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Abstract

Total square correlation (TSC) is a measure of mutual interference between
users in a multiple access system. Here we find the minimum total squared cor-
relation for an uplink cellular system with L transmit locations and B receiving
base stations in white and colored noise. A collaborative scenario in which infor-
mation from each base is centrally pooled and processed is considered. An iterative
algorithm which empirically always achieves the minimum TSC is also presented.

1 Introduction

Advances in software radio technology [1, 7] suggest that future wireless systems will
be composed of transceivers which can dynamically vary transmitted waveforms and
demodulation methods. We envision using such radios with interference avoidance algo-
rithms [11, 13] to adjust modulation/demodulation methods in response to interference
variations and provide better performance.

Most previous work on interference avoidance [8–10, 13] has considered only single
base stations or grossly simplified and approximated cellular systems [11]. However, a
cellular system is a collection of base stations and all users interfere with one another to
some extent. This motivates our interest in studying interference avoidance with multiple
bases. Unfortunately, we have already seen empirically that simple greedy interference
avoidance does not converge when used in a multiple base system where users are decoded
at a single base. Furthermore, this general problem of decoding at a single base while
interfering with reception at other bases is an instance of a still mostly open information
theory problem – the interference channel [2–5, 14].

We therefore consider a simplified problem where information from all bases is used
to decode each user and derive the minimum possible mutual interference among all users
– the total squared correlation (TSC). Properties of codeword ensembles with minimum
TSC are identified, and an iterative algorithm for codeword adaptation and reduction of
TSC is presented. As is often the case with interference avoidance [11,13], the algorithm
always seems to converge to the minimum TSC. Though not considered in this paper,
our hope is that understanding of minimum TSC solutions over the ensemble of users
and base stations will shed some light on base station assignment, power control and
signal space partitioning (a soft form of channel assignment) for multiple user multiple
base systems.
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Figure 1: A multibase system with B receiving bases and L transmitting locations, each
location k using Mk codewords

2 Problem Statement

We consider an uplink cellular system where users (mobile terminals) are distributed at
various locations and communicate with a set of basestations, as is illustrated in figure 1.
Usually, each user is interested in sending information only to the basestation to which
it is assigned, and does not care what the other basestations receive or understand.
Unfortunately regardless of intent, all base stations hear all users to some extent and
therefore all users interfere with each other.

So, rather than ignore the information collected about users at bases other than
their own, we consider a simpler problem where all information received by the bases
is pooled and centrally processed. In addition, we assume that an individual user can
simultaneously use as many codewords as desired. Therefore, we associate with each
physical location k a matrix of codewords Sk. When couched this way, the problem
formulation can be easily adapted to a number of other situations such as MIMO channels
and channels with timing jitter, but here we consider only the multiple base problem.

Let B be the number of basestations and L the number of transmitting locations. A
codeword matrix Sk of dimension N ×Mk is associated with each location k = 1, . . . , L,
where Mk represents the number of codewords associated with transmit location k. The
codeword matrix of the whole system, obtained by forming

S = [S1 S2 . . .SL] (1)

is an N × M matrix, with M =
∑L

k=1
Mk. Each codeword is constrained to have unit

energy, s>i si = 1, ∀i = 1, 2, . . . , M although that need not be true in general. An Mk-
dimensional vector of information symbols bk is transmitted from each location k, and
we denote the vector of all transmitted symbols from all locations b = [b>

1
b>

2
. . .b>L ]>.

The received vector rj at basestation j is the superposition of transmitted vectors
from all locations k = 1, . . . , L scaled by some gain factors gjk plus additive noise wj

with covariance matrix Wj

rj =
L
∑

k=1

gjkSkbk + wj (2)



We note here that the gain factor gjk of the link between transmit location k and basesta-
tion j incorporates both the transmitted power of location k and the propagation (path
loss) model of the link jk. By defining a gain matrix associated with basestation j

Gj =











. . .

gjkIMK

. . .











k = 1, 2, . . . , L, j = 1, 2, . . . , B (3)

we can rewrite the received vector at basestation j as

rj = SGjb + wj (4)

and by forming
r> =

[

r>
1

r>
2

. . . r>B

]

(5)

we obtain an BN -dimensional vector with correlation matrix, E[rr>],

R = E[rr>] = Q + W (6)

where W is the overall noise covariance

W = E
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
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
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




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2
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B
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








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

(7)

and

Q =













SG2

1
S> SG1G2S

> . . . SG1GBS>

SG2G1S
> SG2

2
S> . . . SG2GBS>

...
...

. . .
...

SGBG1S
> SGBG2S

> · · · SG2

BS>













(8)

We can also rewrite R in terms of the contribution from each location as

R =
L
∑

k=1

Rk + W (9)

where Rk is the contribution of transmit location k

Rk =













g2

1kSkS
>
k g1kg2kSkS

>
k . . . g1kgBkSkS

>
k

g2kg1kSkS
>
k g2

2kSkS
>
k . . . g2kgBkSkS

>
k

. . .

gBkg1kSkS
>
k gBkg2kSkS

>
k . . . g2

BkSkS
>
k













= gkg
>
k ⊗ SkS

>
k (10)

We have denoted the gain vector associated with each transmit location k as gk =
[g1k g2k, . . . , gBk]

>, and A⊗B = [aijB] is the Kronecker product of the two matrices [6].
Thus, a compact way to write correlation matrix is

R =
L
∑

k=1

gkg
>
k ⊗ SkS

>
k + W (11)



TSC is defined in terms of correlation matrix

TSC = Trace
[

R2
]

=
∑

i

λ2

i (12)

with {λi}
BN
i=1

the eigenvalues of R. Our goal is to find the absolute minimum value that
the TSC can achieve. This goal can be formulated as a constrained optimization problem

min
{Si},i=1,...L

(TSC) (13)

subject to trace constraints imposed on matrix R

Trace [R] =
L
∑

k=1

Mk‖gk‖
2 +

B
∑

i=1

Trace [Wii] (14)

as well as on all N × N sub-blocks of R

Trace

[

L
∑

k=1

gikgjkSkS
>
k + Wij

]

=
L
∑

k=1

Mkgikgjk + Trace [Wij] (15)

3 The White Noise Case

In this section we assume independent white noise at each base Wii = IN for i =
1, 2, . . . , B. We will start with the case of only one transmit location with B basestations
followed by the general case of L transmit locations and B basestations.

Let S denote the matrix of codewords associated with the given location and let
g = [g1 g2 . . . , gB]> be the gain vector, with gi the gain from the transmitting location
to basestation i. The correlation matrix of the received vector is

R =













g2

1
SS> g1g2SS> . . . g1gBSS>

g2g1SS> g2

2
SS> . . . g2gBSS>

. . .

gBg1SS> gBg2SS> . . . g2

BSS>













+IBN = gg>⊗SS>+IBN = Q+IBN (16)

where Q = gg> ⊗ SS>. The traces of the N ×N sub-blocks of R are gigjM + δijN and

Trace [R] = M‖g‖2 + BN (17)

where ‖g‖2 = g>g =
B
∑

i=1

g2

i is the norm of the gain vector.

Theorem 1 1 For 1 transmit location, B basestations and white noise with the same

average power at each base, TSC = Trace [R2] is minimized subject to the constraint

Trace [R] = M‖g‖2 + BN when SS> = (M/N)IN , and with this choice the minimum

TSC value is

TSCmin =
M2

N
‖g‖4 + 2M‖g‖2 + BN

1Proofs for all theorems in the paper are omitted due to space constraints but they are available for
review upon request.



In the case of L transmit locations and B basestations, all locations contribute to the
full correlation matrix which for white noise case becomes (see equation (11))

R =
L
∑

k=1

gkg
>
k ⊗ SkS

>
k + IBN (18)

The following theorem can be formulated in this case

Theorem 2 For the case of L transmit locations and B basestations and white noise with

the same average power at each basestation TSC = Trace [R2] is minimized subject to the

constraint Trace [R] =
∑L

k=1
Mk‖gk‖

2 + BN when all SkS
>
k = (Mk/N)IN , k = 1, . . . , L.

Minimum TSC that is achieved with these codeword ensembles is

TSCmin =
1

N

B
∑

i,j=1

(

L
∑

k=1

gikgjkMk

)2

+ 2
L
∑

k=1

Mk‖gk‖
2 + BN (19)

Note: the solution for SkS
>
k is not necessary unique.

4 The Colored Noise Case

We will consider two potential noise sources in a multiple base system. First we have
independent colored noise sources at the base receivers and we will let the noise covariance
at each base i be V i. The second noise source is assumed to come from random emitters
(possibly from other systems) at discrete geographic locations. These noise sources have
the same form of gains to the bases as the transmitting locations with gains gi and will
therefore produce the same type of covariance structure. So, suppose each noise source
has covariance Wn, n = 1, 2, · · · , µ, then adding these two independent noise sources
yields the total noise covariance

W =













V1

V2

. . .

VB













+
µ
∑

n=1

hnh
>
n ⊗ Wn (20)

where the {hn} are the gain vectors (defined similarly to the transmit location gains {gk})
associated with the geographically distributed noise sources. Under these assumptions,
we notice that W is composed of N ×N blocks Wij

W =













W11 W12 · · · W1B

W21 W22 · · · W2B

...
...

. . .
...

WB1 WB2 · · · WBB













(21)

where Wij = W>
ij and Wij = Wji.

We again start with a single transmit location to gain insight and then present the
more general case of L transmit locations and B basestations.



For the case of one location and B basestations with colored noise, with the same
notations as for white noise, the correlation matrix becomes

R =













g2

1
SS> + W11 g1g2SS> + W12 . . . g1gBSS> + W1B

g2g1SS> + W21 g2

2
SS> + W22 . . . g2gBSS> + W2B

...
. . .

...
gBg1SS> + WB1 gBg2SS> + WB2 . . . g2

BSS> + WBB













(22)

with a constant trace given by

Trace [R] = M‖g‖2 +
B
∑

i=1

Trace [Wii] (23)

The TSC for this system is
TSC = Trace

[

R2
]

= (24)

= Trace





(

B
∑

i=1

g2

i

)2

(SS>)2 +





B
∑

i,j=1

gigjWij



SS> + SS>





B
∑

i,j=1

gigjWij



+
B
∑

i,j=1

W2

ij





which can also be written as

TSC = α2Trace
[

(SS> + Γ)2
]

− α2Trace
[

Γ2
]

+
B
∑

i,j=1

Trace
[

W2

ij

]

(25)

with

α =
B
∑

i=1

g2

i = ‖g‖2 Ω =
B
∑

i,j=1

gigjWij (26)

and

Γ = α−2Ω =

B
∑

i,j=1

gigjWij

(

B
∑

i=1

g2

i

)2
(27)

Theorem 3 In a colored noise environment, TSC for a system with 1 transmit location

and B basestations is minimized when the codeword ensemble satisfies

SS> + Γ =
M + Trace [Γ]

N
IN (28)

and minimum TSC is

TSCmin =
α2 (M + Trace [Γ])2

N
− α2Trace

[

Γ2
]

+
B
∑

i,j=1

Trace
[

W2

ij

]

(29)

For L locations and B basestations, the correlation matrix R of the system is given
in equation (9)and the TSC can rewritten as

TSC = Trace
[

R2
]

= Trace





L
∑

i=1

L
∑

j=1

(

B
∑

k=1

gkigkj

)2

(SiS
>
i )(SjS

>
j )



+ (30)



+Trace





L
∑

k=1





B
∑

i,j=1

gikgjkWij



SkS
>
k +

L
∑

k=1

SkS
>
k





B
∑

i,j=1

gikgjkWij



+
B
∑

i,j=1

W2

ij





which reduces after some algebra to

TSC = Trace





L
∑

k=1

L
∑

j=1

(SkS
>
k + Γk)α

2

kj(SjS
>
j + Γj)



−
L
∑

k=1

L
∑

j=1

Trace
[

Γkα
2

kjΓj

]

+
B
∑

i,j=1

Trace
[

W2

ij

]

(31)
where

αkj =
B
∑

i=1

gikgij Ωk =
B
∑

i,j=1

gikgjkWij (32)

and Γi, i = 1, . . . , L is the solution set of the linear system of equations

Ωk =
L
∑

j=1

α2

kjΓj , k = 1, . . . , L (33)

A similar theorem can be stated in this case:

Theorem 4 In a colored noise environment, the TSC of a system with L locations and B

basestations is minimized when the set of codewords associated with each location satisfies

SiS
>
i + Γi =

Mi + Trace [Γi]

N
IN , i = 1, . . . , L (34)

and the value of the minimum TSC is

TSCmin =
1

N

L
∑

k,j=1

α2

kj(Mk+Trace [Γk])(Mj+Trace [Γj])−
L
∑

k,j=1

Trace
[

Γkα
2

kjΓj

]

+
B
∑

i,j=1

Trace
[

W2

ij

]

(35)

5 A TSC Reduction Algorithm

Interference avoidance algorithms which use iterative codeword adjustment to minimize
TSC for single basestation systems are described in [10, 11]. Each user adjusts its code-
words to reduce TSC at each step. However, different from previous work, here each user
does NOT have access to the whole signal space and in fact can only span at most N
signal space dimensions as compared to the NB dimensions of the received vector r. So
the usual algorithm of replacing codewords by the minimum eigenvalue eigenvector of
the covariance (less the covariance of the signal being replaced) is not possible in general.

So, let us define ai as the gain vector associated with codeword si. We avoid the
previously used g notation since these were associated with location-to-base gains and
we want to emphasize the distributed per-codeword approach of the algorithm. Thus, in
terms of each codeword we can write

S = [s1s2...sM ] (36)

and

R =
M
∑

j=1

aja
>
j ⊗ sjs

>
j + W (37)



At each step of the algorithm one codeword is changed to decrease TSC and preserve
the codeword norm (assumed 1). The part of the correlation matrix invariant under
codeword si replacement is

Ri =
M
∑

j=1, j 6=i

aja
>
j ⊗ sjs

>
j + W (38)

such that
R = Ri + aia

>
i ⊗ sis

>
i (39)

If we replace si with a vector x, with ‖x‖ = ‖si‖. The variation in TSC as a result of
this replacement is

∆TSC = TSCbefore−TSCafter = Trace
[

(Ri + aia
>
i ⊗ sis

>
i )2

]

−Trace
[

(Ri + aia
>
i ⊗ xx>)2

]

(40)
Using Kronecker properties one can easily show that

∆TSC = 2
[

(ai ⊗ si)
>Ri(ai ⊗ si)− (ai ⊗ x)>Ri(ai ⊗ x)

]

(41)

To decrease TSC with each replacement we seek to maximize ∆TSC and therefore seek
an x with ‖x | = ‖si‖ which minimizes (ai ⊗ x)>Ri(ai ⊗ x), or formally

min
‖x‖=‖si‖

[a1ix
> a2ix

> . . . aBix
>]Ri













a1ix

a2ix
...

aBix













(42)

which looks similar to a Rayleigh quotient problem but is not owing to the constrained
structure of the vector ai ⊗ x. However, we can reformulate the problem as a Rayleigh
quotient after suitable manipulation

min
‖x‖=‖si‖

x>Kix (43)

where

Ki = S[a1iG1 +a2iG2 + . . .+aBiGB]2S> +(a2

1iW1 +a2

2iW2 +a2

BiWB)−‖ai‖
2sis

>
i (44)

and the Gi are the gain matrices defined in (3). Obviously x should be the minimum
eigenvalue eigenvector of Ki [12]. This leads to the TSC reduction algorithm:

TSC Reduction Algorithm

repeat until TSC within tolerance of minimum

for each codeword si, i = 1, . . . , M
compute Ki

replace si with minimum eigenvalue-eigenvector of Ki

end

end

Since TSC is bounded from below and the algorithm does not increase TSC, the al-
gorithm must converge in TSC. However, previous experience shows that TSC can have
local suboptimal minima [10,11,13] so we are unsure whether this algorithm always con-
verges to a minimum TSC solution. Nevertheless, as was usually the case for interference
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Figure 2: (a) TSC plot obtained using the minimum TSC algorithm for 3 basestations
and 5 locations (each of them using 3 codewords) with white noise; (b) Final TSC from
minimum TSC algorithm versus minimum TSC bound for colored noise

avoidance algorithms we have considered in the past, this one too has never converged
to anything but the minimum in empirical studies.

That is, the final TSC computed from the algorithm always matches the minimum
TSC bound derived analytically. For white noise cases final codewords yielded by the
algorithm always satisfy SkS

>
k = Mk

N
IN for all k. For colored noise, the final SiS

>
i + Γi

are not always scaled identity matrices – sometimes they are only diagonal matrices.
Regardless, the minimum TSC bound (35) was always achieved. A TSC trajectory plot
versus iterations is provided for a white noise case in figure 2.a. This plot is typical for
all the simulations using the TSC reduction algorithm for both white and colored noise.
TSC is nearly minimized after one cycle through the codewords.

For colored noise in figure 2.b we plotted the final TSC from the algorithm versus
minimum TSC derived analytically for a variety of situations (dimensions, noise covari-
ances, gains). It can be seen that the algorithm always reaches the minimum TSC bound
(assuming that the energy in the system is enough to reach the minimum).

6 Conclusions

We have found conditions that the received signal covariance matrix must obey in order
for TSC to be minimized in multiple base station systems where all information available
in the system is made available for decoding. We have also derived conditions that
such minimum TSC codeword sets should satisfy to achieve the minimum. Furthermore,
we have provided an algorithm that monotonically decreases TSC and that empirically
converges to the minimum TSC in all cases we have considered.
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