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Abstract— Transmitter cooperation enabledby dedicatedlinks
allows for a partial messageexchangebetween encoders. After
cooperation, each encoder knows a common messagepatrtially
describing the two original messagesand its own private message
containing the information that the encoderswere not able to
exchange We considerthe interfer encechannelwith both private
and common messagesat the encoders. A private messageat
an encoder is intended for a corresponding decoder whereas
the common messageis to be received at both decoders. We
derive conditions under which the capacity region of this channel
coincideswith the capacity region of the channelin which both
private messagesre required at both recevers. We show that the
obtained conditions are equivalent to the strong interfer encecon-
ditions determined by Costa and EI Gamal for the interference
channel with independent messages.

|. INTRODUCTION

A problem in which encoderspartially cooperatein a
discretememorylesschannelwas proposedby Willems for a
multiple accesschannel(MAC) [1]. To modelthe transmitter
cooperation,two communicationlinks with finite capacities
are introducedbetweenthe two encodersThe amountof in-
formationexchangedetweenthe two transmitterss bounded
by the capacitiesof the communicationlinks. The proposed
discrete channel model enablesinvestigation of transmitter
cooperationgains. For a Gaussiannetwork with two trans-
mitters and two recevers, improvementsin the achievable
ratesdue to node cooperationwere demonstratedn [2]—[6].
In [2], the transmittersfully cooperateby exchangingtheir
intendedmessagesnd then jointly encodethem using dirty
paper coding. Other cooperationschemeswere analyzedin
[31-(5].

In the discretememorylessVIAC with partially cooperating
encoderqd1], the outcomeof the cooperationis referredto as
a conference. Willems determinedthe capacityregion of this
channelandthusspecifiedthe optimumconferenceHis result
was recently extendedto a compoundMAC in which two
decodersvish to decodemessagesentfrom the encoderg7].
The sameform of conferenceasin [1] was showvn to remain
optimal.

When cooperatingover the links with finite capacitiesgen-
codersobtainpartialinformationabouteachother's messages.
This informationis referredto asthe common messages it
is known to both encodersafter the conferenceln addition,
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Fig. 1. Interferencechannelwith commoninformation.

eachencodemwill still have independentnformationreferred
to asthe private messageas this messageemainsunknovn
to the other encoderBoth commonand private messagesre
decodedat a singledecodelin the caseof the MAC [1], or at
both receversin the caseof a compoundMAC [7].

In this paper we considerthe communicationsituationin
which two encoderssachhave a private messageand a com-
mon messagéhey wish to send.Eachdecodert is interested
in only oneprivatemessageentat the correspondingncoder
t. Both decoderswish to decodethe commonmessageWe
refer to this channelas an interference channel with common
information, denoted Xy x X2, p(y1, ya2|z1,22), V1 X V2). The
communicatiorsystemis shaovn in Figurel. Withoutcommon
information, this channelreducesto the interferencechannel
[8], [9] for which the capacityregion is known in the caseof
strong interference [10] satisfying

I(X1;Y1|Xe) < I(X1;Y32|Xs) 1)
I(X2;Ya|X1) < I(X2;Y1]X1) 2

for all productdistributionson the inputs X; and X,. Theca-
pacity regionin this casecoincideswith the capacityregion of
the two-sendertwo-recever channelin which both messages
aredecodedatbothrecevers,asdeterminedy Ahlswede[11].

In this paper we determinethe capacityregion of interfer
encechannelswith a commonmessagef

for all joint distributions p(u,z1,%2,y1,y2) that factor as
p(u)p(z |u)p(z2|u)p(y1, y2|z1, 22). We further shaw thatthis

classof interferencechannelds sameasthosedeterminedby
(1) and (2) with independenfX; and X5.



Il. CHANNEL MODEL AND STATEMENT OF RESULT

The channelconsistsof finite sets X1, X»,):,)> and a
conditional probability distribution p(y1, y2|z1, z2). Symbols
(x1,12) € X1 x Xy arechannelinputsand (y1,y2) € V1 X Vs
are the correspondingchanneloutputs. Each encodert, ¢t =
1,2, wishesto senda private messageW; € {1,..., M}
to decodert in N channeluses.In addition, a common
messagd¥y € {1,..., My} needsto be communicatedrom
the encodersto both decoders,as shovn in Figure 1. The
channelis memorylessandtime-invariantin the sensethat

n o n n—1 . n—1
p(yl,nay2,n|xlax23y1 y Y2 ,U)(),U)l,wg)

= Py1Yz|X1Xo (?Jl,na y2,n|x1,m m2,n)

®)

wherex? = [z11, ..., @i, andwherepy,y,|x, x,() is
the channelprobability distribution. We areherefollowing the
corvention of droppingsubscriptsof probability distributions
if the agumentsof the distributions are lower caseversions
of the correspondingandomvariables.To simplify notation,
we drop the superscripwwvhenn = N.

Indexes Wy, W, and W, are independentlygeneratedat
the beginning of eachblock of N channeluses.An encoder
t,t = 1,2 mapsthe commonmessagei/, and the private
messagél; into a codevord x;

X1 = fl(Wo,Wl)
xg = fo(Wo, Wa).

(6)
()

Eachdecodert estimatesthe commonmessagdl, and the
private messagéV; basedon the receved N-sequence

(Wo(1), W1) = g1(Y1) ®)
(Wo(2), Wa) = g2(Ya). )

An (Mg, M1, M>, N, P,) codefor the channelconsistsof two
encodingfunctions f;, f», two decodingfunctionsg,, g and
a maximumerror probability

P, £ max{P,,P.»} (10)

where

1
P, = ——P Y
et Z Mo M M, [9:(Y¢) # (wo, wy)
(wo,w1,w2)

(11)

|(wo, w1, ws) sen, t=1,2.

A ratetriple (Ry, R1, R») is achievableif, for ary € > 0, there
is an (Mg, My, M, N, P,) codesuchthat

P, <eandM; > 2N j=0,1,2.

The capacityregion of the interference channel with common
information is the closure of the set of all achievable rate
triplets (Rg, Ry, R2).

The next theoremis the main result of this paper It gives
conditionsunderwhich the capacityregion coincideswith the
capacityregion of the channelin which both privatemessages
arerequiredat both recevers.

Theorem 1: For an interference channel (X; x
KXoy (Y1, y2|T1,22), D1 x Vo) with common information
satisfying

I(X1;Y1|Xs) < I(X1;Y32|Xs) (12)

I(X2;Y2|X1) < I(X3;Y71|X7) (13)

for all productdistributionson X; and X», the capacityregion
C is given by

C = J{(Ro, Ry, Ry) :
0< Ry <I(Xy;Y1]|Xo,U)
0 < Ry < I(X2;Y2|X1,U)
R, + R>
< min{I(Xy1, Xo; Vi |U), I(X1, Xa; Ya|U)} (16)
0<Ry+Ri+ R,
< min{I(Xy, Xo; Y1), [(X1, X2; Y2)}

(14)
(15)

(17)

wherethe unionis over joint distributions p(u, 1, 2, y1,y2)
that factoras

p(u)p(z1|u)p(z2|u)p(y1, y2| 71, T2). (18)

I1l. THEMAC WITH COMMON INFORMATION AND
ACHIEVABILITY

The interference channel with  common information is
closely relatedto a discretechannelmodel in which private
and common messagesre transmittedto a single recever,
referredto asthe MAC with commoninformation [12]. The
capacityregion of this channelCy; 4¢, wasshovn in [12] and
[13] to be

Crac = | J{(Ro, Ry, Ry) :
0< R < I(X1;Y|Xs,U)
0 < Ry < I(X2;Y[X1,U)
Ry + Ry < I(X1,X2;Y|U)

0< Ro+Ri+ Ry <I(X;,X5;Y)} (19

where the union is over all p(u,z1,z2,y) that factor as
p(u)p(z1|u)p(z2|u)p(y|z1, z2). (In [13] the corvex hull op-
erationusedin [12] was shovn to be unnecessary).

In this paperwe analyzea channelmodelwith two recevers.
When eachrecever wishesto decodeboth private messages
and the common messagethe consideredchannelbecomes
a compoundMAC with commoninformation. This channel
definestwo MAC channelswith commoninformation (X; x
Xa, p(yt|z1, 22), Vt), onefor eachrecever ¢ where

pyilz1,22) = > plys, yolo1, 22) (20)
y2€Y2
and
p(yal1, @) = Y plyr, yalz1, z2). (21)

Y1EMN

As describedin [7, SectionlV], the encodingand decoding
stratgly proposedby Willems in [13] can be adoptedfor the



compoundMAC with commoninformation to guaranteghe
achievability of rates

Cemac = U {Rwmac1N Ruaca}

where Rmact, t = 1,2 satisfies the bounds (19)
with Y replaced by Y;, and the union is over all
p(u)p(x1|w)p(z2|u)p(y1, y2|z1, z2). We remarkthatunderthe
conditions(12) and(13), theregions(14)-(17)and(22) arethe
same.

Considemext the stronginterferencechannelwith common
information. The achievability of the ratesof Theorem1l in
the casein which both messageare requiredat the recevers
guaranteeshat theseratesare also achieved when a wealer
constraintof decodingof a single messagés imposedat the
recevers. Hencethe proof of achievability in Theorem1 is
immediate.We next prove the corverse.

(22)

IV. CONVERSE

Considera code (Mg, My, M», N, P,) for the interference

channelwith commoninformation.Applying Fano’sinequality
resultsin

H(Wo, W1|Y1) < P, 10g(M0M1 — 1) + h(Pel) £ N61,N
(23)

H(Wy, Ws|Y3) < Paolog(MoMs — 1) + h(Pes) £ Néa n-
(24)

whered; y — 0 asP,; — 0 (or as P, — 0). It follows that

H(W(), W1|Y1) = H(W0|Y1) + H(W1|Y1, Wo) < N61,N
(25)
H(Wo, WQle) = H(W()'Yz) -+ H(WQ'YQ, Wo) < N62’N.
(26)
Since conditioning cannotincreaseentropy, from (26) it fol-
lows that

H(W2|Y2, Wo,W1) < H(W2|Y2,W0) < N(527N. (27)

We first considerthe bound(17) at the decoderl. We have

N(Ro + R, + R»)
= H(Wy) + H(W;) + H(W,)
=) H(Wo, W1) + H(W2|Wo, W1)
=I(Wo, W1; Y1) + I(Wa; Yo|Wo, Wh)
+ HWo, W1|Y1) + HW| Y2, Wy, W)
<OV T(Wo, X1; Y1) + I(Xa; Ya|Wo, Wi)
+ H(Wo, W1|Y1) + H(W| Y2, Wo, W)
<) T(Wo, X145 Y1) + I(Xa; Yo Wo, Wi)
+ Ny ,n+ Néayn
=D T(Wo, X1; Y1) + I(Xa; Ya|Wo, Wi, X1 (Wo, Wh))
+ Noy,~ + Néan
=) I(Wo, X1; Y1) + I(X2; Y2 |Wo, X1)
+ Noy, N+ Néa N
(35)

where(a) follows from the independencef Wy, Wy, Wa; (b)
from (32) and (34); (c¢) from (25) and (27); (d) and (e) from
(6). If

I(X2; Y2 |[Wo, Xy) < I(Xa; Y1 |Wo, Xy) (36)

thenit follows from (35) that
N(Ro + Ry + Ry) < I(Wo, X1; Y1) + I(Xs; Y1 Xy, Wo)
+N61,N +N627N
= (WO7X17X2;Y1) + N(Sl,N + N62,N
= (X17X2;Y1) + N(SLN + N(SZ,N
N
< Z I(Xln;XZn; Yin) + N61,N + N(SQ,N.

1
(37)

To prove that the bound (16) at the decoder1 is valid, we

To prove the corverse, we will use the data processing .,nsider

inequality for the following Markov chains:
Lemma 1: The following form Markov chainsfor the in-
terferencechannelwith a commonmessage:

Wy — (Xl, Wo,Wz) - Y, (28)
Wo = (Xa, Wo, W1) = Yo (29)
(Wo, W) = (X, W) = Y, t=1,2. (30)
We will needthe following dataprocessingnequality:
Lemma 2: For a Markov chainW — (U, X) - Y
I(W;Y|U) < I(X;Y|U). (31)

Proof: See[14].
Applying Lemma2 to the Markov Chains(29)- (30) and
using (30) yields,

I(Wa; Yo|[Wo, W1) < I(Xop; Yo|Wo, W1)  (32)
IWe; Y Wo) < I(Xy; Yy |[Wo) (33)
IWo, W13;Y1) < I(Wo,Xy;Y). (34)

N(R: + R»)

= H(Wh) + H(W>)

=) H(W1|Wo) + H(Wa|Wo, W1)

= I(W1; Y1 |[Wo) + I(Wa; Yo |Wo, Wh)
+ HWh|Y1, Wo) + H(Wa|Ya, Wo, Wi)

<O I1(X1;Y1|Wo) + I(Xa; Yo |Wo, W)
+ H(W1|Y1, Wo) + H(Wa|Y,, Wo, Wh)

< I(X1; Y1|Wo) + I(Xa2; Ya|Wo, Wr)
+ Néi,n + Ndo,n

= [(Xy1; Y1 [Wo) + I(Xa; Ya|Wo, Wi, X1 (Wo, Wh))
+ Noy N+ Noon

=) [(X1; Y1 |[Wo) + I(X2; Yo X1, Wo)

=+ N(SI,N + N(SQ’N.
(38)



where again (a) follows from the independence of
Wo, W1, Wa; (b) from (32) and (33); (¢) from (25) and (27);
(d) and(e) from (6). Again, if (36) holds,then (38) becomes
N(Rl + Rz)
< I(Xy; Y1 |[Wo) + I(X2; Y1 | Xy, Wo) + Néyn + Néa N
= I(X1,X2; Y1 |Wo) + No1, N + Noo N
N
<Y I(Xin, Xon; Yin|Wo) + Néin + Noo,n

n=1

N
< Z I(X1n, Xon; Y1n|Un) + Noy n + Ndo N
n=1
(39)
wherewe have used
U, =W n=1,...,N. (40)
The sameapproachasin (35) and (38) canbe usedto obtain
N
NRy <Y I(X1n; Yin|Xon, Un) + No1n - (41)
n=1
NR, < ZI Xon; Yon|Xin,Un) + Noon (42)

n=1

N(R: + R») Z (Xin, Xon; Yon|Upn) + Néi,n + Noo N

(43)

N
N(Ri+Ry+Ro) <> I(X1n, Xon; Yan) + N1, N+ Noa v
e (44)

We further canwrite (36) andits correspondindyoundas
I(X2;Y2|Xy,U) < I(X2;Y1|Xy,U) (45)
I(X1;Y1]X2,U) < I(Xy1;Y2[X,, U). (46)

We can now proceedas in [10], [14] to showv that the
conditions(45) and (46) reduceto the perletter conditions

I(X1;Y1|X2,U) < I(X1;Y2| X2, U) (48)

to be satisfiedfor every distribution of the form (18). It was
shawvn in [14] that (47) and (48) are equivalentto the strong
interferenceconditions(1) and (2) thus proving Theorem1.
In the following, we presenta more direct proof.

Theorem 2: The condition

I(X2;Y2|X1,U) < I(X2;Y1|Xy,U) (49)

is satisfiedfor all input distributions of the form (18) if and
only if the vectorversionof the stronginterferencecondition
(2), givenby

I(X2;Y2|X1) < I(X2;Y1|Xy) (50)

is satisfiedfor all productdistributionson X; and X,.
Proof.

To prove that (50) implies (49), we write the mutual
informationin (49) as

Z Py(u = u)].
(51)

We next obsene that the following is a Markov chain

(UJYS_IJX?_lan_l) (le,n;YvQ,n)
(52)

I(X5;Y2|X,,U W (X2;Y2X,,U

— (Xl,n; X2,n) -

andtherefore

p(y2|x1,X2,u) = p(ya|x1,Xs). (53)

Furthermorethe samereasoningasin [13, 3.4.11] shows that
(6), (7) and (40) imply X; — U — X, thatis

p(x1,%x2[u) = p(x1 [u)p(x2|u). (54)

Since (50) holdsfor ary input distribution on independent
inputs, it follows that for all u we have

I(XQ;Y2|X1,U:u)SI(XQ;Y1|X1,UZU) (55)

where X; and X, areindependentinsertingthis boundinto
(51) givesthe desiredresult.

To shav the other directions,we obsene that since (49)
holds for all input distributions of the form (54), it must
alsohold for U independenfrom X;, X,. By choosingsuch
distribution on (U, X;, X,) we obtain (50). O

From Theorem2, it follows that conditions

I(X1;Y1]X5,U) <I(X1;Y2X5,U)

whensatisfiedfor all distributionsasin (18) are equialentto
I(X1;Y1]Xs) < I(X;1;Y2|X2) satisfiedfor all independent
inputs.

Combining Theorem?2 and the Lemma in [10] we con-
clude that the conditions(46) and (45) reduceto the strong
interferenceconditions(1) and (2) respectiely, thus proving
Theoreml. O

The equialenceof the perletter conditions(3)-(4) andthe
strong interferenceconditions (1)-(2) relies on the fact that
(3)-(4) musthold for all input distributions of the form (18).
At this point, it is not clearif theseconditionscanbetightened
to requirea subset of distributions(for exampleonly capacity-
achieving distributions)to satisfy the conditions(3)-(4).

V. GAUSSIAN CHANNEL
Considerthe Gaussiarinterferencechannelin the standard
form [9], [15]
(56)
(57)

Y1i = 215 + hi2x2; + 21

Y2i = ha1Z1; + T2i + 224

wherethe Z; areindependentzero-meanunit-varianceGaus-
sianrandomvariables.The codedefinitionis the sameasthat
givenin Sectionll with the addition of the power constraints

N
1 .
N BIXEI<PR,  t=12 (58)

i=1



From the maximum-entrog theorem [16, Thm. 9.6.5] it
follows that Gaussianinputs are optimal in Theorem1. We
have the following result.

Corollary 1: When the strong interference conditions
h2, > 1, h3; > 1 are satisfied,the capacity region of the
Gaussiarstrong interferencechannelwith commoninforma-
tion is given by

R =|J{(Ri,Ro) :

0< R <C(ahr) (59)
0< R, <C (bP) (60)
Ri+ Ry < min C (h?ldP1 + h?26P2) (61)

Jje{1,2}
0<Ry+Ri+ R <

min C (h§1P1 +h2%,Py + 2hj1hj2\/aP1bP2)} (62)
J

wherethe unionis over all a,b, for 0 < a < 1,0 < b <1,
a=1-—a,b=1-b,andhy; = hy = 1.
For ary choice of valuesa and b, the fraction of power
allocatedto sendthe commonmessaget transmittersl and2
is aP, andbPs,, respectiely. Privatemessagearetransmitted
with the remainingpowersaP; andbpP.

VI. DISCUSSION

Communicationsystemswith encodersthat needto send
both private and common information naturally arise when
encoderscan partially cooperateas in [1], [7]. After such
cooperationthe commoninformation consistsof two indexes
eachpartially describingoneof thetwo original messageshe
assumptionof the model that the entire commonmessagés
decodedsimplifiesthe problem.However, arecever interested
in a messagdrom only one encoder as is the casein the
interferencechannel, will be interestedin only a part of
the common message.Understandingsuch communication
problemsappearsto be much more challengingand is the
subjectof our future work.
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