Detection & Estimation Theory
Course No: 16:332:549 - (Spring 2006)

Solutions to Midterm Exam

1. Consider the following binary hypothesis testing problem with prior probabilities F
and P;.

Hoi r= N
H : = S+N,

where S and N are independent random variables having the densities

ps(s) =ae ™, s >0

pN(n) = be—bn7 n Z 0

The PDF of x under hypothesis H; is obtained by convolving the densities pg and
pn. Therefore,

DX|H, (I) = /Ox pS(S)PN(f — S)ds = ab [e—fw _ e—bac]

The likelihood ratio test is now given by

Px | (z) a (b—a)z

A(x)

Taking the log and rearranging terms results in

> Hi
X <H0 Y=

b—
log(1 + —an)
—a a

2. A basket contains 10 IC chips out of which n are known to be defective. It is required
to test the following two hypotheses

HO n=3
H : n=T7,

by drawing two chips at random and noting down its quality. We need to design a
Neyman-Pearson test for testing the hypothesis at a false-alarm probability of 1/15.

Since the two chips drawn at random can each be either a “good” chip or a “bad”
chip, we have the following possibilities

Pr(both chips are bad) = Pr(b,b) = n(ﬁ),_gl)

Pr(one bad, one good) = Pr(b,g) = Pr(g,b) = n(}ggn)
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Event, B | P(E|Hy) | P(E|H,) | A = P(E|H,)/P(E|Hy)
(.b) 1/15 7715 7
(b.g) 7730 7730 1
(e.b) 7730 7730 1
(g,8) 7/15 1/15 1/7

Pr(both chips are good) = Pr(g,g) = %

The following table shows the probabilities under both hypotheses and the likelihood

ratio A
H,
The N-P test is of the following form : A iHO t.

If t = 7 is chosen, then we get Pr = P(A > t|Hy) = 1/15.
Therefore, if (b,b) is observed = decide H;, else decide Hy.

. The likelihood ratio defined as

_ fom, (Z|Hy)
o1, (Z] Ho)
is a random variable on each hypothesis with a different probability density function.
To show that E[A*|H,] = E[A*"|Hy| for k > 0, we proceed as follows:
Let R(A(z)) = The range of A(Z)
Let R(z) = The range of Z
Then by definition

A(Z)

fz\Hl(Z‘Hl)

k
(2) szo(Z\Ho)) foym (Z|Hy)dz

B[N H] :/R(A( NN (Z| ) :/R

z

forp, (Z)Hy) k41
B = [ (P )

Substituting £ = 1 in the above = E[A|Hy| =1

Substituting & = 2 and using the above result = E[A|H,| — E[A|Hy| = Var(A|Hy).
Alternately, we can infer that E[A|H,] = E[A|Ho|4+Var(A|Hy) > 1, since the variance
is necessarily greater than zero.

fono(Z|Hy)dz = E[AM|Hy]

In the limit as the number of observations n — oo, the sample mean g(Z) will converge
to E[A|Hy| under hypothesis Hy or E[A|H;] under hypothesis Hy. Therefore the test

Decide Hy if ¢g(Z) = 1
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and
Decide H; if g(Z) > 1

should be error-free.
4. Let X1, Xy, -+, X,, represent i.i.d. random samples from an exponential distribution

with parameter #;, and let Y7, Y5, --,Y,, represent i.i.d. random samples from an
exponential distribution with parameter 6. Specifically,

1 Ti .

1 i ,
KNP(%’@Q) :_eXp(_y_)7 i=1,--m
0, 0,
Assume that {X;} are independent of {Y;} as well.
The observations for the above problem are X, Xo,---, X,,, Y7, Y5, .-+, Y.
We need to find the generalized likelihood ratio test (GLRT) for testing

H() . 61:02
H, 917&92

The Likelihood ratio for GLRT is obtained by maximizing both the numerator and
denominator separately. Therefore

A~ maxo,0, [1% p(xil6h) IT_1 p(y;102)  maxp, [TZ, p(xi]6) maxg, [T, p(y;1602)

maxg, —g,=o [ [;21 p(zi|0h) [17_; p(y;|62) maxg [[%4 p(xil6) [T7—, p(y;10)

Note that the maximum is attained for each case as

~ 1
QIZE;Xi

N 1 m n
0= X; Y;
Hm(; +j21 )

Let us define #; = 321", X; and to = 377 V).



I3

Substituting the above estimates in the likelihood ratio yields
)" (7£)" exp(—m —n)

(3
(5 )™ exp(—m — n)

A:

The GLRT is now given as

(ty + 1) (L +t2)" >
gy <, T

Observe that T = 42— and 1 — T = 2

t1+t2 ti+ta”
Therefore, the GLRT in terms of the statistic T is given as

L1 e
T —Tyn “H M
=
> Hi

T_m(l—T)_n <H0 m



