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Analyzing Random Network Coding With
Differential Equations and Differential Inclusions
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Abstract—We develop a framework based on differential equa-
tions (DE) and differential inclusions (DI) for analyzing Random
Network Coding (RNC) in an arbitrary wireless network. The
DEDI framework serves as a powerful numerical and analytical
tool to study RNC. For demonstration, we first build a system
of DE’s with this framework, under the fluid approximation, to
model the means of the rank evolution processes. By converting
this system to DI’s and explicitly solving them, we show that
the average multicast throughput is equal to the min-cut bound.
We then turn to the precise system of DE’s regarding the means
and variances of the rank evolution processes. By analyzing this
system, we show that the rank evolution processes asymptotically
concentrate to the solution of the DI’s obtained previously. From
this result, it immediately follows that the min-cut bound can
be achieved as the number of source packets becomes large. We
demonstrate the numerical accuracy and flexibility in perfor-
mance analysis enabled by the DEDI framework via illustrative
examples of networks with multiple multicast sessions, complex
topology and correlated reception. We also briefly discuss its
application in MAC and PHY adaptation and the extension to
Random Coupon Selection.

Index Terms—Capacity achievability, concentration, differential
equation, differential inclusion, dynamical system, random coupon
selection, random network coding.

1. INTRODUCTION

INCE the pioneering work by Ahlswede et al. [1] that
S established the benefits of coding in routers and provided
theoretical bounds on the capacity of such networks, the breadth
of areas that have been touched by network coding is vast and
includes not only the traditional disciplines of information
theory, coding theory and networking, but also topics such
as routing algorithms[2], distributed storage[3], [4], network
monitoring, content delivery[5], [6], and security[7]. Among
other variants, random network coding (RNC) [8], [9] has
received extensive interest in particular. By allowing routers
to perform random linear operations, RNC is shown to be
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capacity achieving and fault tolerant. In spite of all the excel-
lent progress previous studies have made in the area of RNC,
what is still missing is a simple framework that can be used
to describe the evolution of state in a wireless network where
RNC is employed. In this paper we present a framework called
DEDI based on differential equations (DE) and differential
inclusions (DI), which are a generalization of DE’s to allow for
discontinuous right-hand sides. The DEDI serves as a powerful
numerical and analytical tool to study RNC. We demonstrate
this by presenting theoretical analysis of information flows with
RNC as well as numerical examples. We will setup under the
fluid approximation a system of DI’s that approximately char-
acterizes the means of the rank evolution processes and solve
it explicitly. The solution shows that the average throughput
is given by the min-cut bound. Next we prove that the actual
rank evolution processes concentrate to the previously obtained
solution in probability, hence proving the well known result
that RNC achieves the min-cut bound, all in the context of
general lossy wireless networks. The flexibility of DEDI in per-
formance analysis will also be shown via illustrative examples
of networks with multiple multicast sessions, user cooperation
and arbitrary topologies.

Using the DEDI framework, we present results similar to
Ho et al. [10] which for the first time characterized the achiev-
able throughput of RNC by analyzing the codes algebraically;
and also to Lun et al. [9] which later studied the same problem
with a Jackson network approach, analyzing the achievable ca-
pacity by treating the propagation of innovative packets through
the network as concatenated queuing systems. While the coding
strategy considered in this paper is similar to [9], there are a
number of notable differences with the prior work. Unlike [10],
our work makes no assumption on the size of the underlying
field when proving achievability. Rather, we show that achiev-
ability is a direct consequence of the convergence of the fluid
model in this particular case, which does not hold in general. In
[9], the fluid approximation is also used to characterize a ficti-
tious queueing system whose throughput lower bounds the real
process of innovative packet propagation. However, our contri-
bution mainly focuses on a direct and compact description of
innovative packet propagation through an arbitrary lossy wire-
less network using differential equations. This framework has
several advantages:

1) It is easy to manipulate. Many problems related to RNC
which have been previously studied with a mixture of in-
formation theory and queueing theory now become prob-
lems of analyzing and solving systems of differential equa-
tions. Previous studies of RNC usually begin their anal-
ysis with acyclic networks, and then extend it to a general
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Fig. 1. Hypergraph model of a wireless network of four nodes and its arrow-dot
representation.

topology, because cycles often impose an obstacle which
must be circumvented this way. With our framework, this
obstacle never arises because the topological information
has been naturally embedded in the system of DE’s.

2) It is a powerful computational tool that can help network
designers evaluate their RNC schemes with dynamically
adjusted parameters. Algebraic, information and queueing
theoretic approaches often do not lend themselves directly
amenable to use for this purpose. We will highlight this
aspect in Section VIIL.

3) It can be generalized to other transmission schemes be-
sides RNC. We will demonstrate in Section VIl its possible
extension to Random Coupon (RC) [11], an alternative to
RNC.

In what follows, Section II introduces the hypergraph model
for a wireless network first proposed in [9], concepts such as
cut sets, the min cut and connectivity for a hypergraph, and
the basic operations of RNC, the definition of rank evolution
for RNC; Section III presents the setup of the DEDI frame-
work for RNC using a fluid approximation as well as a sys-
tems of DE’s and DI’s that describe rank evolution of RNC.
In Section IV we solve the system of DI’s explicitly to obtain
the average throughput of RNC, which is given by the min-cut
bound. In Section V we further study the means and variances
to give an achievability proof of RNC that makes no assump-
tion on field size using the DEDI framework described here.
Section VI presents extensive numerical examples to illustrate
the application of DEDI to situations of DEDI to situations of
multiple multicast sessions, complex topology and joint recep-
tion. Section VII gives a brief discussion on the possible ap-
plication of the DEDI framework and its extension to Random
Coupon. We conclude in Section VIII.

II. REVIEW OF THE HYPERGRAPH MODEL AND RNC

A generic wireless network is modeled as a hypergraph G =
(N, €) consisting of N nodes N' = {1,2,..., N} and hyper-
arcs £ = {(i,K)|i € N,K C N'}. Each hyperarc captures the
fact that, as any wireless transmission is inherently a broadcast,
a packet sent from node ¢ can be received by some or all the
nodes in a set X C N. This idea is shown in Fig. 1 where the
hypergraph of a four-node network is shown. The transmission
from node 1 can be overheard by node 2 and 3, while the trans-
mission from node 3 can only be overheard by node 4, all with
a probability. This relationship between nodes can be conve-
niently represented with arrows. One should not, however, con-
fuse the arrow representation with the digraph of a wired net-
work. Assume some underlying MAC is operating in its steady
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state such that each node ¢ is transmitting according to an in-
dependent Poisson process with the intensity of A; packets per
second. We say that a packet is successfully received by a set
K of nodes if the packet is successfully received by at least one
node in &, which happens with a probability P; .. Note the def-
inition of P; x is general and does not assume independent re-
ceptions among the nodes in K. This generality allows channel
correlation or user cooperation (e.g., joint detection) to be ana-
lyzed in a unified framework. We define the effective transmis-
sion rate z; x for (¢, K) (i.e., from ¢ to K) as

zix = NPk (1

which is the intensity of the Poisson process of packets from
node 7 successfully arriving/being received by K. z; x also can
be regarded as the extended concept of link capacity from node
1 to the set K. When K C 7 C N, we must have

zik < ziT )

because P; x < P; 7. Suppose S, C Nand SNK = 0.
Define a cut for the pair (S, K) as a set 7 satisfying X C 7 C
8. Let C(S, K) denote the collection of all cuts for (S, K). The
size of 7 is defined as ¢(7) = >, 7. zi, 7. A min cut T, for
(S, K), whose size is denoted as cpmin(S, K) is a cut satisfying
Tmin = i 7).

i) = 1. 280 T @
We denote the collection of cuts for (S, K) that satisfy (3) as
Chnin(S, K). Conventionally, we have

Crin(0,K) ={TIK CT CN} and cpin(B,K) =0. (4)

We say G is connected if, forany ) 7 C N, ¢(7) > 0.

When RNC is employed in unicast/multicast sessions, a
group of nodes work together by sending out coded packets
that are generated from the received (coded) packets or the
packets they deliver as the sources. The operation of RNC is
different from that of the deterministic network coding [1] or
randomized network coding [12] in that a coding coefficient
vector is generated for each coded packet. Without loss of
generality, we also assume that every node in the network
executes RNC in a cooperative manner to carry an information
flow comprised of one or more multicast sessions, otherwise
we confine our discussion to the part of the network (and refer
to it as “the network™) in which every node participates in
RNC cooperatively. What follows will only be concerned with
a single information flow. Admittedly, we may have multiple
independent information flows separately coded with RNC,
which may traverse the same nodes. That means, if node i is
such a node, it will linearly mix packets that belong to the same
flow, but never mix packets from different flows with RNC.
Consequently, \; will be divided among these flows and we can
safely confine our attention to each flow individually, taking
into consideration only the portion of A; that is allocated to the
flow.

With RNC, each packet w is a row vector from FZ where
F is a given finite field of size ¢ and L is a positive constant
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that denotes the length of the packet. Every node maintains a
reservoir consisting of all the packets the node holds as a source
plus all the packets received thus far during a coded session.
The reservoir is ever growing and purged only after the asso-
ciated information flow is completed. Whenever a node gets to
transmit, a coded packet is formed and sent out. Suppose at a
time instant node ¢ needs to form a coded packet v from its reser-
voir {w; 1,W; 5, ., w; ,, }, v will have the form v = ayw; ; +
AW; o + -+ + anyiyn/, where a1, ...,a, € F are randomly
generated. Since the coding operation is entirely linear, we have
v = b 1wy + b;owy + -+ + b w,, where wy,...,w,, are
the ensemble of m source packets, possibly belong to multiple
source nodes and multiple sessions. [b; 1,b; 2, ..., b;im] € F™
is called the global coefficient vector associated with v. Each
node sends the global coefficient vector along with its associ-
ated coded packet in order to enable the receiving nodes to cal-
culate the global coefficient vectors for their own coded packets.
Let S; be the vector space spanned by the global coefficient vec-
tors associated with the packets in node i’s reservoir and define
N; = dim S;, which we call the rank of node <. S; and N;
are time dependent as the coded transmissions evolve and once
N; = m, decoding can be carried out with a linear inverse op-
eration. Further, for any set X C N, define

Sk :ZSZ- :span{U Si}, N =dim S (5)

€K 1€EX

and call Ni the rank of K. The question we are interested in
answering is how the rank V; or N increases over time, i.e.,
how the ranks evolve.

III. DEDI FRAMEWORK FOR RNC

In this section we will develop the DEDI framework for
studying rank evolution of RNC and show its use via illustrative
examples[13].

A. Rank Evolution Modeled With DE

The DEDI framework begins with the following lemma that
describes the mean of Ny (t):

Lemma 1:

dE [N]C(t)] /dt — Z Zi,ICE |:1 _ q]\flc(t)—N{i}uK<t):| . (6)
eKe

Proof: Let Ax(t) denote the increment in the number of
innovative packets in (¢, ¢ + At), then

Nic(t + At) = Ne(t) + Axc(t). )

Notice that every node ¢ sends packets according to an indepen-
dent Poisson process with intensity A;, we can calculate E[A(¢)]
as

E[Ac(®)] = Y ElAix(b)] ®

1€
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where A; x(t) is the number of innovative packets (either 0 or
1) sent from node ¢ € K¢ in [t,1 + At). Using the chain rule,
we have

E[Ac(®)] = Y AMALE[A; x(t)]i sends a packet] + o At)
i€Ke
= Z )\iAtPi7;cE[Ai7;c(t)|i sends a packet
i€Ke
which is received in K] + o(At). )

A packet sent from ¢ € K¢ is innovative to K (i.e., A; x = 1) if
and only if it comes from S; \ (S; N Sk). Since

dim S;NSx _  N;+Nx—N, i
|SiﬂS;c|=qlm K =gq +Nk Ku{i}

and |S;] = ¢ = ¢

(10)
Y

it follows that the probability that the received packet is innova-
tive is given by

(181 = 150 Skl) /18i] = 1= ¥ =Vewrn . (12)

Averaged over all possible values of (N;ux, Nic), we have

E[Ax(t)] = Y NALP, kB [1 RE <t>—N{f}w<t>} +o(At).
ieKe
(13)
Therefore, we have a precise differential equation for E[Ny(t)]
as follows:

dE[Nk (t)]

1 — Z zikE [1 _ quc(t)—N{@ulc(t)} . (14

ek

Let V;(t) = E[N;(t)] and Vi (t) = E[Nx(t)]. We want to build
a system of differential equations that (approximately) describe
V;(t) and Vi (t). Though Lemma 1 does not precisely provide
the equations we want (the right-hand sides are not functions of
the unknowns), we can turn them into such via a fluid approxi-
mation argument: when 1 is large, the stochastic process N (%)
behaves on a macro scale like a deterministic function which is
Vic(t). This leads us to make the following approximation

E [1 _ qN;c(t)*N{i}u)c(t)} ~1— qVK(t)*V{i}uK(t) (15)
and consequently we have
VIC ~ ZZUC (1 — qVK?V’CU{i}) . (16)

igk

The solution of (16) gives the expectation of the rank of a set
IC at any given time instant ¢. It actually stands for a system of
2N _ 1 equations, each for an nonempty X C A/. They col-
lectively give a complete description of rank evolution in the
system. Note Vi is solely determined by {Viuyiy bigx. This
dependency can be explored to arrange (16) into a partial order
“<” such that Vic < V. if and only if £ C L. This partial
order can be pictorially represented as a layered structure, for
which an example is shown in Fig. 2 for N = 3. To determine a
quantity on any particular layer, one only needs to know the the
quantities on the layer immediately above indicated by arrows.
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Fig. 2. Layered structure for the rank evolution of a 3-node network.

The layered structured will be exploited in Section IV to facili-
tate the proofs.

Theoretically, with appropriate boundary condition, (16) can
be solved. The instantaneous throughput is then obtained as Vic
or V;. For example, assuming node 1 is the unique source with
m packets to deliver, the boundary conditions (B.C.) for this
systems of DE’s are

m, 1K

no={g e a7

If only part of the nodes, say £ C N/, participate in carrying
the flow, (16) still holds, except that we should replace K with
K N £ and the top layer in the layered structure consists of V.
alone.

In practice, ¢ is usually chosen to be an integral power of
2, not only because arithmetic in a field of characteristic g is
then particularly amenable to machines, but also because they
are the natural granularity used in storage and communication,
e.g., bits, bytes, words, etc. With such choices of ¢, ¢V ~Viirux
could be equal to O to within the precision of standard numerical
software when |[Vic — Vi;3uk| is even moderately large. As Vic
can never exceed Vicy(iy, Vic — Vicugq i nonpositive and in
this case we may approximate 1 — ¢"*~Vku(i} by

1 — gV Veut { L Vi <Viugsy (18)

0, Vk = Vkuii-

The approximation for different values of ¢ is shown in Fig. 3.
It is evident that, when ¢ = 256 the approximation is very close
for every nonpositive integer. Even when ¢ = 2, the approxima-
tion is very good when Vic — Vicy iy < —6or Vg = Vicygqy = 0.
For other nonpositive integer values, the approximation has an
error bounded by 1. When ¢ — oo, (18) becomes more accu-
rate. However, as will be shown in numerical examples, when
the total rank is large the approximation rarely fails even for
q = 2. Consequently we may rewrite (16) as
Vi = zic(Vku ©Ve), VKON (19)
igK

with the same boundary conditions as in (17). The binary oper-
ation © is defined as

L
xey:{o

Though the simplified DE’s shown in (19) have discon-
tinuous right-hand sides due to the © operation, they are
no longer subject to the same precision problem. Numerical

T >y
o.w.

(20)
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Fig. 3. Approximate 1 — ¢"~VKU{i} with Vi3 © Vic when ¢ = 2 and
q = 256.

Fig. 4. Simplistic wireless P2P network.

solution of (19) can be obtained by any DE solvers fairly
efficiently. To demonstrate this, consider the following ex-
ample illustrating a simplistic wireless network that employs
RNC in a P2P-like transmission scheme, shown in Fig. 4.
Assume A; = 1 packet/second, i = 1,2,3,4 and ¢ = 2.
The labels attached to the arrows show reception probabilities,
which are independent to each other. This means, for example,
Pip =04,but P93y =1—(1-04)(1-02) =0.52.
We assume that node 1 is the server which has 400 packets to
be downloaded to node 2, 3 and 4 with RNC. Like a typical
wired P2P network, node 2, 3 and 4 broadcast to each other to
enhance efficiency. Fig. 5 shows the rank evolution at the four
nodes, through both simulation and the solution to the corre-
sponding simplified DE’s. It is evident that the DE solution fits
the simulated curves nicely.

B. Rank Evolution Modeled With DI

While (19) can be numerically evaluated with any DE solver,
itis not amenable to analysis due to the discontinuous right-hand
sides. Besides, the approximation shown in(18) becomes most
inaccurate when Vi ue — Ve — 07 . In fact, no matter what ¢
is, if Vi;yux — Vi is sufficiently small, 1 — ¢"* ~Veut:} can take
on any value in [0, 1). This discrepancy prompts us to modify
the right-hand side of (19) to incorporate semicontinuity [14],
which allows a range of values for Vi;3ux (t) © Vi (%) to choose
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Fig. 5. Rank evolution of the simplistic wireless P2P network is obtained
through simulation as well as solution to the corresponding DE’s.

from when Vi (t) = Vi;3ux(t). Specifically, we define an upper
semicontinuous function Sgn™ : R — 28

{0}, =x<0
Sgnt(z)={[0,1], =0 1)
{1}, >0
to replace the “©” operation
Vi € zicSent (Vieuy — Vi), VK C N, (22)

igk

Fig. 6 illustrates the conversion, where the Sgn+ function
shown in 6(b) has apparently re-acquired certain continuity
compared to the jump discontinuity shown in 6(a). The same
boundary condition in (17) still holds. To be compatible with
(19), when K = N/, we define the right-hand side of (22) to be
{0} instead of (. In mathematical literature, the system of inclu-
sions in (22) plus the same boundary condition in(17) is called
a system of differential inclusions (DI), first systematically
studied by A. F. Filippov [15] followed by many analysts. DI
is a generalization of the dynamical system described by DE’s,
allowing them, in particular, to have discontinuous right-hand
sides, which is exactly the case in (19). Such dynamical systems
with derivative discontinuities arise extensively in mechanics,
electronics and biology. For example, an initial value problem
on a time interval [0, oo) for DI takes the following form:

i€ F(t,z), z(0) =z (23)
where z(t) € R? is the state vector, F' : [0,00) x R — 2R g
a set-valued function and d is the dimension of the dynamical
system. Its solution is defined to be an absolutely continuous
function y(¢) such that y(0) = z, and §(t) € F(¢,y(t)) almost
everywhere in [0, 00). In this article, however, owing to the par-
ticular form of the Sgn™ function, we will be dealing with a
special collection of DI’s such that the solutions only need to be
continuous functions satisfying the inclusion at all but finitely
many points in [0, 00).It is clear that any solutions to (19) are
necessarily solutions to (22). It is possible that the reformula-
tion via DI’s could enlarge the set of solutions. However, as we

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 12, DECEMBER 2011

TOUY
Q—

0 T—y
(a)

Sgn (z —y)

0 T —y
()

Fig. 6. (a) Plot of x &y as a function of x — y. (b) Plot of Sgn™* as a set-valued
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Fig. 7. Three node network with linear topology. Node 1 tries to deliver 100
packets to node 2 and node 3.

will see, for our specific problem, (22) turns out to have a unique
solution in our discussion.

The generalization from (19) to (22) not only paves the way
for easy analysis of RNC, but also furnishes a better interpreta-
tion to the solution of (19), which is illustrated by the example
shown in Fig. 7. Suppose we wish to use RNC in a network con-
sisting of three nodes 1, 2 and 3 to deliver m = 100 packets from
node 1 to node 2 and 3. The network has a linear topology shown
in Fig. 7. Based on the underlying MAC, node 1 transmits at 0.5
packets/second to node 2 which transmits at 1 packets/second
to node 3, i.e., z12 = 21,{233 = 0.5 packet/ second, 223 = 1
packet/ second. We wish to know at what rates V5(¢) and V3(%)
increase by solving the corresponding system of DE’s as given
in (19)

Vo = z12(m © Va) (24)

Vs = 203(Vi23y © V3) (25)

V{23} = 21,{23}(m © V{23}) (26)
B.C. Va=V3="V3 =0 (27)

for which the solutions obtained by a numerical DE solver are
shown in Fig. 8. We are not particularly interested in Vy53y per
se, but by comparing (24) and (26) we observe that they have the
same solutions, i.e., V2(t) = V{23)(¢), Vt. In fact, Fig. 8 shows
Va(t) = 0.5, ¥Vt € [0,200). However, if we plug the solution
back into (25), we get Vi(t) = 0, V¢ € [0,200). This dis-
crepancy arises due to the discontinuous right-hand sides of the
system of DE’s in (24)—(26). This can be explained if we recast
(24)—(26) into differential inclusions as follows:

Vs € 2128gnt (m — V5) = 0.5Sgn™ (100 — V3)
Vs € z23Sgn™ (Viaay — V3) = Sgn™ (Viazy — V3)
Viasy € 21,{2335gn™ (m — Via3y) = 0.58gn™ (100 — Vj23y)
BC V2 - V3 - ‘/{23} = 0.
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Fig. 8. Bottle neck phenomenon: rank at node 3 follows rank at node 2. Nu-
merical solver exhibits fluctuation of V3 around V5.

By doing so, it is trivial to see that V5 (t) = Via3y(t) = Va(t) =
0.5t is a solution for the system of differential inclusions for
t € [0,200).

IV. ANALYZING INFORMATION FLOWS WITH DEDI—THE
AVERAGE CASE

In this section, using the fluid approximation and the DEDI
framework described in Section III, we setup the system of DI’s
that describes the average behavior of RNC applied to multiple
concurrent multicast sessions. We derive the explicit DI solu-
tion as done in our earlier work [16]. We show from the solu-
tion that the average throughput of RNC is determined by the
min-cut bound. The concentration behavior is presented in the
next section.

For the average case, we begin by explicitly solving the deter-
ministic DE(22). We will directly deal with multiple multicast
sessions and the general topology. Then we will specialize the
results to show that the average throughput of a single multicast
session is determined by the min-cut bound. In general, suppose
we have a wireless network G = (N, €) and J independent
multicast sessions and session j originates from a set of source
nodes

Sj:{Sj,l,Sj,Q,...,Sj,nj}./j:1,27...,J (28)
where each node in S; contains the same set of m; packets to
be delivered to the rest of the network or part of it. Note it is
possible that a node serves more than one multicast session and
it contains as many sets of packets. To identify the source for
any nonempty X C N/, define

Sre(K) = {jlS;nK=0,j=1,2,...,J}. (29)
For the coding scheme, we let each node generate a coded packet

by randomly linearly mixing all the packets it holds, regardless
which multicast sessions these packets belong to. Suppose all
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the multicast sessions start synchronously from time 0 as an in-
tegral information flow. This scenario is captured by the fol-
lowing system of DI’s:

Vi € ) zixSent (Vigyux — Vi)
igk

S m

1<5<J
igSre(K)

B.C. Vi(0)= (30)

In what follows, Theorem 1 explicitly solves (30). Its proof also
shows the uniqueness of the solution.

Theorem 1: The solution to (30) is given recursively as

Vie(t) = min {Vie(0) + ¢(K")t} 31
= min{Vi(0) + c(K)t, min {Vi (1)1} (32)
= min{ Vi (0) + ¢(K)t, ?éi’g{V{[}uK(t)}} (33)
and
J
Vi(t) =Y m;. (34)
j=1
Besides, for each I, there is a sequence
0=t <t1 < - <tpp—1 <tpne =00 (35)
such that over [t,,t,41),p = 0,1,...,ng — 1, Vi is affine
Vic(t) = Vi (0) + ¢(K")t, t € [ty tpt1) (36)
where K’ satisfies
}CI € Cmin(UjGSrc(IC’)Sj7 }C) (37)

We need a few preliminaries for the proof of Theorem 1.
We begin with Lemma 2 which gives a solution to (30) on an
interval.

Lemma 2: Suppose Vi (t1) is known, (30) has a solution on
[t1,12) given as
Vic(t) = Vie(t1) + 2(t — t1) (38)
if there is a set of nodes P such that PN K = Jand z > 0
satisfying
1) V{i}UIC(t) = V;C(tl) + Z(t — tl),Vt € [tl,tg),Vi e P,
2) ‘/{j}UIC 2 VK(tl) + Z(f — tl), Vit € [thtg), Vj ¢ KU 73;
3 Yjexur zik £ 2 < Yk FiK
Proof: Suppose this is not true, there is ¢ € [t1,t2) such
that

Vic(t") # Vic(t1) + 2(t — t1).
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Let

t'=sup {t < t"; Vic(t) = Vic(t1) + z(t — t1)} (39)
then ¢’ exists, t; < ¢’ <t < t9 and Vic(t) # Vic(t1) + 2(t —
t1) Vt € (¥',t"] by definition. Because Vi (¢) is continuous, it
is either

Vic(t) > Vic(t1) + 2(t — t1), Vt € (¢, "] (40)
or
Vic(t) < Vic(t1) + 2(t — t1), YVt € (¢, ¢"]. (41)

If (40) holds, by assumption 1, Vijux(t) < Vi(t), Vt €
(t',t"], Vi € P. So, with assumption 2

Vic(t) = Zzi,KSgn+(V{i}uK - Vk) < Z zjx (42)

iZK JEKUP
thus
t” .
V() Vit + [ Vieloyas
t/
t” )
=Vi(t1) +2(t' —t1) + / Vic(t)dt
t/

<Vi(t)+ (' —t)+ Yzt =)
jgKuP
<Vic(t1) + 2(t' —t1) + 2(¢" = 1)

=Vi(t1) + 2(t" — t1)

(assumption 3)
(43)

which is a contradiction to (40). If (41) holds, by assumption 1
and 2

Vi = zixSent (Vigux — Vo) = ) zike (44)
igk igk
Then by assumption 3
t,, )
Vic(t") =Vic(t1) + 2(t' — t1) + / Vic(t)dt
t/
=Vic(t) + 2(t —t1) + Y _ zixc(t’ — 1))
igK
>Vic(t) +2(t —t1) +2(" —t) (assumption3)
=Vi(t)+ 2" —t1) (45)
which is a contradiction to (41). [ |

Now we can give
Proof'to Theorem 1: Since (33) and(32) are simply the re-
cursive forms of(31), they are equivalent; hence, it suffices to
prove (31). We prove this via induction on |KC¢|. When |K¢| = 0,
K = N, Var(0) = S27_; my, ¥t > 0. Equation (31)~(32) are
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trivially true. Assume it is true when |[K¢| < k — 1, we prove it
is also true for |K¢| = k. Let

Uk (t) = min {Vie:(0) + e(K')t}

K'DK (46)

then U (t) is piecewise linear (since it is the minimum of a
finitely many affine functions) and there is a sequence

0=t <t1 < - <tpp—1 <tpe =00 @7
such that foreach p = 0,1,...,ng — 1
Uk (t) = Vi (0) + ¢(K")t,  t € [ty tpt1) (48)

for some K'. We claim K/ € Cin(Ujesee(c) S, K) (it is ap-
parent that K' € C(Ujesre(k)S;, K)). Otherwise, let £ €
Cmin(Ujesre(x)Sj, K) but K" # K'. By definition of min cut
for the hypergraph model, we have

e(K") < e(K). (49)
Since (Ujesre(x)S;) N K" =0, Src(K') C Sre(K"), so
Vi (0) < Vier(0). (50)
Therefore, Vt € (tp,tpt1)
Vicr (0) + ¢(K")t < Vier (0) + (Kt (51)

which is a contradiction to (46).

We want to show that Vi.(t) = Ux(t), Yt € [tp, tpt+1), using
Lemma 2, which amounts to checking three conditions. Let X’
beasin (48). Let P = K' \ K, 2 = 37, zixr = ¢(K'). First
note

Viguk(t) = Ux(t), Vi€ P,VtE [ty tpt1). (52)
This is because, on one hand, Vi ux(t) > Uk (t) by (46), while
on the other hand, by induction assumption (JV \ ({i} UK)| =

k- 1)

Vinux(t) = i Vi (0 KNt
o) = min (Ve (0) + (k"))
< Vi (0) + e(K")t  (since {i} UK C K')
=Ux(t). (53)
Meanwhile, by (46) we have
Vijyuc(t) > Uk(t), Vte€ [ty,tpe1),ViEKUP. (54)

Because K’ = Chin(Ujesre(x)Si, K), 2 < Ziglc zi k. Be-
cause K C K/,

E zix < E Zi K = 2.

igK’ igK’

(55)
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Thus, assumption 3 of Lemma 2 is checked for all ¢. We then
check assumption 1 and 2 piecewise. Because for any K" D K

Vi (0) =

M-

I(S;NK" # P)m
1

Q
Il

M&

1(8;NK #O)m; = Ve(0)  (56)

<.
Il
-

by (46) we have

Vi (0) = Vi (0). (57)

From (52) and (57)

Viiyuk(t) = Vier (0) + (K"t
= Vic(0) + c(K')t,VE € [to, t1),Vi € P (58)

Hence, assumption 1 is checked for [tg, t1). From (54) and (57)

Vijyok () 2 Vier (0) + e(K)t (59)
=Vic(0) + ¢(K')t, Vt € [to,t1),V] & KU P.

Hence, assumption 2 is checked for [tg, ¢1 ). Therefore, Vic(t) =
Uk(t), Yt € [to,t1). But this in turn implies that Vic(¢1) =
Uk (t1) by continuity (cf. the definition of solution to DI in
Section III-B), which implies that assumption 1 and 2 are also
checked for [t1,t2) (same argument as for [t, ¢1)). Therefore,
Vic(t) = Uk(t), Vt € [t1,t2). Repeat this argument ny times,
we conclude that Vic(t) = Ux(t), YVt > 0. This shows the va-
lidity of (31) for |K°| = k.

Essentially, Theorem 1 (c.f (31)) states that Vi () is the min-
envelop of 21| affine functions corresponding to so many sub-
sets of nodes that contain /. The partial order “<” illustrated
by the layered structure also implies the usual linear order “<”,
ie.,

K=sK = Vi(t) <VE(), Vie>0. (60)
Therefore, it is always true
J
Vi V=) mj. 61)
j=1

A stronger statement than (61) can be made when G is con-
nected, i.e.,

Corollary 1: If G = (N, £) is connected, then VK # ()

J

t) = ij,
j=1

Proof: Because G is connected, VI C K' € N, ¢(K'
0. Therefore, when ¢ is sufficiently large

(62)

€ [tnK_1,OO).

) >

J
ViE(0) + e(K)t > > " my = V(1)
j=1
Hence, we have the conclusion from (31) of Theorem 1. [ ]

Corollary 2 implies that with the RNC scheme for multiple
flows as described here, a node may have to wait until its rank
reaches Z‘j]:l m; to start decoding. This time is denoted as
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Tietal, Though there could be fairly large decoding delay for
nodes only interested in one or few sessions, the intersession
coding is optimal in the sense of min cut bound. Applying (36)
in Theorem 110 [t _1, tn, ), itis clear that 7°?! is determined
by one of the min cut bounds that X has to take into considera-
tion. The min cut that determines the finish time can be regarded
as the worst bottleneck for K. More precisely, we have

Corollary 2: If G = (N, €) is connected, then

Tretal = Z M [Cmin(UiesSi, K))

JES

(63)

max
SCSrc(K)

Proof: Clearly T{°**! = ¢, ;. By Theorem 1, there is
K" O K such that Vt € [ty —2,tnc—1)
Vic (f) V/CI(O) + C(’Cl)t

= Z m;j + Cmin(UiGSrc(lC’)Si: IC)t
j€&Src(K’)

(64)

and by setting Vic(tn, 1) = Z;’:l mj, we get

total
T - tnK -1

/Cmin (UiGSrC(IC’)Si7 IC)

J
E m; — E mg:
Jj=1

1<j'<J
7' €Sre(K")
= Z M [ Cmin(Uiesre(x)Si, K)
jESrc(K)
< i/ Cmin(Us 827IC 65
= Scnslraé)((ic) Zma/c (Uies ) (65)
jes
where the last inequality holds because X' O K; hence,

Src(K') C Src(K). However, if there is S” C Src(K), such that
Z mj/cmin(UiGS’Sz’;’C) >

jeSs’
let K" = Chin(Uics'Si, K), then we have
Vi (0) <

TItCOtal (66)

(67)

because S’ C Src(K”), and

V)C//(O) +C(K//)Tl*ccotal
= Vi (0) + cmin (Uies'Si, K) Tictotal

< Z mJu-I-ZmJ

jES’

(68)
which contradicts (60). So

T,&Otal > max
SCSre(K)

> M/ cmin(UiesSi, K))

JjES

(69)

Combine (65) with (69), we get (63). |
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From Theorem 1 and Corollary 2 we can readily show that
the average throughput under the fluid approximation is given
by the min-cut bound, i.e., we have.

Theorem 2: 1If G = (N, &) is connected and node 1 is the
single source of a multicast session, the solution to (22) with
B.C. Equation (17) that describes this scenario is given as:

HDVKCcNandl e K

Vic(t) =m, ¥t € [0, 00). (70)
Q)VK CcNandl g K
oy cmin(L, K, VT € [0,m/cmin(1,K))
Vie(t) = {m, Vi € [m/emn(1,K),00). D

Proof: By Theorem 1, the solution to (22) for each K is
piecewise linear. If 1 € K, for any K’ that satisfy (36) and (37),
we must have Vic/(0) = m and ¢(K’) = 0. This implies Vi (¢)
is a constant. By Corollary 2, we have (70). If 1 ¢ K, there are
two possibilities:

1) K e C(1,K) and ¢(K') = cmin(1,K);

2) K" € C(0,K) and ¢(K') = 0.
By Corollary 2, the second case applies to ¢ € [t1,00); hence,
the first case applies to ¢ € [to,t1) as we know Vic(0) = 0. We,
therefore, have (71).

Theorem 2 states that the rank of K increases until it reaches
m at the rate allowed by the min cut that separates K from the
source.

Corollary 3: For 1 € IC, Ve = ¢min(1, K), when Vic < m.
Specializing Corollary 3 to an arbitrary destination node ¢, we
obtain:

Corollary 4: Fori # 1, Vi = Cmin(1,7), when V; < m.

Corollary 4 shows that if a unicast at average rate I exists
for each destination ¢ separately, i.e., ¢min(1,4) > R, then the
proposed coding scheme is capable to implement a multicast at
average rate RR.

V. CONCENTRATION BEHAVIOR OF DEDI SOLUTION—THE
ASYMPTOTIC CASE

Section IV presented an average analysis of RNC throughput
based on the fluid approximation. In this section we show that
this throughput can be achieved asymptotically with increasing
number of source packets m. This asymptotic result was pre-
viously proven in [9] using a queueing approach and graph de-
composition. In our paper, we begin with (6) and solely work
with differential equations to show the same result. This per-
spective on RNC is new.

To motivate the achievability problem, we first prove a weak!
version of min-cut max-flow theorem for RNC.

Theorem 3: Assume node 1 is the only source in the network
and the transmission begins at ¢ = 0. Let N (¢) be the incre-
mental process of innovative packets at X C A7\ {1}, then

E[Nk(t)] € emin(1,K)t. (72)

1A stronger version would say dE[Nk (¢)]/dt < cmin(1, K).
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Proof: Suppose T € Cmin(1,K). We have, from Lemma

dE[NT(t)] _ N1 (t)=Ngiyur (t)
ST - S k1 0] @3

i€Te
<Y zir = cmin(1,K). (74)
i€Te
Since Nx(0) = 0, we have
E[Nk(t)] < E[N1(t)] < cmin(1, K)t. (75)

Though Theorem 3 indicates that the time average throughput
of RNC is governed by the min-cut bound, we will show that the
min-cut bound can be asymptotically achieved. In this section,
we assume the hypergraph is connected and we give the asymp-
totic achievability proof of RNC within the DEDI framework.
For any K C N, we let Dxc(m1,m2) denote the time taken for
Ny to increase from my to mo. We will prove V1 > € > 0

lim P (m/Dx(0,m) > ecmin(1,K)) = 1.

m— 00

(76)

In order to prove this, we will follow the strategy outlined as
below: We begin with Lemma 3 that is fundamental for the ar-
gument. Lemma 4 builds a system of DE’s for Var[ N ()], from
which we will prove Theorem 4 with the help of Lemma 3 that
says the standard deviation of N () is upper bounded by a sub-
linear function. Then we scale N (t) to produce a new process
My (t) and show in Theorem 5 that My (¢) converges in prob-
ability to cmin(1, KC)t. While the following Corollary 5 implies
that the throughput is given by ¢;uin(1, KC) for the entire course
of transmission except the last few packets, Proposition 2 and
Corollary 6 show that the last few packets take bounded time to
get transmitted. Theorem 6 combines Corollary 5 and Corollary
6 to complete the achievability proof.

Lemma 3: Let X beanr.v.and let f : R — R be a decreasing
function, then

E[X f(X)] < E[X]E[f(X)]. (77)
In other words
Cov[X, f(X)] 0. (78)

Proof: Let X’ be an independent copy of X. Since f is
decreasing, we have

(X - X)(f(X) - f(X) <0 as. (79)

SO
E[(X = X")(f(X) - f(xX)] <0. (80)
Expanding (80) we have (77). [ |

It should be pointed out that a more general statement of
Lemma 3 can be found in [17].
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Lemma 4: For any set KC of nodes, we have

dVar[Nk (t)] _ dE[Nk(t)]
dt B dt
+2 > 2k Cov[Ni(t), 1 — g"c O~ Ninox®] - (81)

Proof: The proof is manifest in the following computation.

Nic(t + At) = Ni(t) + Axc(t) (82)

SO

NR(t) = NR(t) + AR (1) + 2N () Ak (1), (83)

We have

E[A W] =) /\iAtPL;cE[l - qN)c<t>fJ\’mu;<<t>} +o(AY)
1ER?
(84)
and
E [Nk (t)Ax(t)]
=3 NALPKE [N;C(t) (1 - qNW)—N{im(f))} +o(At).
e
(85)

Therefore
dE [NZ(8)]
dt
= > APikE [1 - qN’C(t)*Nmuzc(t)}
icK?
+ 30 NP [Ne(t)(1 - gV 0= Naox )]
ieKe
_ dE[Nk()]
T dt

| N O-Niyox(®
-i—ig;zl,;gE[N;c(t)(l e {Mt)] (86)

where the last equality follows from Lemma 1. We also have

dE2[ Nk (t)]
)
dE[Nx
= 2 () 2R
=23z E[Ng(B)] B[l — ¢V O~ N ] (87)
1€
SO
AVar N (1)
Carntt]
_ dE[NR()]  dE*[Ng(t)]
Tat  dt
dE[Ni(t
= %+2i€zwzi,;c00v I:N]C(t),l—qN’C(t)_N{i}u)C(t):| .
(88)
| ]
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Theorem 4 bounds y/Var[Ni(t)] with a sublinear function
dict'=%%/2 in time. Since we know E[Ni (t)] = cmin(1, )t
from Section IV, it later enables us to use Chebyshev inequality
to show concentration of N (t).

Theorem 4: There exists constants dic > 0and 1 > 6 > 0
for each K independent of ¢, m, such that

Var[Ne(®)] _ (89)

lim sup 2 e S

t—o0

Proof: We first make a trivial observation that, if we let

a}C = Z Z’i,]C (90)
i€Ke
then
AN on

by Lemma 1. The rest of the proof is by induction using the
partial order. When K = {1}, we have

dVar [Ne ()] _ dE [N ()
dt dt

+2 3 2 Cov [N,C(t), 1— qN'c@)*m} . ©92)
iee

Since 1 — ¢V<()=™ i5 decreasing and concave in N (t), by
Lemma 3, we know

dVar[Ni(t)] _ dE[Nk()]
& = a ©3)
Var[N(t)] < E[Nx(t)] < axct (94)

by (91), as Var[Ni(0)] = E[Nk(0)] = 0. Therefore, we can
assign dx = ax and 0, = 1. Now suppose the statement is true
VK' D K, K’ # K, we prove it is also true for K. First note

Cov [Nlc(t% 1- qN’C(”—N{nuzc(t)}
= Cov [N’C(t) = Nyiyux (), 1= qN’C("')—N{i}uzc(t)}

+ Cov I:N{z}UK(t)v 1-— qN’C(t)iN“}U’C(t)} . 95)

The first term on the right-hand side of (95) is nonpositive by
Lemma 3. By Cauchy—Schwarz inequality, the second term can
be upper bounded as

< \/V&I‘ [N{L}UIC(t)] \/Var [1 — qN)C (t)_N{i}u)C(t)]
</ Var [Ny (1))
< \/mtlﬂs{i}uzc/?

(96)
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SO
dVar[Ng(t)]
dt
dE[Nk(t)] / -
< —a +2 Z Zi K d{i}ulgtl /2 (97)

i€Ke

By induction, we have

i/ dgi
Var[Nk(t)] < axt + 2 E Zi KV Gfitux $2—8¢iyux /2 (98)
icKe {i}
as Var[Ni(0)] = F[Nx(t)] = 0. Therefore, we can pick

VLIt
e —ag 42 Y SV T

99)
S 2= biyux /2
and
O = mln{l,g}lcrl{é{i}U;C/Z}}. (100)

The next result is more conveniently discussed in terms of the
scaled process defined as

M (t) & = Nic(mt). (101)

1
m

The scaled process M, ,gm)(t) contains essentially the same in-
formation as Ni (t) except its graph is scaled down with a fixed
aspect ratio. We list some obvious properties of M, ,(Cm) (t).

Proposition 1: M ,(Cm) (t) has the following properties:
1) E[M,(Cm)(t)] is increasing from O to 1 for 1 ¢ K.
2) M,gm)(t) =1forl € K.Forl ¢ K, M,(Cm)(t) satisfies
4B (M ()]
dt

(m) r(m)
3wk {1—<qm>M'< DM@ (102)

1€Ke

3)

B[ME )] = BN (o)
< cmin(1,K)t, Vit €[0,m/cmin(1,K)), VK % 1.(103)

4) {E[M, ,(Cm) (t)]}m are uniformly Lipschitz continuous.
5) Jdx > 0 and 6k > 0 independent of m, such that

Var [M,(Cm)(t)]

m—%x

lim sup < d;cifz_é’C

m—00

(104)

for fixed ¢.

Proof: Property 1) is obvious. Property 2) follows from
Lemma 1. Property 3) follows from Theorem 3. Property 4) fol-
lows from

dE [N (t)]
RV~ E )
dt B 1€EKe o

(105)
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and

4B [MEO] )

dt dr

(106)

T=mt
Property 5) follows from Lemma 4

Var [M,(Cm) (t)}

—

Var [-L Nic(mt)]

m o«

lim sup
m—00

< dict? 0% (107)

= limsup
Note that proFerty 3) of Proposition 1 provides an upper

bound on E[M.™(t)], we will show that in fact M{™ (t)
asymptotically concentrates to this upper bound, i.e.,

Theorem 5: Given K, M,(Cm)(t) L (LK),
Vit € (0,1/cmin(1,K)] asm — oo.

Proof: Due to property 4) of Proposition 1,
{E[M, ,<Cm (t)]}m are Lipschitz continuous hence equicon-
tinuous. They are also uniformly bounded by constant 1.
By the Arzela-Ascoli Theorem, VK C A/, a subsequence
{E [M;Cmé)(t)]};il converges uniformly to some continuous
function M (t) over [0,1/cmin(1, K)]. In fact, we can pick
a single sequence {E[M,(Cm‘)(t)]} that converges uniformly
to My (t) for all K because there are only a finite number of
K C N. So we make this assumption and in what follows we
prove My (t) = cmin(1, K)t by contradiction and via induction
on the partial order of K.

When £ = {1}°. Suppose at t2 € (0,1/cmin(1,K)],
Cmin(1, K)ta — My (t2) = h > 0. Because M (0) = 0, by con-
tinuity, 30 < ¢1 < t9, such that Cmin(l, IC)tl — M/C(tl) = h/2
and

Cmin(LK)t — M)C(t) > h/?, Vt € [tl,tg]. (108)
Let
A = %/ then lim — =0, (109)
‘o t—oo (A)2

From property 5) of Proposition 1, we know

Zlim ey / Var [M}(Cmé)(t)] = 0, uniformly Vt € [t1,%2].
(110)

Because E[M{™ ()] 5 Mc(t) on [0,1/cmin(1,K)], 3L

such that V¢ > L;
|E[MI) (1) — My (t)] < /8, Vte[ty,t]  (111)
SO

E[M{™) ()] < My (t) + h/8, Vt € [t1,ts], V€ > Ly (112)

and in particular V/ > L,

EIM{ (11)] > anin(1, Kty — 5h/8 (113)
E[MI™)(t5)] <cmin(1,K)t2 — Th/S. (114)
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Let p(-y) be the distribution function of M, I(sz) (t) and let A be  Therefore

the interval

A2

O,E[M,(g””(t)]Jr/\fg Var [M,(g”“(t)” (115)

then we may calculate

dE[M™ (1))
dt
=z xE [1 - (qmz)M,(cm“(t)—l]

> /A p(M 21k (L = (¢™) Ny

E[MO @) +2L [ var [0 ()] -1
Z/Ap(’)’)zl,/C 1~(¢™) P O]y e 0] dy
iy ME(B)+h /84Xy [Var [M ()] -1
> [ s =™ dy
g ME(B)+h /84Xy [Var [ ()] -1

=z [ 1-(¢")

P <M,gme>(t> < E[MT(1)] + AL, [ Var [M,(Cm“(t)D .
(116)

But

P (M,(g”f)(t) <E [M,(C“mf)(t)} + A Var[ MO )])

1
> _
>1 T (0 — o00) (117)
K
by Chebyshev inequality, which is true V¢ € [t1, t2] uniformly.
Using (108), (110) and noticing that t < t3 < 1/emin(1,K), we
have

limsup M (t) + h/8 + Ak Var[M,(Cm”)(t)] -1

{— 00

< cmin(1,K)t — 3h/8 =1 < —3h/8 (118)

SO

Var[M{"0 (8] -1 _ ¢

mz)MK(t)+h/8+)\fC (119)

lim 1— (¢

L—o00

which is also true V¢ € [ty, t2] uniformly. Therefore, given

€€ (07 Comin(L, ;é/)l(ltz - tl))

3L, > Ly > 0, such that V/ > Lo

(120)

B (1)
dt
> (1 - G)Zly]C = (1 - G)Cmin(l,}C), Vit € [tl,tg]. (121)
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[M“”“(m)]
to
M 0)] + [ (1= i1, K)d
ty

> Cmm(l IC)tl — oh/S + (1 — G)Cmm(l }C)(tg — tl)
= Cmm(l, K)tg — 5h/8 Ecmin(L}C)(tg — tl)
> Cmin(1,K)ta — Th/8 (122)

which is a contradiction to (114). This shows My (t) =
cmin(1,K) ¢ for t € [0,1/cmin(1,K)] when £ = {1}°. Sup-
pose this statement is true VK’ D K, K’ # K. We claim that
we still have M (t) = cmin(1, K)t. Otherwise, suppose at
to € (0,1/cmin(1, K)] we have

h = cmin(1, K)ts — Mic(ts) > 0 (123)
then similarly, we can find ¢; € (0, ¢2) such that
Cmin(l,IC)tl —Mx(tl) :}L/Q (124)
and
Cmin(l,IC)t — MK(t) > }L/Q, Vit € [t17t2]. (125)

Reuse the definition of )\f% such that (109) and(110) still
apply. Define A {iyuK in the similar way with respect to
dgiyux and M(z}U)IC( ). Because E[M(m‘)( )] = My (t) and
EM) ()] % Myyoxc(t) on [0,1/¢min(1,K)], 3L1 such

{i}UK
that V¢ > L; and V¢t € [tl,tQ]

B (8] - M

K(t)| < h/8
E[M{0 (1)

_M{i}ulc(t)| <h/8. (126)

Let p(7vk, v{iyuk) be the joint distribution function of M, ,(Cm” (t)
and M{"}0)(t). Let

=

0, E[M{™) (1)) + Afe [ Var [M,(Cm’)(t)”

BIM{0(0] = Moy Var [M{(Z’;QK( )] 1] . (127
Then we may calculate as follows:

B {1 —( qmz)M,‘C””(t)—fu""”,dt)}
> / p (v vgauk) (1= (gme)™~mue) . (128)
JA

But when (vx,v{iyux) € A, we have

Y= Yiyuk < B [M(W) + A 1/Var M("”)

_E [M{(j;fj,c + Aoy Var M("]ff},c

(129)
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Using (125), (126) and the induction assumption M {( }Ll:J)IC( )=
emin(1, {i} U K)t, we have

Ve = Yiiyuk < Mic(t) + h/8 + Mgy Var [MI(sz)(t)

_M{}UK()+h/8+)‘{}UK Var[Mn;SK }

< len(l )C)t — h/2 + h,/8 + )\l Var |:M(m£) ]

— Coin(L, {i} UK)E + B/8 4+ Afj 00/ Var [Mg’;(m(t)]
_ ¢ (mye) 0 (me)
< —h/4+ A/ Var | M () |+ A 0k ) Var M{i}U,C(t)

— —h/4, (£ — o00), uniformlyVt € [t1,t5]. (130)
By Inclusion-Exclusion Principle, we have for any two events
Aand B

P(AAB) > P(A)+ P(B) — (131)

So

P(M,(g"”)(t) <E [M,(g””)(t)} + ALy [ Var [M}g”‘)(t)]A

MO0 > B [MEO )] = Xy Var [ME0)])

> p (M,ém%) < B ()] + M Var[M,ém“(t)])

+ P(M50 (1) > BIM{ 0 (1))

— Mo/ Var M (1]) — 1
> <1 - L) + 11— )
(A)? (A2

—1, ({ —> o0), uniformly Vi € [t1,1s]

(132)

by Chebyshev Inequality and (109).
Consequently

E [1 — (gm0 Mi";”m}

> P(M,(g"”)(t) <E [M,(Cm‘)(t)] + ALy [ Var [M,(Cm’)(t A

)
M{(”;8,<<>>E[M{<”;8,C< )] = Moy Var [ME00)])

= (™) —h/44N [ Var [M D O] 400 ey Var [MT ()]

— 1, (f — 00), uniformly V¢ € [t1,ts].

Therefore, given ¢ as defined in (120), 3Ly > L4, such that
VU > Lo

dE[M;(cmZ)(t)] MO ) =m0 (1)
S Y\ SR i, El1l - my {i}uK
Z (1 — 6) Z Zi,IC
1eXe

> (1 = €)emin(1, K), (133)
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from which we reach the same contradiction as in (122). This
shows that E'[M,(sz)(t)] L Cmin(1, K)t over [0, 1/cmin(1, K)).
Now we claim that, in fact, E[M, ,(Cm)(t)] — Cmin(1, K)t over
[0,1/emin(1, K)]. For otherwise 3t € [0,1/cmin(1, )], Je > 0
and 3{m,}, which is a subsequence of m = 1,2, .., such that
Cmin (1, K)t — E[M(W)( t)] > e. Apply the previous set of in-
duction arguments to { E[M- (mf)( t)]}¢, we know that a subse-
quence of { E[M- (W)( t)]}e converges to ¢pin(1, K)t uniformly
on [0, 1/¢min(1, )], which is a contradiction.

Because Vt € (0, 1/cmin(1,K)], EIMI™ (£)] = cmin(1, Kt
and, from Property 5) of Proposition 1, Var[M{"™ ()] — 0, the
conclusion follows from Chebyshev Inequality.

Since Mic(t) — cmin(1, K)t, we know that except for the
last few packets, the transmission happens at the rate arbitrarily
close to ¢min(1, K), i.e., we have

Corollary 5: Given « € (0, 1), we have

lim P D(0,a?m)< — ) —1.
im < (0,a”m) < Cmin(17}C)> (134)
Proof:
M
li . 200 < _ oM
moao? <d"(0’0‘ = Cmin(l,lC)>
aM
=1 =) > a®M
mflo”<”"<cmm<1,fc>)—“ )
= lim in __am > a?
T e '\ M\ G (1,K) )
— 1 (m) o
lm p( <Olnin(17}<:)>
«
> in(1 —_— 1
> alen( ,/C) Omin(l,)C)>_> (135)
according to Theorem 5 with
o
T=————. 1
Cmin(LK) ( 36)
]

However, the last few packets do not really affect the en-
semble transmission rate because we can put a bound on the
time it takes to transmit them. This bound is proportional to the
amount of “slow” packets at the end of transmission and can
be made negligible compared to the bulk of the transmission.
Specifically, we have

Proposition 2: Given g and 1 > « > 0, 3b; for each node 1,
such that

lim P (D;(am,m)<b;(1—-a)m)=1.

m— 00

(137)

Proof: First consider the special case when z1; > 0 and
we ignore packets received at ¢ from nodes other than 1. When
N;(t) < m, any incoming packet is innovative with probability
of 1 — ¢gNit®=m > 1 _ 41 So let

3
b= ———m— 138
z1,i(1—q71) (138)
and apply Chebyshev inequality, we have
P (D;(am,m) < b;(1 —a)m)— 1. (139)
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If there is a path, say (WLOG), 1, 2, ... ,:—1,suchthat z; ;11 >
0(j =1,2,...,4 — 1) (This must be true since we assume G
is connected), we focus on the transmission along this path and
ignore other transmissions. We use D’ (my,my) to denote the
time NV, (t) takes to increase from m; to ma, assuming during
that time N;_1(¢) = m. Let

i—1
(140)
j=1 Z]a]+1 1 - q )
then
P(D;i(am,m) < b;(1 — a)m)
i—1
>P (> Djyi(am,m) < bi(1—a)m
j=1
3(1—a)m
>P D am,m —_—
- /\ rl )< zjj+1(1—q 1)
—1 (141)

where the first inequality follows from the fact that for 7 =
2,3,...,4, Nj_1(t) reaches m before N;(t) reaches m; and the
limit follows from the inclusion- exclusmn principle and (139).

The following corollary trivially extends the conclusion to an
arbitrary set .

Corollary 6: For any nonempty set X C A, bx > 0 such
that

lim P(Dx(am,m) < bg(l—a)m)=1.

m— 00

(142)

Proof: Assume node ¢ € K and apply Proposition 2.
Now we are in a position to finish the achievability proof by
combining Corollary 5 and Corollary 6.

Theorem 6: YK C N and V0 < e < 1

lim P

m— 00

> ecmin(l,IC)> = (143)

_m
D;c (0, m)
Proof: We note Vo € (0,1)

m

P (Bt > nelt)

_p <D;c(0>m) < m>

am

>P(D(0,a’m) < ————
- < (Iam)_ cmin(17’C)

m am
AD(a’m,m) < -
(Oé mm) - ECmin(17IC) Cmin(L}C))

am
>P(D(0,a’m) < ————
- < ( @ m) o cmin(17’C)>

m _ am 1
6Crnin(l;’C) Cmin(17lc) .
(144)

+P<D(a m,m) <

Pick o € (0,1) such that
1/e—1

I A
«= 2blCcmin(17IC)

(145)
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then we have
1 1
b (2 —2
cemn( 1K)~ (1, 10) X220
> 4 be(2 - 20)
— 0
Cmin(LK) *
«@
> bic(1 — 146
Cmin(lvlc) * K:( * ) ( )
By Corollary 6, we know
m am
lim P(D < — =1.
mgnoo < <a " m) GCmin(l,}C) Cmin(lvlc)>
(147)
By Corollary 5
lim P (D0, a2m) < —2 ) —1. 148
Jim P (D0.a*m) < (148

Pluging (147) and(148) back in(144) and taking the limit m —
o0, we get (143). ]

Theorem 6 is a little more general than the statements made
in [9] and [18] since it reveals that, not only the rank at a single
node, but also the rank at any subset XX C N increases at the
rate determined by the min-cut bound ¢min (1, K). It should also
be pointed out that in the proof to Theorem 6, typical difficul-
ties with cycles in the network topology do not arise due to the
layered structure of the DI's that has encoded all topological
information.

VI. NUMERICAL RESULTS OF THE DEDI FRAMEWORK

In this section we present extensive numerical examples of
the DEDI framework for RNC. We use ¢ = 2 for all the RNC
examples to show that, even for the small field size, the DEDI
framework provides desirable accuracy. We give the simulation
results for different network topologies that are described using
the hypergraph model introduced in Section II (see Fig. 1). We
remind the readers that the dots represent the nodes whose trans-
missions are according to independent Poisson processes; the
arrows represent the reachability. We set the intensity of the
Poisson processes uniformly to 1 packet/second. If multiple ar-
rows emanate from the same node, it means when this node
transmits, all the nodes on the other end of the arrows have
a chance to receive this packet. In our simulation, unless in-
dicated otherwise, the receptions are independent. Their inde-
pendent reception probabilities are shown as the numbers at-
tached to the arrows. We use a discrete event simulation model
in which the transmission time instants at each node are deter-
mined by the associated independent Poisson process; the re-
ceptions are simulated with the assigned reception probabilities
and the ranks are updated in real time. Because the convergence
of the fluid approximation to E[N(¢)] is extremely fast, we
choose to show sample paths rather than the ensemble average
to demonstrate the accuracy and versatility of the DEDI frame-
work. We will demonstrate the ability of the DEDI framework
to handle multiple sessions, complex network topology and cor-
related receptions by comparing the rank evolution processes at
different nodes obtained from simulation with the DEDI solu-
tion. We assume all transmissions begin from ¢ = 0.
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08 07

Fig. 9. Three node wireless network.

A. Two Multicast Sessions

Consider a three node wireless network shown in Fig. 9. As-
sume the information flow is comprised of two multicast ses-
sions originating from node 1 and node 3, respectively. Node 1
has 200 packets to deliver to node 2 and 3, while node 3 has 300
packets to deliver to node 1 and 2. We may write out the DI's
that describe this scenario

Vi =z9,Sgn™ (Virzy — V1)
Vy = 21,280 " (Viiay — V2) + 23,2880 (Viasy — V2)
Vs = 2 38gn™ (Viazy — V3)
Vinoy = 22,3887 (Vii2sy — Viiay)
V{23} 221,258511 (V{123} V{23})
Vi123) =0 (149)
with the B.C.
300, 1€K,3¢K
Vic(0) = igg: :{))16,3)?; %K (150)
0, 0.W.

Fig. 10 shows the analytical solution to (149) as well as
the simulation results. The analysis matches the simulations
closely. Clearly the rank increase at node 1 should be sub-
ject to its min cut bound ¢pin(3,1) = 0.5 packet/second
and node 3 subject to cpin(1,3) = 0.7 packet/second.
Consequently, Tt°**! = 300/0.5 = 600 (seconds) and
Tetal = 200/.7 = 285.7 (seconds). For node 2, the flow from
node 1 cannot exceed cnin(1,2); the flow from node 3 cannot
exceed ¢min(3,2); and the flow from the ensemble of node 1, 3
cannot exceed ¢pin ({1, 3}, 2). Therefore

T = max{m1 /cmin(1,2), M2/ Cmin(3,2)
(m1 + ma)/emin({1,3},2)} = 500 (seconds).

These calculations are readily verified in Fig. 10.

B. A Complex Topology

This example is intended to illustrate that the DEDI frame-
work is capable of handling complex networks. The wireless
network in Fig. 11 has 10 nodes and a fairly intricate connec-
tivity. While the unidirectional arrows have the same meaning
as in an arrow-dot representation of the hypergraph, the bidirec-
tional arrows simply represent two unidirectional arrows whose
reception probabilities are equal and as labeled. In this example
we again assume independent reception at each node and the
transmission rate A; = 1 packet/second, i = 1,2,...,10.
Node 1 is the only source node that has 100 packets to deliver.
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Fig. 10. Two multicast sessions with two sources using RNC.
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Fig. 11. A 10-node wireless network with node 1 being the unique source.

Fig. 12 shows the rank evolution at node 2, 4, 7 and 10. For node
7, the min cut is shown to be 0.1+ 0.1 = 0.2 (packet /second).
For node 10, itis shown to be 0.2+ 0.3 = 0.5 (packet /second).
For the other nodes, the min cutis 1 — (1 —0.9) x (1 —0.8) =
0.98 (packet /second). These facts are reflected by the slope of
the rank evolution curves on Fig. 12 where the simulated curves
match the analytical solutions well.

C. Correlated Reception

The DEDI framework allows the analysis of rank evolution
when receptions are not independent. The lack of independence
could be due to correlated channels or joint reception by design
and they are not uncommon in wireless communications. The
ability to analyze the case of correlated reception is an advan-
tage of the DEDI framework. Consider the four-node network
shown in Fig. 13 where as usual the point-to-point reception
probabilities are shown as labeled. Node 1 is the only source
node that has 400 packets to deliver. However, we assume the
receptions at node 2 and node 3 are not independent, i.e.,

P2 =049, Pp3=0.49,

Pl,{2,3} = 0.5. (151)
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Fig. 12. Rank evolution for the network shown in Fig. 11.

: Cmin (1’ 4)

Fig. 13. Modeling correlated reception with DEDI in a four node wireless
network.

This could happen when, for example, node 2 and 3 are in co-
operation or the channels from node 1 are correlated. The rank
evolution can still be accurately predicted by the DEDI frame-
work as shown in Fig. 14. In this case, V5 and V3 increase at the
same rate of ¢min(1,2) = cmin(1,3) = 0.49 (packet/second)
while V} increases at

Cmin(1,4) = 21 (2.3} = M Py q2,33 = 0.5 (packet /second).

As a contrast, the results for independent receptions are shown
in Fig. 15, where V, and V3 increase at the same rate of
Cmin(1,2) = cmin(1,3) = 0.49 (packet/second) while V,
increases at

cmin(1,4) = 21 {2.3) = M Py (2,3)
=A(1—(1—=Pi2)(1— P 3))=0.74 (packet/second).
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Fig. 15. Rank evolution if node 2 and 3 have independent reception.

VII. DISCUSSION

A. The Dynamical System Point of View for Cross-Layer
Design

The DEDI framework naturally presents a dynamical system
point of view of RNC. The equations require two parameters
to be specified, namely, the node transmission rate A; which
is largely determined by MAC, and reception probability P; x
which is largely determined by PHY. In a practical RNC appli-
cation, both parameters are possibly subject to adaptive control
depending on N; or Ni.. This dependence could be character-
ized by functions or functionals synthesized via cross-layer opti-
mization. In this case, assuming the fluid model is applicable so
that Vi-(¢) = Ni(t), we have the following dynamical system:

Vic = Z zik(Vkugy © Vi), VK
ieKe
Ai =X(V), Vi

Px =Pix(V), V(i,K) (152)
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where V is the collection of all variables of V; and V). This
dynamical system can be numerically evaluated with a DE
solver, or optimized using variational methods. Therefore, the
DEDI framework presents a possible tool for cross-layer design
studies.

B. Extension to Random Coupon Selection

Random Coupon Selection (RC) [11] is another transmis-
sion scheme based on randomized operations. Instead of linear
combination, the outgoing packet is randomly selected from
the reservoir. With RC, an innovative packet is simply a dis-
tinct packet that has never been received. Let N;(t) denote the
number of distinct packets node ¢ has received at t. Let N (t) =
UiexcNi(t), i.e., the number of distinct packets set C has re-
ceived at ¢. Then IV; and Ny describe the propagation of inno-
vative packets through the network with RC. Similar to Lemma
1, we have

VK Cc N

Lemma 5:

dE[Nk(t)]/dt = Y zixE . (153)

[NICU{i}(t) -
ieKe

Ni(t)
N;(t)
Proof: The proof is almost verbatim as the proof to Lemma
1, except that the probability a packet from ¢ to K being inno-
vative is given as

I |:NICU{1'}]SZ)(5 NIC(t)} .

Assuming that the fluid approximation still applies, let W;(t) =
E[N;(t)] (resp. Wic(t) = E[Nx(t)]), we have the following
system of differential equations that describes the approximate
average behavior of RC

Wie(t) = 3 2 o) = W)

, VK CN. (154)
ieke I/V’(t)

This system of DE’s can be used in many ways to study trans-
mission schemes based on RC, in a lossy wireless network with
an arbitrary topology. We do not have a convergence proof for
it as we do for RNC. However, the convergence can be quickly
checked via simulation. We show in Fig. 16 the innovative
packets propagation process, as well as the solution to (154),
based on the network in Fig. 5 using RC, with varying m. It
is evident from these simulations that the fluid approximation
based DEDI framework can be applied to RC and (154) models
its behavior well.

VIII. CONCLUDING REMARKS

We presented the DEDI framework, based on differential
equations and differential inclusions, for analyzing the rank
evolution of RNC in an arbitrary wireless network. We showed
that by adopting the fluid approximation, we can derive a
system of deterministic DI’s, the solution of which shows that
the average throughput is given by the min-cut bound. We next
showed that the rank evolution processes in fact concentrate to
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Fig. 16. Convergence behavior of (154) shown through simulation (a) m =
100 (b) m = 200 (c) m = 400 (d) m = 800.

the DI solution in probability, by analyzing the exact system
of DE’s that characterizes the means and variances of the rank
evolution processes, which in turn showed that the min-cut
bound can be asymptotically achieved. We demonstrated the
versatility of the DEDI framework by using it to analyze
different networking scenarios including multiple multicast
sessions, complex topology and correlated reception. We also
discussed its advantages in practice as well as its possible
extension to Random Coupon Selection.
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