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ServiceOutageBasedPowerandRateAllocation
JianghongLuo, LangLin, Roy Yates,andPredragSpasojević

Abstract—This paper combinesthe conceptsof ergodic capac-
ity and capacity versusoutagefor fading channels,and explores
variable rate transmissionsunder a service outageconstraint in a
block �at fading channelmodel. A serviceoutageoccurswhenthe
transmission rate is below a given basic rate. We solve the prob-
lem of maximizing the expectedrate subject to the averagepower
constraint and the service outage probability constraint. When
the problem is feasible,the optimum power policy is shown to be
a combination of water �lling and channel inversion allocation,
where the outageoccursat a setof channelstatesbelow a certain
thr eshold. The service outage approach resolves the con�icting
objectivesof high averagerate and low outageprobability.

Index Terms—Adaptive transmission,block-fading channel,er-
godiccapacity, outagecapacity, service outage

I . INTRODUCTION

Wirelesscommunicationchannelsvarywith timedueto mo-
bility of usersandchangesin theenvironment.For atimevary-
ing channel,dynamicallocationof resourcessuchas power,
rate,andbandwidthcanyield improvedperformanceover�x ed
allocationstrategies.Indeed,adaptivetechniquesareemployed
in EDGE [1], GPRS[2], and HDR [3], and are proposedas
standardsfor next generationcellularsystems.Thesystemper-
formancecriterionis usuallyapplicationspeci�c; therefore,dif-
ferentclassesof applicationswill bene�t from speci�c adaptive
transmissionschemes.In order to differentiatereal-timeser-
vice from non real-timeservice,threecapacitymeasureshave
beende�ned in the literature: ergodiccapacity[4], delaylim-
itedcapacity[5], andcapacityversusoutageprobability[9–11].
A comprehensivesurvey of theseconceptscanbefoundin [6].

The ergodic capacity[4] was developedfor non real-time
dataservices.It determinesthemaximumachievablerateaver-
agedoverall fadingstates.Thecorrespondingoptimumpower
allocationis thewell known water�lling allocation[7,8]. The
ergodiccapacitymaynot berelevantfor real-timeapplications
in a slow fadingenvironment,wheresubstantialdelaycanoc-
curwhenaveragingoverall fadingstates.Delaylimited capac-
ity [5] andthecapacityversusoutageprobability [9–11] were
developedfor constant-ratereal-timeapplications. The delay
limited capacityspeci�esthehighestachievableratewith a de-
codingdelay independentof fadingcorrelationstructures[5].
The outagecapacityin the capacityversusoutageprobability
problemdeterminesthe � -achievablerate[12] of theM -block
fadingchannel.The correspondingoptimumpower allocation
wasderivedin [10] for M parallel�at fadingblocks(frequency
diversity or spacediversity), and in [11] for M consecutive
�at fading blocks (time diversity). The zero-outagecapacity
in [10,11] is alsoreferredto asthedelay-limitedcapacity.

Thoughtheoutagecapacitystudiesthecapacityfor constant-
rate real-timeapplications,the constant-rateassumptionmay

not be essentialfor many real-timeapplications.For applica-
tions with simultaneousvoice anddatatransmissions,for ex-
ample,assoonasa basicrater o for thevoiceservicehasbeen
guaranteed,any excessrate can be usedto transmit data in
a besteffort fashion. For somevideo or audio applications,
thesourceratecanbeadaptedaccordingto thefadingchannel
conditionsto provide multiple quality of servicelevels. Typi-
cally theseapplicationsrequirea nonzerobasicservicerater o

to achieve a minimum acceptableservicequality. Motivated
by thesevariable-ratereal-timeapplications,we studyvariable
rate transmissionschemessubjectto a basicrate requirement
in a slow fadingenvironment.By allowing variableratetrans-
missions,thevariationof thefadingchannelcanbeexploitedto
achieveanaverageratehigherthantheoutagecapacity. By im-
posinga basicraterequirement,thesystemcanbe guaranteed
to operateproperly.

Since in�nite average power is neededto achieve any
nonzerorateat all timesin a Rayleighfadingchannel,we im-
posea probabilisticbasicserviceraterequirement,thatwe call
a serviceoutageconstraint.Theserviceis saidto bein anout-
agewhentheinformationrateis smallerthanthebasicservice
ratero. Servicequality is acceptableaslong astheprobability
of theserviceoutageis lessthan� , a parameterindicatingthe
outagetoleranceof theapplication.Unliketheinformationout-
agein thecapacityversusoutageprobabilityproblem[10,11],
thebits transmittedduringtheserviceoutagemaystill bevalu-
ablein thatthey will betransmittedreliablyandwill contribute
to theaveragerate.

For variable-ratesystems,theexpectedratedetermineshow
muchratecanbetransmittedontheaverageandis ameaningful
measureof systemperformance.Therefore,in this paper, the
allocationproblemis to �nd thepower andrateallocationthat
maximizethe expectedratesubjectto the serviceoutagecon-
straintandtheaveragepowerconstraint.Undertheassumptions
of a block �at fadingAWGN channelmodelandperfectchan-
nelstateinformationatthetransmitter, weverify thattheoutage
shouldoccur at badchannelstatesbelow a certainthreshold.
Theresultingoptimumpowerallocationis shown to bea com-
binationof channelinversionandwater �lling whenthe allo-
cationproblemis feasible.Theserviceoutageapproachstrikes
goodbalancebetweenthe averagerateand the outageproba-
bility. This approachhasbeengeneralizedto thecaseof code
wordsspanningmultipleblocksin [13]. Althoughacontinuous
fadingdistribution is assumedin this paper, the resultscanbe
extendedinto the caseof discretefadingdistributionsby em-
ploying a probabilisticpower allocation,asexampli�ed by the
policiesin [10].

Although our problemhasbeenmotivatedby real time ap-
plications,it alsocharacterizescoverageversuscapacitytrade-
offs. In particular, mobility in cellularsystemsresultsin chan-
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nelvariationsdueto changesin distanceattenuation.An impor-
tantobjective of a cellularsystemis to provide a basicservice
rateover asmuchof theserviceareaaspossible.In this case,
theserviceoutageconstraintcharacterizesthespatialcoverage
requirementof thesystem.The objective is thento maximize
theaveragerateoverall geographiclocationssubjectto meeting
theserviceoutageconstraint.

Theremainderof this paperis organizedasfollows. In Sec-
tion II, thesystemmodelandtheoptimizationproblemarepre-
sented.In SectionIII, theoptimumallocationpolicy is derived.
In SectionIV, asupportingtheoremfor theoptimumallocation
policy is proved.Furtherdiscussionof theoptimumsolutionis
presentedin SectionV.

I I . THE ALLOCATION PROBLEM

In thiswork, weemploy theblock�at fadingGaussianchan-
nel (BF-AWGN) model[9]. In theBF-AWGN channel,ablock
of N symbolsexperiencesthesamechannelstate,whichis con-
stantover thewholeblock, but mayvary from block to block.
Within eachblockwehavethetime-invariantGaussianchannel
y =

p
hx + n. Herex is the channelinput, y is the channel

output,n is white Gaussiannoisewith variance� 2, andh is
thechannelstate.Let f (h) denotetheprobabilitydensityfunc-
tion of thechannelstateh andF (h) denotethecorresponding
cumulative distribution function(CDF). Here,we considerthe
casewhereF (h) is a continuousfunctionandthepower allo-
cationis adeterministicfunctionof channelstate.

We make thefollowing assumptions:
� The channelstateinformationis known perfectlyat both

transmitterandreceiver.
� Onecodeword spansonefadingblock andtheblock size

N is large.
� The fading processis ergodic over the time scaleof the

application.
As pointedout in [10], it makessenseto studytheBF-AWGN
channelasN ! 1 , sincefor typical practicalsystemsN is
fairly largeandoutageis thedominanterroreventwhenusing
anactualcode.Let p(h) denotethetransmissionpoweratchan-
nel stateh. Thenthemaximumachievablerateat eachblock is
the capacityof Gaussianchannelwith received power hp(h),
andis denotedasR[hp(h)], where

R[P] =
1
2

log2

�
1 +

P
� 2

�
: (1)

Therefore, the resourceallocation problem requires�nding
only theoptimumpower allocationp� (h). Undertheassump-
tion of the ergodicity of fadingprocess,the time averagerate
of thesystemcanbecharacterizedby theexpectedrate.There-
fore,giventheaveragepowerPav , thebasicservicerater o, and
theallowableserviceoutageprobability� , wewishto maximize
theexpectedcoderate,asfollows:

R� = max
p(h)

Eh f R[hp(h)]g (2)

subjectto: Eh f p(h)g � Pav (2a)

p(h) � 0 (2b)

Prf R[hp(h)] < r og � � : (2c)

In the absenceof the service outageconstraint(2c), R �

would be the ergodic capacityfor the fadingchannel,andthe
well known water �lling allocation[7, 8] would be the corre-
spondingoptimumpowerassignment.

I I I . OPTIMUM POWER AND RATE ALLOCATION

In this section, we derive an optimum power allocation
p� (h) for problem(2). The dif�culty in deriving p� (h) is pri-
marily due to the probabilisticnatureof the constraint(2c).
Here,we show how an optimumpower allocationcanbe de-
rived basedon a problemanalogousto (2) with a determin-
istic constrainton the assignedrate. Given a basic service
rate ro and a power policy p(h), the serviceset is de�ned
as H s(p(h)) = f hjR[hp(h)] � r og, and the outage set is
H o(p(h)) = f hjR[hp(h)] < r og.

Ourapproachwill beto show thatthereis anoptimalsolution
to problem(2) with a particularform of a serviceset. Prior to
showing this,we solve thefollowing subproblemin which it is
requiredthattheservicesetcontainsanarbitrarysetH a .

R� (H a ) = max
p(h)

Eh f R[hp(h)]g (3)

subjectto: Eh f p(h)g � Pav (3a)

p(h) � 0 (3b)

R[hp(h)] � ro h 2 H a : (3c)

Let p� (h; H a) denotean optimum solution to problem (3).
Therefore,p� (h; H a) achievesthehighestaveragerateamong
all theschemeswhoseservicesetcontainsH a .

Problem(3) doesnot necessarilyhave a solutionfor a given
(Pav ; ro; H a). Constraint(3c) impliesthata feasibleallocation
p(h) mustsatisfy

p(h) �
� 2(22r o � 1)

h
h 2 H a : (4)

This implies that theminimumaveragepower neededto meet
theconstraint(3c) for a given(r o; H a) is

Pmin (ro; H a) =
Z

H a

� 2(22r o � 1)
h

f (h) dh : (5)

Consequently, problem (3) has a solution only if Pav �
Pmin (ro; H a). WhenPav = Pmin (ro; H a) the corresponding
powerallocationis theon-off channelinversionpolicy

p� (h; H a ) =

8
<

:

� 2(22r o � 1)
h

h 2 H a ;

0 otherwise:
(6)

WhenPav > Pmin (ro; H a) thecorrespondingpowerallocation
is givenby thefollowing theorem.We usethenotation(x)+ =
max(x; 0).

Theorem 1 WhenPav > Pmin (ro; H a) the optimumsolution
for problem(3) is:

p� (h; H a) =

8
>><

>>:

� 2(22r o � 1)
h

h 2 H a \
�

h � h022r o
	

;

� 2

�
1
h0

�
1
h

� +

otherwise:

(7)
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where h0 is thesolutionof Eh f p� (h; H a)g = Pav .

Theorem1 follows from standardvariationalarguments;the
proof appearsin the Appendix. Note that when Pav =
Pmin (ro; H a ) the resultingpower allocation(6) canbeviewed
asalimiting caseof expression(7)ash0 ! 1 . Thepowerallo-
cationp� (h; H a ) is acombinationof channelinversionandwa-
ter �lling allocations.To obtaina high averagerate,we would
like to allocatepower in the form of the water �lling alloca-
tion, while to meettheserviceconstraint(3c),wemustallocate
power no lessthanthechannelinversionallocationwithin the
setH a . Thesolutionp� (h; H a) balancesthesetwo factors.

To characterizethesolutionto theoptimizationproblem(2),
we de�ne h� asthe solutionto F (h� ) = � . The thresholdh�

partitionsthechannelsinto asetH � = f h � h� g of goodchan-
nelsandthecomplementarysetH � = f h < h� g of badchan-
nels. In the following, we show that the solutionof (3) with
H a = H � , speci�cally p� (h) = p� (h; H � ), is anoptimumsolu-
tion of problem(2). In orderto provethis,wede�ne thepartial
ordering� andshow anumberof preliminaryresults.

Definition 1 H 1 � H 2 if h1 < h2 for all h1 2 H 1 andh2 2
H 2.

Theorem 2 Problem(2)hasanoptimalsolutionp� (h) with the
outage setH o(p� (h)) andtheservicesetH s(p� (h)) satisfying
H o(p� (h)) � H s(p� (h)) .

Theorem2 showsthatthereexistsanoptimumpowerallocation
suchthattheoutageoccurswhenthechannelstateis worsethan
a particularthreshold. Proof of Theorem2 involvesa some-
whatcomplicatedtwo-stepconstructionandis deferredto Sec-
tion IV.

UsingTheorem2 andthe fact thatPrfH s(p� (h))g � 1 � �
by constraint(2c), it is easyto show thefollowing corollary.

Corollary 1 Problem(2) hasan optimumsolutionp� (h) such
thatH � � H s(p� (h)) .

Now we can prove p� (h) = p� (h; H � ) by showing that
R� = R� (H � ). With H a = H � in theoutageconstraint(3c),
theservicesetof p� (h; H � ) mustcontainH � . Thusp� (h; H � )
satis�es the outageconstraint(2c) andis a feasiblepower al-
locationschemefor problem(2), implying R � (H � ) � R� . On
theotherhand,Corollary1 impliesthatproblem(2) hasanopti-
malsolutionp� (h) achievinganaveragerateof R � thatsatis�es
constraint(3c) with H a = H � . Thus,p� (h) is a feasiblepower
allocationschemefor problem(3) andR � � R� (H � ). Conse-
quently, R � = R� (H � ). In conclusion,an optimumsolution
is p� (h) = p� (h; H � ) andthe following conclusionsapply to
problem(2).

� Problem(2) is feasibleif only if (Pav ; ro; � ) satis�es

Pav � Pmin (ro; H � ) =
Z 1

h �

� 2(22r o � 1)
h

f (h) dh ; (8)

� WhenPav = Pmin (ro; H � ) we have

p� (h) =

8
<

:

� 2(22r o � 1)
h

h � h� ;

0 h < h� :
(9)

� WhenPav > Pmin (ro; H � ), wecanapplyTheorem1 with
H a = H � yielding anoptimumsolutionto problem(2) of
theform

p� (h) =

8
>><

>>:

� 2(22r o � 1)
h

h� � h � minf h� ; h�
022r og;

� 2

�
1
h�

0
�

1
h

� +

otherwise;

(10)
whereh�

0 is thesolutionof Eh f p� (h)g = Pav . As Pav ap-
proachesPmin (ro; H � ), h�

0 ! 1 andthepowerallocation
(10) will reduceto theon-off channelinversionallocation
(9).

IV. OPTIMUM SERVICE SETS

In this section,we will proveTheorem2, which impliesthat
we can�nd an optimal solutionwhoseservicesetH s(p� (h))
includesthegoodchannelstatesH � . Our approachwill be to
show that givenan arbitraryfeasiblepower allocationscheme
p̂(h), we can always constructa betterschemep00(h) which
satis�es H o(p00(h)) � H s(p00(h)) . This implies that thereis
anoptimumpowerallocationschemep� (h) with H o(p� (h)) �
H s(p� (h)) .

Let Ĥ s denotetheservicesetandR̂ theaverageratefor the
policy p̂(h). Feasibilityof p̂(h) impliesEh f p̂(h)g � Pav and
Prf Ĥ sg � 1 � � . We usea two-stepconstruction.First, we
constructp0(h) from p̂(h) by settingH a = Ĥ s in problem(3),
yielding thesolution

p0(h) = p� (h; Ĥ s)

=

8
>><

>>:

� 2(22r o � 1)
h

h 2 Ĥ s \
�

h < h0
022r o

	
;

� 2

�
1
h0

0
�

1
h

� +

otherwise:

(11)

whereh0
0 is thesolutionof Eh f p� (h; Ĥ s)g = Pav . Herein the

caseof Pav = Pmin (ro; Ĥ s), p0(h) canbeexpressedby (11) as
h0

0 ! 1 . Clearly, p0(h) is feasibleandachievesa higheraver-
ageratethanp̂(h). Second,we constructp00(h) by decompos-
ing p0(h) into a water�lling componentanda residualpower
component.Givenh0

0, we de�ne the following functionsover
thewholechannelstatespace:

p0
wf (h) = � 2

�
1
h0

0
�

1
h

� +

0 � h � 1 ; (12)

p0
res(h) =

�
� 2(22r o � 1)

h
� p0

wf (h)
� +

0 � h � 1 :

(13)

Thefunctionp0
wf (h) is awater�lling allocationover thewhole

channelspace.The functionp0
res(h) is thenonnegative differ-

enceof channelinversionandwater�lling allocations.
From(11),we observethatwater�lling alonemeetstheser-

viceconditionR[hp0(h)] � ro over thesetof channelstates

H 0
wf =

�
hjh � h0

022r o
	

: (14)
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R(hp(h))^

r0

h
serviceset

p (h)

h0
hh 20

2r0

residual power water filling power

h0

h
h 20

2r0

residual power water filling powerp (h)

(a)

(b)

(c)

Fig. 1. (a) Rate allocation R[hp̂(h)] for policy p̂(h), (b) the improved
policy p0(h) given by (16) with water ®lling p0

wf (h) and residual power
1(h 2 H 0

in v )p0
res (h), (c) the new policy p00(h) given by (17) with water

®lling p0
wf (h) andresidualpower 1(h 2 H 00

in v )p0
res (h).

In particular, p0
res(h) = 0 for h 2 H 0

wf while residualpower
p0

res(h) > 0 is neededto meetthe serviceconditionover the
channelinversionset

H 0
in v = Ĥ snH0

wf : (15)

Thus,in termsof theindicatorfunction1(x) suchthat1(x) =
1 whenx is true,and0 otherwise,p0(h) canberewritten in the
form

p0(h) = p0
wf (h) + 1(h 2 H 0

in v )p0
res(h) : (16)

Here,wecall 1(h 2 H 0
in v )p0

res(h) theresidualpowerallocation
for p0(h). As shown in Figure1, p0(h) canbeviewedasa two-
layerallocation:the�rst layeris thewater�lling allocationover
the whole channelspaceand the secondlayer is the residual
powerallocationoverH 0

in v .
Basedon p0(h), we constructp00(h) by preservingthe �rst

layer water �lling allocation and redistributing the residual
power. Intuitively, the bestallocationschemefor the residual
power is to allocateit to thegoodchannelstates.Sincep0

res(h)
is strictly positive within 0 � h < h0

022r o, we will allocatethe
residualpowerovertheinterval [h0

b ; h0
022r o] whereh0

b is chosen
to consumethetotal residualpower. As shown in Figure1, we
have

p00(h) = p0
wf (h) + 1(h 2 H 00

in v )p0
res(h) : (17)

where

H 00
in v =

�
h0

b � h < h0
022r o

	
; (18)

andh0
b is thesolutionto
Z

H 00
in v

p0
res(h)f (h) dh =

Z

H 0
in v

p0
res(h)f (h) dh : (19)

Note that (16), (17), and (19) imply that p00(h) hasthe same
totalpowerasp0(h).

Let R0 andR00denotetheaverageratesfor p0(h) andp00(h),
respectively. The following lemmagivesus the propertiesof
p00(h).

Lemma 1 Thepowerschemep00(h) hasthefollowing proper-
ties:
(a) Eh f p00(h)g = Eh f p0(h)g = Pav

(b) H o(p00(h)) � H s(p00(h))
(c) R00� R0

(d) PrfH s(p00(h))g � PrfH s(p0(h))g.

Proofof Lemma1 is givenin Appendix. Hence,wesummarize
theproof:

1) Startwith arbitraryp̂(h) with averagerateR̂ andservice
setĤ s.

2) SetH a = Ĥ s andsolve(3) yieldingp0(h) with rateR0 �
R̂ andservicesetH s(p0(h)) containingĤ s.

3) Decomposep0(h) into water �lling p0
wf (h) andresidual

powercomponents1(h 2 H 0
in v )p0

res(h).
4) Fix the water �lling componentp0

wf (h) and reallocate
the residualpower to generatep00(h). The power pol-
icy p00(h) satis�esPrfH s(p00(h))g � PrfH s(p0(h))g and
R00 � R0. Hence,p00(h) is a betterpower allocation
schemethanp0(h) for problem(2).

We can conclude that from any feasible p̂(h) we can ob-
tain a betterpower allocationp00(h) in which H o(p00(h)) �
H s(p00(h)) holds. This implies that problem(2) hasan opti-
mumsolutionp� (h) satisfyingH o(p� (h)) � H s(p� (h)) .

V. PROPERTIES OF THE OPTIMUM POLICY

In SectionIII, we derived the optimum allocationscheme
for problem(2). In this section,we will discussthis optimum
solution,andshow how problem(2) in this paperis relatedto
thecapacityversusoutageprobabilityproblem.

Theoptimumpowerallocationscheme(10) includesa com-
bination of channelinversionand water �lling. For a given
probabilitydistribution f (h), theoptimumsolutionbelongsto
oneof the following possibletypesdependingon thevalueof
(Pav ; ro; � ):1

I WhenPav = Pmin (ro; H � ), p� (h) includesno transmis-
sionfor h < h� andchannelinversionfor h � h� .

II WhenPav > Pmin (ro; H � ) but h� � h�
0, p� (h) includes

no transmissionfor h < h� , channelinversionfor h� �
h < h�

022r o, andwater�lling for h � h�
022r o.

III WhenPav is suf�ciently high suchthath� 2� 2r o < h�
0 <

h� , p� (h) includesno transmissionfor h < h�
0, water�ll-

ing for h�
0 � h < h� , channelinversionfor h� � h <

h�
022r o, andwater�lling for h � h�

022r o.

1 In thecaseof r o = 0 or � = 1, thesolutiontypesII andIII will degenerate
into solutiontypeIV, which is thepurewater®lling allocation.
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Fig. 2. For optimumsolutiontypesI-IV, power policiesaregivenon the left
andcorrespondingrateallocationareon theright.

IV WhenPav is high enoughfor h�
0 � h� 2� 2r o, p� (h) is just

thewater�lling allocation.
Thesefour types of power allocation schemesas well as

the correspondingrate allocationsare depictedin Figure 2.
For solution types I, II, and III, the optimum serviceset is
H s(p� (h)) = H � andtheresultingoutageprobabilityis � , while
for typeIV solutionH � � H s(p� (h)) andtheresultingoutage
probability is lessthan� . TypeI solutionis theon-off channel
inversionallocation.In this case,we have just enoughaverage
power to satisfytheserviceoutageconstraint.Whenwe have
extra power beyond Pmin (ro; H � ), we canallocatethe power
in a moreef�cient way to obtaina higheraveragerateand,at
the sametime, to meet the serviceoutageconstraint. When
Pav is suf�ciently high for thewater�lling allocationto satisfy
theserviceoutageconstraint,thenit mustalsobetheoptimum
solutionfor problem(2). Thus,for agivenpair (r o; � ), theopti-
mumpower allocationschemegraduallychangesfrom theon-
off channelinversionallocationto thewater�lling allocationas
Pav increases.

Now we examinetheconnectionof theserviceoutageprob-
lem with the outagecapacityin [10] andthe ergodiccapacity
in [4]. TheoutagecapacityC� (Pav ) in [10] speci�esthemaxi-
mumsupportableratefor a givenaveragepower Pav with out-
ageprobability � , which implies that the basicservicerate in
this work mustsatisfyr o � C� (Pav ). It is easyto seethat the
above condition is equivalent to the feasibility condition (8),
that is, Pav � Pmin (ro; H � ). Furthermore,we canseethat the
resultingaveragerateR � changesfrom r o(1 � � ) to theergodic
capacitywith increasingPav for agiven(r o; � ). In Fig 3, theex-
pectedrateachievedby theserviceoutageapproachis plotted
againsttheergodiccapacityandtheoutagecapacityin Rayleigh
fadingchannelwith normalizedmeanfor channelgainandnor-
malizednoisevariance.As wecansee,for agivenoutageprob-
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Fig. 3. Comparisonof serviceoutageapproachwith othercapacitynotionsin
theRayleighfadingchannel,for a®xed� = 0:01.
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Fig.4. Outageprobabilityachievedby thewater®lling allocationfor different
basicrater 0 .

ability � = 0:01, the outagecapacityhasnearly a 5 dB loss
in averagepower comparedto theergodiccapacityfor a given
rate. Betweenthe outagecapacityandthe ergodiccapacity, a
numberof serviceoutageapproacheswith differentbasicrates
exist. The outageprobability for differentr 0 achieved by the
water�lling allocationis alsoplottedagainsttheserviceoutage
approachwith a given � = 0:01 in Fig 4. It canbe observed
that, for a rangeof Pav , the serviceoutageapproachachieves
a ratevery closeto theergodiccapacity, andat thesametime
signi�cantly reducestheoutageprobability. Hence,theservice
outageapproachstrikesgoodbalancebetweenaveragerateand
outageprobability.

APPENDIX

Proof: Theorem 1 WhenPav � Pmin (ro; H a), problem(3) is
feasibleandcanbe,equivalently, translatedinto the following
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problem:

max
p(h)

Eh f R[hp(h)]g (20)

subjectto Eh f p(h)g = Pav (20a)

p(h) � 0 (20b)

p(h) �
� 2(22r o � 1)

h
h 2 H a : (20b)

This is a standardvariationaloptimizationproblem[14]. The
objective function is concave on p(h) and the constraintsare
linear functionsof p(h). Thenp� (h; H a) is theoptimumsolu-
tion if f it satis�esthe theKuhn-Tuckerconditions[15]. Using
a Lagrangemultiplier h0

2log (2) � 2 > 0, we de�ne

g(p(h); h; h0) =
�
R[hp(h)] �

h0

2 log(2)� 2 p(h)
�

f (h) : (21)

Let H denotethesetwith non-boundarypointsas

H =
�

h 2 H a

�
�
�
�p

� (h; H a) >
� 2(22r o � 1)

h

�

[ f h =2 H a jp� (h; H a) > 0g : (22)

It is easyto verify thatwhenh 2 H thep� (h; H a) satis�es

dg(p� (h; H a); h; h0)
dp� (h; H a)

= 0; (23)

otherwisethep� (h; H a) satis�es

dg(p� (h; H a); h; h0)
dp� (h; H a)

� 0: (24)

Therefore,thep� (h; H a) is theoptimumsolution. 2

Proof: Lemma 1 Power schemesp0(h) andp00(h) differ in the
allocationof the residualpower. In order to show that p00(h)
allocatestheresidualpower in a betterway thanp0(h), we de-
�ne thefollowing poweref�ciency functionfor p0

res(h) over its
strictly positivespace.

Definition 2 Thepoweref�ciency function� (h) for p0
res(h) is

� (h) =
ro � R[hp0

wf (h)]
p0

res(h)
0 � h < h0

022r o : (25)

Thepoweref�ciency functionindicatestherateincrementcor-
respondingto a unit powerassignedfrom p0

res(h). We have the
following propertyfor � (h).

Proposition 1 Thepoweref�ciency function� (h) is a strictly
increasingfunctionof h over theinterval0 � h < h0

022r o.

Proof: Proposition 1 We considerthecasesh � h0
0 andh �

h0
0 separately. For h � h0

0, we havep0
wf (h) = 0 and

� (h) =
hr o

� 2(22r o � 1)
; (26)

which is anincreasingfunctionof h.

For h � h0
0, (12), (13),and(25) imply

� (h) =
ro � (1=2) log2(h=h0

0)

� 2
�

22r o

h � 1
h0

0

� : (27)

Wede�ne u(h) = r o � 1=2 log2(h=h0
0), sothat� (h) = �̂ (u(h))

where

�̂ (u) =
h0

0

� 2

u
22u � 1

(28)

It is straightforwardto verify that �̂ (u) is a strictly decreasing
function of u for u � 0. Sinceu(h) is a strictly decreasing
functionof h andu(h) � 0 whenh � h0

022r o, it follows that
� (h) is anincreasingfunctionof h for h0

0 � h � h0
022r o . 2

We also employ the following propositionfor the proof of
Lemma1.

Proposition 2 For disjoint sets	 0 and 	 00, let f (x) bean ar-
bitrary function such that f (x00) � f (x0) for all x00 2 	 00

and x0 2 	 0. For any nonnegative function g(x) satisfy-
ing

R
	 00 g(x)dx =

R
	 0 g(x)dx, we have

R
	 00 f (x)g(x)dx �R

	 0 f (x)g(x)dx.

With these preliminaries, we now verify the claims of
Lemma1.

(a) Equations(16), (17), and (19) imply Eh f p00(h)g =
Eh f p0(h)g = Pav .

(b) From equations(17) and (18), the service and out-
age setsof p00(h) are H s(p00(h)) = f hjh � h0

bg and
H o(p00(h)) = f hjh < h0

bg respectively. Therefore,
H o(p00(h)) � H s(p00(h)) .

(c) Let 	 = H 0
in v \ H 00

in v so that 	 0 = H 0
in v n	 and

	 00= H 00
in v n	 aretwo disjoint setsandnonemptywhen

p00(h) 6= p0(h). The averagerate of p0(h) can be ex-
pressedas

R0 =
Z 1

0
R[hp0

wf (h)]f (h) dh

+
Z

H 0
in v

(ro � R[hp0
wf (h)]) f (h) dh : (29)

Theratecontributionof thewater�lling componentis

Rwf =
Z 1

0
R[hp0

wf (h)]f (h) dh : (30)

SinceH 0
in v = 	 [ 	 0, De�nition 2 for the ef�ciency

function� (h) allowsusto write

R0 = Rwf +
Z

H 0
in v

� (h)p0
res(h)f (h) dh (31)

= Rwf +
Z

	
� (h)p0

res(h)f (h) dh

+
Z

	 0
� (h)p0

res(h)f (h) dh : (32)

Similarly, H 00
in v = 	 [ 	 00, sotheaverageratefor p00(h)

canbeexpressedas

R00 = Rwf +
Z

	
� (h)p0

res(h)f (h) dh

+
Z

	 00
� (h)p0

res(h)f (h) dh : (33)
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Thus,

R00� R0 =
Z

	 00
� (h)p0

res(h)f (h) dh

�
Z

	 0
� (h)p0

res(h)f (h) dh : (34)

Notethattheconstructionof H 00
in v implies	 0 � 	 00. That

is,h00� h0 for any h002 	 00andh0 2 	 0. By Proposition
1, � (h) is a strictly increasingfunctionof h for 0 � h <
h0

022r o. Thus, � (h00) � � (h0). Furthermore,equation
(19) implies

Z

	 00
p0

res(h)f (h) dh =
Z

	 0
p0

res(h)f (h) dh : (35)

Therefore,the conditionsof Proposition2 are satis�ed
andwehaveR00� R0.

(d) Fromequations(11), (15), (17) and(18), theservicesets
H s(p0(h)) andH s(p00(h)) aredisjointunionsgivenby

H s(p0(h)) = H 0
wf [ H 0

in v = H 0
wf [ 	 [ 	 0; (36)

H s(p00(h)) = H 0
wf [ H 00

in v = H 0
wf [ 	 [ 	 00: (37)

This implies

PrfH s(p00(h))g � PrfH s(p0(h))g (38)

= Prf 	 00g � Prf 	 0g (39)

=
Z

	 00

1
p0

res(h)
p0

res(h)f (h) dh

�
Z

	 0

1
p0

res(h)
p0

res(h)f (h) dh : (40)

Fromequations(12) and(13),we observe that1=p0
res(h)

is aincreasingfunctionof h. Since	 0 � 	 00, Proposition
2 impliesPrfH s(p00(h))g � PrfH s(p0(h))g.

2
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powerallocationin parallelfadingchannels”,in IEEE International Sym-
posium on Information Theory, pp.108,June2002.

[14] J.C. Clegg, Calculus of Variations, JohnWiley Sons,Inc., 1967.
[15] M. S. Bazaraaand C. M. Shetty, Nonlinear programming theory and

algorithms, JohnWiley andSons,1979.

L IST OF FIGURES

1 (a) RateallocationR[hp̂(h)] for policy p̂(h), (b)
the improved policy p0(h) given by (16) with
water �lling p0

wf (h) and residualpower 1(h 2
H 0

in v )p0
res(h), (c) the new policy p00(h) given by

(17) with water�lling p0
wf (h) andresidualpower

1(h 2 H 00
in v )p0

res(h). . . . . . . . . . . . . . . . . 4
2 For optimumsolution typesI-IV, power policies

aregivenon the left andcorrespondingrateallo-
cationareon theright. . . . . . . . . . . . . . . . 5

3 Comparisonof serviceoutageapproachwith other
capacitynotionsin the Rayleighfadingchannel,
for a �x ed� = 0:01. . . . . . . . . . . . . . . . . 5

4 Outageprobability achieved by the water �lling
allocationfor differentbasicrater 0. . . . . . . . . 5

Jianghong Luo receivedherB.S.andM.S. degreesin Elec-
trical Engineeringfrom Universityof ScienceandTechnology
of China,Hefei,China.Since1997shehasbeenaPh.D.candi-
dateatWINLAB, Rutgers- theStateUniversityof New Jersey.

Lang Lin (S'97) received his B.S. andM.Phil. degreesin
electricalengineeringfrom Beijing University, China,andthe
HongKongUniversityof ScienceandTechnology, respectively.
Since1997hehasbeenaPh.D.candidateatWINLAB, Rutgers
- theStateUniversityof New Jersey, New Jersey.

Roy Yates receivedtheB.S.E.degreein 1983from Prince-
ton University, and the S.M. and Ph.D. degreesin 1986 and
1990 from M.I.T., all in Electrical Engineering. Since1990,
he hasbeenwith the WirelessInformationNetworks Labora-
tory (WINLAB) and the ECE departmentat RutgersUniver-
sity. Presently, heservesasanAssociateDirectorof WINLAB
andProfessorin theECEDept. He is a co-author(with David
Goodman)of the text ProbabilityandStochasticProcesses:A
Friendly Introductionfor ElectricalandComputerEngineers,
John Wiley and Sons,1999. His researchinterestsinclude
powercontrol,interferencesuppression,andmediaaccesspro-
tocolsfor wirelesscommunicationssystems.
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