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Problem 6.2.1� In Example6.3,thedaily noontimetemperatureatNewarkAirport is adiscretetime,continu-
ousvaluerandomprocess.However, if thetemperatureis recordedonly in unitsof onedegree,
thentheprocesswaswouldbediscretevalue.� In Example6.4,thethenumberof activetelephonecallsis discretetimeanddiscretevalue.� Thedicerolling experimentof Example6.5yieldsadiscretetime,discretevaluerandompro-
cess.� TheQPSKsystemof Example6.6is acontinuoustimeandcontinuousvaluerandomprocess.

Problem 6.2.3
Theeightpossiblewaveformscorrespondto thethebit sequences���

0� 0� 0��� � 1� 0� 0��� � 1� 1� 0���������	� � 1� 1� 1��

Thecorrespondingeightwaveformsare:
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Problem 6.3.2

(a) EachresistorhasfrequencyW in Hertzwith uniformPDF

fR
�
r ��� 0� 025 9980 
 r 
 1020

0 otherwise

Theprobabilitythata testyieldsaonepartin 104 oscillatoris

p � P � 9999 
 W 
 10001�	��� 10001

9999

�
0� 025� dr � 0� 05

(b) To find thePMFof T1, weview eachoscillatortestasanindependenttrial. A successoccurs
on a trial with probability p if we find a onepart in 104 oscillator. Thefirst onepart in 104

oscillatoris foundat time T1 � t if we observefailureson trials 1��������� t � 1 followed by a
successon trial t. Hence,justasin Example2.11, T1 hasthegeometricPMF

PT1

�
t ��� �

1 � p � t � 1p t � 1� 2�������
9 otherwise

A geometricrandomvariablewith successprobability p hasmean1� p. This is derivedin
Theorem2.5. Theexpectedtimeto find thefirst goodoscillatoris E � T1��� 1� p � 20minutes.

(c) Sincep � 0� 05,theprobabilitythefirstonepartin 104 oscillatoris foundin exactly20minutes
is PT1

�
20��� �

0� 95� 19 � 0� 05��� 0� 0189.

(d) ThetimeT5 requiredto find the5thonepartin 104 oscillatoris thenumberof trialsneededfor
5 successes.T5 is a Pascalrandomvariable.If this is not clear, seeExample2.15wherethe
PascalPMF is derived.Whenwearelooking for 5 successes,thePascalPMF is

PT5

�
t ��� t � 1

4 p5 �
1 � p � t � 5 t � 5� 6�������

0 otherwise

Looking up thePascalPMF in AppendixA, we find thatE � T5��� 5� p � 100minutes. The
following argumentis asecondderivationof themeanof T5. Oncewefind thefirst onepartin
104 oscillator, thenumberof additionaltrialsneededto find thenextonepartin 104 oscillator
onceagainhasageometricPMFwith mean1� p sinceeachindependenttrial is asuccesswith
probability p. Similarly, thetime requiredto find 5 onepart in 104 oscillatorsis thesumof
five independentgeometricrandomvariables.Thatis,

T5 � K1 � K2 � K3 � K4 � K5

whereeachKi is identicallydistributedto T1. Sincetheexpectationof thesumequalsthesum
of theexpectations,

E � T5��� E � K1 � K2 � K3 � K4 � K5�	� 5E � Ki �	� 5� p � 100minutes
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Problem 6.4.1
independentGaussianrandomvariables.Hence,eachYk musthavethesamePDF. That is, theYk

areidenticallydistributed.Next,weobservethatthesequenceof Yk is independent.To seethis,we
observethateachYk is composedof two samplesof Xk thatareunusedby anyotherYj for j �� k.

Problem 6.4.2
independentGaussianrandomvariables.Hence,eachWn musthavethesamePDF. Thatis, the

Wn areidenticallydistributed.However, sinceWn � 1 andWn bothuseXn � 1 in their averaging,Wn � 1

andWn aredependent.Wecanverify thisobservationby calculatingthecovarianceof Wn � 1 andWn.
First,weobservethatfor all n,

E �Wn ��� �
E � Xn � � E � Xn � 1����� 2 � 30

Next,weobservethatWn � 1 andWn havecovariance

Cov �Wn � 1 � Wn ��� E �Wn � 1Wn ��� E �Wn � E �Wn � 1�
� 1

4
E � � Xn � 1 � Xn � 2 � � Xn � Xn � 1 � �!� 900

Weobservethatfor n �� m, E � XnXm �	� E � Xn � E � Xm �	� 900while

E X2
n � Var � Xn� � �

E � Xn ��� 2 � 916

Thus,

Cov �Wn � 1 � Wn ��� 900� 916� 900� 900
4

� 900 � 4

SinceCov �Wn � 1 � Wn ���� 0,Wn andWn � 1 mustbedependent.

Problem 6.7.1
Thediscretetimeautocovariancefunctionis

CX � m � k��� E � � Xm � µX � � Xm " k � µX �#�
for k � 0,CX � m � 0��� Var � Xm��� σ2

X . For k �� 0, Xm andXm " k areindependentsothat

CX � m � k��� E � � Xm � µX � � E � � Xm " k � µX �#�	� 0

Thustheautocovarianceof Xn is

CX � m � k��� σ2
X k � 0

0 k �� 0

Problem 6.7.2
RecallthatX

�
t ��� t � W whereE �W ��� 1 andE W2 � 2.

(a) Themeanis µX
�
t ��� E � t � W ��� t � E �W ��� t � 1.
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(b) Theautocovarianceis

CX
�
t � τ ��� E � X �

t � X �
t � τ �$�!� µX

�
t � µX

�
t � τ �� E � � t � W � � t � τ � W �%�!� �

t � 1� � t � τ � 1�� t
�
t � τ �&� E � � t � t � τ � W � � E W2 � t

�
t � τ � � t � t � τ � 1�'� �

2t � τ � E �W � � 2 � 2t � τ � 1� 1

Problem 6.7.5
Theoutputsequencehasmean

E �Ym �	� E � Xm " 1 � Xm � Xm � 1��� E � Xm " 1� � E �Xm � � E � Xm � 1�	� 0

Thus,theautocovariancefunctionis

CY � m � k��� E �YmYm " k �� E � � Xm " 1 � Xm � Xm � 1 � � Xm " k " 1 � Xm " k � Xm " k � 1 � �� CX � m � 1� k� � CX � m � 1� k � 1� � CX � m � 1� k � 2� � CX � m � k � 1� � CX � m � k�� CX � m � k � 1� � CX � m � 1� k � 2� � CX � m � 1� k � 1� � CX � m � 1� k�
Thevalueof theautocovariancedependsonhowclosek is to zero.Foragivenm, wewill consider
eachpossiblevalueof k. Theanswersweobtainwill befairly simplebecause

CX � m � k��� CX � k��� σ2 k � 0
0 otherwise

This implies

CY � m � k�(� 3CX � k� � 2CX � k � 1� � 2CX � k � 1� � CX � k � 2� � CX � k � 2�
�

3σ2 k � 0
2σ2 ) k ) � 1
σ2 ) k ) � 2
0 otherwise

Problem 6.8.1
Y

�
t1 ���������*� Y �

tk � , weobservethatY
�
t j ��� X

�
t j � a � . This implies

fY + t1 ,$- . . ./-Y + tk , � y1 �������*� yk ��� fX + t1 " a ,$- . . .%- X + tk " a , � y1 ��������� yk �
Thus,

fY + t1 " τ ,$- . . .%-Y + tk " τ , � y1 �������*� yk ��� fX + t1 " τ " a ,$- . . .%- X + tk " τ " a , � y1 ��������� yk �
SinceX

�
t � is astationaryprocess,

fX + t1 " τ " a ,$- . . ./- X + tk " τ " a , � y1 �������0� yk ��� fX + t1 " a ,$- . . .%- X + tk " a , � y1 �������0� yk �
This implies

fY + t1 " τ ,$- . . ./- Y + tk " τ , � y1 ��������� yk ��� fX + t1 " a ,$- . . .%- X + tk " a , � y1 ��������� yk ��� fY + t1 ,$- . . .%-Y + tk , � y1 ��������� yk �
WecanconcludethatY

�
t � is astationaryprocess.
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Problem 6.8.3
n1 ��������� nm andanoffsetk, wenotethatYni " k � X

���
ni � k � ∆ � . This implies

fYn1 1 k - . . .%-Ynm 1 k

�
y1 �������0� ym ��� fX +/+ n1 " k , ∆ ,$- . . .$- X +/+ nm " k , ∆ , � y1 ��������� ym �

SinceX
�
t � is astationaryprocess,

fX +/+ n1 " k , ∆ , - . . .$- X +%+ nm " k , ∆ , � y1 ��������� ym ��� fX + n1∆ ,$- . . ./- X + nm∆ , � y1 ��������� ym �
SinceX

�
ni∆ ��� Yni , weseethat

fYn1 1 k - . . .%-Ynm 1 k

�
y1 �������0� ym ��� fYn1 - . . .$-Ynm

�
y1 ��������� ym �

HenceYn is astationaryrandomsequence.

Problem 6.8.5
Sinceg

��2 � is anunspecifiedfunction,wewill work with thejoint CDFof Y
�
t1 � τ ����������� Y �

tn � τ � .
To showY

�
t � is astationaryprocess,wewill showthatfor all τ,

FY + t1 " τ ,$- . . ./- Y + tn " τ , � y1 ��������� yn ��� FY + t1 ,$- . . .%-Y + tn , � y1 ��������� yn �
By takingpartialderivativeswith respectto y1 ��������� yn, it shouldbeapparentthatthis impliesthatthe
joint PDF fY + t1 " τ ,$- . . ./-Y + tn " τ , � y1 ��������� yn � will notdependon τ. To proceed,wewrite

FY + t1 " τ ,$- . . ./-Y + tn " τ , � y1 ��������� yn ��� P �Y �
t1 � τ ��
 y1 �������0� Y �

tn � τ �(
 yn �
� P g

�
X

�
t1 � τ ����
 y1 �������0� g �

X
�
tn � τ ����
 yn

Aτ

In principle,we cancalculateP � Aτ � by integratingfX + t1 " τ , - . . .$- X + tn " τ , � x1 ��������� xn � overtheregioncor-
respondingto eventAτ. SinceX

�
t � is astationaryprocess,

fX + t1 " τ ,$- . . .%- X + tn " τ , � x1 ��������� xn ��� fX + t1 ,$- . . .%- X + tn , � x1 ��������� xn �
This impliesP � Aτ� doesnotdependonτ. In particular,

FY + t1 " τ ,$- . . .%- Y + tn " τ , � y1 �������0� yn ��� P � Aτ�� P � g �
X

�
t1 ����
 y1 �������0� g �

X
�
tn ����
 yn �� FY + t1 ,$- . . .%-Y + tn , � y1 �������0� yn �
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