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Problem 4.7.7
Since the microphone voltageV is uniformly distributed between -1 and 1 volts, V has PDF and
CDF

0 v< -1
[ 1/2 —1<v<1 B
fV(v){ 0 otherwise Fv(v){ (1v+1)/2 ;iivgl

The voltageis processed by alimiter whose output magnitude is given by below

L_ [ IVl V<05
~ ] 0.5 otherwise

@

PIL=05] = P[V|>0.5]=P)V >05/+PV <05
= 1-FR/(05)+R/ (-05)
— 1-15/2+05/2=1/2

(b) For0<1 <05,
R()=PIV|<I]=P[-l <v<I]=FR/()~ Ry (~1) = 1/2(1 +1) — 1/2(~1 +1) =|

Sothe CDFof L is

0 I<O
R)=< | 0<I<05

1 1>05

(c) By taking the derivativeof F_(l), the PDF of L is

(1) { 1+(05)301-05) 0<1<05
AR ) otherwise

The expected value of L is

E[L] — /:J fL(1)dl = /00'5|d| +o.5/00'5|(o.5)5(| _0.5)dl = 0.375



Problem 4.7.13
shown in the following figure:

o B N W

(8 NotethatY =1/2if andonly if 0 <X < 1. Thus,
1 1
szyqumgxgﬂ:/fﬂ@m:/kvam:y4
0 0

(b) SinceY > 1/2, we can concludethat Fy (y) = 0fory < 1/2. Also, R/ (1/2) =P[Y =1/2] =

1/4. Similarly, for 1/2 <y <1,

Fe(y)=P0<X<1=PY=1/2]=1/4
Next, for 1 <y <2,

y
Fe(y) =PX <yl = [ fx (0 de=y?/4
Lastly, sinceY < 2, Ky (y) = 1 for y > 2. The complete expression of the CDF is

0 y<1/2
1/4 1/2<y<1
/4 1l<y<?2

1 y>2

Fr(y) =

Problem 4.8.1

[ 1/10 —5<x<5
Bx () _{ 0  otherwise

() The event B has probability

P[B = P[-3< X < 3 —/3 L3
B =7 =" J310 5
From Definition 4.15, the conditional PDF of X givenBis
e (X) = fx (x) /P[B] xeB _J1/6 [x<3
BT 0 otherwise ~ | 0  otherwise

(b) Given B, we seethat X has auniform PDF over [a,b] witha= —3 and b = 3. From Theorem
4.7, the conditional expected value of X isE[X|B] = (a+b)/2=0.

(c) From Theorem 4.7, the conditional variance of X is Var[X|B] = (b—a)?/12 = 3.



Problem 4.8.2
Yis

_ [ (/55 y>0
) _{ 0 otherwise

(8 The event A has probability
2 2
PIA =P < 2] = / (a/5)eVSdy= eV =1 e
0

From Definition 4.15, the conditional PDf of Y given Ais
f PIA] xeA
fY\B (Y) — { Y (y) / [ ]

0 otherwise
_ [ (/m)e¥P/(1-e %) 0<y<2
10 otherwise

(b) The conditional expected value of Y given Ais
0 1/5 2 _v/5
E[YIA :/_wny\A(Y) dy = m/o ye ¥/dy
Using theintegration by partsformula [ udv = uv— [ vduwithu=yand dv= e ¥/dyyields

1/5 2 2
E[Y|A] = 71(/32/5 <5ye V/5)O+[) 5e y/5dy)

_ 15 /5 _y/5|2

5—7e2/5
C 1-e?5
Problem 5.1.2
(a) Becausethe probability that any random variable isless than —o is zero, we have
Py (X, =) =P[X <X Y < —oo] <PJY < —o] =0
(b) The probability that any random variableis less than infinity is always one.
Fx,y (X,00) = PIX < XY < 00] = P[X <X = Fx (x)
(c) Although P[Y < o] =1, P[X < —eo| = 0. Therefore the following istrue.
Fx,y (—00,0) =P[X < —00,Y < 0o] <P[X < —o0] =0
(d) Part (d) followsthe same logic as that of part (a).
Fxy (—,y) = P[X < =00, Y <y <P[X < —00] =0
(e) Analogousto Part (b), we find that
Fxy (00,y) = PX <0,Y <y] = PlY <y] = F/(y)



Problem 5.2.1

(@ Thejoint PDFof X andY is

c x+y<1lxy=>0
fX”(X’y):{ 0 otheise

To find the constant ¢ we integrate over the region shown. This gives

1 1-x CX 1 C
= _ — = — = 1
/0 /0 cdydx = cx 2 l0= 2

Thereforec = 2.

(b) Tofindthe P[X <Y] welook to integrate over the areaindicated by the graph

1/2 p1—x
PX <Y] = / / dydx
0 X

1/2
:/0 (2—4x) dx
=1/2

(c) The probability P[X+Y < 1/2] can be seen in the figure at right. Here we can set up the fol-
lowing integrals

12 p1/2-x
PX+Y<1/2] = / / 2dydx
0 0

1/2
_ / (1—2x) dx
0

= 1/2-1/4=1/4

Problem 5.2.2
Given thejoint PDF

[ oy? 0<xy<1
By (xY) = { 0  otherwise



(&) Tofind the constant c integrate fx v (x,y) over the all possible values of X and Y to get

1,1
1:/ / cxy? dxdy = ¢/6
o Jo
Thereforec = 6.

(b) The probability P[X > Y] istheintegral of thejoint PDF fx vy (x,y) over the indicated shaded
region.

1 px
P[XzY]:/ / 6xy? dydx
0 JO
1
:/ 2x* dx
0
—2/5 v
Y
Similarly, to find P[Y < X?] we can integrate over the region |
shown in the figure. Y=x"
1
:/ / exy2 dydx = 1/4
0 Jo
, X

(c) Herewe can chooseto either integrate fx vy (X,y) over the lighter shaded region, which would
reguire the evaluation of two integrals, or we can perform one integral over the darker region
by recognizing

min(X,Y) < %

‘Y min(X,Y) > %
P[min(X,Y) < 1/2] = 1— P[min(X,Y) > 1/2] I
1 1
= 1—/ / 6xy? dxdy
1/2 1/2
2
1/2 4 K7 ¢

(d) TheP[max(X,Y) < 3/4] can be found be integrating over the shaded region shown below.



Y
7 T maxXy) < %

P[max(X,Y) <3/4] =P[X < /4Y<3/4] 1 /

> X
=0.237 7
Problem 5.3.1
(@ Thejoint PDF (and the corresponding region of nonzero probability) are
Y
A
[ 1/2 -1<x<y<1

B (xy) = { 0 otherwise < > X

(b)

1 11__
P[X>O]:/ 1clydx_/ 1Tde:1/4
0 Jx 0

This result can be deduced by geometry. The shaded triangle of the X,Y plane corresponding
to theevent X > 0is 1/4 of the total shaded area.

() Forx>1lorx< —1, fx(x)=0. For -1 <x<1,

fx(X):/ fxy (%,Y) dy:/ Sdy=(1-%)/2
o .
The complete expression for the marginal PDF is

_ [ @-x/2 —1<x<1
fx () _{ 0 otherwise

(d) From the marginal PDF fx (x), the expected value of X is

x3 1
elx)— [ xtg b= [ x1-xd Z‘E,l—‘é



Problem 5.3.2

2 x+y<1lxy=>0
0 otherwise

fxy (%y) = {

Using the figure to the left we can find the marginal PDFs by integrating
over the appropriate regions.

[ [ 21-x) 0<x<1
fx(x)_/o 2dy_{0 otherwise

Likewisefor fy (y):

_ [ [ 21—y 0<y<1
fY(y)*/o ZdX{ 0 otherwise

Problem 5.4.1

(@ Theminimum valueof W isW = 0, which occurswhen X = 0and Y = 0. The maximum value
of WisW = 1, which occurswhen X =1 orY = 1. Therangeof W isSy = {w|0 <w < 1}.

(b) For0<w<1,theCDFof Wis

Y
1
Fw (W) = Plmax(X,Y) <wi _
=PX<wY <w]|
W rw
= /0 /0 fx v (X,y) dydx X

Substituting fx y (X,y) = X+ Yy yields

Fu) = [ [ c+y)dyax= /Ow<xy+§

The complete expression for the CDF is

y=w

) dx:/ow(vw(+w2/2)dx:w3

y=0

0 w<oO
Fv(w)=¢ w?® 0<w<1
1 otherwise

(c) The PDF of W isfound by differentiating the CDF.
~ dRy(w) _{ w? o<w<1

fy (y)

dw 0 otherwise



Problem 5.4.2

(@) Sincethejoint PDF fx y (x,y) isnonzeroonly for0 <y <x <1, weobservethaa W =Y - X <0
sinceY < X. In addition, the most negative value of W occurs whenY = 0 and X = 1 and
W = —1. Hencetherangeof WisSy = {w| — 1 <w < 0}.

(b) Forw< —1, Ry (w) =0. Forw> 0, Ry (w) = 1. For -1 <w <0, the CDF of W is

Fw (W) = PIY =X < wj

= / / 6ydydx

:/_ 3(x+w)2dx = (x+W)3|i = (1+w)°

w

Therefore, the complete CDF of W is

0 w< —1
Fv(w)=<¢ (1+w)® —1<w<0
1 w>0

(c) By taking the derivative of fy (w) with respect to w, we obtain the PDF

fu (W) = 3w+1)? —-1<w<0
WY 0 otherwise



