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Abstract—This paper combinesthe conceptsof ergodic capac-
ity and capacity versusoutage for fading channels,and explores
variable rate transmissionsunder a setvice outageconstraint in a
block at fading channelmodel. A sewice outageoccurswhenthe
transmissionrate is below a given basicrate. We solwe the prob-
lem of maximizing the expectedrate subjectto the averagepower
constraint and the sewice outage probability constraint. When
the problem is feasible,the optimum power policy is shown to be
a combination of water lling and channel inversion allocation,
where the outageoccurs at a setof channel statesbelow a certain
threshold. The sewice outage approach resohes the con icting
objectivesof high averagerate and low outageprobability.

Index Terms—Adaptive transmission, block-fading channel,er-
godic capacity, outagecapacity, sewice outage

|. INTRODUCTION

Wirelesscommunicatiorchannels/ary with time dueto mo-
bility of usersandchangesn theernvironment.For atime vary-
ing channel,dynamicallocation of resourcessuchas power,
rate,andbandwidthcanyield improvedperformancever x ed
allocationstratgies.Indeed adaptve techniquesreemployed
in EDGE [1], GPRSJ2], and HDR [3], and are proposedas
standard$or next generatiorcellularsystemsThesystenper
formancecriterionis usuallyapplicatiorspeci c; thereforedif-
ferentclasse®f applicationswill bene t from speci c adaptve
transmissiorschemes.In orderto differentiatereal-time ser
vice from nonreal-timeservice,threecapacitymeasurefiave
beende ned in the literature: ergodic capacity[4], delaylim-
ited capacity[5], andcapacityversusoutageprobability[9-11].
A comprehensie suney of theseconceptxanbefoundin [6].

The ergodic capacity[4] was developedfor non real-time
dataserviceslt determineshe maximumachievablerateaver
agedover all fadingstates.The correspondingptimumpower
allocationis thewell known water lling allocation[7,8]. The
ergodiccapacitymay not be relevantfor real-timeapplications
in a slow fadingervironment,wheresubstantiabelay canoc-
curwhenaveragingover all fadingstates Delaylimited capac-
ity [5] andthe capacityversusoutageprobability [9-11] were
developedfor constant-rateeal-timeapplications. The delay
limited capacityspeci esthe highestachiezableratewith a de-
codingdelayindependenof fading correlationstructureq5].
The outagecapacityin the capacityversusoutageprobability
problemdetermineghe -achievablerate[12] of the M -block
fadingchannel. The correspondingptimumpower allocation
wasderivedin [10] for M parallel at fadingblocks(frequeny
diversity or spacediversity), andin [11] for M consecutie
at fadingblocks (time diversity). The zero-outagecapacity
in [10,11]is alsoreferredto asthedelay-limitedcapacity

Thoughtheoutagecapacitystudieghecapacityfor constant-
rate real-time applications,the constant-rateassumptiormay

not be essentiafor mary real-timeapplications. For applica-
tions with simultaneous/oice and datatransmissionsfor ex-
ample,assoonasabasicrater,, for the voice servicehasbeen
guaranteedary excessrate can be usedto transmitdatain
a besteffort fashion. For somevideo or audio applications,
the sourceratecanbe adaptedaccordingto the fadingchannel
conditionsto provide multiple quality of servicelevels. Typi-
cally theseapplicationsrequirea nonzerobasicservicerater o
to achiese a minimum acceptableservicequality. Motivated
by thesevariable-rateaeal-timeapplicationswe studyvariable
rate transmissiorschemesubjectto a basicrate requirement
in a slow fadingervironment. By allowing variableratetrans-
missionsthevariationof thefadingchannetanbeexploitedto
achieve anaverageratehigherthanthe outagecapacity By im-
posinga basicraterequirementthe systemcanbe guaranteed
to operateproperly

Since in nite average power is neededto achieve ary
nonzerorateat all timesin a Rayleighfadingchannelwe im-
posea probabilisticbasicserviceraterequirementthatwe call
a serviceoutageconstraint.The serviceis saidto bein anout-
agewhentheinformationrateis smallerthanthe basicservice
rater,. Servicequality is acceptableslong asthe probability
of the serviceoutageis lessthan , a parameteindicatingthe
outagetoleranceof theapplication.Unlike theinformationout-
agein the capacityversusoutageprobability problem[10,11],
thebits transmittedduringthe serviceoutagemay still be valu-
ablein thatthey will betransmittecreliably andwill contribute
totheaveragerate.

For variable-ratesystemsthe expectedrate determineow
muchratecanbetransmittecbntheaverageandis ameaningful
measureof systemperformance.Therefore,in this paper the
allocationproblemis to nd the power andrateallocationthat
maximizethe expectedrate subjectto the serviceoutagecon-
straintandtheaveraggpowerconstraint.Undertheassumptions
of ablock at fadingAWGN channelmodelandperfectchan-
nelstateinformationatthetransmitterwe verify thattheoutage
shouldoccur at bad channelstatesbelown a certainthreshold.
Theresultingoptimumpower allocationis shavn to bea com-
binationof channelinversionandwater lling whenthe allo-
cationproblemis feasible.The serviceoutageapproactstrikes
goodbalancebetweenthe averagerate and the outageproba-
bility. This approacthasbeengeneralizedo the caseof code
wordsspanningnultiple blocksin [13]. Althoughacontinuous
fadingdistribution is assumedn this paper the resultscanbe
extendedinto the caseof discretefadingdistributionsby em-
ploying a probabilisticpower allocation,asexampli ed by the
policiesin [10].

Although our problemhasbeenmotivatedby real time ap-
plications,it alsocharacterizesoverageversuscapacitytrade-
offs. In particular mobility in cellularsystemgesultsin chan-



nelvariationsdueto changesn distanceattenuationAn impor-
tantobjective of a cellular systemis to provide a basicservice
rateover asmuchof the serviceareaaspossible.In this case,
the serviceoutageconstraintcharacterizethe spatialcoverage
requiremenbf the system. The objectie is thento maximize
theaverageateoverall geographidocationssubjectto meeting
theserviceoutageconstraint.

Theremainderof this paperis organizedasfollows. In Sec-
tion Il, thesystenmodelandtheoptimizationproblemarepre-
sentedln Sectionlll, theoptimumallocationpolicy is derived.
In SectionlV, asupportingheorenfor theoptimumallocation
policy is proved. Furtherdiscussiorof the optimumsolutionis
presentedn SectionV.

Il. THE ALLOCATION PROBLEM

In thiswork, we employ theblock at fadingGaussiarchan-
nel (BF-AWGN) model[9]. In theBF-AWGN channelablock
of N symbolsexperienceshesamechannektate whichis con-
stantover the whole block, but may vary from block to block.
Withip eachblock we have thetime-invariantGaussiarchannel
y = hx + n. Herex is the channelinput, y is the channel
output, n is white Gaussiamoisewith variance 2, andh is
thechannektate.Letf (h) denotethe probabilitydensityfunc-
tion of the channelstateh andF (h) denotethe corresponding
cumulative distribution function (CDF). Here,we considerthe
casewhereF (h) is a continuousfunction andthe power allo-
cationis adeterministicfunctionof channektate.

We make thefollowing assumptions:

The channelstateinformationis known perfectlyat both

transmitterandrecever.

Onecodeavord spansonefadingblock andthe block size

N islarge.

The fading processs ergodic over the time scaleof the

application.
As pointedoutin [10], it makessensdo studythe BF-AWGN
channelasN ! 1 , sincefor typical practicalsystemsN is
fairly large andoutageis the dominanterror eventwhenusing
anactualcode.Let p(h) denotehetransmissiompoweratchan-
nelstateh. Thenthe maximumachievablerateat eachblockis
the capacityof Gaussiarchannelwith received power hp(h),
andis denotedasR[hp(h)], where

1+E2 : Q)

1

R[P]= > log,
Therefore, the resourceallocation problem requires nding
only the optimumpower allocationp (h). Underthe assump-
tion of the ergodicity of fading processthe time averagerate
of thesystemcanbe characterizethy the expectedrate. There-
fore, giventheaveragepower P, , thebasicservicerater,, and
theallowableserviceoutageprobability , wewishto maximize
theexpectedcoderate,asfollows:

R = r&ﬁ)thfR[hp(h)]g 2
subjectto: En fp(h)g Pa (2a)
p(h) © (2b)

Pif R[hp(h)] < rog (2¢)

In the absenceof the service outage constraint(2c), R
would be the ergodic capacityfor the fadingchannel,andthe
well known water lling allocation[7, 8] would be the corre-
spondingoptimumpower assignment.

I1l. OPTIMUM POWER AND RATE ALLOCATION

In this section, we derive an optimum power allocation
p (h) for problem(2). Thedif culty in derving p (h) is pri-
marily due to the probabilistic nature of the constraint(2c).
Here,we shov how an optimum power allocationcan be de-
rived basedon a problemanalogouso (2) with a determin-
istic constrainton the assignedrate. Given a basic service
rate r, and a power policy p(h), the servicesetis de ned
as Hg(p(h)) = fhjR[hp(h)] rog, and the outage setis
Ho(p(h)) = fhjR[hp(h)] < rog.

Ourapproachwill beto shaw thatthereis anoptimalsolution
to problem(2) with a particularform of a serviceset. Prior to
shawing this, we solve thefollowing subproblemnin whichit is
requiredthatthe servicesetcontainsanarbitrarysetH ;.

R (Ha) = T(ﬁ-)XEh fR[hp(h)]g 3)
subjectto: En fp(h)g Pa (3a)
p(h) O (3b)
R[hp(h)] ro h2H,: (3c)

Let p (h;Ha) denotean optimum solution to problem (3).
Thereforep (h; H,) achieresthe highestaveragerateamong
all theschemesvhoseservicesetcontainsH 5.

Problem(3) doesnot necessariljhave a solutionfor a given
(Pav;ro; Ha). Constrain3c)impliesthatafeasibleallocation
p(h) mustsatisfy

2(92r,
oy 22 @

This implies that the minimum averagepower neededo meet
theconstrain{3c) for agiven(ro; Hy) is

z 2(22rO 1)
ue N
Consequently problem (3) has a solution only if Py,
Pmin (ro; Ha). WhenPy, = Pnin (ro; Ha) the corresponding
power allocationis the on-off channeinversionpolicy
8
< 2(22rO 1)
p (hiHa) = h
-0

h2H,:

Pmin (ro; Ha) = f(h)dh: (5)

h2Hg;
otherwise:

(6)

WhenP,, > Pnin (ro; Ha) thecorrespondingower allocation
is givenby thefollowing theorem We usethenotation(x)* =
max(x; 0).

Theorem 1 WhenP,, > Pnin (ro; Ha) the optimumsolution
for problem(3) is:

8 2(22r0 1)

3 —=—— h2Ha\ h he2*° ;
p (h;Ha) = 3 1 17 _

: h_o n otherwise:

(7)



wheie hg is thesolutionof E fp (h;Hz)g = Pay.

Theorem1 follows from standardvariational arguments;the
proof appearsin the Appendix. Note that when Py, =
Pmin (ro; Ha) theresultingpower allocation(6) canbe viewed
asalimiting caseof expressior(7)ashy ! 1 . Thepowerallo-
cationp (h; H,) is acombinatiorof channeinversionandwa-
ter lling allocations.To obtaina high averagerate,we would
like to allocatepower in the form of the water lling alloca-
tion, while to meetthe serviceconstraini3c), we mustallocate
power no lessthanthe channelinversionallocationwithin the
setH,. Thesolutionp (h; H,) balanceshesetwo factors.

To characterizehe solutionto the optimizationproblem(2),
we de ne h asthesolutionto F(h ) = . Thethresholdh
partitionsthechannelsntoasetH = fh h gof goodchan-
nelsandthe complementargetH = fh < h g of badchan-
nels. In the following, we shav that the solution of (3) with
Ha = H ,specicallyp (h) = p (h;H ), isanoptimumsolu-
tion of problem(2). In orderto prove this, we de ne the partial
ordering andshaov anumberof preliminaryresults.

Definition1 Hy
Hos.

H, if hy < hy forallhy 2 Hy andhy 2

Theorem 2 Problem(2) hasanoptimalsolutionp (h) with the
outage setH ,(p (h)) andtheservicesetH¢(p (h)) satisfying

Ho(p (h))  Hs(p (h)).

Theoren? shavsthatthereexistsanoptimumpowerallocation
suchthattheoutageoccurswhenthechannektateis worsethan
a particularthreshold. Proof of Theorem2 involvesa some-
whatcomplicatedwo-stepconstructiorandis deferredto Sec-
tion V.

Using Theorem2 andthefactthatPrfH ¢(p (h))g 1
by constraint(2c), it is easyto shawv thefollowing corollary.

Corollary 1 Problem(2) hasan optimumsolutionp (h) sud
thatH Hs(p (h)).

Now we canprove p (h) = p (h;H ) by showving that
R = R (H ). With Hz = H in the outageconstraint(3c),
theservicesetof p (h;H ) mustcontainH . Thusp (h;H )
satis esthe outageconstraint(2c) andis a feasiblepower al-
locationscheméor problem(2), implyingR (H) R . On
theotherhand,Corollary 1 impliesthatproblem(2) hasanopti-
malsolutionp (h) achievinganaverageateof R thatsatis es
constrain3c)with Hy, = H . Thus,p (h) is afeasiblepower
allocationscheméor problem(3) andR R (H ). Conse-
quently R = R (H ). In conclusion,an optimumsolution
isp (h) = p (h;H ) andthe following conclusionsapply to
problem(2).

Problem(2) is feasibleif only if (Pay;ro; ) satis es

z 1 2 (22r 0 1)
h h

WhenPy, = Pmin (ro; H ) wehave

Pav  Prmin(ro;H ) = f(h)dh; (8)

8

< 2(22rD 1) .
py=. — MM

0 h<h:

(9)

WhenPg,, > Pnin (ro; H ), we canapply Theoreml with
H, = H yieldinganoptimumsolutionto problem(2) of

theform
8 2(22rD 1)
3 —=——= h h minfh;hg2¥°g;
p (h) = +
3 2 11 otherwise;
he h

(10)
whereh, isthesolutionof Ep fp (h)g = Pay. ASPay ap-
proache®min (ro;H ), hg ! 1 andthepowerallocation
(20) will reduceto the on-off channelnversionallocation

(9).

IV. OPTIMUM SERVICE SETS

In this section,we will prove Theorem2, whichimpliesthat
we can nd an optimal solutionwhoseservicesetHs(p (h))
includesthe good channelstatesH . Our approachwill beto
shav that given an arbitraryfeasiblepower allocationscheme
p(h), we can always constructa betterschemep®{h) which
satis esHo(p°{h))  Hs(p®th)). This implies that thereis
anoptimumpower allocationschemep (h) with Ho(p (h))
Hs(p (h)).

Let K< denotethe servicesetandR the averageratefor the
policy p(h). Feasibilityof p(h) impliesEy fp(h)g P4 and
PfHsg 1 . We useatwo-stepconstruction. First, we
constructp®h) from p(h) by settingH, = Hs in problem(3),
yielding the solution

ph) = g (h:Hs)
E 2(22rD 1)

- h2 B\ h< hj22
= +
3 2 h_lo % otherwise:
0

11

whereh] is the solutionof E,fp (h; I—'Ts)g = P, . Herein the

caseof Pay = Pmin (ro; Hs), p%h) canbeexpressedy (11) as
h§ ! 1 . Clearly pXh) is feasibleandachiesesa higheraver-

ageratethanp(h). Secondwe constructp®h) by decompos-
ing p%h) into a water lling componentnda residualpower

component.Givenhg, we de ne the following functionsover

thewhole channektatespace:

+

pos(h) = 2 h—lo % 0 h 1; (12)
0
222r0 1 +
Pres(h) = % pes (M) 0O h 1°:
(13)

Thefunctionp?, (h) is awater lling allocationoverthewhole
channelspace.The function p(h) is the nonneative differ-
enceof channelnversionandwater lling allocations.
From(11),we obsenethatwater lling alonemeetshe ser
vice conditionR[hpyh)]  r, overthesetof channektates
H% = hjh

hg2%"e (14)
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Fig. 1.  (a) RateallocationR[hp(h)] for policy p(h), (b) the improved

policy p%h) given by (16) with water ®lling ;ﬂﬁ (h) and residual power
1(h 2 H? )p%(h), (c) the new policy p°Th) given by (17) with water

inv

®lling (f; (h) andresidualpower1(h 2 H %, )p% (h).

In particular p%s(h) = 0 for h 2 HY; while residualpower
pl.(h) > 0is neededo meetthe serviceconditionover the
channeinversionset

HO, = HsnHY, (15)
Thus,in termsof theindicatorfunction1(x) suchthat1(x) =
1 whenx is true,and0 otherwise p%(h) canberewrittenin the
form

pIh) = Pl (h) + 1(h 2 H,)pes(h) :

Here,wecall 1(h 2 H?,,)ps(h) theresidualpowerallocation
for p%h). As showvn in Figurel, p%h) canbeviewedasa two-
layerallocation:the rst layeristhewater lling allocationover
the whole channelspaceand the secondlayer is the residual
power allocationoverHY? .

Basedon p%(h), we constructp®{h) by preservingthe rst
layer water lling allocation and redistributing the residual
power. Intuitively, the bestallocationschemefor the residual
power is to allocateit to the goodchanneistates Sincep®,(h)
is strictly positve within 0 h < h322"s, we will allocatethe
residualpowerovertheinterval [h3; h§22"°] wherehy is chosen
to consumehetotal residualpower. As shavnin Figurel, we
have

(16)

p"th) = Pl () + 1(h 2 HY)pRes () : 17

where

HY = hp  h< hg2%e (18)

andh? is thesolutionto
y4 4
. Pres(Mf (h) dh =

inv

Pres()f (h) dh:

inv

(19)

Note that (16), (17), and (19) imply that p°{h) hasthe same
total powerasp9(h).

Let R°andR%°denotethe averageratesfor pdh) andp{h),
respectiely. The following lemmagivesus the propertiesof

p°th).

Lemma 1 Thepowerschemep®{h) hasthefollowing proper
ties:

(@) Enfp{h)g= EnfpAh)g= Pay

(b) Ho(pth))  Hs(p*th))

(C) RO0O RO

(d) PriH s(p°th))g  PrfH s(pAh))g.

Proofof Lemmal is givenin Appendix. Hence we summarize
theproof:

1) Startwith arbitraryp(h) with averagerateR andservice
setHs.

2) SetH, = Hs andsolve (3) yieldingp%h) with rateR°®
R andservicesetH s(p%h)) containingHs.

3) Decompose?(h) into water lling p2,; (h) andresidual
powercomponentd (h 2 HY, )p%q(h).

4) Fix the water lling componentp?, (h) and reallocate
the residualpower to generatep®{h). The power pol-
icy p°{h) satis esPrfH ¢(p°{h))g PrfH s(p%h))g and
R% RO Hence,p’{h) is a better power allocation
schemehanp%(h) for problem(2).

We can concludethat from ary feasible p(h) we can ob-
tain a better power allocation p°{h) in which Ho(p°{h))
Hs(p®Yh)) holds. This implies that problem(2) hasan opti-
mumsolutionp (h) satisfyingHo(p (h)) Hs(p (h)).

V. PROPERTIES OF THE OPTIMUM PoLIcy

In Sectionlll, we derived the optimum allocationscheme
for problem(2). In this section,we will discusshis optimum
solution,andshaov how problem(2) in this paperis relatedto
the capacityversusoutageprobability problem.

The optimumpower allocationschemg10) includesa com-
bination of channelinversionand water lling. For a given
probability distribution f (h), the optimumsolutionbelongsto
oneof the following possibletypesdependingon the value of
(Pav; ro; ):l

I WhenPy = Pmin(ro;H ), p (h) includesno transmis-

sionfor h < h andchanneinversionforh h .

Il WhenPy, > Pnin(ro;H ) buth hy, p (h) includes
no transmissiorfor h < h , channelinversionfor h
h < hy22"°, andwater lling forh  hy2%".

I11 WhenP,, is sufciently high suchthath 2 27> < h, <
h, p (h) includesno transmissiorfor h < hg, water II-
ing for h,  h < h, channelinversionfor h h <
ho2%, andwater lling forh  hy22r.

linthecaseofro = Oor = 1, thesolutiontypesll andlll will degenerate
into solutiontype |V, whichis the purewater®Iling allocation.
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Fig. 2. For optimumsolutiontypesl-IV, power policiesaregiven on the left
andcorrespondingateallocationareon theright.

IV WhenP,, is high enoughfor h,
thewater lling allocation.

Thesefour types of power allocation schemesas well as
the correspondingate allocationsare depictedin Figure 2.
For solutiontypesl|, I, andlll, the optimum service set is
Hs(p (h)) = H andtheresultingoutageprobabilityis , while
for typelV solutionH Hs(p (h)) andtheresultingoutage
probabilityis lessthan . Typel solutionis the on-off channel
inversionallocation. In this case we have just enoughaverage
power to satisfythe serviceoutageconstraint. Whenwe have
extra power beyond Pnin (ro; H ), we canallocatethe power
in amoreefcient way to obtaina higheraveragerateand, at
the sametime, to meetthe serviceoutageconstraint. When
Pav is sufciently highfor thewater lling allocationto satisfy
the serviceoutageconstraintthenit mustalsobetheoptimum
solutionfor problem(2). Thus,for agivenpair(r,; ), theopti-
mum power allocationschemegraduallychangedrom the on-
off channelnversionallocationto thewater lling allocationas
P,y increases.

Now we examinethe connectiorof the serviceoutageprob-
lem with the outagecapacityin [10] andthe ergodic capacity
in [4]. The outagecapacityC (Pay,) in [10] speci esthe maxi-
mumsupportableatefor a givenaveragepower P,, with out-
ageprobability , which implies that the basicserviceratein
thiswork mustsatisfyr, C (Pay). It is easyto seethatthe
above conditionis equialentto the feasibility condition (8),
thatis, Pay  Pnin (ro; H ). Furthermorewe canseethatthe
resultingaveragerateR changedromry(1 ) totheergodic
capacitywith increasingP,y, for agiven(r,; ). In Fig 3,theex-
pectedrate achieved by the serviceoutageapproachs plotted
againstheergodiccapacityandtheoutagecapacityin Rayleigh
fadingchannelwith normalizedneanfor channelgainandnor-
malizednoisevariance As we cansee for agivenoutageprob-

h 2 2o p (h) isjust

— ergodic capacity
- . service outage approach with rG:O.S bits/symbol

... service outage approach with r=0.7 bits/symbol
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Fig. 3. Comparisorof serviceoutageapproactwith othercapacitynotionsin
theRayleighfadingchannelfor a®xed = 0:01.
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Fig.4. Outageprobabilityachieved by thewater®Iling allocationfor different
basicraterg.

ability = 0:01, the outagecapacityhasnearlya 5 dB loss
in averagepower comparedo the ergodic capacityfor a given
rate. Betweenthe outagecapacityandthe ergodic capacity a
numberof serviceoutageapproachewith differentbasicrates
exist. The outageprobability for differentro, achiered by the
water lling allocationis alsoplottedagainsthe serviceoutage
approachwith agiven = 0:01in Fig 4. It canbe obsenred
that, for arangeof P, the serviceoutageapproachachieres
aratevery closeto the ergodic capacity andat the sametime
signi cantly reducegheoutageprobability. Hence the service
outageapproactstrikesgoodbalancehetweeraveragerateand
outageprobability.

APPENDIX

Proof: Theorem 1 WhenP,,  Ppmin (fo; Ha), problem(3) is
feasibleandcanbe, equivalently, translatednto the following



problem:
maxEy, f R[hp(h)]g (20)
p(h)
subjectto Ep fp(h)g= Pgy (20a)
p(h) O (20b)
2(92r,
o)y —Z D pop (ob)

h

This is a standardvariationaloptimizationproblem[14]. The
objective functionis concare on p(h) andthe constraintsare
linearfunctionsof p(h). Thenp (h; Hy) is the optimumsolu-
tion iff it satis esthe the Kuhn-Tucker conditions[15]. Using

alLagrangemultiplier W > 0, wede ne

a(p(h)ihiho) = RINGN] 510 ph) )¢ (21)

LetH denotethe setwith non-boundaryointsas

2(22rD 1)
h
[ fhZHgjp (h;HL) > 0g:

H = h2Hap (h;Ha) >
(22)
It is easyto verify thatwhenh 2 H thep (h; H,) satis es

do(p (h;Ha);h;ho) _

=0 23
dp (hiH.) @3
otherwisethep (h; H,) satis es

dp (h;Ha)

Thereforethep (h; Hjy) is the optimumsolution. O

Proof: Lemma 1 Powver schemep?h) andp®{h) differ in the
allocationof the residualpower. In orderto shav that p°{h)
allocateshe residualpower in a betterway thanp?(h), we de-
ne thefollowing power ef ciency functionfor p%(h) overits
strictly positive space.

Definition 2 Thepower ef ciency function (h) for p%(h) is

ro RG]
Ples()
The power ef ciency functionindicatesthe rateincrementcor

respondingo a unit power assignedrom p¢(h). We have the
following propertyfor (h).

h < h322:

(h) = (25)

Proposition 1 Thepowerefciency function (h) is a strictly
increasingfunctionof h overtheinterval0  h < h§22',

Proof: Proposition 1 We considerthecasesh  h$ andh
hg separatelyForh  h§, we have p2; (h) = 0 and

hrg

(h) = m; (26)

whichis anincreasingunctionof h.

Forh hg, (12),(13),and(25)imply
= = O
(h) - lo 2(1 222?3092(:1 hO) : (27)
h hT

0

Wede neu(h) = r, 1=2log,(h=h§), sothat (h) = ~(u(h))

where ho
_ N u

Mu) = 220 1

It is straightforwardto verify that ~(u) is a strictly decreasing

functionof u for u 0. Sinceu(h) is a strictly decreasing

functionof h andu(h)  Owhenh  h82% e it follows that

(h) is anincreasingunctionof hforh§ h  h§2%. . O

We also employ the following propositionfor the proof of
Lemmal.

(28)

Proposition 2 For disjointsets %and % let f (x) beanar-
bitrary functionsud that f (x°§  f (x9 for all x®°2 00
andx® 2 ° Fogany nonngative fuggtion g(x) satisfy-
RY  w0(x)dx =  ,g(x)dx, wehave f (x)g(x)dx

of (X)g(x)dx.

With these preliminaries, we now verify the claims of
Lemmal.
(a) Equations(16), (17), and (19) imply E, fp°{h)g =
En fpdh)g = Py.
From equations(17) and (18), the service and out-
age setsof pth) are Hg(p°th)) = fhjh h2g and
Ho(p°Th)) = fhjh < hlg respectiely. Therefore,
Ho(p°Th))  Hs(ph)).
(c) Let = H2,\ H® sothat ° = H?,n and
0= H% n aretwo disjoint setsandnonemptywhen
p°th) 6 p%h). The averagerate of p%h) canbe ex-
presseds

(b)

l R[hpys (h)]f (h) dh
0z
+ (r0

inv

RO =
RIhpiy (DT (h) dh:(29)

Theratecontribution of thewater lling components
z 1

Rwi = R[hp3s (MIf (h) dh: (30)
SinceHY, = [ 9 Denition 2 for the efciency
function (h) allowsusto write

4
R%= Rw + (h)prs(h)f (h)dh  (31)
A
= Rut + (h)pres(M)f (h) dh
z
o (h)pres(N)f (h) dh: (32

Similarly, H®, = [ % sotheaverageratefor p°{h)
canbeexpresseds
R = Rt + (h)p?es(h)f (h) dh
Z

+ (h)pres(h)f (h)dh:  (33)



Thus,
Z
RO =

RO _ (P ()

Z
(h)pres()f (h) dh: (34)

Notethattheconstructiorof H® implies © % That
is,h%  hOforany h®2 %andn®2 ©° By Proposition
1, (h) isastrictly increasingunctionofh for0 h <
h$227o. Thus, (h% (h9. Furthermore equation
(19)implies

Z Z

P (Mdh= pR (i (dh:  (35)

Therefore,the conditionsof Proposition2 are satis ed
andwehave R R

(d) Fromequationg11),(15),(17)and(18),theservicesets

(1

(2]

(3]

(4]

(5]

(6]

(71
(8]
9]

Hs(p%(h)) andH(p°Yh)) aredisjointunionsgivenby

Ho(PXh) = HY [ HO = HL [ [ % (36)
Hs(pth)) = HO [ H = HU [ [ %% (37)
Thisimplies
PitH s(p°th))g  PrfH (ph)) g (38)
= bif %Y Pf % (39)
1
= 20mp9es(h)f (h) dh
1 0 .

PO Pres(N)f () dh:  (40)

Fromequationg12) and(13), we obsere that 1=p (h)
isaincreasingunctionofh. Since © % Proposition

2impliesPrfH s(p°th))g  PifH s(p%h))g.
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