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Abstract—In a relay network with a single source-
destination pair, we examinethe achievable rates with amplify-
and-forward (AF) relaying strategy. Moti vated by applications
in sensor networks, we consider power-constrained networks
with large bandwidth resourcesand a large number of nodes.
We shaw that the AF strategy doesnot necessarilybenefit from
the large available bandwidth. We characterize the optimum
AF bandwidth and show that transmitting in the optimum
bandwidth allows the network to operate in the linear regime
where the achieved rate increaseslinearly with the available
network power. We then presentthe optimum power allocation
among the AF relays. The solution, which can be viewed as
a form of maximum ratio combining, indicates the favorable
relay positionsin the network.

Motivated by the large bandwidth resources we further
consider a network that usesorthogonal transmissions at the
nodes.While the above result for the optimum bandwidth still
holds, a differ ent set of relays should optimally be employed.
In this case,the relay power solution can be viewed as a form
of water-filling .

The optimum AF bandwidth and the relay powers can
be contrasted to the decode-and-brward (DF) solution. In a
network with unconstrained bandwidth, the DF strategy will
operate in the wideband regime to minimize the energy cost
per information bit [1], [2]. The wideband DF strategy requires
again a different choice of relays; in the case of orthogonal
signaling, the data should be sent thr ough only one DF relay
[3] . Thus, in general, in a large scalenetwork, a choice of a
coding strategy goesbeyond determining a coding schemeat
a node; it also determinesthe operating bandwidth as well as
the bestdistrib ution of the relay power.

|. INTRODUCTION

Although the capacityof the single-relaychannel[4] and
consequenthyof wirelessrelay networks remainsunknown,
several coding stratgjies have beenproposed5]-[9]. Most
of thesestratgjies requirethe relay to decodereliably the
sourcemessageéeforeforwarding and we refer to themas
decode-and-forward (DF) [10].

In anotherstrateyy thatdoesnot requirereliabledecoding
at the relays, called amplify-and-forward (AF) [10], a relay
forwardsthe scaledversionof therecevednoisy copy of the
sourcesignal.Hence the datais sentthroughonly two-hops
with no cooperatioramongrelays.Underthe assumptiorof
uncodedtransmissionat the source,it was shovn that the
two-hop AF strategy achievesthe asymptoticcapacityin a
relay network in the limit asthe numberof relaysbecomes
large [11], [12]. It was further shavn that in a random
network, power efficiency of sucha strat@y increasewith
the numberof relays[13].

In this paper we revisit the AF stratey in a network with
mary relaysand a single source-destinatiopair. Motivated
by the sensornetworks, we consider networks in which
the power is a limiting resource.Comparedto the power,
the bandwidthin sucha network is plentiful. Operatingin
the widebandregime then seemdik e a right choice:at the
expenseof using a large number of degreesof freedom,
the transmit enegy per bit can be reduced.However, the
minimum enegy costper informationbit in a generalrelay
network is unknown [14]. We shaw thatthe AF strateyy does
not necessarillybenefitfrom the available large bandwidth.
We characterizehe optimum AF bandwidthand shav that
transmittingin the optimumbandwidthallows the network to
operatein a linear regime wherethe achievedrateincreases
linearly with transmitpower.

We then presentthe optimum power allocation among
the AF relays. The solution can be viewed as a form of
maximum ratio combining (MRC) with the powers being
proportionalto the equivalentchannelgainsthat dependnot
only on the relay-destinatiorchannelgains,but also on the
source-relayinks.

The requirementof coherentcombining of the signals
transmittedfrom the differentnodesmay be too demanding
in practice.Furthermorea network with a large bandwidth
available,cansupportorthogonalsignalingat the nodesthat
precludescoherenttcombiningat a recever. To evaluatethe
performanceof a two-hop network that does not benefit
from coherentcombining,we also considera relay network
modelwith orthogonaltransmissionst the nodes We shav
that the above resultfor the optimum bandwidthappliesto
this channelmodelaswell. Furthermorefor the caseof AF
orthogonaltransmissionswe againidentify the bestsubset
of AF relay nodes.The optimum relay power solution in
this casecanbe viewed as a form of waterfilling.

The optimum AF bandwidth and the relay powers can
be contrastedto the DF solution. In a network with un-
constrainedbandwidth,the DF stratgy will operatein the
widebandregime to minimize the enegy costper informa-
tion bit [1], [2]. The widebandDF stratgy requiresagain
a differentchoiceof relay nodes;in the caseof orthogonal
signaling,the datashouldbe sentthroughone DF relay that
is in the “best” positionin the network [3]. Thus,in general,
a choice of a coding stratgyy goesbeyond determininga
coding schemeat a node; it also determinesthe operating
bandwidthaswell asthe bestdistribution of the relay power.



Il. SYSTEM MODEL

We considera wireless Gaussiannetwork with a single
source Jabelednode0, the destination)abelednode M +1,
and M relays that dedicate their resourcesto relaying
information for the source.We considertwo bandwidth
allocationsin the given network:

1) Sharedbandwidth.All the relaystransmitin a com-
mon bandwidthv (1),

2) Orthogonalchannels.Every nodeis assignedan or-
thogonalchannelof bandwidth (2,

We adopta discrete-timeGaussiarchannelmodel[15] and
let the vector X[n] = [Xo[n],--., Xu[n]]T denotethe
channelinputsin time slot n. The input Xy[n] dependson
the sourcemessagandtheinput X,,[n] atrelaym depends
on its pastoutputs X, [n] = fr (Yi[1],. .., Yiu[n — 1]).

In such a network, we consider two-hop forwarding
stratg@iesin which, relaysuseonly the informationreceved
from the sourceto choosetheir channelinputs and forward
the messageso the destination.In the first hop, the source
transmits.The channeloutputat relay m is

Yrm[n| = amXo[n] + Zrm[n] 1)
and at the destination,
Y[n] = v/BoXoln] + Znl, (2)

where \/a,,, and+/j, are the source-relaym and source-
destinationchannelgain, respectiely and Z[n] is a zero-
mean Gaussianrandom variable with variance Ny /2. In

the secondhop, relays transmit. In sharedbandwidth,the
channeloutput at the destinationis

M
Y[l = ) VBuXmln] + Z[n]. (3)
m=1
However, whenrelaysuseorthogonalchannels,
Y[n] = BX|[n] + Z[n] 4)

whereB = diag(v/Bo VBu) andXo[n] = 0. Z is a
Gaussiamoisevectorwith covariancematrix K = o2Ipsy1.

Using the cut-set Theorem[15, Thm. 14.10.1], it was
shavn [11] that the capacity of this network is upper
boundedby log M, given that thereis a dead zone around
the sourcethat containsno relays.

As in [11], we considerthe amplify-and-forwardprotocol
at therelays,in which the noisy versionof the sourceinput
Xo receved at relay m, 1 < m < M is amplified and
forwardedwith a unit delay For amplificationgain b,, > 0,
in time slot n, relay m transmits

Xo[n] = Vb (Vam Xo[n — 1]+ Zrm[n — 1)) (5)

In this paper ratherthanconsideringthe power constraint
imposed on each transmittey we assumethat the total
power budgetof p [Watts] is allocatedto the network. The
constraintis on the total power ratherthanon the power per
dimensionbecauseDF and AF will not in generaloperate

in the samebandwidth.Further sucha constraintallows a
power allocation among the nodessuchthat E[X?X] <
p/2W® i =1,2.

I1l. OPTIMUM BANDWIDTH ALLOCATION

We next consider the rates achievable with the AF
stratgyy. Let p,, denotethe power at node m and let
p= [po pM]T be the power allocationat all nodes.

VectorP = [P, Pu]” denotesnodes’ powers per
dimensionand P,,, = p,,/2W ® i = 1, 2. The amplification
gain b,,, is chosensuchthat the transmitpower at nodem
is p,, andis found from (5) to be

P
OémPO + N0/2
The achievable rates,given by the maximummutual infor-

mation betweenthe channelinput and the output can be
found from the result[16] to be
1
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by = m=1,...M. (6)

for i = 1,2 where
« For the sharedbandwidth,

2
M A Bm Pm.
G(l)(P) _ (Em:l V amP0+N0/2) (8)
- M 5um 1) '
(Zm:]. am Po+No/2 +
« For orthogonalchannels,
M

(2) — amﬂmpm
G ( ) ZamPo-l-ﬂum-i-No/Z

m=1

(9)

Rates (7) are normalized by the number of dimensions
utilized by a node rather than by the total numberof di-
mensionsn the channel.For G (P) = 0, (7) becomeghe
rate achieszed in the single-userchannel,by a direct source
transmissiorat power P,. Thus,we canview G (P) asthe
gainobtainedby employing the AF relays.The differencein
the AF gains(8) and(9) comesfrom the coherentombining
of therelay signalstransmittedn a sharedbandwidthwhich
is forfeited in the orthogonalchannelsystem.The analysis
presentedn this section,however, appliesto both casesand
we thereforedrop the (i) superscriptWe next considerthe
total rate achieved by the AF stratgy

rar = 2WIsr(P) bits/s (10)

wherelr is givenby (7). As W becomedarge,we obsene
that G(p/W) decreaseto zeroandtherefore

Bopo )= Bopo

NoW) = Nolnz D/s

(11)
which is the rate achieved in the widebandregime by the
sourcetransmissionTherefore thereis no benefitfrom AF
relays transmittingin the widebandregime. This behaior
was previously obsened in [17] in a parallel Gaussian

lim rap = lim Wlog(1l+
W—o0 W —o0



network with two relays. Except for the somevhat trivial
casein which the sourceis in a favorablepositioncompared
to all the relays,therater4r generallydecreasesor large
w.

To characterizehe optimumAF bandwidth,we formulate
the AF power/bandwidthrelay problemas

r* =max 2WIsr(P) (12)
P,W
M
subjectto 2W Z P, <p, (12a)
m=0
P >0, (12b)
0<W < Wnax. (12c)

We assumethat W, is sufficiently large to allow the
network to operatein the widebandregime. Let (P*, W*)

denotethe optimum power and bandwidth allocation that
achievesr* in (12). We first obsene that,to achieve nonzero
rate in (12), it hasto hold that W* > 0 and Fy > 0.

Furthermoregconstraint(12a)is always binding. Depending
on the valuesof the channelgains, a solution to problem
(12) may be a direct sourcetransmissionthatis, Py = 0

form =1,...,M, W* = Wnax and P given by (12a).
Otherwise,there will be a setof 0 < K < M relays
employing the AF stratgy. Given P*, it will be corvenient
to relabelthe nodessuchthatm € {1,..., K} relaysare
the active transmitterswith powers Py, > 0 while P}, =0,

form e {K +1,...,M}. TheLagrangianin (12) is

M
A =2WIar(P) — p(2W > Pp — p) (13)
m=0

The fact that rate r 4 is decreasingvith W for large W,
implies that W* < Whax. Since,in addition W* > 0, the
solutionto (12) is neverontheboundary(12c).By theKuhn-
Tucker conditions,this implies

OA X
oy = 2Lar (P )—2me:0Pm=0 (14)
From (14), we obtainthe Lagrangemultiplier
Izp(P*
p=r®) (15)
Zm:O Pm

For nodesk = 0, ..., K with non-zerotransmitterpowers,
the Kuhn-Tucker conditionsare

oA OIar(P*)
(16)
From (15) and (16),
OIsr(P*) Iar(P*)
P =2 k=0,...,K. (17
0P g Zgzo Py )
The optimum power allocation (Fg, ..., Pj) canthenbe

determinedfrom K + 1 equationsgiven by (17), and is
independenof » and W*. We presentthe solution for the

optimum relay powers in the next section. The optimum
bandwidthcan be determinedsuchthat the solutionlies on
the feasibility region boundary(12a):

* b
W= —. 18
2 Zgzo P, 4o
From (12), (15) and (18),
Iyr(P*)
r* = 2W* I (P*) = ————"p = up. 19
ar(P*) S P;;;p pp- (19)

We thus proved the following:

Theorem 1: The AF relay problem(12) hasan optimum
solution in which the optimum bandwidthW*, the maxi-
mumrater* andthetotal power p have alinearrelationship.

1V. OPTIMUM RELAY POWER ALLOCATION

We next considera subproblenof (12) thatdetermineshe
optimumrelay powers per dimension.for ary given source
power Py. We considerthe sharedbandwidthcasefirst.

A. Shared Bandwidth
Given a sourcepower Py, we let

Bm
= 20
To maximize the rate (7) over the relay powers P =
[P ... PM]T, we maximizethe AF gain (8)
M 2
max 7 (22)
P 2m=1 TmPm +1
M
subjectto Z P, < Pg, (21a)
m=1
P>0 (21b)

wherePr = p/2W — P, is the power allocatedto therelays.
To solve (21), we first argue that the solutionis always on
the boundary(21a). To seethat, considera feasiblesolution
P suchthat Z%:l P,, < Pg. Then, thereexist a constant
K > 1 anda feasiblesolutionP’ = KP suchthatP’ is on
the boundaryK Enﬂle P,, = Pg. Furthemoreit is easyto
verify that G(P') > G(P). We canthus let the constraint
(21a) be satisfiedwith equality The objective function (21)
becomes

(ETA:ZI Vv am'yum)z
SM (Ym +1/Pg) Pn

A solution to problem (21) can be found by representing
the objectie function (22) in the form of Rayleighquotient
that would then be maximized[18]. A simpler approach,
however, canbe usedby introducingvariablesz = [z,]

Zm = V7m+]-/PRVPm;

G(P) = (22)

m=1,...,M (23)



and a vector of coeficientsd = [d;]
OmYm
dp = | ————, m=1,...,.M 24
" Ym + 1/PR ( )

Problem(21) canthenbe representedn a vectorform

(@72)’

mzax ZTZ .

Applying the Schwartz inequality the solution to (25) is

z* = kd wherethe constantt canbe found from (21a)and
(23). We get the optimum powersin the MRC form as

(25)

P = Pﬁﬂ (26)
Zk:1 519
wherewe defined
OmYm
=—>" - 27
(1 + ’YmPR)2 ( )
The AF gain (8) becomes
M
GO(Py, Pp) = 3 — mm D (28)

—1 amP0+/BmPR+N0/2‘

Next Lemmafollows by comparingAF gains(28) and (9).
Lemma 1: For ary given powers (P, Pr) at the source

andat the AF relays,signalingin sharedbandwidthoutper

forms orthogonalsignaling.

Giventherelay powers(26), the AF power/bandwidthprob-

lem (12) for ary given W reducego

ax Iar(Po, Pr) (29)
subjectto P, + Py < Pr = %, (29a)
Py, P > 0. (29b)

Lemma 2: There exists a unique optimum solution
(P3 (W), Pp(W)) to (29).
The proof for the Lemmafollows from the concaity of the
objective function on the boundary

Given (Py (W), Pj,(W)), the AF power/bandwidthprob-
lem (12) reducesto maximizing the rate with respectto
bandwidthfor 0 < W < Whax

r*(W) = mﬁxZWIAF(W). (30)

B. Numerical Results

The relay powers (26) are shavn in Figures1-4 for a
scenarioof M = 2500 relays positionedon a 100 x 100
squaregrid. The sourceandthe destinatiorare positionedon
the two oppositesidesof the grid. The propagatiorexponent
n = 2 waschosen.

For large sourcepower P, relay powers are shavn in
Figurel. In this case thereceved SNR at the relaysis high
andthe network MAC sidefrom therelaysto the destination
limits the performanceTherelaysthathave a betterchannel
to thedestinatiorareemployed. Figure 2 shavs the opposite
caseof a smallpower Py anda high power Pgr. We obsene

a reversedrelay power allocationcomparedo the previous
case, as the network tries to improve the broadcastside
performancédy choosingtherelayswith highreceved SNR.
Figure 3 shaws the powersfor larger valuesof Py, and Pg.
Finally, Figure 4 shows the relay powerswhenthe network
operatesn alow SNR-rggime dueto small P, and Pg.
We next look atthe solutionto the AF relay problem(12).
For a givennetwork power budgetp [Watts],the bestpowers
(Py, Pg) andthe bandwidthiW* arefound numerically As
the power budgetin the network is varied, the achieved
rate and the optimum bandwidth,showvn in Figure 5, vary
linearly, as promisedby Theorem1.The powers (P, Pj;)
stay constantfor all valuesof p, a behaior we obsenedin
(17). Dueto the symmetryof the network in the experiment,
the valuesof powers Py and Py, arevery closeto eachothet

C. Orthogonal Channels

We next identify the bestsubsetof AF relaysand their
powersfor the caseof orthogonalsignaling.Given a source
power Py, we let

_ omfm
Ym OémPO +N0/2-

Again, to maximize the rate (7) over the relay powers P,
we maximizethe AF gain (9)

(31

QY2
m 32
max Z - +vm (32)
M
subjectto Y P, < Pg, (32a)
m=1
P>o. (32b)

From the Kuhn-Tucker conditions,the solutionto (32) is in
the form of waterfilling
+
pr=2m [i—i] m=1,...,M (33)
V1 Tm

wheren is the Lagrangemult|plier andis found suchthat
constraint(32a) is satisfiedwith equality Once again, the
bestchoiceof relaysvarieswith the transmitsourcepower.
We conclude that the AF relay network, dependingon
whetherit operatesn sharedor orthogonalchannelswill
require two different relay power allocationsas given by
(26) and (33). Employing a wideband DF strateyy with
orthogonal signaling results in yet another solution that
requiresauseof asinglerelay[3]. Thus,in generalachoice
of a coding stratgy goes beyond determininga coding
schemetanode;it alsodetermineghe operatingbandwidth
aswell asthe bestdistribution of the relay power.
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