Detection & Estimation Theory
Course No: 16:332:549

Solutions to Homework 5
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exXpl———=

p(2|Hy) =

1
p(z|Hy) = 37 —1 < z<1; 0 otherwise

(a) o is nonrandom and lies in [0, 1].

The LRT a given value of o is

1

A ) = 2o
) sl (2)

exp(—£z)
<wH, "

Due to the range of H, it follows that for —oco < z < —1 and 1 < z < oo always decide
H;.

For —1 < z < 1, we need to evaluate the decision regions as follows :

22 s H T
~5g7 S Ity 5o)

— 202ln(\/§a77); when the RHS is > 0

Simplifying the LRT results in

H,
g >70

5 <pg,

Therefore, decide H; if :

—\/202171(\/?077) <z< 2021n(\/§a77)

(b) o is random and U(0, 1).
The LRT now is
[ exp(—g2)do

0 2ro 20
A(z) = <y. N
( ) %[(7171)('2) o




Again decide H; if —co < z< —land 1 < z < 0.

For —1 < z < 1, we have

2 < Hi

1 11 z
J(Z2) = E/O ;eXp(—ﬁ)dU <HO n

Note that J(2?) is a monotonic decreasing function in z%. Therefore, an equivalent test is

o >Ho
z <H1 tl

> Ho
’Z‘ <H1 \/E: t’
or decide H, if -t <z <t
What is ¢ ?

Note that -
Pp = P(Dy|Hy) = / Sz =t
—t

Therefore the threshold t is chosen according to the value of Pr desired, i.e., t = Pp
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1
p(w]0) = 1+ (z —0)2)

The LRT for minimum probability of error and equally likely hypothesis is

7(1+ (x — 6)?) >

M) = @ ay o !

= the test is
> H

1
T <g, 5(01+00) if 6, > 0,

or SHo 1 .
x <H1 5(01+00) if 6, <€0



(b) For the Neyman-Pearson test, the LRT is

T+ (x — 09)?) =M
T+ (x—0y2) “Ho!

H,
(1= t)a® — 20(6y — thy) <p, t— 1+ 107 — 62

If t <1, the test is

00 — t01 9 > Hi t(el - 6)0)2
_ S S AV |
- Oy — to H
— > 111
|z — (]1_tl|<H()\/]3
Therefore decide Hj if
90 - t01 00 - tel

T —Vp<z< Ty +/P
The probability of false-alarm should be such that

/Rl (1 + (; —6p)?)

dr = «

P =

where R; is the decision region corresponding to Hy, i.e.,

0o — t0 6y — t0
Ry = (=00, ——— =) U (55— + v, )
e 3.24
H : 6= 6
Hy: 6= 6
(1,5 %), (Tpi1,- -+, To,) are iid. with

p(x|H;) = Ojexp(=b;x), j=0,1; 6p =1
(a) Optimal Centralized Rule :

1% f(zi|Hy) T2, 01 exp(—6i2;) >H
Alz) = = = = <
) = T ) = T ()
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f1—-6,>0 =
> Hi

Z Li <H0

6279271 exp(—61y)

T'(2n)

where y = 32" 2; ~ I'(2n,0,) =

Therefore we solve for t as

oman [ E o0l

f1-6,<0, =

> Ho

sz <y, t

with

/y eXp )dy

(b)
1T, f(IZ|H1) [T, 61 eXp(—Q1$i) >
A = -
(@) [Ti= f (2| Ho) [Ti=, exp(—;) <o 1

If1-46, >0, =
n >H1
doap <y, tr k=1,2,

=1
with 1
oo y" L exp(—y) J

P
F b T'(n)

k:ak:

Y

f1-6,<0, =
n >H0
doap <y, tr k=1,2,

i=1

te y" L exp(—y)
Pp = ag = / y__epiTy,
L ) Y

with

(c) AND Rule : u, = ujug
(1)

PFO = 0y = P(UO = 1|H0) = P(Ul = ]_,UQ = ]_|H0)
Since decisions are independent at each site =

PFO = &y = P(Ul = ]_|H0)P(U2 = 1|H0) = (19



PD = P(UO = ]_|H1) = P(Ul = 1|H1)P(U2 = 1|H1)

o

If1—-6,>0 =

pD :[

o

< 01y" " exp(—bhy) . 1% 07y" " exp(—b1y)
/tl ['(n) d H/tg ['(n) %]

If1—01<0,:>

Pp, =

o

t gy exp(—61y) 2 1y" " exp(—b1y)
)l gy

Note that ¢ is a function of oy, k =1,2. Further, as = a,/ay.
Therefore, Pp, is a function of a,, a1, 0;.

(iii) n=1

Let 1 — 6, > 0, then

>y exp(—y)

. T dy = exp(—ty)

ap =

=t = —In(ay) for k=1, 2.

0 01 exp(—01y) 0 exp(—01y) 1
Po =l e, =

(d) OR Rule : u, =1 — (1 —uy)(1 — us)
(1)
a, = P(UO = ]_|H0) = P(Ul = ]_,UQ = 0|H0)+P(U1 = O,Ug = ]_|H0)+P(U1 = ]_,UQ = ]_|H0)

=
Oy = Q1 + Qig — (v Qg

(i)
PDO = P(UO = 1|H1) = P(Ul = 1,U2 = O|H1)+P(U1 = O,Ug = 1|H1)+P(U1 = ]_,UQ = ]_|H1)

=
Pp, = Pp, + Pp, — Pp, Pp,

Consider 1 —60; > 0, = t, = —In(ay) for k =1,2.
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Therefore,

) 0 0, 6
Pp, =o' + oyt — ajtag!

Consider 1 —0; <0, =t = —In(l — ay) for k =1, 2.

Pp, = (1—exp(01in(1—ay)))+(1—exp(brin(1—az)))—(1—exp(fiin(l—ay))) (1—exp(61In(1—as)))

=
Pp,=1—((1—ay)(1—az)"

(iii)

Oy, — O

Qg =
1—061

Let1—60; >0, =
Py, = aff +a — aftad
Maximizing Pp, is equivalent to minimizing Py, =1 — Pp,. Now

Py, = (1= af")(1 - o)

o

Taking derivatives and setting to zero yields the desired a4, i.e., the solution is of the form

91 91
01y, 0 o1 (1—af') 01—1 (1—041)_
(I —ai)ay' —ay! 1-a) + a5 (@, — o) (1—a;)? 0

ao—aq

For example, if #; = 0.5, a, = 0.1, then substituting for ay = i and solving the above
equation yields a; = 0.05126.

(e) For illustration, let us compare the probabilities of the centralized and decentralized
schemes for n =1 and #; = 0.5, o, = 0.1.
Centralized Scheme :

Pr = yexp(—y)dy = a, = 0.1

c
te

= t. = 3.89.

Pp, = /t 07y exp(—b1y)dy

= for t. = 3.89, Pp, = 0.42.

Decentralized Scheme :



For the AND Rule

Pp,. ., =a’ =0.316

and

For the OR Rule

Pp,. = ozfl + ozgl — oz?lozgl =04

Therefore

PDC>PDOT>PD

and

4.1

The receiver based on the minimum probability of error criterion and equiprobable hypoth-
esis results in the following test :

> Hi

1 1 /1
| =@ = w@at < 5 [ @0 iw)ar
Now [ (y2(t)dt = € and [ (y2(t) = 2 Jo?(24/3€)242dt = €. Therefore the test simplifies to
1 > Hi
L= [ 00 = w(®)dt <y, 0
The probability of error is given as
1 1
P = ap(l < O|H1) + ap(l > O|H0)
Under each hypothesis, [ is Gaussian with

B = [ i0n(1) — ()t = e~ p

and
B(IH) = [ o(®)r(6) = wo(t))dt = —e+ p.

where p = [ yo(t)y: (t)dt = %

Further,
Var(l|H;) = No(e — p) i=0,1

B E—p, e 2—/3
Pe_Q( NO)_Q( ﬁo 92

)



o 4.2
This is an example of amplitude shift keying.
Let g(t) = 2D 4nd A < A,

JT/2

(a) For equal prior probabilities, the minimum probability of error receiver is same as the
minimum Euclidean distance receiver! The decision regions are as shown above.

(b)To compute P(Dy|Hy), consider

z(t) = v(t)
and .
| = /O (1) g(t)dt
E(l|Ho) =0, Var(l|H) = 22 and
Pl = Pt < A o)
Similarly,

P(Dy|Hy) = P(é—\/\/g <l ; A VT/2|H))

Note that E(I|H;) = Ay\/T/2 and Var(l|H;) = 2 for i = 0,1, 2

Therefore,
Ag A1 / —Al /T
P(Dy|Hy) = b=
\/No \/No
Similarly, a4
P(Ds|Hs) = P(I > 2‘5 L JT/2)
=
Aot JT )2 — Ay /T2
P(Dy|Hq) = Q( : No/2 )
0

The probability of a correct decision is

P(c) = 5 [P(Dol Ho) + P(Dy|Hi) + P(Ds| )]



