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Abstract —

In mobile wireless data communications, it is very
important to reduce the average energy consumption
while maintaining a target frame-error-rate (FER)
and frame latency. These goals can be achieved by
means of Hybrid—ARQ (re)transmission power con-
trol. By allocating different symbol energy for each
(re)transmission, the average energy consumption can
be optimized. For a type-II Hybrid—ARQ scheme over
an i.i.d. Rayleigh block fading channel, we show that
the above optimization can be formulated and solved
as a geometric programming problem. For the special
case of two (re)transmissions, the optimal power al-
location can also be analytically derived. For a Rate
Compatible Punctured Convolutional (RCPC) code,
our simulation results show that a gain up to 4dB can
be achieved at a target FER of 1E-4 with the opti-
mized power allocation scheme.

I. INTRODUCTION

As a simple yet powerful error control scheme, the type
IT Hybrid—-ARQ scheme with Incremental Redundancy (IR-
HARQ) has been used in many wireless communication sys-
tems. As most wireless systems have only limited power
supply, it is especially important to reduce the average en-
ergy consumption while maintaining a target frame-error-rate
(FER) and frame latency.

For the traditional Hybrid—ARQ scheme, usually the same
bit energy is allocated for all (re)transmissions in one ARQ
round. This non-adaptive power allocation scheme is not
power efficient. During one ARQ round, as the number of
(re)transmissions increases, the amount of energy needed to
achieve the target FER also changes. Therefore, if different bit
or symbol energy is allocated for different (re)transmissions,
we can reduce the power consumption and keep the same tar-
get FER and frame latency.

For the Hybrid—ARQ scheme, the average energy consump-
tion can be expressed as the weighted sum of the bit energy
for each (re)transmission in one ARQ round. For a target
FER and frame latency, with different bit or symbol energy
allocated for different (re)transmissions, the average energy
consumption can be minimized. The optimization problem
that minimizes the average energy consumption for an AWGN
channel has been analyzed in our previous work [1]. In this
paper, we extend this work to an i.i.d. Rayleigh block fad-
ing channel. We find that for this type of channel, the op-
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timization problem can be formulated and solved as a geo-
metric programming problem. For the special case of two
(re)transmissions, we also derive a closed form solution, which
we validate through simulation.

This paper is organized as follows: In section II, we analyze
the FER over an i.i.d Rayleigh block fading channel with dif-
ferent symbol energy for each (re)transmission. In section III,
the optimization problem is formulated and solved as a geo-
metric programming problem. In section IV, the simulation
results for the optimal power allocation strategy are discussed
and we conclude with some future directions.

II. FER FOR INDEPENDENT RAYLEIGH BLOCK FADING
CHANNEL

For a linear code, the union bound to the FER, P., is the
sum of the pairwise error probabilities between one codeword
and all the other codewords. Since all the codewords have the
same error property for a linear code, without loss of general-
ity, we assume the all-zero codeword 0 is sent. The probability
that a non-zero codeword is received can be written as

M-1
P. <) Pa(ei,0),
i=1

where M is the total number of codewords in a codebook and
P»(ci,0) are the pairwise error probabilities between the all-
zero codeword and non-zero codewords.

A block fading model [2] is used to model a fading channel
that has a high correlation within a decoding block. The cor-
relation comes from non-ideal interleaving in a system that
has a decoding delay requirement. Assume the system em-
ploys coherent detection and has the perfect side information
about the channel at the receiver. The block fading model
representation of the channel is given by

r(t) = c(t)s(t) + n(t)

where 7(t) is the received signal; ¢(¢) is the gain of the fading
channel that remains constant for L symbol periods; s(t) is
the transmitter signal and n(t) is the additive white Gaussian
noise. We also assume the fading gain is an i.i.d. Rayleigh
random variable.

In the following discussion, we will first derive the pairwise
word error probability P»(c;s, 0) for a block fading channel with
different symbol energy across the fading blocks. Using that,
we can obtain an approximation for the FER at high signal-
to-noise ratios (SNR) for a type II Hybrid-ARQ scheme.

Assume a codeword is binary-PSK modulated and trans-
mitted through F' fading blocks. We further divide the code-
word into F' length-L sub-codewords. Let E; be the symbol
energy of the i-th sub-codeword and «; be the fading gain of



the i-th sub-codeword. We assume the normalized random
variables cv; have unit second moment, i.e., E[a?] = 1, where
E[] denotes the expectation of a random variable. Define
the weight of the i-th sub-codeword as d;. Then the squared
FEuclidean distance between the i-th sub-codeword and the
all-zero sub-codeword can be written as %dia?. Therefore,
the squared Euclidean distance between a codeword c and 0

becomes
dF

2F;
Z o i

i=1

d*(c,0) =

where dfl is the number of non-zero d;.
For an i.i.d. Rayleigh block fading channel, following the
same procedure as in [3], we can bound P:(c, 0) as follows:

Py(c,0) = /Q

1+¢N

where z = d*(c,0) = ZHl 28, dzozl and ¢.(s) is the charac-

teristic function of z defined by
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The pairwise error probability for non-equal symbol power al-
location as shown in equation (1) is consistent with the known
result for an ideal Rayleigh fading channel, which is a special
case of equation (1). An ideal Rayleigh fading channel means
a fully interleaved i.i.d. Rayleigh fading channel with equal
symbol power allocation, i.e., E; = E,,d; = 1 with df as the
Hamming weight of the codeword c. In this case, the above
bound can be written as (see [4], [5]):

Es _4F

< du
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As in equation (1), it can be further bounded as

df df

1 1
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with C' = 1_[Z 1 d . As the SNR increases, the above bound
is asymptotlcally tlght Therefore, at high SNR, we can ap-
proximate the pairwise error probability and the union bound
to the FER as

aF
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For a block fading channel with a large block length, we as-
sume all sub-codewords have non-zero weights, i.e., (d); =

F. Therefore, the union bound to the FER at high SNR can

be written as
M— F
Z H (5)
= e E; /No

The FER is also lower bounded by the largest pairwise error
probability, i.e.,

I
max 1
P.> P (C70)%Cmax| I E‘/N07 (6)

with Cmax = max{C;,j = 1,--- ,M
equations (5) and (6), we can write

reyolls

Therefore, we can approximate the FER for an i.i.d. block
fading channel as

— 1}. Combining the
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with Chax < A < ZM 1 Cj.

For a type II Hybrld HARQ with Incremental Redundancy,
a sub-frame of a high rate FEC code is sent in the first trans-
mission. If this sub-frame cannot be decoded, more redun-
dancy bits are transmitted in the next sub-frame to soft-
combine with previous transmissions and form a lower rate
FEC code. As a result, at the receiver side, one codeword is
composed of one or more sub-frames that are received from
different (re)transmissions. In our proposed scheme, we as-
sume equal symbol energy within one sub-frame and different
symbol energy across sub-frames.

Let (Es); be the symbol energy for the j-th sub-frame.
Define D; as the number of E; in equation (7) that are equal
to (Es);. Equation (7) can then be written as

P~ A, U (%)D , ®)

where A, is defined as the parameter A in equation (7) for a
codeword with n sub-frames. After the i-th (re)transmission,
the receiver will decode a codeword with ¢ sub-frames. Then
the residual FER becomes
(Es)j > ~Pi (9)
No '

Pe)i =~ Al li[ (
j=1

In the remainder of the paper, we will use the above expression
for the FER in deriving optimal power allocation strategies for
the type II Hybrid—ARQ scheme over an i.i.d. Rayleigh block
fading channel.

Ji=(

III. OPTIMAL POWER ALLOCATION ON AN I.I.D.
RAYLEIGH BLOCK FADING CHANNEL

In this section we will analyze the optimal power allocation
scheme for an i.i.d block fading channel. Define n; as the num-
ber of symbols sent in the i-th sub-frame. Let f; be the resid-
ual FER after receiving all ¢ sub-frames as defined in equation
(9). The average power consumption of the Hybrid—-ARQ sys-
tem is the sum of the average power consumption in each
(re)transmission. For a maximum of N (re)transmissions, the



optimal power allocation problem that minimizes the average
power consumption can be formulated as

N
min ni(FEs)1 + n; (Es)ifi— 10a
(Es)l,ws)z,---,(Es)N{ B+ 3 nilB)if 1} (10a)
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subject to (10b)

After using equation (9), defining x; = (Es)i/No, (i =
1,~~~ 7]\/v), a; = Aini+1/n1, (Z = 1,~~~ 7]\7 — 1), aN — AN
and rearranging the constraints in (10b), we can rewrite above
optimization problem as:
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subject to

(11)
The constraint in the above problem becomes an equality con-
straint due to the monotonicity of fn.

This is a geometric programming problem with a zero de-
gree of difficulty [6]. According to the property of the geomet-
ric programming, this problem has a unique solution. The
degree of difficulty is defined as N' — M — 1, where N de-
notes the total number of terms in all the polynomials of both
the objective function and all the constraints. M denotes the
number of design variables. Therefore, in the problem defined
in equation (11), NN = N +1, M = N and the degree of
difficulty is N — M — 1 = 0.

In the following, we outline the solution to this problem.

Define
w0 = f(x)
Ti = et (12)
i—1 _—Dj
A; = Gt Hj:l % : ,i=1,..,N.
f(x)
It follows that
N
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N
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The problem in equation (11) is then equivalent to minimizing
xo with constraints as shown in equation (13). The Lagrange
function corresponding to the optimization problem becomes

N
L(w, A, N) = wo + Ao(D_ A — 1)
=1
N i—1 A,
+ZAi(—wo+wi—ZDjwj—ln : )
j=1
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The optimal solution should satisfy the following equations:

N
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From equation (15a), equation (15¢) and equation (15f), the
following equations can be derived:

Ai
N N
R ¥

d A= LMy (16b)
i=1 )\0

N

S h=x=1 (16¢)
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{4 can be solved using equations (15a) and (15b). We
can then use these optimal values and solve for {wi}ﬁio us-
ing equations (16d), (15d) and (15e). In both cases, there are
an equal number of unknown variables and linearly indepen-
dent equations. Therefore, {)\?}f\’:};l are uniquely defined and
{wi}ﬁio are solved uniquely. The optimal power consumption
value f(x) = e*° and the corresponding power allocation for
each transmission z; = e¢“% ;4 = 0,---, N are also uniquely
defined.

For the special case of N = 2, a closed form solution
to the optimal SNR values for the first and the second
(re)transmissions can be derived analytically. For N = 2,
we will solve the optimization problem:

min { f(x) = 1 + arzez; 71}
T1,%2

subject to (17)
azx;DliC;DQ _ Pénax

>0, i=1,2

From equation (15a) and (15b), AT, A3, A3 should satisfy
the equations:

M +A=1
A —(A2+X3)D1 =0 (18)
A2 —A3D2 =0
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Figure 1: Simulation power allocation schemes for the
first and the second transmissions (Each dot corresponds
to one set of simulation settings that we obtain the FER
values.)

The optimal A},7 = 1,2, 3 are solved as

A= Di(D2+1)
Y7 Di+ Dy + DD,
* D2

Ny = —————— = 19
27 Dy + Dy + DDy (19)
* 1

)\3 =

Dy + D2+ D1Ds

Applying A; = X; to equation (15e) and (15f), we find the
optimal solution wg, w], w5 satisfies the equations:

—wo + w1 —InA] =0
A5
—wo + we — Diw1 —1na—1 =0 (20)
—D1w1 — D2w2 —In =0
az

The optimal solution can be written as:

wof)\lln)\l—)qln)w A3 In P
ail a2
. . )\* Pmax
wi = A3(D2In = )\2 —1In o ) (21)
e M
wy = —A3(D1ln a1 —(1+Di1)ln )
A5 a2

And the optimal power allocated for the first and the second
(re)transmissions are written as

:cf = & _ <‘11)\T)DZA?g ( az )/\§
No AS Ppmax

Ty = @ — <‘11)\T)D1A‘fg ( a2 )(HDI)A?g
No AS Ppmax ’

which follows from the expressions z; = evi i =1,2,3.

Note that for a geometric programming problem with zero
degree of difficulty, the minimum of the primal problem can
be obtained by maximizing the corresponding dual function.
In this paper, we do not explore the dual problem approach
but it is a topic of interest for future study.

(22)

IV. SIMULATION VALIDATION
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Figure 2: FER as a function of the SNRs of the first and
the second transmissions (Each dot corresponds to the
FER from one simulation run; the mesh surface corre-
sponds to the FER values from the parameter fitting.)

In this section, we will apply the optimal power allocation
scheme in a simulated Hybrid—-ARQ system. The system pa-
rameters and the simulation results will be discussed next.

The simulated Hybrid-ARQ system allows up to two
(re)transmissions, i.e. N = 2. Assume the data source is
encoded with a Rate Compatible Punctured Convolutional
(RCPC) [7] code based on a rate 1/4 convolutional code with
constraint length K = 9. The generating polynomials are (765
671 513 473) in octal format. The puncturing pattern for the
first transmission is simply {”0101”}, which means punctur-
ing every other bit to generate a 1/2 rate code. The codeword
bits removed by puncturing at the first transmission are sent
in the second transmission if the first transmission has a de-
coding error.

The uncoded source frame has a length of 1000 bits. After
the RCPC encoding and puncturing, for the first transmission,
the sub-frame has a length of 2000 bits. The sub-frame sent
in the second transmission has the same length. We assume
that the fading gain is constant within one transmission and
changes independently over different (re)transmissions.

To obtain expressions for fi and f2, i.e., the parameters
A1, Az, Dy and Ds, we set up simulations for varying ratios
of powers allocated to the first and second (re)transmission.
The simulation settings for these power allocation schemes are
shown in Figure 1. Each dot corresponds to one pair of SNRs
allocated to the first and the second transmissions. For each
pair of SNRs, one FER value is obtained from the simulation.
With all the FER values we get from the simulation, we fit the
parameters of the FER model in equation (9). Both the fitted
FER and the FER from the simulation are shown in Figure 2.
The simulation data is marked with dots and the fitted data
is plotted as a mesh surface.

An alternate comparison of the simulation results and the
parameter fitting results are shown in Figure 3(a) and Fig-
ure 3(b). Figure 3(a) shows the FER v.s. SNR for the first
transmission. In Figure 3(b), the y-axis represents the FER
value and the x-axis is the sum of the SNRs from the first
and the second transmissions. From these figures, we ob-
served very slight difference between the simulation results
and the parameter fitting results. Therefore, we can apply
the FER approximation model and the optimization scheme
to the Hybrid-ARQ system.
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Figure 3: Comparison of simulation results and data fitting results
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Figure 4: Performance comparison of the optimal power
allocation strategy and equal power allocation strategy

After obtaining the parameters necessary to solve the op-
timization problem and substituting them into equation (22),
we apply the optimal power allocation strategy to the simu-
lated Hybrid—ARQ system. In Figure 4, the average power for
different FER targets for the optimal power allocation strat-
egy and the equal® power allocation strategy are compared.
The simulation results show that the optimal scheme can pro-
vide a gain up to 4dB at a target FER of 1E-4. However, at
very high target FERs, there are not any significant gains to
be obtained over an equal power allocation scheme.

V. CONCLUSION AND FUTURE WORK

In this paper, we provided a method to optimize the av-
erage power consumption for a type-II Hybrid-ARQ system
over an i.i.d Rayleigh block fading channel. The optimization
problem was formulated and solved as a geometric program-
ming problem. For the special case of two (re)transmissions,

2Note that the equal power allocation strategy is a solution to
the optimization problem in equation (10) with the symbol energy
being the same for each (re)transmission.

a closed form optimal power allocation solution was also de-
rived.

Compared with a traditional Hybrid—-ARQ scheme with
equal power allocation for all transmissions in one ARQ round,
the optimal scheme achieved significant power savings for an
RCPC coded Hybrid—ARQ system. From the simulation re-
sults, a gain up to 4dB, at a target FER of 1E-4, was achieved.

In our future work, we will apply the techniques proposed
here to the case of Turbo and LDPC codes as well. The per-
formance of the optimized power allocation strategies will be
analyzed and compared to equal power allocation strategies.
We will also explore the dual problem approach for solving
this optimal resource allocation problem.
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