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Problem Solutions: Yatesand Goodman,6.2.5.2.36.3.26.4.16.4.26.7.16.7.26.7.56.8.1
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Problem 6.2.1

¢ In Example6.3,thedaily noontimetemperatur@tNewarkAirport is adiscreteime, continu-
ousvaluerandonprocessHoweverif thetemperaturés recordednly in unitsof onedegree,
thenthe processvaswould bediscretevalue.

e In Example6.4,thethenumberof activetelephonecallsis discretetime anddiscretevalue.

e Thedicerolling experimentf Example6.5yieldsadiscreteime, discretevaluerandompro-
cess.

e TheQPSKsystemof Example6.6is acontinuougime andcontinuous/aluerandomprocess.

Problem 6.2.3
Theeightpossiblevaveformscorrespondo thethebit sequences
{(0/ 07 0)7 (1?0‘/ 0)7 (1/ 17 O)’ T ?(17 17 1)}

Thecorrespondingightwaveformsare:




Problem 6.3.2

(a) EachresistorhasfrequencyW in Hertzwith uniform PDF

() = 0.025 9980<r <1020
RW™Y o0 otherwise

Theprobabilitythata testyieldsaonepartin 10* oscillatoris

10001

p = P[9999< W < 10001 — / 0.025/dr — 0.05
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(
999

(b) Tofind the PMF of T1, we view eachoscillatortestasanindependentrial. A succes®ccurs
on a trial with probability p if we find a onepartin 10* oscillator Thefirst onepartin 10*
oscillatoris foundattime T; =t if we observefailuresontrials 1,...,t — 1 followed by a
succes®ntrial t. Hencejustasin Example2.11, T; hasthegeometricPMF

[ (1-ptlp t=12,...
Pr, (1) = { 9 otherwise

A geometricrandomvariablewith succesgrobability p hasmeanl/p. Thisis derivedin
Theorem2.5. Theexpectedimeto find thefirst goodoscillatoris E[T;| = 1/p = 20 minutes

(c) Sincep= 0.05,theprobabilitythefirstonepartin 10* oscillatoris foundin exactly20minutes
is Pr, (20) = (0.95)1°(0.05) = 0.0189.

(d) Thetime Ts requiredio find the5th onepartin 10* oscillatoris thenumberof trials neededor
5 successesls is a Pascalandomvariable. If thisis not clear seeExample2.15wherethe
PascaPMFis derived.Whenwe arelooking for 5 successeshe PascaPMF is

_ [ ()pP(1-p® t=56...
Pra (1) = { 0 otherwise

Looking up the PascaPMF in AppendixA, we find thatE[Ts] = 5/p = 100minutes The
following arguments a secondlerivationof themeanof Ts. Oncewefind thefirst onepartin
10* oscillator thenumberof additionaltrials neededo find thenextonepartin 10* oscillator
onceagainhasageometric®MFwith meanl/ p sinceeachindependenirial is asuccessvith
probability p. Similarly, the time requiredto find 5 onepartin 10* oscillatorsis the sumof
five independengeometricandomvariables.Thatis,

Ts = K1 + Ko + K3+ K4+ Ksg

whereeachK; is identicallydistributedto T;. Sincetheexpectatiorof thesumequalghesum
of theexpectations,

E[Ts] = E[Ky1 + Ko + Kg+ K4 + Kg] = 5E[K|] = 5/p = 100minutes



Problem 6.4.1

independenGaussiamandomvariables. Hence eachY, musthavethe samePDF Thatis, the Yy
areidenticallydistributed.Next, we observethatthesequencef Y is independentTo seethis, we
observethateachy, is composeaf two samplef X, thatareunusedoy anyotherY; for j # k.

Problem 6.4.2

independenGaussiamandomvariables.Hence eachW, musthavethe samePDF Thatis, the
W, areidenticallydistributed.However sinceW,_1 andW, bothuseX,,_; in theiraveragingW\,_1
andW, aredependentWe canverify thisobservatiorby calculatingthecovariancesf W, ; andW,.
First, we observahatfor all n,

EMA] = (E[Xa] + E[Xy-1])/2= 30
Next, we observahatW,_; andW, havecovariance
CoVI\Wh_1,Wh] = EWh_1Wh] — EMA]EWh_1]
= ZE0 14X 2) (% + X )] ~ 900
We observethatfor n # m, E[X Xy = E[Xy]E[Xm] = 900while

E[XZ] = Var[X] + (E[X:])* = 916

Thus,
900+ 916+ 900+ 900
Cov[Wh_1,Wh] = + Z + —900=4
SinceCov[W,_1, W] # 0, W, andW,_; mustbedependent.
Problem 6.7.1

Thediscretetime autocovariancéinctionis

Cx[M,K = E[(Xim — Kx) Xk — Hx)]
for k= 0,Cx[m,0] = Var[Xy| = 0%. Fork # 0, Xm andX,,, x areindependensothat
Cx MK = E[(Xm— Ix)|E[(Xmk— Hx)] =0
Thustheautocovariancef X, is
[ 6% k=0
Problem 6.7.2
RecallthatX (t) =t —W whereE|W] = 1 andE [W?] = 2.

(a) Themeanis px(t) = E[t—W]=t—EW] =t —1.



(b) Theautocovariances
Cx(t.T) = EX(O)X(t+1)] — px (ix (t+7)
=E[t-W)t+1-W) - (t-1D)(t+1-1)
=t(t+1) —E[t+t+TDW] +EW?] —t(t+1) +t+t+1-1
=—(2A+7)EW]+2+2t+1-1
=1

Problem 6.7.5
Theoutputsequencéasmean

ElYm] = E[Xme1+Xm+ Xmn-1] = E[Xmia] +E[Xu] +E[Xm-2] =0
Thus,theautocovariancéunctionis
Cy[m K = E[YmYm«]
= E[(Xm1 4 Xm =+ Xm-1) Kk 1+ Kensk + Ximk—1)]
= Cx[m+ 1,k] + Cx[m—+ 1, k— 1] +Cx[m+ 1, k— 2] + Cx[m, k+ 1] +Cx[m,K]|
+Cx[m k— 1] +Cx[m— 1,k+ 2] + Cx[m— 1, k+ 1] + Cx[m— 1K
Thevalueof theautocovariancdepend®n howclosek is to zero.Foragivenm, we will consider
eachpossiblevalueof k. Theanswerave obtainwill befairly simplebecause
o> k=0
CxIm, K = Cx[K = { 0 otherwise
Thisimplies
Cy[m, k] = 3Cx K] + 2Cx [k — 1] 4+ 2Cx [k+ 1] + Cx [k — 2] + Cx [k + 2]

3062 k=0
) 20% k=1
) 0?2 k=2

0 otherwise

Problem 6.8.1
Y(t1),...,Y(t), we observethatY(t;) = X(t; +a). Thisimplies

Ty, Yt Y-+ ¥ = Tx(ti4a),.. x(tra) Y- Yk)
Thus,

g0, Yt Va5 ¥6) = Txatra),... X(tertra) Vi« s Yk)

SinceX(t) is astationaryprocess,

fx(t1+r+a),...,x(tk+r+a) (Y155 Yk) = fX(t1+a)7...,X(tk—i—a) Y15+ 5 Yk)

Thisimplies

¥ttt Yt Vs Y) = Fxra),... Xtera) Yas-- s ¥k) = Fya), vy Vs k)
We canconcludethatY(t) is a stationaryprocess.
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Problem 6.8.3
Ny, ... ,Nm andanoffsetk, we notethatYy, . = X((n; + K)A). Thisimplies

B ko Yo VL -+ Ym) = Fx(npk0m),. X((nmtk2) (Y2s- -+ Ym)

SinceX(t) is astationaryprocess,

X ((nk)a).... X((nmtka) (Va5 -+ 5 Ym) = Fxma),... x(nma) (Y15- -+ 5 Ym)

SinceX(nA) =Yy, we seethat

B ko Yo Y205 Ym) = o ve (Vas--- 5 Ym)

HenceyY,, is a stationaryrandomsequence.

Problem 6.8.5
Sinceg(+) is anunspecifiedunction,we will work with thejoint CDFof Y (t; +1),...,Y(ta +1).
To showY (t) is a stationaryprocessye will showthatfor all t,

RNt Ytort) V- 5¥n) = R, () (Y15 -+ 5 Yn)

By takingpartialderivativeswith respectoys, ... , yn, it shouldbeapparenthatthisimpliesthatthe
joint PDF fy ¢ 1), .. y(ty+1) (Y1,--- »Yn) Will notdepencbnt. To proceedye write

R t0), Y(tart) V-5 ¥n) = PY(t+ 1) <yi,... . Y(tn +T) < i

=Plg(X(t1+1)) <y1,...,0(X(ta +T)) < ¥n
Ac

In principle,we cancalculateP[A;] by integratingfy ;, ;1) . x(,+1) (X1, - ;%) overtheregioncor
respondingo eventA;. SinceX(t) is a stationaryprocess,

fxty+0),... X(tart) K-+ %) = Fxeay), . X(tn) (X5 -+ 5 %n)
ThisimpliesP[A;] doesnotdependnT. In particular
R ty+1),... Y(tart) Y15+ -+ »Yn) = P[Aq]

=P[g(X(t1)) < Y1.....9(X(tn)) < Yn]
=Rw),... Yt Y15+ s Yn)



