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Abstract— A multi-accessproblemis considered where two en-
coderswish to communicatetheir messageso two decoders.The
encoderscan further cooperatevia a conference, as intr oduced
by Willems for multi-access channels. The capacity region of
this channel is determined and showvn to be closely related to
the capacity region of the multi-access channel with partially
cooperating encoders.

|. INTRODUCTION

A problemin which encodergartially cooperateover ded-
icatedlinks in a discretememorylesanultiple accesschannel
(MAC) hasbeenintroducedand solved by Willems [1]. We
considera network in which two separateencoderswish to
communicatewith two different decoders.We assumethat
there exist two communicationlinks with known capacities
betweerthetwo encodersallowing themto partially cooperate
to send their intended messagesThe amount of informa-
tion exchangedbetweenthe transmittersis boundedby the
capacitiesCq2 and C»; of the communicationlinks. The
communicationssystemis shovn in Figure 1. The proposed
channelmodel enablesinvestigationof the gains obtained
using transmittercooperation.

Without communicatiorlinks Ci4, Ca1, the channelin Fig-
ure 1 reducesto the interferencechannel[2], [3], for which
the capacityregion is known in the caseof strong interference
[4] satisfying

I(X1; V1] X2) < I(X1;Y2]X2) (1)

)

for all inputs X; and X. This classof channeldncludesthe
very strong interference channel [5], [6] for which

I(X5; Y] X1) < I(Xa3 Y1 |X1)

I(X1; 1] Xp) < I(X4;Y5) 3)

(4)

The capacityregion for both casescoincideswith the capacity
region of the two-sendertwo-recever channelin which both
messagesare decodedat both recevers. It was shovn by
Ahlswede[7] thatthis region is anintersectionof the capacity
regions of two MAC channels(Xy, X2, Y1, p(y1|z1,z2)) and
(X1, X, V2, p(y2|21,22)). In this paper we will consider
such a communicationsituation requiring both messagego

I(X2;Ya|X1) < I(Xo;Y7).
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Fig. 1. CompoundMAC with conferencingencoders.

be decodedat both recevers. We refer to this channelas a
compound multiple access channel with conferencing encoders
and denoteit (Xl X Xz,p(yl,y2|m1,m2),y1 X yz)

For a two-sendertwo-recever Gaussiametwork, the rate
improvementsdue to node cooperationwere demonstratedn
[8]-[12]. In [8], transmittersfully cooperateby exchanging
their intendedmessagesnd then jointly encodethem using
dirty papercoding.More involved cooperationschemesvere
analyzedn [9]-[11]. In this paperwe find the capacityregion
of the compoundMAC with conferencingencodersFor an
input distribution with a specific Markov property the rate
region is an intersectionof two rateregionsof the MAC with
partially cooperatingencoderq1]. The capacityregion is the
union of all suchrateregions.For Ci2 = C21 = 0, it becomes
the capacityregion of the two-sender two-recever channel
with non-cooperatinggncoderd7].

1. CHANNEL MODEL AND STATEMENT OF RESULT

The channelconsistsof finite sets X1, X>,)4,)> and a
conditional probability distribution p(y1, y2|z1, z2). Symbols
(z1,22) € X1 x Xy arechannelinputsand (y1,y2) € V1 x Vs
are correspondinghanneloutputs.Eachencodert, ¢t = 1, 2,
wishesto senda messagéV; € {1,..., M} to bothdecoders
in N channeluses.The channelis memorylessand time-
invariantin the sensethat

n n n—1 n—1
PWY1,ns Y2,n|XT, X5, YT Y5

) = p(yl,n; yZ,nlml,n; xZ,n)
(5)
wherex? = [z41, ..., @i,]. To simplify notation, we
drop the superscriptvhenn = N.
Encodersuse the communicationlinks in the form of a

conference [1]. A conferenceis given by two sets of K



communicatingunctions{h¢1, ..., hyx}, t=1,2. Each
function h;; mapsthe messagelV; and the sequenceof

previously receved communicationsrom the other encoder

into the kth communicationV; 5, where V; ;, rangesover a

finite alphabetV, ;, for k =1,..., K,
hag Wi xVEL SV vie = ha (WL, VETY) (6)
hojk : Wa x VE Y = Vo, wag = ho(Wo, V1), (7)

The amount of information that can be exchangedduring
the conferences boundedby the capacitiesCy, and Cs;. A
conferencds (C12, Ca1)-permissibleif

K
D log([Vikl) < NCuy

(8)
k=1
K
Zlog(|V2’k|) S NCQ]_. (9)
k=1

An encodingfunction f; mapsthe messagdV; and what
was learnedfrom the conferenceinto a codavord x;. An
(M, M5, N, K, P,) codefor the channelconsistsof two sets
of K communicatindunctions(6)-(7), two encodingfunctions

fi:W xvE 5 xN (10)
fo i Wo x VIC — aY (11)
generatingcodevords
x1 = fi(wi,v3) (12)
Xz = fo(ws,v() (13)
andtwo decodingfunctions
g1 : Y = Wi x Ws (14)
g2 : YN W x W, (15)

suchthat the averageprobability of error of the codeis

Z P [{g1(Y;

M) # (wy,wo)}
(w1,w2) EW1 X W2

U{g2(Y3") # (w1, w2)} |(wy, wz) sent .

A rate pair (R, R2) is achivableif, for ary ¢ > 0, there
existsan (M, M,, N, K, P,) codesuchthat

1
P, = —
M, Ms

(16)

M, >2NB =12 andP, <e. (17)

The capacityregion of the compound multiple access channel
with conferencing encoders is the closure of the set of all
achievablerate pairs (R;, R2).

The next theoremis the main result of this paper It
shavs that the capacity region of the compound multiple
accesschannelwith conferencingencoderss an intersection
of two capacityregionsof the MA C with partially cooperating
encodersasdeterminedby Willems [1].

Theorem 1: For the compound multiple accesschannel
(X1 x Xa, p(y1, Y2 |21, 22), Y1 x Vo) with communicatiorinks

with capacitiesC» and Cs; the capacityregion R(Ci2, C21)
is given by
R(Ci2,Con1) = J{(R1, Ry) :
Ry < min{I(X1;Y1|X,,U), I[(X1;Y5|X2,U)} + Cio
Ry < min{I(X»;Y1|X1,U), [(X2;Y2|X1,U)} + Cax
Ry 4+ Ry < min{I(X;, Xo; Y1|U), (X1, X2; Y2|U)}
+C2 4+ Co
Ri 4+ Ry < min{I(X1,Xo; Y1), I(X1,X2;Y2)}  (18)
wherethe unionis over all joint distributionsthat factoras

p(u)p(z1|u)p(z2|w)p(y1, y2|T1, T2).
Il. CONVERSE

Theconsideredhannel(X; x Xa, p(y1,y2|z1,22), Y1 X Va)
definestwo MACs:

o« MAC;, (X1 x Xy, p(y1|z1,22),M1),

o MAG, (X1 x X, p(y2|21,22),V2),

where
pyilzi, o) = D plyr,yolz1, ) (19)
Yy2EV2
and
p(y2|z1,22) = Y p(y1,y2|21,2). (20)

Y1EMN

An (M, M>,N, K, P,;) codefor MAC, is given by the en-
codingfunctions(10) and (11) and a correspondinglecoding
function g; given by (14) for ¢ = 1 and (15) for ¢ = 2. The
correspondingerror probabilitiesare

Pa= 3 spap Plon(Y0) # (wi,ws)|(wr, wa) sent

(w1,ws)
(21)
= > M11M2 Plga(Ya) # (w1, ws)| (w1, w2) sent
(w1,ws)
(22)

where(wy, w2) € Wy x Wa. By comparing(21) and(22) with
(16), we concludethat

ma'X{Pel;Pe2} SPe- (23)

Next consideran (My, M>, N, K, P,) code for the (X; x
Xoy (Y1, y2|T1,22), Y1 X Y2) compoundMAC with confer
encingencodersFrom (23), the necessargonditionfor P, —
0 isthatP,; — 0 and P, — 0. FromWillems’ result[1, Sec.
[ll], to guaranteghat P,; — 0, for ¢t = 1, 2, the rateshave to
satisfy

Ry <I(X; Y| Xo,U) + Cra + &
Ry < I(X2;Y3|X1,U) 4+ Co1 + &5
Ry + Ry < I(X1,X2; Y3|U) + C12 + Co1 + &N

Ry + Ry < I(X1,X0;Y3) +&n (24)
for a joint distribution p(u)p(z1 |u)p(z2|u)p(y:|21, z2) and

&N = (Petlog(My My — 1) + h(P.;)) /N (25)



where h(-) denotesthe binary entrogy function. Note that
ey — 0andeay — 0asP.,; —» 0and P, — 0.

Alternatively, we can obtain the sameresult by applying
Fano’s inequality to the messag&astimate(Wl, Wg) at each
recever. We thenusethe approachof Willems [1, Sectionlll]
to obtain

1
Ry < D I(X1n; Yin| Xon, Un) + Cr2 + 1
n=1,N
1
Ry < D I(Xon;Yin|Xin, Un) + Con + eon
n=1,N
1
Rit+R < Z I(X17, Xon; Yin|Un) + C12 + Con
n=1,N
TN
1
Ri+Ry <+ Y I(Xin, Xon;Vin) + ey, (26)
n=1,N

We proceedasin [1] and shaw that the region of Theorem
1 is corvex. We definea region R® by upperboundingzach
coordinateby a termin (18)

R® 2 {(Ry,...,Rg),t =1,2:

Ripor < I(X1;Y3| X5, U) + Cr2 k=0

Riyor < I(X2; Y| X1,U) + Cn k=1

Ryjor <I(X1,X0;Y4|U) +Cr1a+Co1 k=2
Riyor < I(X1, X2;Y3) k =3} (27)

for p(u)p(z1|u)p(za|u)p(y1,y2|z1,22). Applying the ap-
proachin [13, Appendix A] we canshaw thatthe region R®
is corvex, and thusrates(26) belongto the region R8. From
the definition of R® andR in (27) and (18), it then follows
that rates(R;, R2) belongto R(Ci2,C2;1). O

IV. ACHIEVABILITY

In a conference transmitterscooperateover the commu-
nication links with capacitiesC;, and C; using the strat-
egy proposedby Willems [1, Sec.IV]. Specifically the set

{1,...,M;} is partitioned into 2VF12 cells, labeled s; €
{1,...,2NR2} eachwith 2NV(Fi1—Fi2) glementdabeledt; €
{1,...,2N(E:1=Fi2)1 When w; belongsto cell s;, we let
ci1(wy) = s;. The sametype of partitioning is done for

messagedV,. RatesRi», Ro1 are chosensuchthat R =
min{Rl,Cm} S 012, R21 = min{Rz,Czl} S 021 ensuring
that during the communicationthe partial information

wy = (Woy, Wos) = (c1(w1), ca(wa))

(cl(wl), CQ(UJQ)) € {1, ceey 2NR12} X {1, ceey 2NR21} canbe
exchangedetweerthe encodersWe referto W asacommon
message.

The part of the original messageunknown to the other
encoderis given by

wh =t (wy) € {1,...,2NFi-Fi2))
why = ta(wa) € {1,.. .,2N(R2—R21)}‘

The obtainedsystemis showvn in Figure 2. Thus, after the

Wy Xq Ya (Wy, W)
—* ENCODER 1 DECODER 1
Wo
p(y1.y2|x1,x2)
w
2 (Wy,Wo)
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Fig. 2. CompoundMAC with conferencingencodersafter the conference.

conferencethe codinghasto be donefor acommonmessage
with alphabetW}

wy € {1,..., M} (28)
and private messages

w, e {1,..., M} (29)

wh € {1,..., M} (30)

with correspondingalphabets)V; and W). We used nota-
tion Mé — QN(R12+R21), M{ — 9N(Ri-Ri2) gpnd M2’ —
2N(R2—R21).

In the case of a single recever, the channel after the
conferencereducesto a MAC with common and private
messagest the encodersasin [1]. The capacityregion of
this channelis known [14] and guaranteeghat the ratesin
[1, Sec.ll.] are achievable. The result[14] was provedin a
moredirectway in [13]. It is straightforvardto shav thatthe
encodingand decodingstratayy proposedby Willems in [13]
can be adoptedfor our systemto guaranteehe achievability
of the rates(18).

Specifically we usethe codebookin [13, Section3] con-
structedasfollows:

Fix the distribution p(u, z1, z2) = p(u)p(zy |u)p(za|u).

1) Generatel|) sequences eachwith probability p(u) =

1Y, p(u,). Labelthemu(w), wh € {1,..., Mj}.

2) For eachu(wy), generatelM sequencesg; with proba-
bility P(x¢|u) = ngl p(zen|un) wheret = 1,2. Label
themx; (wg, w;), w; € {1,..., M}

Encoding. To senda commonmessagew; and a private

messagev; encodert sendsthe codevord x; (wg, wy).

Decoding. At eachdecoder we use the decodingscheme
of [13]: After receving y;, decodert determinesunique
(), wy,wh) suchthat

(u(dyp ), %1 (g, Wy ), X2 (g, 2), Ye) € Ae(U, Xy, Xa, Yy)

where 4. (U, Xy, X5, Y}) is the setof e-typical N-sequences
(u,x1,%2,y:) asdefinedin [15, Section14.2].
The probability of error.

We apply the union boundto (16) to obtain
P, <P,y + Py (31)

where P,; and P, are given by (21) and (22). From the
analysisof the probability of errorin [13], it follows thatboth



P.; and P, canmadearbitrarily small whenthe ratessatisfy
(18). From (31) it thenfollows thatthe probability of error P,
canbe madearbitrarily small. O

V. IMPLICATIONS

For Cy15 = Cy; = 0, the capacityregion (18) of the com-
poundMAC with conferencingencoderdecomeshe capacity
region of the two-sender two-recever channel established
by Ahlswede [7]. Rates(18) qualify the improvementdue
to transmittercooperationover the dedicatedcommunication
links with capacitiesC12 and Cy; .

Furthermore the rates(18) give inner boundson the rates
achievablein an interferencechannelin which userspartially
cooperateand eachdecoderdecodesa messagesentfrom a
singleencoderlt would beinterestingto characterizeéhe class
of interferencechanneldor which theseratesin fact give the
capacityregion.

Finally, we apply (18) to a Gaussiametwork with channel
outputs

(32)
(33)

Y1i = T1; + V h12T2; + 215

Y2i = V ho1%1; + T2 + 22

whereZ; is zero-meanyarianceN; noise.The codedefinition
is the sameasthatgivenin Sectionll with the additionof the
power constraints

N

1 . .
Nzxjigpj, j=1,2. (34)

i=1
The power expendedor the conferencas thusnot considered.
We have the following result.

Corollary 1: The capacity region of the Gaussiancom-
poundMAC with conferencingencoderds given by

R(Ci2,Co1) = U{(Rl,R2) :

. hj1aP;
< < i et
0<R < jér{lil,lz}C( N ) + C12 (35)
0<R,< min C (hﬂbPQ) + Co (36)
je{1,2} N;
R+ R,
hi1aPy + hi2bP.
< min C(M) +Cha + Cor (37)
je{1,2} N;
O0<Ri+Ry <
hi1Pi + hioPs +2\/hi;1aPh;sbP:
minC( 11 + hjo 2+N\/ 1AL 2)}(38)
J J

wherethe union is over all a,b, for 0 < a < 1,0 <b < 1,
(_l:].—a,bz].—b, andhn =hyy =1,.

Figure 3 shavs the capacityregion for a symmetriccase
WhereClz =Cy =¢c=05 P =P, =P =10, N; =
Ny =1, his = hoy = h = 0.8. Due to the symmetry we
choosen = b. To illustratethe cooperatiorbenefit,alsoshovn
arethe ratesachiezablewhenthereis no cooperation(c = 0).

The bounds (35)-(37) are maximizedfor a = 0. As a
increasestheseboundsdecreasebut the bound on the sum

rate (38) increases.The sum rate is maximizedwhen a is
chosensuch that (37) and (38) are the same.The capacity
region is the union of all the pentagonsbtainedfor different
valuesof a.

25
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P % h=0.8 |
aincreases
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3 15¢ N\ 1
IS max sum rate
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2 ]
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Fig. 3. The GaussiarCompoundVAC with conferencingencodersapacity
region.
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