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Roy D. Yates and David J. Goodman

Problem Solutions: Yates and Goodman,3.3.1 3.4.1 3.4.43.5.2 3.6.1 and 3.6.3
Problem 3.3.1

In this problem, it is helpful to label points X,Y with nonzero probability along with the corre-
sponding values of W = X — Y. From the statement of Problem 3.3.1, we have
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() Tofind the PMF of W, we simply add the probabilities associated with each possible value of
W:

Rv(—2) =Pxy(1,3) =3/28 Rv(—1) =Pxy(2,3)=6/28
Rv(0) =Pxy(1,1) =1/28 Rv (1) =Pxy(2,1) +Pxy(4,3) = 14/28
Rw (3) = Py (4,1) =4/28

For al other values of w, Ry (w) = 0.

(b) The expected value of W is

EW] = ZWRN (w) = —2(3/28) + —1(6/28) + 0(1/28) + 1(14/28) + 3(4/28) = 1/2

(©)
PIW > 0] = Ry (1) + Ry (3) = 18/28



Problem 3.4.1
In Problem 3.2.1, we found that the joint PMF of X and Y is
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The expected values and variances were found to be

EX]=3 Var[X] = 10/7
E[Y] =5/2 Var[Y] = 3/4

We will need these resultsin the solution to this problem.

(8 Random variableW =Y /X has expected value

EN/X= 3y Yhcv (x.y)

x=T24y=T3X

_ 11,33 12 36,14 312
128 128 228 228 428 428
=30/28=15/14

(b) Thecorreationof X andY is

rxy =EXY[= > 5 xyPxy(xy)
x=1,24y=13
71-1-1+1-2-3+2-1-2+2-3-6+4-1-4+4-3-12
28 28 28 28 28 28
= 207/28

(c) Thecovarianceof X andY is

-3
oxy = E[XY] - E[X]E[Y] = 8

(d) The correlation coefficient is
CovX,Y] -3

XY = RaXVa ] 27210



Problem 3.4.4
From the joint PMF, Px (x)Y, found in Example 3.4, we can find the marginal PMF for X or Y by
summing over the columns or rows of the joint PMF.

25/48 y=1
13/48 y=2
1/4 x=1,2,3,4
R(y)={ 7/4%8 y=3 P00 ={ 71 e
3/48 y=4
0 otherwise

() The expected valuesare
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EY| =Y YR (y) =152 +2 - +3,-+4_-=7/4
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EX] = 3 X () = 2(14243+4)=5/2

x=1

(b) Tofind the variances, we first find the second moments.

4 25 13 7 3
EYY] = 5 ¥R (y) = Pg + 25+ F g+ 4 3 = 47/12
y=

4
E[X?] = 5 P (x) = % (12 +22+ 34 4) =15/2
x=1

Now the variances are

Var[Y] = E[Y?] — (E[Y])? = 47/12— (7/4)* = 41/48
Var [X] = E[X?] — (E[X])? = 15/2— (5/2)* = 5/4

(c) Tofind the correlation, we evaluate the product XY over al values of X and Y. Specificaly,

rxy = E[XY] = i i XyPxy (X,y)

x=1y=1

_1,2,3 4 4.6 8 9 12 16
4 8 12 16 8 12 16 12 16 16

=5
(d) Thecovarianceof X andY is
Cov[X,Y] = E[XY] — E[X|E[Y] = 5— (7/4)(10/4) = 10/16
(e) The correlation coefficient is

CovW,v]  10/16

PXY = NaWivarN]  Jarae) ) - o




Problem 3.5.2
The event B occursiff X < 5andY < 5 and has probability

5 5
PB =PX<5Y<5=Y% $001=025
x=1y=1

From Theorem 3.11,

Py (xy) (xy) € A _{ 004 x=1,...,5y=1...,5

— P[B

Problem 3.6.1
The main part of this problem is just interpreting the problem statement. No calculations are
necessary. Since atripisequaly likely tolast 2, 3 or 4 days,

[ 1/3 d=2,3/4
P (d) = { 0  otherwise
Given atrip lasts d days, the weight change is equally likely to be any value between —d and d
pounds. Thus,
[ 1/(2d+1) w=-d,—d+1,....d
Rwp (Wd) = { 0 otherwise
Thejoint PMF issimply
1/(6d+3) d=2,34,w=—d,....,d
Pow (W) = Ryo (wd) o (@) = { o a-234

Problem 3.6.3

(a) First we observethat A takes on the values Sy = {—1,1} while B takes on values from S =
{0,1}. To construct a table describing Pag (a,b) we build a table for all possible values of
pairs (A,B). The genera form of the entriesis

PA7|3(a,b) b=0 b=1
a=-1 | Pga(0]=1)Pa(=1) | Pga(1]=1)Pa(-1)
a=1 Paja (011) Pa (1) Paja (1/1) Pa(1)
Now wefill inthe entries using the conditional PMFs Pg 4 (b|a) and the marginal PMF Pa ().
Thisyields
PAB(a,b) b=0 b=1
a=-1 | (1/3)(1/3) | (2/3)(1/3)
a=1 |(1/2)(2/3 | (1/2)(2/3)

which simplifiesto




(b) If A= 1, then the conditional expectation of Bis

1
EBIA=1] = bZObPB\A(b“-) =Pga(lll) =1/2

(c) Beforefinding theconditional PMF Pyg (a)1), wefirst sum the columnsof thejoint PMF table
to find

4/9 b=0
PB(b)—{ 5/9 b1

The conditional PMF of AgivenB=11is

oty - PSD [ 25 4

(d) Now that wehavethe conditional PMF Pyg (a)1), cal culating conditional expectationsis easy.

E[AB=1 = 7211aPA‘B (al) =—-1(2/5)+(3/5) =1/5

E[AB=1]= Y a’Pap(al)=2/5+3/5=1
a=—11

The conditional varianceis then

Var[AB=1=E[A’B=1] — (E[AB=1])>=1—(1/5)* = 24/25

(e) To caculatethe covariance, we need

E[A = zl P (a) = —1(1/3)+1(2/3) = 1/3

E[B] = i bPg (b) = 0(4/9) + 1(5/9) = 5/9
b=0
1

E[AB] = z abPA7B (a, b)
a=—1,1b=

= —10)(1/9)+—1(1)(2/9) + 1(0)(1/3) +1(1)(1/3) = 1/9
The covarianceisjust

Cov[A,B| = E[AB] — E[AIE[B] = 1/9— (1/3)(5/9) = —2/27



