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Abstract— Transmitter cooperationenabledby dedicatedlinks
allows for a partial messageexchangebetween encoders.After
cooperation, each encoder knows a common messagepartially
describing the two original messages,and its own private message
containing the information that the encoderswere not able to
exchange.We considerthe interfer encechannelwith both pri vate
and common messagesat the encoders.A pri vate messageat
an encoder is intended for a corresponding decoder whereas
the common messageis to be received at both decoders. We
derive conditions under which the capacity regionof this channel
coincideswith the capacity region of the channel in which both
pri vate messagesare requiredat both receivers.We show that the
obtained conditions are equivalent to the strong interfer encecon-
ditions determined by Costa and El Gamal for the interfer ence
channel with independent messages.

I . INTRODUCTION

A problem in which encoderspartially cooperatein a
discretememorylesschannelwas proposedby Willems for a
multiple accesschannel(MAC) [1]. To model the transmitter
cooperation,two communicationlinks with finite capacities
are introducedbetweenthe two encoders.The amountof in-
formationexchangedbetweenthe two transmittersis bounded
by the capacitiesof the communicationlinks. The proposed
discrete channelmodel enablesinvestigationof transmitter
cooperationgains. For a Gaussiannetwork with two trans-
mitters and two receivers, improvementsin the achievable
ratesdue to nodecooperationwere demonstratedin [2]–[6].
In [2], the transmittersfully cooperateby exchangingtheir
intendedmessagesand then jointly encodethem using dirty
paper coding. Other cooperationschemeswere analyzedin
[3]–[5].

In the discretememorylessMAC with partially cooperating
encoders[1], the outcomeof the cooperationis referredto as
a conference. Willems determinedthe capacityregion of this
channelandthusspecifiedtheoptimumconference.His result
was recently extendedto a compoundMAC in which two
decoderswish to decodemessagessentfrom theencoders[7].
The sameform of conferenceas in [1] wasshown to remain
optimal.

Whencooperatingover the links with finite capacities,en-
codersobtainpartial informationabouteachother’s messages.
This information is referredto as the common messageas it
is known to both encodersafter the conference.In addition,
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Fig. 1. Interferencechannelwith commoninformation.

eachencoderwill still have independentinformation referred
to as the private message,as this messageremainsunknown
to the otherencoder. Both commonandprivatemessagesare
decodedat a singledecoderin the caseof the MAC [1], or at
both receivers in the caseof a compoundMAC [7].

In this paper, we considerthe communicationsituation in
which two encoderseachhave a privatemessageanda com-
mon messagethey wish to send.Eachdecoder

�
is interested

in only oneprivatemessagesentat thecorrespondingencoder�
. Both decoderswish to decodethe commonmessage.We

refer to this channelasan interference channel with common
information, denoted���������
	���
�����������	�� ��������	���������� �!	"� . The
communicationsystemis shown in Figure1. Without common
information, this channelreducesto the interferencechannel
[8], [9] for which the capacityregion is known in the caseof
strong interference [10] satisfying# �%$ �'&)(�� � $ 	 �+* # �%$ ��&�(�	 � $ 	 � (1)# �%$ 	�&)(,	 � $ � �+* # �%$ 	�&�(-� � $ � � (2)

for all productdistributionson the inputs $ � and $ 	 . Theca-
pacityregion in this casecoincideswith thecapacityregion of
the two-sender, two-receiver channelin which both messages
aredecodedatbothreceivers,asdeterminedby Ahlswede[11].

In this paper, we determinethe capacityregion of interfer-
encechannelswith a commonmessageif# �%$ ��&)(�� � $ 	 �/.0�
* # ��$ ��&�(�	 � $ 	 �1.0� (3)# �%$ 	�&)(,	 � $ � �/.0�
* # ��$ 	�&�(-� � $ � �1.0� (4)

for all joint distributions 
2�%32��� � ��� 	 ��� � ��� 	 � that factor as
���3��%
���� � � 3-�4
���� 	 � 3-�4
2�%� � ��� 	 � � � ��� 	 � . We furthershow that this
classof interferencechannelsis sameasthosedeterminedby
(1) and(2) with independent$5� and $6	 .



I I . CHANNEL MODEL AND STATEMENT OF RESULT

The channelconsistsof finite sets �����)�
	������'���!	 and a
conditionalprobability distribution 
2�%���'����	�� �-�'���,	�� . Symbols�%� � ��� 	 �
78� � �9� 	 arechannelinputsand �%� � ��� 	 �
7:� � �;� 	
are the correspondingchanneloutputs.Each encoder

�
,
�9<= �)> , wishes to send a private message?A@B7DC = �FE"EFE��/GH@)I

to decoder
�

in J channel uses. In addition, a common
message?LKM7HC = �FE"EFE��/GHK�I needsto be communicatedfrom
the encodersto both decoders,as shown in Figure 1. The
channelis memorylessand time-invariant in the sensethat
2�%���1N O�����	�N O-� P O � ��P O	 ��Q OSRT�� ��Q OSR-�	 ��U K ��UV����U+	��< 
�W'XYW�Z�[ \!X]\^Z������/N O�����	FN OT� �-�/N O����,	FN O_� (5)

where P O@ <a` � @ N �'�bEFEFE"�c� @ N O�d and where 
�W X W Z [ \ X \ Z �Yef� is
thechannelprobabilitydistribution. We areherefollowing the
conventionof droppingsubscriptsof probability distributions
if the argumentsof the distributions are lower caseversions
of the correspondingrandomvariables.To simplify notation,
we drop the superscriptwhen g < J .

Indexes ? K , ?H� and ?A	 are independentlygeneratedat
the beginning of eachblock of J channeluses.An encoder� � �:< = �/> maps the common message? K and the private
message? @ into a codeword P @P � <ih � ��?AK��/? � � (6)P 	 <ih 	 ��?AK��/? 	 �1E (7)

Each decoder
�

estimatesthe commonmessage?LK and the
privatemessage? @ basedon the received J -sequence�
j? K � = �1��j?k�"� <ml ���%n8��� (8)�
j?LKS��>��1��j? 	 � <ml 	 �%n 	 �1E (9)

An ��GHK��)G � �)G 	 ��J8�)o2p�� codefor thechannelconsistsof two
encodingfunctions

h � , h 	 , two decodingfunctions
l � , l 	 and

a maximumerror probabilityo p+qir6s't C�o p N ����o p N 	'I (10)

whereo2p N @ < uvxw�y N w X N w Z�z
=G K G{��GB	 om| l @1�%n}@���~< ��U+K���U
@Y��x�%U K ��UV�'��U�	"� sent��� �!< = �)>�E (11)

A ratetriple ��� K ���0�'�)��	�� is achievableif, for any � ��� , there
is an ��G K �)G����)GB	'��J8�)o p � codesuchthato p *�� and G��^�m>��+�-��� < ��� = �/>�E
The capacityregion of the interference channel with common
information is the closure of the set of all achievable rate
triplets ����K���� � �)� 	 � .

The next theoremis the main result of this paper. It gives
conditionsunderwhich the capacityregion coincideswith the
capacityregion of thechannelin which bothprivatemessages
arerequiredat both receivers.

Theorem 1: For an interference channel ����� ��
	���
��%�S������	�� �������,	��1���������!	"� with common information
satisfying # �%$ �'&)(�� � $ 	 �+* # �%$ ��&�(�	 � $ 	 � (12)# �%$ 	�&)(,	 � $ � �+* # �%$ 	�&�(-� � $ � � (13)

for all productdistributionson $5� and $6	 , thecapacityregion�
is given by� <�� CS��� K �)���'����	��
��M*m� � * # �%$ ��&)(�� � $ 	 �/.0� (14)�M*m��	�* # �%$6	 &)( 	S� $5�'�/.0� (15)�0���{��	* r���� C # ��$��'��$6	 &)( ��� . �1� # �%$5�'��$6	 &)( 	�� .0�1I (16)�M*m� K �B�0���B��	* r���� C # ��$��'��$6	 &)( �F�1� # ��$��'��$6	 &)( 	��/I (17)

wherethe union is over joint distributions 
���3���� � ��� 	 ��� � ��� 	 �
that factoras
2�%3-�4
2�%����� 3-�4
2�%��	�� 3��%
�����������	�� �������,	��1E (18)

I I I . THE MAC WITH COMMON INFORMATION AND

ACHIEVABIL ITY

The interference channel with common information is
closely relatedto a discretechannelmodel in which private
and commonmessagesare transmittedto a single receiver,
referredto as the MAC with commoninformation [12]. The
capacityregion of this channel,

�_¡M¢-£
, wasshown in [12] and

[13] to be� ¡9¢-£ <¤� CS����K���� � �)� 	 �
��M*��0��* # ��$�� &�( � $6	��1.0��M*���	�* # ��$�	 &�( � $5���1.0��0���B��	0* # �%$5����$6	 &)( � .0��M*���K
�{� � �{� 	 * # �%$ � ��$ 	�&)( �/I (19)

where the union is over all 
2�%32���-�'���,	������ that factor as
���3��%
�������� 3-�4
����,	S� 3-�4
2�%�T� �������,	�� . (In [13] the convex hull op-
erationusedin [12] wasshown to be unnecessary).

In thispaperweanalyzeachannelmodelwith two receivers.
When eachreceiver wishesto decodeboth private messages
and the commonmessage,the consideredchannelbecomes
a compoundMAC with commoninformation. This channel
definestwo MAC channelswith commoninformation ��������
	���
��%� @ � ��������	"����� @ � , one for eachreceiver

�
where
�������� ���'���,	�� < u¥ Z�¦�§SZ 
�����������	�� ��������	�� (20)

and 
2�%� 	 � � � ��� 	 � <¨u¥ X/¦�§�X 
��%� � ��� 	 � � � ��� 	 �1E (21)

As describedin [7, SectionIV], the encodingand decoding
strategy proposedby Willems in [13] can be adoptedfor the



compoundMAC with commoninformation to guaranteethe
achievability of rates�

CMAC
< � C�© MAC1 ª © MAC2 I (22)

where © MACt,
� < = �)> satisfies the bounds (19)

with ( replaced by ( @ , and the union is over all
��%3-�4
2�%�-��� 3��%
����,	�� 3-�4
�����������	�� ��������	"� . We remarkthatunderthe
conditions(12) and(13), theregions(14)-(17)and(22) arethe
same.

Considernext thestronginterferencechannelwith common
information. The achievability of the ratesof Theorem1 in
the casein which both messagesarerequiredat the receivers
guaranteesthat theseratesare also achieved when a weaker
constraintof decodingof a single messageis imposedat the
receivers. Hencethe proof of achievability in Theorem1 is
immediate.We next prove the converse.

IV. CONVERSE

Considera code ��G K �/G{���/G�	��)J8��o p � for the interference
channelwith commoninformation.Applying Fano’s inequality
resultsin« ��? K �/?k��� n8���+*�o p ��¬�­�®,��G K G��
¯ = �T�{°���o p �"� q JA±��1N �

(23)« ��? K �)?²	�� n}	��
*mo p 	�¬x­�®,��G K G�	+¯ = �T��°���o p 	'� q JL±"	�N � E
(24)

where ±�@ N ��³ � as o^p´@ ³ � (or as o^p ³ � ). It follows that« ��?AK��/? � � n � � < « ��?LK�� n � ��� « ��? � � n � �/?LK'�
*�JA± �1N �
(25)« ��? K �)?²	S� nµ	"� < « ��? K � n}	��T� « ��?²	�� n}	��)? K �
*mJL±"	�N � E
(26)

Sinceconditioningcannotincreaseentropy, from (26) it fol-
lows that« ��?A	S� n}	��/? K �)?H����* « ��?A	S� nµ	��/? K �+*�JA±F	FN � E (27)

To prove the converse, we will use the data processing
inequality for the following Markov chains:

Lemma 1: The following form Markov chainsfor the in-
terferencechannelwith a commonmessage:?k� ³ ��¶µ�'�)? K �/?A	�� ³ n8� (28)?A	 ³ ��¶5	��)? K �/?k�F� ³ nµ	 (29)��? K �)? @ � ³ ��¶ @ �)? K � ³ n @ ��< = �/>�E (30)

We will needthe following dataprocessinginequality:
Lemma 2: For a Markov chain ? ³ �´.+��$²� ³ (# ��? &�( � .0��* # �%$ &)( � . �1E (31)

Proof: See[14].
Applying Lemma 2 to the Markov Chains(29)- (30) and

using (30) yields,# ��? 	�& n 	 � ?AK��/? � �·* # ��¶ 	�& n 	 � ?AK��/? � � (32)# ��? @ & n @ � ? K �·* # ��¶ @ & n @ � ? K � (33)# ��? K �/?k� & n:�"�·* # ��? K ��¶µ� & n8����E (34)

We first considerthe bound(17) at the decoder
=
. We haveJB���VK
�{� � �B� 	 �< « ��?AK���� « ��? � ��� « ��? 	 �< v�¸ z « ��? K �)?H����� « ��?A	S� ? K �)?H�F�< # ��? K �)?H� & n:�"�T� # ��?²	 & n}	S� ? K �)?H�F�� « ��? K �/?k��� n8����� « ��?A	S� nµ	��/? K �)?H���* v�¹ z # ��?LK���¶ ��& n � �T� # ��¶ 	�& n 	 � ?AK��/? � �� « ��? K �/?k��� n8����� « ��?A	S� nµ	��/? K �)?H���* v�º z # ��? K ��¶:� & n:�F��� # ��¶}	 & n}	�� ? K �/?k�F��{JL± �1N � ��JL± 	FN �< v�» z # ��? K ��¶:� & n:�F��� # ��¶}	 & n}	S� ? K �/?k�'��¶:�'��? K �)?H�F����{JL±��1N � ��JL±F	FN �< v p z # ��?AK��)¶ ��& n � ��� # ��¶ 	�& n 	 � ?LK���¶ � ��{JL± �1N � ��JL± 	FN �

(35)

where ��¼�� follows from the independenceof ?LK��)? � �/? 	 ; ��½��
from (32) and(34); ��¾F� from (25) and(27); ��¿S� and ��À'� from
(6). If # ��¶ 	�& n 	 � ?AK��)¶ � �+* # ��¶ 	�& n � � ?AK��)¶ � � (36)

then it follows from (35) thatJB���VK
�{� � �B� 	 �
* # ��?AK��)¶ ��& n � ��� # ��¶ 	�& n � � ¶ � �)?AK'��{JL± �1N � �{JL± 	FN �< # ��?AK��)¶ � �)¶ 	�& n � �T�{JL± �1N � �{JL± 	FN �< # ��¶µ�'��¶}	 & n:�����BJL±��/N � �BJL±"	�N �* �uO�Á�� # ��$ �YO ��$ 	)O�&�(-��O ���BJA± �1N � �BJA± 	FN � E
(37)

To prove that the bound (16) at the decoder
=

is valid, we
considerJB���0���B��	��< « ��?k�"��� « ��?²	"�< v�¸ z « ��? � � ?AK���� « ��? 	 � ?AK��/? � �< # ��?H� & n:��� ? K ��� # ��?²	 & n}	�� ? K �/?k�"�� « ��?k��� n8���/? K ��� « ��?²	�� n}	��)? K �/?k�"�* v�¹ z # ��¶ ��& n � � ?AK���� # ��¶ 	�& n 	 � ?LK��)? � �� « ��? � � n � �/?LK'��� « ��? 	 � n 	 �)?AK��/? � �* v�º z # ��¶:� & n:��� ? K ��� # ��¶}	 & nµ	�� ? K �)?H�"��{JL±��/N � �{JL±"	�N �< v�» z # ��¶ �'& n � � ?AK��T� # ��¶ 	�& n 	 � ?LK��)? � ��¶ � ��?AK��/? � ����{JL± �/N � �{JL± 	�N �< v p z # ��¶µ� & n8��� ? K �T� # ��¶}	 & n}	�� ¶:�'�/? K ��{JL±��/N � �{JL±"	�N � E

(38)



where again ��¼�� follows from the independence of? K �)?H���/?A	 ; ��½F� from (32) and(33); ��¾F� from (25) and(27);��¿S� and ��À'� from (6). Again, if (36) holds,then(38) becomesJB���0�!�{��	��* # ��¶µ� & n8��� ? K ��� # ��¶5	 & n:��� ¶:�'�/? K ���{JL±��1N � �{JL±F	FN �< # ��¶µ����¶}	 & n8��� ? K �T�{JL±��1N � �{JL±F	FN �* �uO�Á�� # ��$���O-��$�	)O &�( ��OT� ? K ���BJL±��/N � �{JL±"	�N �
* �uO�Á�� # ��$ ��O ��$ 	)O�&�(-��O � . O ���BJA± �1N � �BJA± 	FN � E

(39)

wherewe have used. O < ?LK g < = �FEFE"E���JLE (40)

The sameapproachas in (35) and(38) canbe usedto obtain

JL����* �uO�Á�� # ��$���O &)( ��OT� $6	)O��/.!O����BJA±��1N � (41)

JL� 	 * �uO�Á�� # ��$ 	)O-&)(,	)O � $ ��O �/. O ���BJA± 	FN � (42)

JB�������{��	��
* �uO�Á�� # �%$5��O���$6	)O &�( 	�OT� .�O����{JL±��/N � �{JL±"	�N �
(43)JB��� � ��� 	 ����K��
* �uO�Á�� # ��$ �YO ��$ 	)O�&�(�	)O ����JL± �/N � �5JL± 	FN � E
(44)

We further canwrite (36) and its correspondingboundas# ��¶ 	�& n 	 � ¶ � �)Âµ�+* # ��¶ 	�& n � � ¶ � ��Â:� (45)# ��¶ �'& n � � ¶ 	 ��Â:�
* # ��¶ ��& n 	 � ¶ 	 �)Âµ��E (46)

We can now proceedas in [10], [14] to show that the
conditions(45) and(46) reduceto the per-letter conditions# �%$6	 &)( 	S� $��'�/.0�
* # ��$6	 &)( ��� $5���1.0� (47)# �%$5� &)( ��� $�	��/.0�
* # ��$5� &)( 	�� $6	��1.0� (48)

to be satisfiedfor every distribution of the form (18). It was
shown in [14] that (47) and (48) are equivalent to the strong
interferenceconditions(1) and (2) thus proving Theorem1.
In the following, we presenta moredirect proof.

Theorem 2: The condition# ��¶5	 & n}	S� ¶:���)Âµ�+* # ��¶5	 & n8��� ¶µ����Â:� (49)

is satisfiedfor all input distributions of the form (18) if and
only if the vectorversionof the stronginterferencecondition
(2), given by # ��¶ 	�& n 	 � ¶ � �+* # ��¶ 	�& n � � ¶ � � (50)

is satisfiedfor all productdistributionson $ � and $ 	 .
Proof.

To prove that (50) implies (49), we write the mutual
information in (49) as# ��¶5	 & n}	S� ¶:���)Âµ� < u�Ã o�Ä9�%3-��| # ��¶5	 & n}	�� ¶:�'�)Â <ÆÅ �]��E

(51)
We next observe that the following is a Markov chain��Â²��n OSR-�	 �)¶ OSRT�� ��¶ OSR-�	 � ³ �%$5�1N O-��$6	FN O�� ³ � ( �1N O�� ( 	�N O��

(52)
and therefore 
���Q 	 � P � ��P 	 � Å � < 
���Q 	 � P � ��P 	 ��E (53)

Furthermore,thesamereasoningasin [13, Ç_E È,E =�= ] shows that
(6), (7) and(40) imply ¶ � ³ Â ³ ¶ 	 , that is
2�%P��'��PT	S� Å � < 
2�%P���� Å �4
2�%PT	S� Å �1E (54)

Since(50) holds for any input distribution on independent
inputs, it follows that for all

Å
we have# ��¶}	 & n}	�� ¶µ����Â <iÅ �
* # ��¶}	 & n:��� ¶:�'�)Â <iÅ � (55)

where $ � and $ 	 are independent.Insertingthis boundinto
(51) givesthe desiredresult.

To show the other directions,we observe that since (49)
holds for all input distributions of the form (54), it must
alsohold for Â independentfrom ¶ � ��¶ 	 . By choosingsuch
distribution on ��ÂA�)¶µ����¶}	�� we obtain(50). É

From Theorem2, it follows that conditions# ��¶µ� & n8��� ¶5	���Â:�+* # ��¶:� & n}	�� ¶5	���Â:�
whensatisfiedfor all distributionsasin (18) areequivalentto# ��¶µ� & n8��� ¶5	��V* # ��¶µ� & nµ	�� ¶5	"� satisfiedfor all independent
inputs.

Combining Theorem2 and the Lemma in [10] we con-
clude that the conditions(46) and (45) reduceto the strong
interferenceconditions(1) and (2) respectively, thus proving
Theorem1. É

The equivalenceof the per-letter conditions(3)-(4) andthe
strong interferenceconditions(1)-(2) relies on the fact that
(3)-(4) must hold for all input distributionsof the form (18).
At this point, it is not clearif theseconditionscanbetightened
to requirea subset of distributions(for exampleonly capacity-
achieving distributions) to satisfy the conditions(3)-(4).

V. GAUSSIAN CHANNEL

Considerthe Gaussianinterferencechannelin the standard
form [9], [15] ���Y� < ��������°��Y	F�,	)���{Ê'��� (56)��	�� < °,	/�������,�B�,	)���{Ê�	)� (57)

wherethe Ë @ areindependent,zero-mean,unit-varianceGaus-
sianrandomvariables.The codedefinition is the sameasthat
given in SectionII with the additionof the power constraints=J �u �xÁ���Ì | $ 	@ � ��*mo�@1� �!< = �)>�E (58)



From the maximum-entropy theorem [16, Thm. Í�E Î�EfÏ ] it
follows that Gaussianinputs are optimal in Theorem1. We
have the following result.

Corollary 1: When the strong interference conditions° 	 ��	 � =
, ° 		1� � =

are satisfied,the capacity region of the
Gaussianstrong interferencechannelwith commoninforma-
tion is given by© <�� CS���0���)��	��+��M*��0��*ÑÐ���Ò¼So^�"� (59)�M*�� 	 *ÑÐ¤Ó Ò½1o 	"Ô (60)�0���B��	0* rM���Õ ¦�Ö �1N 	/× Ð Ó ° 	Õ � Ò¼So^�!��° 	Õ 	 Ò½/o2	�Ô (61)�M*�� K �{�����{��	0*r��x�Õ Ð�Ø�° 	Õ � o�����° 	Õ 	 o�	
�{>�° Õ �"° Õ 	�Ù ¼�o���½�o�	"Ú2I (62)

where the union is over all ¼��)½ , for �²*Û¼�* = ���A*Ü½6* =
,Ò¼ < = ¯k¼ , Ò ½ < = ¯�½ , and ° �)� < ° 	)	 < = .

For any choice of values ¼ and ½ , the fraction of power
allocatedto sendthecommonmessageat transmitters

=
and >

is ¼So^� and ½1o2	 , respectively. Privatemessagesaretransmitted
with the remainingpowers Ò¼�o�� and Ò ½1o2	 .

VI . DISCUSSION

Communicationsystemswith encodersthat need to send
both private and common information naturally arise when
encoderscan partially cooperateas in [1], [7]. After such
cooperation,the commoninformationconsistsof two indexes
eachpartiallydescribingoneof thetwo originalmessages.The
assumptionof the model that the entire commonmessageis
decodedsimplifiestheproblem.However, a receiver interested
in a messagefrom only one encoder, as is the casein the
interferencechannel, will be interestedin only a part of
the common message.Understandingsuch communication
problemsappearsto be much more challengingand is the
subjectof our future work.
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