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Abstract— A multi-accessproblem is considered where two en-
coderswish to communicatetheir messagesto two decoders.The
encoderscan further cooperatevia a conference,as intr oduced
by Willems for multi-access channels. The capacity region of
this channel is determined and shown to be closely related to
the capacity region of the multi-access channel with partially
cooperating encoders.

I . INTRODUCTION

A problemin which encoderspartially cooperateover ded-
icatedlinks in a discretememorylessmultiple accesschannel
(MAC) hasbeenintroducedand solved by Willems [1]. We
considera network in which two separateencoderswish to
communicatewith two different decoders.We assumethat
there exist two communicationlinks with known capacities
betweenthetwo encoders,allowing themto partiallycooperate
to send their intended messages.The amount of informa-
tion exchangedbetweenthe transmittersis boundedby the
capacities

�����
and

�����
of the communicationlinks. The

communicationssystemis shown in Figure 1. The proposed
channel model enablesinvestigation of the gains obtained
using transmittercooperation.

Without communicationlinks
�����	���
���

, the channelin Fig-
ure 1 reducesto the interferencechannel[2], [3], for which
thecapacityregion is known in thecaseof strong interference
[4] satisfying ��
�� ��������� � ����� ��
�� ��������� � ���

(1)��
�� � ��� � � � � ��� ��
�� � ��� � � � � �
(2)

for all inputs
� �

and
� �

. This classof channelsincludesthe
very strong interference channel [5], [6] for which��
�� � ��� � � � � ��� ��
�� � ��� � �

(3)��
 � � ��� � � � � ��� ��
 � � ��� � �"!
(4)

Thecapacityregion for bothcasescoincideswith thecapacity
region of the two-sender, two-receiver channelin which both
messagesare decodedat both receivers. It was shown by
Ahlswede[7] that this region is an intersectionof thecapacity
regionsof two MAC channels


$# ��� # ����%
���$& 
�' ��� ()����(������
and
$# ��� # ����%*�+��& 
 ' ��� (�����(������

. In this paper, we will consider
such a communicationsituation requiring both messagesto
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Fig. 1. CompoundMAC with conferencingencoders.

be decodedat both receivers. We refer to this channelas a
compound multiple access channel with conferencing encoders
anddenoteit


$# �-, # ���$& 
 ' ��� ' �+� ()����(��.����%
�/,0%*���
.

For a two-sender, two-receiver Gaussiannetwork, the rate
improvementsdue to nodecooperationweredemonstratedin
[8]–[12]. In [8], transmittersfully cooperateby exchanging
their intendedmessagesand then jointly encodethem using
dirty papercoding.More involved cooperationschemeswere
analyzedin [9]–[11]. In this paper, we find thecapacityregion
of the compoundMAC with conferencingencoders.For an
input distribution with a specific Markov property, the rate
region is an intersectionof two rateregionsof the MAC with
partially cooperatingencoders[1]. The capacityregion is the
unionof all suchrateregions.For

�����213������154
, it becomes

the capacity region of the two-sender, two-receiver channel
with non-cooperatingencoders[7].

I I . CHANNEL MODEL AND STATEMENT OF RESULT

The channel consistsof finite sets
# ��� # �+��%
����%*�

and a
conditionalprobability distribution

& 
�' ��� ' �+� ()����(����
. Symbols
 (�����(��.��6 # �7, # �

arechannelinputsand

�' ��� ' ����68%
�7,9%*�

are correspondingchanneloutputs.Eachencoder: , : 1<;+��=
,

wishesto senda message>@? 6BA�;	��!C!C!C��D ?�E to bothdecoders
in F channeluses.The channel is memorylessand time-
invariant in the sensethat& 
�' ��G H � ' �CG H � I H � ��I H� ��J HLK��� ��J HLKM�� �*1N& 
�' ��G H � ' �CG H � ( ��G H ��( �CG H �

(5)
where

I H? 1PO ( ? G ���Q!C!�!C�R( ? G HLS
. To simplify notation, we

drop the superscriptwhen T 1 F .
Encodersuse the communicationlinks in the form of a

conference [1]. A conferenceis given by two sets of U



communicatingfunctions
A�V ? G ���Q!C!�!C�WV ? G X E , : 1Y;+��=

. Each
functionZ V ? G [ maps the message>B? and the sequenceof
previously received communicationsfrom the other encoder
into the \ th communication ]^? G [ , where ]^? G [ rangesover a
finite alphabet_�? G [ , for \ 1Y;+�C!�!C!"� U ,V ��G [a`	bc� , _ [.K��� d _ ��G [ �fe ��G [ 15V ��G [ 
 > � � ] [.KM�� �

(6)V��CG [ `�b �-, _ [.KM�� d _ �CG [L�ge��CG [-13V��"G [ 
 > �	� ] [.K��� ��!
(7)

The amount of information that can be exchangedduring
the conferenceis boundedby the capacities

� ���
and

� ���
. A

conferenceis

 � ��� ��� ��� �

-permissibleifXh["ij�lknm	o 
 � _ ��G [ � ��� F � ���
(8)Xh[�ip�lknm	o 
 � _ �"G [ � ��� F � ��� !
(9)

An encodingfunction q�? mapsthe message>B? and what
was learned from the conferenceinto a codeword

I ? . An
 Dr����Ds�	� F � U ��tvu��
codefor the channelconsistsof two sets

of U communicatingfunctions(6)-(7), two encodingfunctionsq �2`	bc� , _ X� d #xw�
(10)q �-`	br� , _ X� d # w�
(11)

generatingcodewords Ij�y1 q � 
 z ����e X� �
(12)IM�21 q � 
 z �+��e X� �
(13)

and two decodingfunctions{ � ` % w� d b �/, b �
(14){ � ` % w� d b �/, b �
(15)

suchthat the averageprobability of error of the codeist u 1 h|~})� G }������	�a���l�9� ;Dr��Ds� t�O�� { � 
 � w� �2�1 
�z � � z � �C�� � { � 
 � w� �/�1 
�z � � z � � � � 
�z � � z � �
sent

S !
(16)

A rate pair

�� ��� � ���

is achievable if, for any ��� 4
, there

exists an

 Dr����Ds��� F � U ��tvu"�

codesuchthatD ?7� = w���� : 1�;	��=l�
and

tvu�� � ! (17)

The capacityregion of the compound multiple access channel
with conferencing encoders is the closure of the set of all
achievableratepairs


$� � � � � �
.

The next theorem is the main result of this paper. It
shows that the capacity region of the compoundmultiple
accesschannelwith conferencingencodersis an intersection
of two capacityregionsof theMAC with partially cooperating
encoders,asdeterminedby Willems [1].

Theorem 1: For the compound multiple accesschannel
$# ��, # ����& 
 ' ��� ' ��� (�����(��.����%
��,y%*���
with communicationlinks

with capacities
�����

and
�
���

the capacityregion � 
 �����+���������
is given by� 
 �����	���������*13�<A 
$� ��� � ��� `� � �����n��A ��
 � � ��� � � � � ���9��� ��
 � � ��� � � � � ����� E�� � ���� �-�����n��A ��
 � �	�����	� � �����9��� ��
 � �	�����+� � ������� E�� ������ � � � �-�c���~��A ��
�� ��� � �	������� ����� ��
�� ��� � �������L� ��� E� ����� � ������ � � � �-�c���~��A ��
�� ��� � �	�����"��� ��
�� ��� � �	������� E (18)

wherethe union is over all joint distributions that factoras& 
 � � & 
 ()�	� � � & 
 (���� � � & 
�' ��� ' �	� ()����(�����!
I I I . CONVERSE

Theconsideredchannel(
# � , # � ��& 
 ' � � ' � � ( � ��( � ����% � ,y% � �

definestwo MACs:¡ MAC
� 
$# � , # � ��& 
 ' � � ( � ��( � ����% � �

,¡ MAC
�

(
# � , # � �$& 
 ' � � ( � ��( � ����% � �

,
where & 
�' ��� ()����(����*1 h¢ �"�	£L� & 
�' ��� ' �	� ()����(��.�

(19)

and & 
 ' ��� (�����(����*1 h¢ � �	£ � & 
 ' ��� ' �+� ()����(��.��!
(20)

An

 D � ��D � � F � U ��t u ? � codefor MAC? is given by the en-

codingfunctions(10) and(11) anda correspondingdecoding
function

{ ? given by (14) for : 1¤;
and (15) for : 1¥=

. The
correspondingerror probabilitiesaret u�� 1 h|n} � G } � � ;Dr��Ds� tx¦ { � 
 § � �2�1 
 z � � z � ��� 
�z � � z � �

senẗ

(21)t u©� 1 h|n} � G } � � ;Dr��Ds� tx¦ { � 
 § � �2�1 
 z � � z � ��� 
�z � � z � �
senẗ

(22)

where

�z ��� z ����6 b �/, b �

. By comparing(21)and(22)with
(16), we concludethat�xª�«)A.t u�� ��t u©� E �ct u !

(23)

Next consider an

 Dr����Ds�	� F � U ��tpu"�

code for the

$# �¬,# ���$& 
 ' ��� ' �+� ()����(��.����%
��,B%*���

compoundMAC with confer-
encingencoders.From(23), thenecessaryconditionfor

tvu d4
is that

tpu�� d 4
and

tvu©� d 4
. FromWillems’ result[1, Sec.

III], to guaranteethat
tpu ? d 4

, for : 1�;	��=
, the rateshave to

satisfy � �2� ��
 � ����� ? � � �	����� � ����� �N��? w� �-� ��
 � ����� ? � � ������� � ����� �N��? w� � � � �-� ��
 � ��� � �	��� ? � ��� � ����� � ����� �r��? w� � � � �-� ��
 � ��� � �	��� ? � �N��? w (24)

for a joint distribution
& 
 � � & 
 ( � � � � & 
 ( � � � � & 
�' ? � ( � ��( � �

and��? w 1 
 tvu ? k~m+o 
 Dr�"Ds��­c;.� � V 
 tvu ? ����® F (25)



where
V 
�¯ �

denotesthe binary entropy function. Note that� � w d 4
and � � w d 4

as
tpu�� d 4

and
tvu©� d 4

.
Alternatively, we can obtain the sameresult by applying

Fano’s inequality to the messageestimate

7°> ��� °> �.�

at each
receiver. We thenusetheapproachof Willems [1, SectionIII]
to obtain� � � ;F hH	ij��G w ��
 � ��H ��� ? H � � ��H ��� H � � � ��� �N� ? w� � � ;F hH	ij��G w ��
 � ��H)��� ? Hj� � ��H)���±Hl� � ����� �N��? w� � � � �²� ;F hH	ij��G w ��
 � ��H)� � ��H)��� ? H�� �±Hl� � ����� � ������/� ? w� � � � �²� ;F hH	ij��G w ��
 � ��H)� � ��H)��� ? H³� �r��? w !

(26)

We proceedas in [1] and show that the region of Theorem;
is convex. We definea region �µ´ by upperboundingeach

coordinateby a term in (18)� ´2¶ A 
�� ����!C!C!C� � ´ �"� : 1·;	��= `� ? ¸ ��[a� ��
 � ����� ? � � �����9� � ����� \ 1¹4� ? ¸ ��[a� ��
 � ����� ? � � �����9� � ����� \ 1Y;� ? ¸ ��[º� ��
 � ��� � ����� ? � �9� � ����� � ����� \ 15=� ? ¸ ��[a� ��
 � ��� � ����� ? � \ 1¹» E (27)

for
& 
 � � & 
 ( � � � � & 
 ( � � � � & 
�' � � ' � � ( � ��( � �

. Applying the ap-
proachin [13, AppendixA] we canshow that the region � ´
is convex, and thusrates(26) belongto the region �µ´ . From
the definition of � ´ and � in (27) and (18), it then follows
that rates


$� ��� � ���
belongto � 
 �����+�������C�

. ¼
IV. ACHIEVABIL ITY

In a conference,transmitterscooperateover the commu-
nication links with capacities

� ���
and

� ���
using the strat-

egy proposedby Willems [1, Sec. IV]. Specifically, the setA+;	��!C!�!"��D � E is partitioned into
= w�� ���

cells, labeled ½ � 6A+;	��!C!�!"��= w�� ��� E , eachwith
= w | � � K � ��� �

elementslabeled : � 6A+;	��!C!�!"��= w | � � K � ��� � E . When
z �

belongs to cell ½ �
, we let¾ � 
�z � �·1 ½ �

. The same type of partitioning is done for
messages> �

. Rates
� ����� � ���

are chosensuch that
� ���¿1�º�n��A � ��������� E �3�����

,
� ���-1À���n�MA � ��������� E �·�����

ensuring
that during the communication,the partial informationz�ÁÂ 1 
�z�ÁÂ � � z�ÁÂ � �71 
 ¾ � 
 z ����� ¾ � 
 z �����
 ¾ � 
 z � �"� ¾ � 
 z � ���/6�A+;+�C!C!�!"��= w�� � � E ,¿A+;+�C!C!�!"��= w�� ��� E can be
exchangedbetweentheencoders.We referto > ÁÂ asa common
message.

The part of the original messageunknown to the other
encoderis given byz�Á� 1 : � 
 z ����6ÃA+;	��!C!�!���= w | � � K � ����� Ez�Á� 1 : � 
 z � ��6BA�;	�C!�!C!"��= w | � � K � ��� � E !
The obtainedsystemis shown in Figure 2. Thus, after the
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Fig. 2. CompoundMAC with conferencingencodersafter the conference.

conference,the codinghasto be donefor a commonmessage
with alphabet

b ÁÂ z�ÁÂ 6�A�;	��!C!C!���D ÁÂ E (28)

andprivatemessagesz�Á� 6�A�;	��!C!C!���D Á� E (29)z Á� 6�A�;	��!C!C!���D Á� E (30)

with correspondingalphabets
b Á�

and
b Á�

. We used nota-
tion

D ÁÂ 1Ä= w | � � � ¸ � �©� �
,

D Á� 1Ä= w | � � K � ��� �
and

D Á� 1= w | � � K � �©� �
.

In the case of a single receiver, the channel after the
conferencereducesto a MAC with common and private
messagesat the encoders,as in [1]. The capacityregion of
this channelis known [14] and guaranteesthat the rates in
[1, Sec. II.] are achievable. The result [14] was proved in a
moredirect way in [13]. It is straightforward to show that the
encodinganddecodingstrategy proposedby Willems in [13]
can be adoptedfor our systemto guaranteethe achievability
of the rates(18).

Specifically, we use the codebookin [13, Section
»
] con-

structedas follows:
Fix the distribution

& 
 � ��( � ��( � �71¿& 
 � � & 
 ( � � � � & 
 ( � � � �"!
1) Generate

D ÁÂ sequencesÅ eachwith probability
& 
 Å �*1Æ wH�ij� & 
 � H^�

. Label them Å 
 z ÁÂ �"� z ÁÂ 6ÃA+;+�C!�!C!���D ÁÂ E .
2) For each Å 
 z ÁÂ �

, generate
D Á? sequences

I ? with proba-
bility

t 
 I ? � Å �*1 Æ wH	ij� & 
 ( ? HM� � H^�
where: 1Y;+��=

. Label
them

I ? 
�z ÁÂ � z Á? �"� z Á? 6�A+;+�C!�!C!"��D Á? E .

Encoding. To senda commonmessage
z ÁÂ and a private

message
z Á? encoder: sendsthe codeword

I ? 
�z ÁÂ � z Á? � .
Decoding. At eachdecoder, we use the decodingscheme

of [13]: After receiving
J ? , decoder : determinesunique
 °z ÁÂ � °z Á� � °z Á� �

suchthat
 Å 
 °z�ÁÂ ����Ij� 
 °z�ÁÂ � °z�Á� ����IM� 
 °z�ÁÂ � °z2Á� ��� § ? ��6ÈÇ2É 
$Ê ��Ë8����Ë0��� § ? �
where

Ç2É 
�Ê ��Ë8����Ë0��� § ? � is the setof � -typical F -sequences
 Å ��I � ��I � ��J ? � asdefinedin [15, Section
;�Ì³!Í=

].
The probability of error.
We apply the union boundto (16) to obtaint u �Ît u�� � t u©�

(31)

where
tvu��

and
tvu©�

are given by (21) and (22). From the
analysisof theprobabilityof error in [13], it follows thatboth



tpu��
and

tpu©�
canmadearbitrarily small whenthe ratessatisfy

(18). From
Ï

(31) it thenfollows that theprobabilityof error
tvu

canbe madearbitrarily small. ¼
V. IMPLICATIONS

For
� ��� 1Ð� ��� 1¥4

, the capacityregion (18) of the com-
poundMAC with conferencingencodersbecomesthecapacity
region of the two-sender, two-receiver channel established
by Ahlswede [7]. Rates(18) qualify the improvementdue
to transmittercooperationover the dedicatedcommunication
links with capacities

�����
and

�����
.

Furthermore,the rates(18) give inner boundson the rates
achievablein an interferencechannelin which userspartially
cooperateand eachdecoderdecodesa messagesent from a
singleencoder. It would beinterestingto characterizetheclass
of interferencechannelsfor which theseratesin fact give the
capacityregion.

Finally, we apply (18) to a Gaussiannetwork with channel
outputs ' ��Ñ 1Î( ��Ñ �¹Ò V ��� ( ��Ñ �rÓ ��Ñ

(32)' ��Ñj1 Ò V�����()��Ñ � (���Ñ �rÓ ��Ñ (33)

where Ô ? is zero-mean,varianceF ? noise.Thecodedefinition
is thesameasthatgiven in SectionII with the additionof the
power constraints;F wh Ñ~ij� ( �Õ Ñ �ct Õ � Öa1�;	��=^!

(34)

Thepower expendedfor theconferenceis thusnot considered.
We have the following result.

Corollary 1: The capacity region of the Gaussiancom-
poundMAC with conferencingencodersis given by� 
 � ��� ��� ��� �713�<A 
�� � � � � � `4º� � � � ���n�Õ ��× ��G ��Ø �ÐÙ V Õ ��ÚÛ t �F ÕÝÜ � � ���

(35)4º� � �-� ���n�Õ ��× ��G ��Ø � Ù V Õ � ÚÞ t �F ÕfÜ � �����
(36)� � � � �� ���n�Õ ��× ��G ��Ø � Ù V Õ ��ÚÛ t � � V Õ � ÚÞ t �F Õ Ü � ����� � �����
(37)4º� � � � � �-����~�Õ �àß V Õ � t � � V Õ � t � � = Ò V Õ � Û t � V Õ � Þ t �F Õ á E (38)

where the union is over all Û � Þ
, for

4�� Û �â;	��4B� Þ �â;
,ÚÛ 1�;�­ Û ,

Ú Þ 1Y;�­ Þ
, and

V�����15V�����1Y;
,.

Figure 3 shows the capacityregion for a symmetriccase
where

� ��� 1ã� ��� 1 ¾ 1ä4^!Íå
,

t � 1æt � 1ætç1R;.4
, F � 1F �¬1è;

,
V����È1RV³���È1éVê1ã4^! ë

. Due to the symmetry, we
chooseÛ 1 Þ

. To illustratethecooperationbenefit,alsoshown
arethe ratesachievablewhenthereis no cooperation( ¾ 1ê4

).
The bounds (35)-(37) are maximized for Û 1g4

. As Û
increases,theseboundsdecrease,but the bound on the sum

rate (38) increases.The sum rate is maximized when Û is
chosensuch that (37) and (38) are the same.The capacity
region is the union of all the pentagonsobtainedfor different
valuesof Û .
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Fig. 3. The GaussianCompoundMAC with conferencingencoderscapacity
region.

REFERENCES

[1] F. M. J. Willems, “The discrete memorylessmultiple channel with
partially cooperatingencoders,” IEEE Trans. on Inf. Theory, vol. 29,
no. 3, pp. 441–445,May 1983.

[2] H. Sato, “Two user communicationchannels,” IEEE Trans. on Inf.
Theory, vol. 23, no. 3, p. 295, May 1977.

[3] A. B. Carleial, “Interferencechannels,” IEEE Trans. on Inf. Theory,
vol. 24, no. 1, p. 60, Jan.1978.

[4] M. H. M. CostaandA. A. E. Gamal,“The capacityregion of thediscrete
memorylessinterferencechannelwith stronginterference,” IEEE Trans.
on Inf. Theory, vol. 33, no. 5, pp. 710–711,Sept.1987.

[5] H. Sato, “On the capacity region of a discretetwo-user channelfor
strong interference,” IEEE Trans. on Inf. Theory, vol. 24, no. 3, pp.
377–379,May 1978.

[6] H. Sato and M. Tanabe,“A discrete two-user channel with strong
interference,” in Trans. Inst. Electron. Commun. Eng., Japan, vol. 61,
Nov. 1978,pp. 880–884.

[7] R. Ahlswede,“The capacityregion of a channelwith two sendersand
two receivers,” Annals of Probability, vol. 2, no. 5, pp. 805–814,1974.

[8] N. Jindal, U. Mitra, and A. Goldsmith,“Capacity of ad-hocnetworks
with nodecooperation,” in IEEE Int. Symp. Inf. Theory, 2004,p. 271.

[9] A. Høst-Madsen,“A new achievableratefor cooperative diversity based
on generalizedwriting on dirty paper,” in IEEE Int. Symp. Inf. Theory,
June2003,p. 317.

[10] ——, “On the achievable rate for receiver cooperationin ad-hocnet-
works,” in IEEE Int. Symp. Inf. Theory, June2004,p. 272.

[11] ——, “On the capacityof cooperative diversity,” IEEE Trans. on Inf.
Theory, submitted.

[12] C. Ng and A. Goldsmith,“Transmittercooperationin ad-hocwireless
networks: Doesdirty-papercodingbeatrelaying?” in IEEE Inf. Theory
Workshop, Oct. 2004.

[13] F. M. J. Willems, “Informationtheoreticalresultsfor thediscretememo-
rylessmultiple accesschannel,” Ph.D. dissertation, Katholieke Univer-
siteit Leuven, Belgium, Oct. 1982.

[14] D. Slepian and J. K. Wolf, “A coding theorem for multiple access
channelswith correlatedsources,” Bell Syst. Tech. J., vol. 52, pp. 1037–
1076,1973.

[15] T. Cover andJ. Thomas,Elements of Information Theory. JohnWiley
Sons,Inc., 1991.


