E[7T"] = 23 minutes. (1)

Problem 13.3.1 Solution

Each Y} is the sum of two identical independent Gaussian random variables.
Hence, each Y, must have the same PDF. That is, the Y, are identically
distributed. Next, we observe that the sequence of Y is independent. To
see this, we observe that each Y} is composed of two samples of X that are
unused by any other Y; for j # k.
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Problem 13.3.3 Solution

The number Y}, of failures between successes kK — 1 and k is exactly y > 0
iff after success k — 1, there are y failures followed by a success. Since the
Bernoulli trials are independent, the probability of this event is (1 — p)¥p.
The complete PMF of Y} is

Pyk<y>={“‘p>yp ¥=01., 1)

0 otherwise.

Since this argument is valid for all k£ including £ = 1, we can conclude that
Y1, Ys, ... are identically distributed. Moreover, since the trials are indepen-
dent, the failures between successes £ — 1 and k£ and the number of failures
between successes k' — 1 and k' are independent. Hence, Y7, Y5, ... is an iid
sequence.

Problem 13.4.1 Solution

This is a very straightforward problem. The Poisson process has rate A = 4
calls per second. When ¢ is measured in seconds, each N(¢) is a Poisson
random variable with mean 4t and thus has PMF

U e—at p—0,1,2,...

Pro(n) = { ’ 0

0 otherwise.

Using the general expression for the PMF, we can write down the answer for
each part.

(a) Pnay(0) =4%*/0! = e~* ~ 0.0183.
(b) Py(4) = 4*e4/4] = 32¢~4/3 ~ 0.1954.
() Pya(2) = 8%¢75/2] = 32¢=5 & 0.0107.
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Problem 13.4.3 Solution

Since there is always a backlog an the service times are iid exponential ran-
dom variables, The time between service completions are a sequence of iid
exponential random variables. that is, the service completions are a Poisson
process. Since the expected service time is 30 minutes, the rate of the Pois-
son process is A = 1/30 per minute. Since ¢ hours equals 60f minutes, the
expected number serviced is A\(60t) or 2¢. Moreover, the number serviced in
the first ¢ hours has the Poisson PMF

(Qt)n672t .
—— n=0,1,2...
Py (n) = n! T 1
v (1) {O otherwise. M)

Problem 13.4.5 Solution

Note that it matters whether ¢ > 2 minutes. If ¢ < 2, then any customers
that have arrived must still be in service. Since a Poisson number of arrivals
occur during (0, ¢,

A)me M /n! n=0,1,2,...,
P _ 0<t<2. 1
N (1) {O otherwise, (0<t<2) (1)

For t > 2, the customers in service are precisely those customers that arrived
in the interval (¢ — 2,¢]. The number of such customers has a Poisson PMF
with mean A[t — (t — 2)] = 2\. The resulting PMF of N (%) is

2Nme P /n! n=0,1,2,...,
b t> 9. 2
Nt (1) {0 otherwise, =2 .

Problem 13.4.7 Solution

(a) N, is a Poisson (o = 107) random variable. You should know that
E[N,] = 107. Thus E[Ng] = 10 - 60 = 600.
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(b) In a 7 = 10 minute interval N;y hamburgers are sold. Thus,

P [Nyg = 0] = Py,,(0) = (100)%e~1% /0! = 1%, (1)

(c) Let t denote the time 12 noon. In this case, for w > 0, W > w if and
only if no burgers are sold in the time interval [t,t + w]. That is,

P [W > w] = P [No burgers are sold in [t,t + w]]
—P[N, = 0]
= Py, (0) = (10w)% /0! = 10, (2)
For w > 0, Fy(w) =1 — P[W > w] = 1 — 7% That is, the CDF of
W is

fwwo:{o w0 3)

1—e %% w>0.

Taking a derivative, we have

for () = {o w <0, @

10e=10% > 0.
We see that W is an exponential A = 10 random variable.

Problem 13.4.9 Solution

This proof is just a simplified version of the proof given for Theorem 13.3.
The first arrival occurs at time X; > x > 0 iff there are no arrivals in the
interval (0, z]. Hence, for = > 0,

P[X; > 2] =P[N(z) = 0] = (Az)%e /0! = e (1)
Since P[X; < z] =0 for z < 0, the CDF of X is the exponential CDF

ﬁx@»:{o r<0 2)

1—e™ 2>0.
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Problem 13.5.1 Solution

Customers entering (or not entering) the casino is a Bernoulli decomposition
of the Poisson process of arrivals at the casino doors. By Theorem 13.6,
customers entering the casino are a Poisson process of rate 100/2 = 50 cus-
tomers/hour. Thus in the two hours from 5 to 7 PM, the number, N, of
customers entering the casino is a Poisson random variable with expected
value a = 2 - 50 = 100. The PMF of N is

10010 /n! n=0,1,2,...,
Py(n) = { / W

0 otherwise.

Problem 13.5.3 Solution

(a) The trains (red and blue together) arrive as a Poisson process of rate
Ar + Ag = 0.45 trains per minute. In one hour, the number of trains
that arrive IV is a Poisson (o = 27) random variable. The PMF is

(1)

0 otherwise.

){27”6_27/n! n=01,2,...,

(b) Each train that arrives is a red train with probability p = Ar/(Ag +
Ag) = 1/3. Given that N = 30 trains arrive, R is conditionally a
binomial (30, p) random variable. The conditional PMF is

Prr130) = (2 )1 = )

Problem 13.5.5 Solution

In an interval (t,t + A] with an infinitesimal A, let A; denote the event of
an arrival of the process N;(t). Also, let A = A; U Ay denote the event of
an arrival of either process. Since N;(t) is a Poisson process, the alternative
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model says that P[A;] = \;A. Also, since Ny(t) + No(t) is a Poisson process,
the proposed Poisson process model says

PA] = (A + A)A. (1)

Lastly, the conditional probability of a type 1 arrival given an arrival of either
type is

P4A]  PlA]  MA Ay

P = T P s A i @)

This solution is something of a cheat in that we have used the fact that the
sum of Poisson processes is a Poisson process without using the proposed
model to derive this fact.

Problem 13.5.7 Solution

(a) The last runner’s finishing time is L = max(Ry,..., Ry) and

P[L < 20] = P [max(Ry, ..., Rig) < 20]
[Ry <20, Ry <20,..., Ryp < 20]
=P[Ry <20]P[Ry <20]---P[Ry < 20]
= (P[Ry <20))"
= (1-e ) = (1-¢2)" ~0.234. (1)

(b) At the start at time zero, we can view each runner as the first arrival
of an independent Poisson process of rate p. Thus, at time zero, the
arrival of the first runner can be viewed as the first arrival of a process
of rate 10p. Hence, X, is exponential with expected value 1/(10p) =1
and has PDF

fr (1) = { n =0, (2)

0 otherwise.

377



(c)

We can view Y as the 10th arrival of a Poisson process of rate . Thus
Y has the Erlang (n = 10, u) PDF

fr(y) = { o y29 (3)

0 otherwise.

We already found the PDF of X;. We observe that after the first runner
finishes, there are still 9 runners on the course. Because each runner’s
time is memoryless, each runner has a residual running time that is an
exponential (x) random variable. Because these residual running times
are independent X is exponential with expected value 1/(9u) = 1/0.9
and has PDF

Que=%r2 15 > 0, 0.9e7%92 7, >0,
0 otherwise.

sz(xQ) = { =

0 otherwise,

Similarly, for the ith arrival, there are 10 —i+1 = 11 — ¢ runners left on
the course. The interarrival time for the ¢th arriving runner is the same

as waiting for the first arrival of a Poisson process of rate (11 — i)pu.
Thus X; has PDF

11 — i pe~M=Duze 2. >0
Frtoy = {7 | 5)
0 otherwise.

Finally, we observe that the memoryless property of the runners’ ex-
ponential running times ensures that the X; are independent random
variables. Hence,

fX17--~7X10 (Ila SR 71:10)
= fX1 (1’1) sz (xQ) e leo (1'10)
{10!M106u(1011+9x2+---+2x9+110) T > O,

0 otherwise.

(6)
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Problem 13.6.1 Solution

From the problem statement, the change in the stock price is X (8) — X(0)
and the standard deviation of X (8) — X (0) is 1/2 point. In other words, the
variance of X (8) — X(0) is Var[X(8) — X (0)] = 1/4. By the definition of
Brownian motion. Var[X(8) — X (0)] = 8a. Hence av = 1/32.

Problem 13.6.3 Solution

We need to verify that Y (t) = X (ct) satisfies the conditions given in Defini-
tion 13.10. First we observe that Y (0) = X(c-0) = X(0) = 0. Second, we
note that since X (¢) is Brownian motion process implies that Y (t) — Y (s) =
X(ct)— X (cs) is a Gaussian random variable. Further, X (ct) — X (cs) is inde-
pendent of X (¢') for all ¢ < ¢s. Equivalently, we can say that X (ct)— X (cs) is
independent of X (¢7) for all 7 < s. In other words, Y (t)—Y (s) is independent
of Y(7) for all 7 < s. Thus Y (¢) is a Brownian motion process.

Problem 13.6.5 Solution

Recall that the vector X of increments has independent components X, =
W,, — W, _1. Alternatively, each W,, can be written as the sum

Wl :Xla (1)
Wy = X1 + Xo, (2)
Wie=X;+X5+ -+ X (3)

In terms of matrices, W = AX where A is the lower triangular matrix

1 eee oo 1
Since E[W] = AE[X] = 0, it folows from Theorem 8.11 that

1 -1
fw(w) = fo (A7'w). (5)
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Since A is a lower triangular matrix, det(A) is the product of its diagonal
entries. In this case, det(A) = 1. In addition, reflecting the fact that each
Xp =W, — Wn—la

- 1 - r Wl T
-1 1 Wy — W,
Al=10 -1 1 and AT'W = | We—-W5 | (6)
|0 0 -1 1] | Wi — Wiy

Combining these facts with the observation that fx(x) = HZ:l fx.(Tn), we
can write

k

fww) = fx(A7'w) = H Ix, (Wn —wn_1), (7)

n=1
which completes the missing steps in the proof of Theorem 13.8.

Problem 13.7.1 Solution

The discrete time autocovariance function is
Cx [ma k] =E [(Xm - NX)(Xm-‘rk - MX)] . (1)

For k = 0, Cx[m,0] = Var[X,,] = 0%. For k # 0, X,, and X, are
independent so that

Cx [m, k] = E[(X — px)] E[(Xinik — px)] = 0. (2)
Thus the autocovariance of X, is

0% k=0,

Cx lm. k] = {0 k40,
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Problem 13.7.3 Solution

In this problem, the daily temperature process results from

2mn
C, =16 |1 — cos 2| 44X, 1
[ oS 365] + (1)

where X, is an iid random sequence of N|0, 1] random variables. The hard-
est part of this problem is distinguishing between the process C,, and the
covariance function Cgl[k].

(a) The expected value of the process is

E[C,] = 16E [1 —cos%—"l +4E[X,]

365
— 16 |1 — cos 2 2)
B 365 |
(b) Note that (1) and (2) imply
C, —E[C,] =4X,. (3)

This implies that the autocovariance of C, is

Co [m, k] = E[(Crn — E[Cp]) (Crngr, — E[Crogr])]
16 k=0,

0  otherwise.

= 16 E [Xn X yn] = { (4)

(¢) A model of this type may be able to capture the mean and variance of
the daily temperature. However, one reason this model is overly simple
is because day to day temperatures are uncorrelated. A more realistic
model might incorporate the effects of “heat waves” or “cold spells”
through correlated daily temperatures.
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Problem 13.7.5 Solution

This derivation of the Poisson process covariance is almost identical to the
derivation of the Brownian motion autocovariance since both rely on the use
of independent increments. From the definition of the Poisson process, we
know that puy(t) = A\t. When 7 > 0, we can write

Cn(t,7) =E[N@E)N({E+7)] — (M)At + 1))

[INO[(N(t+7) = N(t) + N(@©)]] — Nt(t +7)
[IN@)N({E+7) = N+ E[N*(t)] = Nt(t+7). (1)
By the definition of the Poisson process, N(t + 7) — N(t¢) is the number of

arrivals in the interval [t,t + 7) and is independent of N(¢) for 7 > 0. This
implies

=E
=E

ENOIN({t+7) = N =E[N]E[N(+71)— N(t)]
= Mt +7) — M. 2)

Note that since N(t) is a Poisson random variable, Var[N(t)] = At. Hence
E [N2(t)] = Var[N(t)] + (E[N(£)]* = Mt + (At)% (3)
Therefore, for 7 > 0,
On(t,7) = MAE+T) — M)+ M+ (A\)? = Nt +7) = M. (4)

If 7 < 0, then we can interchange the labels t and t + 7 in the above steps to
show Cn(t,7) = A(t + 7). For arbitrary ¢ and 7, we can combine these facts
to write

Ox(t,7) = Amin(t,t + 7). (5)

Problem 13.7.7 Solution

Since the X,, are independent,

E[Y,] =E[X,.1X,] = E[X,_1]E[X,] = 0. (1)
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Thus the autocovariance function is
Cy [n, k] = E[Y, Y,k = E[X 1 X0 Xk 1 Xk - (2)

To calculate this expectation, what matters is whether any of the four terms
in the product are the same. This reduces to five cases:

1. n+k—1>n, or equivalently £ > 1:

In this case, we have
n—l<n<n+k—-1<n+k, (3)

implying that X,,_1, X,,, X,,.x_1 and X,,.; are independent. It follows
that

E [ananXn+k71Xn+k] =E [anl] E [Xn] E [Xn+k—1] E [Xn+k]
=0. (4)
2. n+k <n—1, or equivalently £ < —1:
In this case, we have
n+k—1<n+k<n-—1<n, (5)

implying that X,, . x_1 X%, X,_1, and X,, are independent. It follows
that

E (X1 X0 X k1 Xnik) = E [ X1 ] B [X0] B [Xogio1] E [Xpa]
—0. (6)

3. k=-1:

In this case, we have

E [Xn—anXn+k—1Xn+k] =E [XTQL_anXn—Q}
B X2 JEXJEXaa =0 (7



4. k= 0:

In this case, we have
B [Xn 1 Xo Xk 1 Xnek] = B [X2_, X7]

—E[X2 ,]E[X?] =0 (8)

n

5. k= 1:

In this case, we have

E [Xn—anXn+k—1Xn+k] =E [Xn—lXTQLXn—Q—l}
=E[X,1]E [X?L] E[X;11] =0. (9)

Combining these case, we find that

Cy [n, k] = {9 k=0, (10)

0 otherwise.

Problem 13.8.1 Solution

For a set of samples Y'(¢),...,Y (tx), we observe that Y (¢;) = X(¢;+a). This
implies

fY(tl) ..... Y(tk)(yla e ,yk) = fX(t1+a) ..... X(tk+a)(y1, ce 7%) . (1)
Thus,

Iy i)y ttorr) YL -5 k) = X (ttr4a) X (totrta) Yo -5 Yk) - (2)

Since X (t) is a stationary process,

fX(t1+r+a) ..... X(tk+r+a)(y1,---;yk):fX(t1+a) ..... X(tk+a)(y17~-,yk)- (3)

We can conclude that Y'(¢) is a stationary process.
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Problem 13.8.3 Solution

For an arbitrary set of samples Y (¢1),...,Y (tx), we observe that Y (¢;) =
X (at;). This implies

Iy )y ) Wiy - Uk) = FX(aty) X (ate) Y15 - -5 ) - (1)
Thus,

fY(tl—l—T),...,Y(tk-‘rT) (yh cee 7yk) - fX(atl—l—aT),...,X(atk-l—aT) (yl’ v 7yk) . (2)

We see that a time offset of 7 for the Y'(¢) process corresponds to an offset of
time 7" = a7 for the X (t) process. Since X (t) is a stationary process,

Iy tir)Y torr) Uts - Uk) = [x(ati+r), X (atprr) (Y5 - Uk)
= fX(at1),...,X(atk)(y17 s ;yk)
= fye),. v Wi -5 Yk) - (3)

We can conclude that Y'(¢) is a stationary process.

Problem 13.8.5 Solution
Since Y,, = X,

fYnﬁlw,Yan (ylv s 7ym) - kanleklv--,anmekl (yb s 7ym) (1)

Stationarity of the X, process implies

kanﬁkzw,anmMz (yh s 7ym) = kan17~~-7anm (yh s 7ym)

= [y oY W15 5 Ym) - (2)

We combine these steps to write

fY,L1+L,.--,Ynm+z (yh <. 7ym) = fYn17~~-7Ynm (yla o 7ym) . (3)

Thus Y,, is a stationary process.
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Problem 13.8.7 Solution

Since ¢(-) is an unspecified function, we will work with the joint CDF of
Y(ti+7),....,Y(t, + 7). To show Y () is a stationary process, we will show
that for all 7,

FY(t1+f) ..... (tn+r)(yla e 7?/71) = FY(tl) ..... Y(tn)(yh e 7yn) . (1)

By taking partial derivatives with respect to y1,...,y,, it should be appar-
ent that this implies that the joint PDF fy (47 v @+n)(¥1, - - -, ¥n) will not
depend on 7. To proceed, we write

Fy(tym)y (tnsr) (YL, - - - Yn)

=P |gX(t+7) Sy g (Xt D) gl @)

A

In principle, we can calculate P[A;] by integrating fx(,+1),... X (tpt+7) (%15 - - -, Tn)
over the region corresponding to event A,. Since X (t) is a stationary process,

Ixt4m) e X (tntr) (L1 - -3 ) = fxn) X () (@1, 05 T0) - (3)

This implies P[A,] does not depend on 7. In particular,

FY(tH—T) ..... Y (tn+T1) (yla cee ayn) =P [AT]
=Plg(X(t)) <wr,.-.,9(X(tn)) < ¥l
= Fyuy), v ) Wi, YUn) - (4)

Problem 13.9.1 Solution

The autocorrelation function Rx(7) = d(7) is mathematically valid in the
sense that it meets the conditions required in Theorem 13.12. That is,

Rx(r) =4(7) 20, (1)
Rx(r) = 6(r) = 6(=7) = Bx(=7), (2)
Rx (1) < Rx(0) = 6(0). (3)
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However, for a process X (¢) with the autocorrelation Rx(7) = §(7), Defini-
tion 13.16 says that the average power of the process is

E [X?(t)] = Rx(0) = §(0) = oc. (4)

Processes with infinite average power cannot exist in practice.

Problem 13.9.3 Solution

TRUE: First we observe that E[Y,] = E[X,] — E[X,,_1] = 0, which doesn’t
depend on n. Second, we verify that

Cy [n, k] = E[Y, Y, k]
=E [(Xn - anlxXnJrk - Xn+k71)]
=E [Xan-‘rk] —E [Xan-Hc—l]
—E[X, 1 Xk —E[ X1 Xnik1]
— Ox [F] = Cx [k —1] = Cx [k +1] + Cx K], (1)

which doesn’t depend on n. Hence Y,, is WSS.

Problem 13.9.5 Solution
For k # 0, X,, and X, are independent so that

Rx [na k] =E [Xan—Hc] =E [Xn] E [Xn+k] - MQ‘ (1>
For k =0,
Rx[n,0l =E[X,X,]| =E[X}] =0+ p*. (2)

Combining these expressions, we obtain
Rx [n,k] = Rx [k] = p* + 0?4 [k], (3)

where d[k] = 1 if £ = 0 and is otherwise zero.
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Problem 13.9.7 Solution
FALSE: The autocorrelation of Y,, is

Ry [n, k] = B [Y, Yo 4]
=E [(Xp + (=1)"" X 1) (X + (=1)" ™ X p1)]
=E X, Xoi] + B [(=1)" ' X1 X
+E [Xo (-1 X1 | + B (1) 72X X
=Ry [k] + (=1D)" 'Ry [k + 1]
+ (=)™ Ry [k + 1] + (=1)"Rx [k]
= [1+ (=D)*(Bx [k] + (=1)""Rx [k +1]), (1)

which depends on n.

Problem 13.9.9 Solution

(a) In the problem statement, we are told that X (¢) has average power equal
to 1. By Definition 13.16, the average power of X (¢) is E[X?(¢)] = 1.

(b) Since © has a uniform PDF over [0, 27},

B 1/(2m) 0<0<2m,
fo(8) = {0 otherwise. (1)

The expected value of the random phase cosine is

o0

E [cos(2mf.t + O)] = / cos(2m fot + 0) fo(0) db

2m 1
= 27 fot + 0)—db
/0 cos(2m f.t + )27T
1 . 27
= %sm(QWfCt +0),

- % (sin(27 fot + 2m) —sin(27 f.t)) = 0. (2)

388



(c) Since X(t) and © are independent,

E[Y(t)] = E[X(t) cos(2n f.t + O)]
=E[X(¢)]E[cos(2r f.t + ©)] = 0. (3)

Note that the mean of Y(¢) is zero no matter what the mean of X (t)
since the random phase cosine has zero mean.

(d) Independence of X (t) and © results in the average power of Y (¢) being
E [Y*(t )} =E [X?(t) cos® (27 f.t + O)]
E [X?(t)] E [cos*(2m fot + O)]
= E [cos®(2n fot + ©)] . (4)
Note that we have used the fact from part (a) that X(¢) has unity

average power. To finish the problem, we use the trigonometric identity
cos® ¢ = (1 + cos2¢)/2. This yields

E[Y?(t)] =E %(1+«nq2w@ﬁgt+(») =1/2. (5)

Note that E[cos(27(2f.)t + ©)] = 0 by the argument given in part (b)
with 2f, replacing f..

Problem 13.9.11 Solution

The solution to this problem is essentially the same as the proof of Theo-
rem 13.13 except integrals are replaced by sums. First we verify that X,, is
unbiased:

1
El¥n] =it ®
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To show consistency, it is sufﬁcient to show that lim,, ., Var[X,,] = 0. First,
we observe that X,, — ux = — px). This implies

2m+1 n*—m(

VarW(T)]:E( 1 Z(Xn—m)

2m+1 L
_ (2m1+ 7 n:zn;m n;mE (X — p1x) (X — jix)]
_ <2m1+ 7 nim ni—m Cx [n' —n). (2)

< Z |Cx [0 —n]| = Z |Cx (k)| < o0 (3)
n/=—oo k=—0c0

Hence there exists a constant X such that

m

Var[X,,,] < m Z K K : (4)

Thus lim,, s Var[X,,] < lim,_ec % =0.

Problem 13.10.1 Solution

(a) Since X (t) and Y'(¢) are independent processes,
EW(@)] =EX®)Y@®)] =EX@IEN ()] = pxpy- (1)
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In addition,

Rw(t,7) = E[W(t)W(t + 7))
E[X()Y )X+ 7)Y (t+7)]
BIX(OXE+7)]EY ()Y +7)]
R (7).

x(7)Ry

We can conclude that W (t) is wide sense stationary.
)

(2)

T

(b) To examine whether X (¢
we calculate

and W (t) are jointly wide sense stationary,

Ryx(t,7)=E[WH)X{t+7)]=E[X®)Y)X(t+1)]. (3)
By independence of X () and Y'(¢),
Rwx(t,7) =B[X(O)X({E+7)]EY (1) = py Rx (7). (4)

Since W (t) and X (¢) are both wide sense stationary and since Ry x (t, 7)
depends only on the time difference 7, we can conclude from Defini-
tion 13.18 that W (¢) and X (¢) are jointly wide sense stationary.

Problem 13.10.3 Solution

(a) Y (¢) has autocorrelation function
Ry (t,7) =E[Y ()Y (t+7)]
— Rx(r). )

(b) The cross correlation of X (¢) and Y (¢) is

Rxy(t,7) =E[X(t)Y(t+ 7)]
=E[X)X({t+7—1)]
= Rx(T — to) (2)
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(c) We have already verified that Ry (¢, 7) depends only on the time differ-
ence 7. Since E[Y (t)] = E[X (t — to)] = px, we have verified that Y (¢)
is wide sense stationary.

(d) Since X (t) and Y (t) are wide sense stationary and since we have shown
that Rxy(t,7) depends only on 7, we know that X (¢) and Y(t) are
jointly wide sense stationary.

Comment: This problem is badly designed since the conclusions don’t
depend on the specific Rx(7) given in the problem text. (Sorry about that!)

Problem 13.11.1 Solution

For the X(t) process to be stationary, we must have fxq(2) = fx) (7).
Since X (t;) and X (¢2) are both Gaussian and zero mean, this requires that

= Var[X (t;)] = Var[X (t5)] = 05. (1)
In addition the correlation coefficient of X (¢1) and X () must satisfy
[ox ), x02)] <1 (2)

This implies

Cov [X(t), X(ts)] 1

PX (1), X (t2) = pr = = <1 (3)

Thus 07 = o3 > 1.

Problem 13.11.3 Solution
Writing Y (t + 1) = f(]t+T N(v) dv permits us to write the autocorrelation of
Y(t) as

Ry(t,7) = E[Y ()Y (t + 7)] V/ N ()N (v) dv du

_ / /HTE[N(u)N(v)] dv du
// d(u —v) dv du. (1)
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At this point, it matters whether 7 > 0 or if 7 < 0. When 7 > 0, then v
ranges from 0 to t + 7 and at some point in the integral over v we will have
v = u. That is, when 7 > 0,

Ry (t,7) = /Otadu = ot. (2)

When 7 < 0, then we must reverse the order of integration. In this case,
when the inner integral is over u, we will have u = v at some point so that

t+T1 t t+T1
Ry (t, 1) :/ / a5(u—v)dudv=/ adv=a(t+ 7). (3)
0 0 0
Thus we see the autocorrelation of the output is
Ry (t,7) = amin{t,t +7}. (4)

Perhaps surprisingly, Ry (¢,7) is what we found in Example 13.19 to be the
autocorrelation of a Brownian motion process. In fact, Brownian motion is
the integral of the white noise process.

Problem 13.11.5 Solution

Let W = [W(t) Wi(ty) - W(tn)}/ denote a vector of samples of a Brow-
nian motion process. To prove that W (t) is a Gaussian random process, we
must show that W is a Gaussian random vector. To do so, let

X=X - X,
= [W(t) Wt) =W(h) - W(t) = W(ta)] (1)
denote the vector of increments. By the definition of Brownian motion,
Xq,..., X, is a sequence of independent Gaussian random variables. Thus X
is a Gaussian random vector. Finally,
Wi X1 1
wo o X @
N ) I
A
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Since X is a Gaussian random vector and W = AX with A a rank n matrix,
Theorem 8.11 implies that W is a Gaussian random vector.

Problem 13.12.1 Solution

From the instructions given in the problem, the program noisycosine.m will
generate the four plots.

n=1000; t=0.001*(-n:n);

w=gaussrv(0,0.01, (2*n)+1);

%Continuous Time, Continuous Value
xcc=2xcos (2xpi*t) + w’;

plot(t,xcc);

xlabel(’\it t’);ylabel (’\it X_{cc}(t)’);
axis([-1 1 -3 31);

figure; %Continuous Time, Discrete Value
xcd=round(xcc); plot(t,xcd);

xlabel(’\it t’);ylabel (’\it X_{cd}(t)’);
axis([-1 1 -3 31);

figure; %Discrete time, Continuous Value
ts=subsample(t,100); xdc=subsample(xcc,100);
plot(ts,xdc,’b.’);

xlabel(’\it t’);ylabel (’\it X_{dc}(t)’);
axis([-1 1 -3 3]);

figure; Discrete Time, Discrete Value
xdd=subsample(xcd,100); plot(ts,xdd,’b.’);
xlabel(’\it t’);ylabel (’\it X_{dd}(t)’);
axis([-1 1 -3 31);

In noisycosine.m, we use a function subsample.m to obtain the discrete
time sample functions. In fact, subsample is hardly necessary since it’s such
a simple one-line MATLAB function:

function y=subsample(x,n)

Jinput x(1), x(2)

houtput y(1)=x(1), y(2)=x(1+n), y(3)=x(2n+1)
y=x(1:n:length(x));
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However, we use it just to make noisycosine.m a little more clear.

Problem 13.12.3 Solution

In this problem, our goal is to find out the average number of ongoing calls
in the switch. Before we use the approach of Problem 13.12.2, its worth a
moment to consider the physical situation. In particular, calls arrive as a
Poisson process of rate A = 100 call/minute and each call has duration of
exactly one minute. As a result, if we inspect the system at an arbitrary time
t at least one minute past initialization, the number of calls at the switch will
be exactly the number of calls N; that arrived in the previous minute. Since
calls arrive as a Poisson proces of rate A = 100 calls/minute. N; is a Poisson
random variable with E[/N;] = 100.

In fact, this should be true for every inspection time ¢. Hence it should
surprising if we compute the time average and find the time average number
in the queue to be something other than 100. To check out this quickie
analysis, we use the method of Problem 13.12.2. However, unlike Prob-
lem 13.12.2, we cannot directly use the function simswitch.m because the
call duration are no longer exponential random variables. Instead, we must
modify simswitch.m for the deterministic one minute call durations, yielding
the function simswitchd.m:
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function M=simswitchd(lambda,T,t)
%Poisson arrivals, rate lambda
%Deterministic (T) call duration
%For vector t of times

%M(i) = no. of calls at time t(i)
s=poissonarrivals(lambda,max(t));
y=s+T;

A=countup(s,t);

D=countup(y,t);

M=A-D;

Note that if you compare
simswitch.m in the text with
simswitchd.m here, two changes
occurred. The first is that the
exponential call durations are
replaced by the deterministic

time 7. The other change is
that count(s,t) is replaced
by countup(s,t). In fact,

n=countup(x,y) does exactly the
same thing as n=count(x,y); in
both cases, n(i) is the number
of elements less than or equal
to y(i). The difference is that
countup requires that the vectors
x and y be nondecreasing.

Now we use the same procedure as in Problem 13.12.2 and form the time

average

>> t=(1:600);

>> M=simswitchd(100,1,t);
>> Mavg=cumsum(M) ./t;

>> plot(t,Mavg);

(1)

We form and plot the time average using
these commands will yield a plot vaguely
similar to that shown below.
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We used the word “vaguely” because at ¢ = 1, the time average is simply the
number of arrivals in the first minute, which is a Poisson (o = 100) random
variable which has not been averaged. Thus, the left side of the graph will be
random for each run. As expected, the time average appears to be converging

to 100.

Problem 13.12.5 Solution

Following the problem instructions, we can write the function newarrivals.m.

For convenience, here are newarrivals

and poissonarrivals side by side.

function s=newarrivals(lam,T)
%Usage s=newarrivals(lam,T)
%Returns Poisson arrival times
%s=[s(1) ... s(n)] over [0,T]
n=poissonrv(lam*T,1) ;
s=sort(T*rand(n,1));

function s=poissonarrivals(lam,T)
Y%arrival times s=[s(1) ... s(n)]
% s(n)<= T < s(n+1)
n=ceil(1.1%lamxT);
s=cumsum(exponentialrv(lam,n));
while (s(length(s))< T),
s_new=s(length(s))+ ...
cumsum (exponentialrv(lam,n));
s=[s; s_new];
end
s=s(s<=T);

Clearly the code for newarrivals is shorter, more readable, and perhaps,
with the help of Problem 13.5.8, more logical than poissonarrivals. Un-
fortunately this doesn’t mean the code runs better. Here are some cputime

comparisons:




>> t=cputime;s=poissonarrivals(1,100000) ;t=cputime-t
t =
0.1110
>> t=cputime;s=newarrivals(1,100000) ;t=cputime-t
t =
0.5310
>> t=cputime;poissonrv(100000,1) ;t=cputime-t
t =
0.5200
>>

Unfortunately, these results were highly repeatable. The function poissonarriv
generated 100,000 arrivals of a rate 1 Poisson process required roughly 0.1 sec-
onds of cpu time. The same task took newarrivals about 0.5 seconds, or
roughly 5 times as long! In the newarrivals code, the culprit is the way
poissonrv generates a single Poisson random variable with expected value
100,000. In this case, poissonrv generates the first 200,000 terms of the Pois-
son PMF! This required calculation is so large that it dominates the work need

to generate 100,000 uniform random numbers. In fact, this suggests that a
more efficient way to generate a Poisson (o) random variable N is to generate
arrivals of a rate o Poisson process until the Nth arrival is after time 1.

Problem 13.12.7 Solution

In this problem, we start with the simswitch.m code to generate the vector of
departure times y. We then construct the vector I of inter-departure times.
The command hist,20 will generate a 20 bin histogram of the departure
times. The fact that this histogram resembles an exponential PDF suggests
that perhaps it is reasonable to try to match the PDF of an exponential (1)
random variable against the histogram.

In most problems in which one wants to fit a PDF to measured data, a key
issue is how to choose the parameters of the PDF. In this problem, choosing
i is simple. Recall that the switch has a Poisson arrival process of rate A so
interarrival times are exponential (A) random variables. If 1/u < 1/, then
the average time between departures from the switch is less than the average
time between arrivals to the switch. In this case, calls depart the switch
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faster than they arrive which is impossible because each departing call was
an arriving call at an earlier time. Similarly, if 1/ > 1/X | then calls would
be departing from the switch more slowly than they arrived. This can happen
to an overloaded switch; however, it’s impossible in this system because each
arrival departs after an exponential time. Thus the only possibility is that
1/ = 1/X\. In the program simswitchdepart.m, we plot a histogram of
departure times for a switch with arrival rate A against the scaled exponential
(A\) PDF X\e b where b is the histogram bin size. Here is the code:

function I=simswitchdepart(lambda,mu,T)
%Usage: I=simswitchdepart(lambda,mu,T)
%Poisson arrivals, rate lambda
%Exponential (mu) call duration

%0ver time [0,T], returns I,

Jhthe vector of inter-departure times
%M(i) = no. of calls at time t(i)
s=poissonarrivals(lambda,T);
y=s+exponentialrv(mu,length(s));

y=sort (y);

n=length(y);

I=y-[0; y(1:n-1)]; %interdeparture times
imax=max(I) ;b=ceil (n/100);

id=imax/b; x=id/2:id:imax;

pd=hist(I,x); pd=pd/sum(pd);
px=exponentialpdf (lambda,x) *id;
plot(x,px,x,pd);

xlabel(’\it x’);ylabel(’Probability’);
legend (’Exponential PDF’,’Relative Frequency’);

Here is an example of the simswitchdepart(10,1,1000) output:
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As seen in the figure, the match is quite good. Although this is not a carefully
designed statistical test of whether the inter-departure times are exponential
random variables, it is enough evidence that one may want to pursue whether
such a result can be proven.

In fact, the switch in this problem is an example of an M /M /oo queuing
system for which it has been shown that not only do the inter-departure
have an exponential distribution, but the steady-state departure process is a
Poisson process. For the curious reader, details can be found, for example, in
the text Stochastic Processes: Theory for Applications by Gallager.
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