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Abstract— An offset encoding technique is presented that
improves sliding-window decoding with decode-and-forwad for
K-user multiaccess relay channels. The technique offsets ers
transmissions by one block per user and achieves the same eat
region as backward decoding but with a smaller delay.

Index Terms— Multiaccess communication, relaying, encoding,
cooperative systems.

I. INTRODUCTION
Fig. 1. A K-user multiaccess relay channel

The multiaccess relay channel (MARC) is a network where
several users (source nodes) communicate with a single dest

nation in the presence of a relay [1]. Several coding straseg .
: only K + 1 transmit blocks per message rather thanhe 1
for the relay channel [2], [3] extend readily to the MARCbIost required by backwar% decodin§o®+1 blocks. Note

[4], [5]. For example, the strategy of [3, theorem 1], NOW . w0 i imber of userd, is usually much smaller thaB.
often callectiecode-and-forward (DF), has a relay that decodes This correspondence is organized as follows. In Section Il

user messages before forwarding them to the destination [4 :
[5]. Similarly, the strategy in [3, theorem 6], now often present the MARC model and summarize the DF random

.. code construction of [4, Appendix A]. In Section Ill, we
called compress-and-forward (CF), has the relay quantize Itsreview the backward decoding rate region and compute the
output symbols and transmit the resulting quantized bith¢o 9 9 P

destination [5] window decoding rate region. The latter region is in general
) maller than the former. In Section IV, we describe offset

For the classic relay channel, several encoding and degOd'Snncoding and compute its rate region when combined with

technlqu.e_s achieve the DF rate in [3, _theorgm 1) (se_e @Iiding-window decoding. An error probability analysis is
Sec. I]): irregular block Markov encoding (different size ; ;
presented in the Appendix.

codebooks at the source and relay) asudcessive decod-
ing [3, theorem 1],regular block Markov encoding (same
size codebooks at the source and relay) diding-window Il. PRELIMINARIES

decoding [6], regular block Markov encoding abdckward A Model

decoding [7]. These methods have all been generalized to

multiple relay networks [4], [8]-[11]. For the MARC, how- The K—use_r MARC hasi source nodes, one relay node,
ever, the different DF encoding and decoding methods do [itd one destination n_od_e (see_ Fig. 1). The mességes: =
always yield the same rate region. For example, we show tHat2: ---» I, are statistically independent antl, takes on
backward decoding can give larger rates than sliding-windd’/ues uniformly in the se{1,2,..., My}. The channel is
decoding. However, we prefer to use sliding-window decgdir/S€d NV times so that the rate oYy, is Rw, = Bw,/N
because it incurs much less delay. We hence develayfset b'ts per channel use Whe@Wk_: lo_g2_Mk bits. The chan_nel
encoding technique for sliding-window decoding that recoverIPUt Xi; from sourcek at imed, i = 1, 2, ..., N, is

the backward decoding rate region. The delay of our methodAdunction OTW’“ W_h"e the. relay’§ channel inpuk,.; is a
causal function of its received signal§—! = (Y;.1, Y;.2,
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Block 1 Block 2 Block B Block B+1

Xa(Wy 5,1) Xo(Wi 2W11) X1(W1g,Wi51) X1(1W1p)
User 1
vi(1) Vi(W11) Vi(Wig.1) Vi (Wig)
)_(2(W2,1, 1) >_(2(W2,2,W2,1) X_2(W2,B,W2,B-1) X_z(l .Wz,B)
User 2
Vy(1) Vo(W21) Vo(W2g.1) Vo(W2p)
Relay %(1,1) X (W11,Wa 1) X (Wig1,Wog1) Xe(W1g,W2p)

Fig. 2. Regular encoding for a two-user MARC.

The capacity regiorCy;arc of a K-user MARC is thi 1 Relay Bounds

closure of the set of rate tuplé®y,, Rw,, ..., Rw, ) suct XY, [ X WV, X,) 1 (X XY, VIV, X, )
that the destination can, for sufficiently largé, decode th
K source messages with an arbitrarily small positive ¢
probability [1]. We writeRs = 3, . s R, [m,n] = {m, m+1, p
...,n}, S\A for the set of elements i§ but not in.A, anc Achievable
|S| for the cardinality ofS. Region

(X, XY [ XN,) .~ Destination Bounds
»“0“ I(X1X2Xr;Yd)

i R,
[(X5Y, [ XMV, X)) FXX0 Y [ XM)

B. Random Code Construction Fig. 3. Rate region achieved by DF for a two-user MARC.

A DF code construction is presented in [4, Appendix
and we review it below. We remark that this constructio
common to all the decoding methods considered in the seyuc.
Random Code Construction: lIl. D ECODEAND-FORWARD
Consider the probability distribution
A. Backward Decoding

K
(;:[1 p(vk)p(x”vk)) p(er|ic) (2) Consider a2-user MARC where the sources and the relay

o . use the block Markov encoding method described above. The
where theV,, k = 1,2,..., K, are statistically mdependentmessages are decoded reliably by the relay if
auxiliary random variables. Eachj is used to generate a

codebook with length: codewordsuy (sg), sx = 1, 2, ..., Ry < I(X1; Y, | XoViVe X,) (3)
27t (see Fig. 2). Every codeword,(s;) is next used to Ry < I(X2; Y | X411V X)) 4)
generate a colgebo_ok with lengtheodewordsey, (wy, sk), wi Ry + Ro < I(X1 X2 Y, [ViVaX,). ()
=1,2,...,2™% Finally, one length: relay codeword, (s1,

s2, ..., si) is generated for each choice of(s1), vy(s2), The destination starts decoding after receivingz1 blocks.

o Vi (SK)- The destination rate bounds are (see [4, Sec. IV-D])
The above procedure is repeatBd+ 1 times and the'” < i

codebook is used in block, b = 1, 2, ..., B + 1. The Ry < I(X0. X0 Ya| Xo V) ()
encoding procedure of [4, Appendix A] proceeds as follows. Ry < I(Xo X3 Ya| X1 V1) (")
We change this procedure in Sec. IV. Ri+ Ry < I(X1 X2X,;Yy) (8)

Regular Block Markov Encoding: An example of the MARC region defined by (3)-(8) is shown

Sourcek sends the messagesy. i, wr.», .-, wr.5), €CN 4o g '3 "For arc_yser MARC, the bounds (3)-(8) generalize
havingn Ry, bits, overB + 1 consecutive blocks as shown IN2s follows

Proposition 1: The rate region for DF is the union of the

Fig. 2. The relay sends the codewards1p, S2.6, - - -, Sk.,b) IN
block b. Th I t = 1 while th et .

oc € relay setsi.1 while the Sources sati,5+1 set of rate tuple$R1, Ro, . . ., Ri) that satisfy, for allS C I,
I(Xs; Y | Xs Vic X, U), )

= 1. We thus haveN = n(B + 1) and By, = nRyB such
that the overall rate of usét is Ry, = Ry - B/(B+1)
which approache®;, for large B. I(XsX,; Y| XscVscU)

Rs < min ( (9)



Block 1 Block 2 Block K Block K+1
>_<1(W1,1l 1) >_<1(W1,2,W1,1) )_(1(W1 ,K+1,W1,K) K1(W1,K+1,W1 ,K)
User 1
vi(1) V(W1 1) V(Wi k) Vi(Wik)
%(1,1) Xo(W3,1,1) Xo(Wa i, Wa 1) Xo(Wo ik, Wa k1)
User 2
Vo(1) Vo(1) Vo(Wak) Vo(W2k)
*«(1,1) *«(1,1) Xx(Wi,1,1) Xk (Wi 2, Wk, 1)
UserK
k(1) V(1) V(1) V(Wi 1)
Relay | x(1.,1,..,1) X(wyp,1,...,1) X (W11, Wak-2,--.01) | | Xe(We g Wak-1,. .. Wi, 1)

Fig. 4. Offset encoding for & -user MARC.

where the union is over all distributions that factor as Xy — Vi — X,, K = 1, 2, and because conditioning cannot

K increase entropy. Backward decoding is thus at least as good
p(u): (Hk:lp(vk|u)p(zk|vk’u)) plerfue w) p(Ur yalT)- a5 sliding-window decoding.
(10) For example, consider 2user MARC with binary inputs

Proof: See [4, Appendix A]. _ B X, X,, and X,. Suppose the relay output I§. = 2X; +
Remark 1. The time-sharing random varialdleconvexifies X, where we use integer arithmetic so thate {0, 1,2, 3}.
the rate region of Proposition 1. For simplicity, we will ®0P 11 destination output is

the theory below only for a constant.
v {0 if (X1+Xo+X,)<1
d =

1 otherwise (18)

B. Siding-Window Decoding
Suppose the destination uses sliding-window decoding, i.8Upposé’, andV; are binary. The bounds (5) and (8) are both
the destination decodes the message (aaif,, w ;) transmit- Maximized by choosing a uniform joint distributigiiz, vk ),
ted in blockb by using the signalg,,, andya,,1 received in % = 1, 2, and uniformp(z,|v1,v2) for each choice ofvy,
blocksb andb + 1, respectively. It turns out that the bounds2). The resulting relay bounds in (3) and (5) are
in (6)-(8) are replaced by R, <1
Ry < I(X1;Yg|XoViVaX,) + I(ViX,; Yy|Va) (11) Ri+Ry < 2
Ry < I(Xo9; Yy X1 ViVaX,) + I(VaX,;Y4Vi) (12) while the destination bounds in (6) and (8) with backward
Ry + Ry < I(X1X2X,;Yy). (13) decoding are

(19)

Ry < 0.8113 (20)
The same bounds result if the sliding window length is Ri+R < 1
increased, unless the window includes bld¢k- 1, of course. . L .
The termI (X1; Ya| X2V VaX,) in (11) results fromyq,, while Eowever, the bound (11) oR; with sliding-window decoding
the term (V4 X,; Y4|V2) is due toygp+1. The bounds (12) Ry < 0.6887. (21)

and (13) are obtained similarly. Observe that the messaige pa
(w1 p+1,w2,p4+1) in block (b+ 1) is unknown while decoding By symmetry, the bounds oR, are the same as those &.
(w1,p,w2,p). The error analysis used to obtain (11)-(13) i§urther, from the dependenceXif on X, in (18), we observe
similar to that presented in the Appendix and is hence othittehat (17) is not possible for all input distributions wherthp

We next compare (6)-(8) and (11)-(13). Obviously, thasers transmit non-zero rates. Sliding-window decoding th
bounds (8) and (13) are the same. We can write (6) as  cannot achieve all backward decoding rate pairs.

Ry < I(X0: Yal XoViVa X)) + I(Vi X, Ya[Va Xa).  (14) For K > 2, the bounds (11)-(13) generalize to

< N c 5 c
Expanding the second term in (14), we have Rs < I(Xs; YalXs-VaXr) + I(Vs Xri YalVse) (22)

I(ViX;;Ya|VaXo) > H(Vi X, |Va) — H(V1 X, |Y4V2) (15)
= IV X,;Yq|V2) (16)

One can show that the bounds in (22) are in general more
restrictive than those in (9) for alf C K.

with equality if and only if IV. OFFSETENCODING

To improve window decoding, we offset the message trans-
I(V1 X5 Xo|VaYy) = 0. 17 .
Vi 2|VaYa) (7) missions from theK sources by one block per source. Let

The inequality (15) follows from the Markov relationshipsr denote a permutation (order) of the source indices. We let



sourcer (i) start transmitting in block. Thus,wy;, = 1 for R
all b < iandb € [B+14, B+ K]. The resulting message- /77(11 2)
to-codeword mapping for & -user MARC with offset order | (XX ;Y | XV, ) prommmmmmmmmmemmos Time-sharin
m=(1,2,..., K) is shown in Fig. 4. N g
The relay decodes at the end of each block as before. Wg (XY, [ X, VV,) 72,1)
thus require 1Y) S ’
Rs < I(Xs; Y| Xs:Vic X) (23) ne

forall S C K asin (9). In block, the relay sends the codeword
zr(sx,») as shown in Fig. 4. The destination uses a sliding R,
window of lengthK + 1 to jointly decode the messages », LOG0Y, [ XVVL) TOGX 0, [ XMV)
k=1,2, ..., K, from the K sources. We summarize the Zria trrne 2rra T
resulting rate bounds below. A detailed analysis of thererro 123X

probability is presented in the Appendix.

Fig. 5. Rate region with sliding-window decoding and offsetoding.

A. Two Users
ConsiderK = 2 and suppose the offset orderis= (1, 2).

The message paftvs 5, ws,5) is decoded reliably using blocks yestination decodesy , by using thek + 1 output blocks
b, b+ 1, andb + 2 if '

gd,bi Ed,b+ll ey gd,b+K-
Ry < I(X1;Yg|XoViVa X,) + 1(V1 X Y| XoVa) Upon inspection of Fig. 4, we find that blodk- 1 must be
= I(X1X,; Yq| X2 Va) (24) treated specially. We define
Ry < I(Xo; Yg|XaViVa X,) + 1(Va; Yy) (25) [, = Z I (X Vi 1ys: Yal Xpprr, ) Vik i) Xnse Vie-1)s2 )
Ri+ Ry < I(Va;Yy) + I(X2Vi X, Y| Vo) k>3 (32)
+ I(X1;Ya| X2V X;) where
Comparing (24)-(26) with (6)-(8) and using the Markov chain _ ’
X1, — Vi — X,., we can verify that bound in (25) is at most adVe have the following rate bounds for &l C K:
large as that achieved by backward decoding in (7). However, I if1¢8,2¢S
we show that the bound oR, in (25) suffices to obtain a 1:2 + I(Xa: Yal X, Xps.50) Vi) if 1¢S2¢8

corner point where?; achieves its maximum single-user ratells <

Observe that the bound (26) can also be written as L+ I(X0 X3 Yal X2 1) Viz 1)) h1es2¢s

I~2 + I(X1 X2 X, Yd|X[37K]V[27K]) ifleS,2eS8
Ry + Ry < I(VaXo; Yy) + I(X1 X, Yy|Xo Vo). (27) (34)

) ) o ~ For singleton sets, the bounds in (34) simplify as
Consider the corner point labeled = (1,2)" in Fig. 5. This

corner point is achievable provided thatl, Xo; Yy) is less 1 < I(X1.Xp; Ya| X2, V2. K]) (35)
than the right hand side in (25). But we have < I(X2; Ya| X0 X3, Vic) ) k-9
I1(VaX5;Yy) Ry < +I,(V2; Vil Xjo, 5 Vis 1))
I(Xy; Yal X g1, ) Vik—1,57)+ k>3
= 1(Va;Ya) + 1(X2; Yo V3) (28) T(Vi; Yal X1, 61 Vikr1,k)) -
< I(Va3Yy) + H(X3|Va) — H(Xo|Yg X1 V1 V5) (29) (36)
=I(Va;Ya) + I(X2; Y| X1 V1VR X)) (30)  Let I} mmax denote the mutual information expression bounding

Ry, in (35) and (36) for alk. We show that the bound (34) for
any S of the form|[1, k], k > 2, results in a corner point such
Xo—Vo—[X,, V1, X4]. (31) that sourcel achievesl; ... We refer to any such corner

Thus, we obtain the corner point under consideration. Fer t oint as thatassociated with sourcel. For all setsS of the
' P ' orm [1, m], m € [1, K], the bounds in (34) simplify to the

offset orderr = (2,1), we similarly obtain the corner point .
labeled r = (2,1)” in Fig. 5. These corner points are thebackward decoding bound

where (30) follows from the Markov relationship

same as those obtained via backward decoding. All other non-  Rg < I(XsX,; Yy|Xs:Vse) (37)
corner points can be achieved by time-sharing. Thus, werobta = I(X1X,; Ya| X2 1 Vio.xc1)
the same rate region as backward decoding. m " 21712, K]

+ Z (X3 Vi; Yal X g 1,51 Vik+1,K57)- (38)
B. K Users k=2

We extend the the above analysisiho> 2. Without loss of The expression (38) suggests that the source§ ican be
generality, suppose the offset ordemis= (1, 2, ..., K). The successively decoded to obtain a corner point associatid wi



sourcel. We define
Iy = I( Xk Vi; Yal Xy 1,6 Vikt1,57) (39)
for all k¥ > 2. Expandingl, we have

Iy = I(Vie; Yal X1, 61 Vik+1,57)
+ H (X3 Vi) — H(Xk|Yd7X[k+l,K]V[k,K]) (40)
S Ik,max (41)

where (41) follows from using the Markov chaing, — Vj, —

X, for all k&, and because the sources are independent. Thus,

we obtain a corner point associated with soutceéDbserve

that this corner point is the same as that achieved via backwa

decoding since the bound dds in (37) is the same as th@s
bound at the destination in (9) for a constahtThe remaining

corner points associated with sourteare then obtained by

fixing sourcel as the first source inr while choosing all
possible permutations of the remainiag— 1 sources.

of a multiaccess channel (MAC) with side information
Vi and X, (see [15, pg. 403]) where reliable decoding
is achieved when, for alf C K, we have

Rs < I(Xs;YHXScXTVK). (42)

2) At the destination: Assuming that no errors were made up

to blockd, the destination decodes the messageuses
= (wip, wap, - - -, Wrp) USING Yd by Ydbr1r « s Ydbr K
(see [10, Sec. IV]). ForK = 2, three kinds of errors
occur in decoding(wy p, w2). The first type of error
has the decoder estimating, , = w2, butwy , # wi p.
Invoking the usual typicality arguments, we require

o (v (wip—1),v9(w2p—2), 2, (W1, w1 p—1),
&2(w2,b717w2,b72)7£r(w1,b717w2,b72)7gd_b)
€ T.(Vi, Xk, X, Yy) and '

o (v (1), z, (W14, wap—1),Va(W2,6—1),
Lo (woby Wap-1); Yy 1) € Te(Vie, X2, X0 Ya).

For example, consider&user MARC. The destination rate Since the codebooks in consecutive blocks are indepen-
region in Proposition 1 has two corner points associated wit  dent, the above two errors are independent. Using [4,
each source. For both of these corner points, we decodeesourc Lemma 1], the error probability of the intersection of
1 after all other sources. From (37)-(41), we see that theebffs  these events is upper bounded by
orderm = (1,2,3) gives the corner point where sour8es
decoded first. One can similarly verify that the offset order
= (1,3,2) gives the corner point where soures decoded
first.

For a K-user MARC, all(K —1)! corner points associated
with the k*" source,k € [1, K], are obtained by using those
offset orders where sourdetransmits first. Thus, we obtain
all the K'! corner points in theiK-dimensional rate polytope
achieved at the destination in (9). The non-corner poings ar
achieved by time-sharing.

2n(R17I(X1;Yd|X2V)CXT)*I(ler;Yd|X2V2)+12€) . (43)

Thus,w; ; can be decoded reliably if
Ry < I(X1, X5 Ya| X2 V2). (44)
For the case where);, = wyp but wep # wep We
require
o (zo(Wap, wop—1), v (w1p), Vo(w2p-1),
z,(wip, w2p-1), Yy, ) € Te(Vie, Xo, X, Ya)
® (QQ(wQ,b)de7b+2) € TE(‘/Q7Yd)

The probability of intersection of these events is upper
bounded by

V. CONCLUSIONS

We presented an offset encoding technique for DF that
improves the rate region of sliding-window decoding. The
technique achieves the same rate region as backward dgcodin )
but avoids the excessive delay associated with backward Ve thus require

decoding. Offset encoding will clearly generalize to other Ry < I(Xo; Y| XaViVa X)) + I(Va; Yy). (46)
multi-terminal problems [12]-[14].

on(Re—I(X2;Ya|Vic Xr) =1 (V2;Ya)+9¢) (45)

Finally, we havew; ; # wi andwy , # wip if

APPENDIX o (v (W1p—1), Vo (wap—2),

ERROR PROBABILITY ANALYSIS Z1 (W1, w1 p—1), Zo (W p—1, Wa,p—2),

We derive the rate bounds for the DF strategy employing L(w},b—l,wz,b—z),ydyb) AE Te(Vic, Xic, Xr.Ya)
offset encoding and window decoding. Without loss of gen- o (v (1), vy(wap—2), Zo(W2, w2 p—2),
erality, we develop the bounds at the destination f@ruser 2, (01, w2 p-2),¥, 1) € Te(Vie, X, X Ya)
MARC with the offset orderr = (1,2). The random code o (vp(W2),y, b+2) € T(V2,Yq)
construction is described in Section II-B. The resulting error probability is upper bounded as

Encoding: Consider blockb.

1) The sourcé: transmitsey, (Wb, Wk,p—1)-

2) The relay transmitg,(s1,5, 52,6, - - -, Sk,b) Wheres p is

the set of messages decoded at the relay in blbekl).
Decoding: Ry < I(XxXr;Yy). (48)

1) At the relay: The relay decodes the messages; in Combining (44), (46), and (48), we have the bounds (24)-
blockk, k=1,2, ..., B+ K, by usingy, , and by as- (27). One can extend this analysis far > 2. The random
suming that its message estimates in the previous bloaksiable U in (9) and (10) is the usual time-sharing random
are correct. This decoding problem is equivalent to thaariable [15, p. 397].

2n(R;¢—I(X}cX7~;Yd)+15€)_ (47)

For reliable decoding, we thus require
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