Detection & Estimation Theory
Course No: 16:332:549

Solutions to Homework 4

o 3.4

Hl . Z1 = ‘/1 + 1, E[Zl] = 1, VCL?“(Zl)

0,2

Zy=0.5Vy+ 0.5, E[Zy] = 0.5, Var(Zy) = 0.250*

HO . Zl = ‘/1 — 1, E[Zl] = —1, Va?“(Zl)

0,2

Zy=0.5Vy — 0.5, E[Zy] =—0.5,Var(Z,) = 0.250°

For minimum probability of error and equally likely hypothesis, the LRT is

Az) =

_ H?:l f(zi|Hy) >H 1
[, f(zi|Ho) ™0

Since the z; are Gaussian and independent under each hypothesis, taking log and simplifying

= the LRT is

> H
21+ 229 <H0

Note that Z = Z; 4+ 27, is distributed under each hypothesis as

Hy: Z~ N(2,20%
Hy: Z~ N(=2,20%)

Therefore, the probability of error is

P, =

%[P(Z > 0|Hy) + P(Z < O|H)]
P -ol2)



The LRT is

Y Sl

Alz) —
@) T, f(z|Ho) to

Substituting appropriate values and taking log =

3 5, > 3

= the decision regions in the [; — [ plane are governed by
>

10
lQ‘i‘?ll_t <H0 0

3.12
Vk ~ N(Oa UQ)

Hll Zk: Vk, kzl,,K
Ho: Zpx= 14V, k=1,-K

(a) CO():CH:O, 001:2and 010:1; POZO.7, p1203
The likelihood ratio is

_ (7o) exp(—2"2/207)
M) = R e (G-~ m)2o?)

where z = [2y - 2g]T and m = [1---1]7

The LRT is

Taking log and simplifying =



1 1 7
Pr = P(Z < 5 — §02ln(6)|H0)
- K 2In(L
2 £
Pr— o227 1MG))
20\/?
where ®(-) is the cdf of a normal random variable.
1 1 7
Py =P(z> 5~ ?025”(6”[{1)
- K —2*In(})
— 20°In(%
Py = 6
M Q( 20@ )
(c) ROC follows by plotting Pp = 1 — Py versus Pr for values of K = 1,0% = 2
1+ 4In(I)
Pp=®(—— %)y,
F ( 2\/5 )
" in(@) I(3)
1 —4in(% 1 —4in(%
Pp=1-Py=1- 6) = @ G
Therefore
1
Pp=®(® ' (Pp) + —
D ( ( F) \/i)
(d) Given Cyg = C11 =0, Cypy = 2 and Cyg = 1; Py = 0.7, P, = 0.3, we require

Cx < 0.5C

We can evaluate C as B
01:2p1pM+p0pF:O468
Therefore 0.5C; = 0.234.
We evaluate C as
_ K —20%n(1)
Cx =0.6Q(————=—8~
K = 06008
and the value of K follows as K > 7.
When K =7, Cx = 0.2217.

K +20%In(%)

)+ 0.7@(—W

),



e 3.13

We have

N = 2,0% = 40?.
Therefore, M = 0 and

_ 7
Yo = 207

.
1 — 2
g 80§

Therefore

and

Some sample values are

§a!
Pp=1—1(—2—
b (M+1 )

Yo
Pr=1—I(—2" M
F (M+1 )

In(P,

Pp = exp( (4F))
Pp=Pr=1
PD:PF:O

Pp = 0.88, Pr = 0.606



