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Abstract

Motivatedby theemepgenceof programmableadios,we seekto understand new classof communication
systemwhere pairs of transmittersand recevers canadapttheir modulation/demodulatiomethodin the
presencef interferenceo achiere betterperformance Using signalto interferenceatio asa metricanda
generakignalspaceapproachye present classof iterative distributedalgorithmsfor synchronousystems
which resultsin anensemblef optimalwaveformsfor multiple usersconnectedo a commonrecever (or
co-locatedndependentecevers). Thatis, the waveform ensemblemeetsthe Welch Boundwith equality
andthereforeachieresminimumaverageinterferencevertheensemblef signaturevaveforms.We derive
fixed pointsfor a numberof scenarios provide examples,look briefly at ensemblestability underuser
additionand deletionaswell asprovide a simplistic comparisornto synchronousCDMA. We closewith
suggestiongor futurework.
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1 Intr oduction

Wirelesssystemdesignershave always had to contendwith interferencefrom both naturalsourcesand
other usersof the medium. Thus, the classicalwirelesscommunicationglesigncycle has consistedof
measuringor predictingchannelimpairments,choosinga modulationmethod,signal pre-conditioningat
the transmitterand processingat the recever to reliably reconstructhe transmittedinformation. These
methodshave evolved from simple (like FM and pre-emphasisjo relatively comple (like CDMA and
adaptve equalization) However, all sharea commonattribute— oncethe modulationmethodis chosenit is
difficult to change For example,an ASK systemcannotbe simply modifiedto obtaina PSK systemowing
to thecompleities of thetransmissiorandreceptiorhardware.

Universalradios [1-5] changethis paradigmby providing the communicationgngineemwith a radio
which canbe programmedo producealmostarbitrary output waveformsand act as an almostarbitrary
recever type. Thus,it is no longerunthinkableto instructthe transmittingand receving radiosto usea
more effective modulationin a given situation. Of course practicalradiosof this sortare probablymary
yearsaway. Nonethelessf Moore’s law holdstrue, they arecertainlyon the not-too-distanhorizon.

It is thereforeprobablethatwirelesssystemsof the nearfuturewill have elementswvhich adaptdynam-
ically to changingpatternsof interferenceby adjustingmodulationand processingnethodsin muchthe
sameway that power control[6—10], is usedtoday albeiton a possiblyslower time-scale.Furthermoreif
thereleaseof 300MHz of unlicensedspectrumin the 5GHzrange[11] is ary indication,onemight expect
thereto be an alundanceof mutually interferingindependensystemsand no centralcontrol for efficient
coordination. This providesaddedimpetusto understandnutualinterferenceof systemsat somegeneral
level andimplicit coordinationn a multi-systemervironment.

In this paperwe considerradioswhich canvary their outputwaveformsaswell astheir demodulation
method.Our developmentstartswith signalspaceo drive homethe pointthatthesetechniquesreapplica-
bleto abroadvarietyof communicationscenario@ndnotonly theusual“‘chip-based’'CDMA systemwith
anon-dispersie channelanda singleantenna.Thatis, if the problemhasa signalspacedescriptionthen
interferenceavoidancecanbe broughtto bear?

In this context we consideroptimal waveform selectionto maximizethe signalto interferenceratio
(SIR) for a power-constraineduserin the presencef interference.Startingfrom the essentiallyclassical
approactof whitening[12] andshaving therelationto modernmethodgtypified by [13]), we thenconsider
ensemblesf usersanddescribea classof distributedgreedyalgorithmwhich canoptimizetheir shareduse
of the medium. Thatis, throughlocal self-interestechction, a social optimum can usually be reached.
Moreover, thealgorithmswe will describearesimpleandamenabldo adaptve implementation.

LAlso oftencalledsoftwareradio.

23ection2 providesa self-containedievelopmentof the basicideasfor studentsthosenew to the field, andthosewho like to
rereadgoodstories. It alsoshavs how interferenceavoidancestemsnaturally from much older work (whiteningfilters) though
undera new guise(linear receversfor ultiuserdetection). The knovledgeablereadercan safely skim Section2 with no loss of
continuity
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2 Background

Considerthe classicalcontinuoustime digital communicationsnodel,in which during anintenal [0, T],
asignalb,/pS(t) is transmittedwhereb = 1 equiprobably p is the receved power, andS(t) is the (unit
enegy/pawer) signalwaveform. A recever recoversr (t) = b,/pSt) + Z(t), whereZ(t) is anindependent
interferencestochastiovaveform that may be composedf both thermalnoiseand interfering signalsof
othertransmitters.For a single bit, the fundamentaproblemis to build a recever which guesse$ with
minimum probability of error. Alternatively, whenb is onebit in a streamof codedbits, we would like
to producea soft estimateof b with high signalto interferenceratio (SIR). When Z(t) is composedof
known waveformsin additionto independenGaussiamoise thatis Z(t) = 3 bi/piS(t) + N(t), multiuser
recevershave beendesignedor avariety of objectives, e.g. minimum probability of error maximumSIR,
or zerointerferencdrom otheruserq13]. Thesemultiusersystemsharethe propertythattherecever does
asbestit cangiventhe setof transmittersignalsS (t).

Fromtheperspectie of therecever for S(t), theinterferenceZ(t) is simply astochastigrocessyhich
we assumezero meanwith no loss of generality Ideally, we would like to obtaina setof uncorrelated
(and preferablyindependentsuficient statisticsandthenoptimally combinetheseeitherto detectthe bit
b or to derive an estimateof b. WhenZ(t) is Gaussiantheseprojectionswould indeedbe independent
Gaussiarrandomvariablesand the optimal detectionproblemwould be easily solved. A completeand
rigorousdevelopmentbf theideascanbefoundin [12]. Herewe provide a brief recapitulation.

In generalgivenastochastiqrocessZ(t) we seekanorthonormakepresentation

N—o0

= lim Zla,d) (1)

with g = foTZ(t)dbi (t)dt. Notethatin Equation(1), the corvergencerequirements notthe usualpointwise
limit, but thelimit in the meancriterion. Theinterestedeadelis referredto [12,14] for furtherdetails. For
our purposeswe assumehatsuchanexpansiorfor Z(t) existsandcornverges.Now we seeka specialsetof
orthonormal®; which produceuncorrelategrojections.

el 0.20)@,0.20)] € [ [ amzoonzodd] -1s, @
Propagatinghe expectationanddefiningRz(t,t) = E[Z(t)Z(T)], we obtaintheintegral equation
/q> (/ Ry (t, T)® )dt A5 (3)
Thesolutionto thisintegral equatiorrequires

A (t) = /O " Re(t, 1) (1)t 4)

For theinterestedeaderthe propertiesof Equation(4) arediscusse@t somelengthin [12].
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Sinceintegral equationsare in generaldifficult to solwe, it is usefulto derive an equivalent discrete
representatioof Equation(4). This will allow usto usesimple methodsfrom linear algebra. Now let
us assumehat Z(t), andthereforethe function set {®;(t)}, canbe well-approximatedy a finite setof
orthonormabasisfunctions{Wy(t)} ontheintenal [0, T]. Thatis, we assumehatthe proces<(t) hasno
significantenegy outsidesomefinite signalspace As anexample,aprocessalmost” limited to bandwidth
+W hasabasisfunctionsetwith about2WT orthonormafunctions[12,15,16]. Likewise,for asynchronous
CDMA systemwith N chips per bit, the appropriateorthonormalset consistsof the N time-shiftedchip
pulses. One could also use a space-timeorthogonalizatiorfor reception/transmissioantennadiversity
and/orafrequeng-time orthogonalizatiorior afrequeng-hoppedsystem.

Regardlesoof the specifics oncewe assumea convenientfinite basisfunction setover theintenal, the
®;(t) canthenberepresentetly thefinite sum

N
®i(t) =3 @nWn(t) 5)
n=1
Combiningequationg4) and(5) yields
N T N
Ai nzl(ﬂnwn(t) = /O Rz(t,T)n;(nann(r)dr (©)

Furtherprojectingtheright andleft handsidesonto W(t) yields

N
z Min@n (7)
1

n=

N T T
NGk=S @n / / Ry (t, 1) Wi (1) Wn (1) dt dt =
n—=1 \0 0 P

v~

Mkn

We may alsorewrite thery directly in termsof the projectionsz, = fOT Z(t)Ddy(t)dt as

o= E[ /O ! [) T 20 Z(0)We(t)Wn (1) dtdT] = E[ZZ1] ®)

Thus, equation(7) is a reductionof the continuoustime integral equation(4) to a standardmatrix eigen-
value/eigewectorequationof theform

E[ZZT]Q —R@ =A@ (9)

where@ = [@1---@n]" andZ = [Z;---Zy]". Eacheigervector correspondso an eigenfunctionof equa-
tion (4) andit is easilyverified that eacheigemwalueis the amountof interferencesignalenegy carriedby
thateigenfunctionlt is alsoeasyto verify thatsinceRz(t, 1) is anautocorrelatiorfunction, R is symmetric
andpositive semi-definite. This impliesthat R hasnon-ngative eigewvaluesandan associatedull setof
orthonormalkigervectorswhich spandN [17].
Therecever obseresthesignal
r(t) =bSt) +Z(t) (20)
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asinputontheintenal [0, T]. Projectingthereceved signalontotheinterferencesigenfunctionsby (t), ...,

®,(t), we obtainthevectoroutput
r=bs+z (11)

wheres andz have nth components, = (S(t), ®n(t)), zn = (Z(t), P, (t)) andthe z, aremutually uncorre-
lated.

If the ®,(t) do not spanthe signalspacethenerrorfree receptionis possibleby first augmentinghe
basissetto spanthe signalspace(via Gram-Schmid{18] for example)andthennoting that therewill be
no interferenceenegy projectedontotheseaugmentedbasisfunctionswhich carrynon-zerasignalenepy.
Thus,with nolossof generalitywe assumehatthe basisfunctions®,(t) alsospanthesignalspacdor S(t),
andbs containsall availableinformationaboutbSt).

At this point it is instructve to considerthe detectionof b whenZ(t) is a Gaussiarinterferencepro-
cess. Becauseve chosethe interferencesigenfunctions @4 (t),...,®n(t)} to yield uncorrelatednterfer
encecomponents,, it is straightforvard to shav that the likelihood ratio testfor optimal detectionof b

becomeg12,14]
sayl

S >
< 0 (12)

ﬁMz

say0

wherethe{r,} aretheprojectionsf r(t) ontothedecorrelatindasisfunctions®,(t). Thisdetectiormethod
is calledawhiteningfilter sinceit canbewritten as

Nr— S_n
y —~ Z 0 (13)

whichis aninitial rescalingof theinputto male interferencecomponent${z, }), alreadyuncorrelatedhave
equalenegy ({z,/v/An}) —justaswould bethecasefor awhite noiseprocessithoutrescaling. A matched
filter ontherescaledsignalvectorcomponents, /+/A, is thenperformedo completethe detectionprocess.

It is worthwhileto notethatin a CDMA systemwhereZ(t) consistf the otherusers’known signature
waveformsandadditive white Gaussiamoise,the vectorc with components, = s,/A,, is ascaledversion
of thewell knovn minimummeansquarecerror(MMSE) linearfilter [19] andthe decisionrule (12) is the
MMSE multiuserdetector We seethatthefilter output(anddecisionstatistic)

N N &5
X=cr= ZEF:(;%)M&% (14)

containshothsignalandinterferencegermsandthatthe outputSIR is

E[(bﬁﬂ%ﬂ i)
SIRx = E[( N:l%)z] N l(zmiA%EA[zn:zn] Z 2 An (15)
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It is well known thatamongall linearfilters ¢, the MMSE filter maximizesthe outputSIR [19]. However,
equation(15) demonstratethatit remaingpossibleto obtaina higheroutputSIR by alteringthe components
S of the desiredsignal S(t). Thatis, when S(t) is subjectto the unit enegy constrainty,§ = 1, we
canmaximize SIRx by choosings, = 1 for ary Ap = A* = mingAk. In this case,we have S(t) = ®,(t).
Equivalently we could distribute the signalenegy in somearbitraryway over all such®,(t). Regardless,
thisresulthasa simpleintuitively pleasingohysicalinterpretation:

To obtainmaximunSIR,placeall thesignalenegy whete there is leastinterference

We call this procedurenterferenceavoidanceandfor a single userwith a given interferenceprocessthe
methodis straightforvard. We now examinethe implicationsof this simple Karhunen-Loee inspiredrule
for an ensembleof users. We will find that the greedyobjective in which a useradaptsits signatureto
improve its SIR hasdesirableconsequencdsr multiusersystems.

3 Interfer enceAvoidancefor Multiple Users

We now considera multiusersystemin which therecevedsignalr (t) explicitly includesM usersandwhite
Gaussiamoise. Given the existenceof a finite setof N orthonormalbasisfunctionsW¥;(t) for the signal
spacewe canexpressherecevedsignalasthevector

M
r= _;mbis +n (16)

wheren is the projectionof the additive white Gaussiamoiseontothebasis.Theclassicakommunications
scenarigpresumeshateachusersignatureS(t) is fixed. Assuminguniversalradio receversandtransmit-

ters,we now allow theuseof tailoredsignaturevaveformsS (t). Withoutlossof generalitywe assumesach

S(t) hasunit enegy. Therelationshipbetweersignatureselectionandmultiusersystemcapacityhasbeen

studiedin severalpaperd10,20,21]. In [20], it is shawvn thatfor a setof users’ratesRy, ..., Ry belonging

to theinformationtheoreticachiazablerateregion ¢, the sumcapacityis

M 1
Co= max S R=Zlog ‘ In+0-lsPS 17)
(Ru,Rm)eCE 2

In equation(17),ly istheN x N identity matrix, P is thediagonaimatrix of users powverspy, S=[s1,- - -, Sm]
is the N x M matrix with columnss anda is the level of white backgrouncdhoise. Note thattheses, are
theprojectionsof the §(t) ontothearbitraryspanningrthogonabasis{Wi(t)} sothatthes maybecalled
generalizecdcodevord vectorsandrepresenarbitrarysignalsinsideanarbitrary (but finite) signalspace.

3.1 Maximizing Symmetric/Sum Capacity

Whenthe powersof theusersarethe same,p, = p for all k, (17) reducedo

CS::—ZLIog‘IN—FgSST‘:%Iog‘lM—I—c—F;STS‘ (18)
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wherethe last equality follows from the fact that for ary two matricesAkxxm andBuxk, |lk +AB| =
|Im + BA|. It wasshavn in [21] thatthesumcapacityfor equalrecevedpowersis maximizedf thesignature
sequencearechosersuchthatif M < N,

S'S=ly (19)

andif M > N,
SS" = (M/N)Iy (20)

In [10], theusercapacityof a CDMA systemis definedin termsof the maximumnumberof admissible
users.GiventhesignalspacalimensionalityN andacommonSIRtamget, M usersaresaidto beadmissible
if thereexist positive powers p; andsignaturesequences suchthateachuserhasan SIR at leastaslarge
asf3. Theusercapacitywasfound for two kinds of linear recever structuresn [10]: matchedfilters and
MMSE filters[19,22]. It wasshowvn in [10] thatthe usercapacitywith MMSE receversis maximizedif the
receved powersof the usersareidenticalandif the signaturesequencesetsatisfieg19) whenM < N and
(20)whenM > N. WhenM < N and(19) is satisfiedor whenM > N and(20) is satisfied the MMSE and
matchedilters arethesame.Thus,referencd10] concludeghattheusercapacityof a systemwith matched
filter receversis the sameasthatusingMMSE filters.

In [21], the unit enegy sequencesetssatisfying(20) arecalledWelchBoundEquality (WBE) sequence
sets.Welch[23] derivedthefollowing lower boundon the sumof the squaredtrosscorrelationsywhich we
will calltotal squareccorrelation(TSC).

<

M=

TSC= Tracd(SS")? = (s1 sj)?> > M?/N (21)

For a simplederivation of the bound(21), see[24,25]. Note that sequenceetssatisfying(20) satisfythe
bound(21) with equality We obsere thatthe setof sequencesatisfyingeitherequation(19) for M < N
or equation(20) for M > N hasthe propertythatthe sequenceethasminimum TSC. Thatis, to maximize
bothsumcapacityandusercapacity we shouldchoosesequencaetswith minimumTSC.

Therelationshipbetweensumcapacityand TSC canbe mademoreformal. We startby incorporating
thefixedsignalpower py into thesignalvectorenegy |s¢|? for notationalklarity. Thatis, insteacbf requiring
|s«|? = 1 we set|s|? = px. We notethatthe sumcapacityis then

1 1 T
Co=3log E(GINJrSS) (22)
Thenwe definethe eigevaluesof ol + SS' ash;, i = 1,---N andrewrite sumcapacityas
CS——NIo 0-|—1Nlo Aj (23)

essentiallyaswasdonein both[21] and[26]. Now considerTSC.Wefirst notethatif {A;} aretheeigerval-
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uesof 62l + SS' then

Tracd(oly +SS")?] = i)\? (24)

sincethe eigevaluesof (02l + SS")? mustbe {A?} [17].

For brevity’s sale, we follow [10, 26] and note that the function describedn equation(23) is Schur
concae while that of equation(24) is Schurcorvex [27]. Sinceary constraintson the eigewvaluesmust
beidentical,andin factform a corvex set[26,28,29], we canconcludethatary set{\A;} which maximizes
equation(23) mustalsominimize equation(24) andvice versa® Therefore minimizationof TSCis com-
pletely equivalent to maximizationof Cs. Of courset mustbeemphasizedhatthis resultdoesNOT imply
equivalencebetweenTSC and sum or symmetriccapacity— but only that minimization of TSC implies
maximizationof sumcapacity

Thisresultis usefulsincewe will find that TSC minimizationis simpleandlendsitself to a distributed
implementatiorsuitablefor usein a systemof mary users.

3.2 lterati ve Methods of TSC Reduction

Thereare a numberof methodswhich might be usedto determinecodevord setswhich minimize TSC
[10,21,26]. Herewe explore simpleiterative methodswhich canbe appliedby eachtransmitter/receer
pair asynchronouslandindependently
For asingleuserk, we obsere thatSS™ = Rk+a<gf whereRy = zi;ékng, thecorrelationmatrix of the
interferencdacedby userk, is analogougo the matrix R introducedin Section2. For future use,we note
thatTracdSS'] = M. Whenuserk replacests signaturevectors, with a vectorx, the resultingdifference
in TSCis
A = Tracd(Ry+ sy )] — Tracé(Ri 4+ xx)?] (25)

After somelinearalgebraiamanipulationsve find thatA > 0 iff
25¢ Riesc+ [se/* > 2¢ T Rix + [x[? (26)

whichreducego
¢ Risc > XTRyx (27)

if |x| = |s«| aswe will hereafterassume.Whenthe interferencefacedby userk includesadditve white
Gaussiamoisewith power spectraldensityc?, we mayreplaceRy by Z, = Rx + 02l if desired.As previ-
ously we notethatminimizing Trace(SS')?] is equivalentto minimizing Trace(SS' + 021)?] becausé¢he
traceof SS' is fixedatE = zﬂ":ﬂa( 2 thetotal enegy in the signalconstellation.Thus,in termsof TSC
minimization,operation®n Ry or Z areequialent.

Note thatequation(27) definesa classof replacemenalgorithmswherebya given usercanreduce(or
atleastnotincrease}hetotal squareccorrelationassumingptherusers’codevordsremainfixed duringthe

3For thoseunfamiliar with majorizationandSchurcorvexity, analternatedevelopmenibasedn Lagrangemethodss provided
in [28,29].
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replacement.Suchan algorithmmay be usedby eachusersequentiallyuntil all usershave updatedtheir
codevords. At thatpoint the cycle may begin anav. Cycles(iterations)would thenbe repeateduntil there
wereno further changein the TSC by individual codavord updates.Consideratiorof this processhegs at
leasttwo questionsFirst, whatis anexampleof suchanalgorithm?Seconddo suchalgorithmseventually
minimize TSC?

In answerto the first questionwe presentwo algorithms. The mostolbvious methodwe will call the
eigen-algorithm— let x = @ whereg; is a minimum eigevalue eigervector of Ry. From equation(15),
we seethatonestepof the eigen-algorithmmaximizesthe SIR of userk by allowing nonzerosignalenegy
only alongthosebasisfunctionswith absoluteminimumA,,. Fromequation(27) we seethatsucha choice
guaranteeA > 0 (andtherebynoincreasen the TSC)sinceboththeright andleft handsidesof thecondition
areunderboundedy (¢) " Rk

We call the lessolvious algorithmthe MMSEalgorithm sincewe replaces, by the unit enegy MMSE
receverfilter ¢ = (S! [Zk]7s) —1/2 [Zk]~1s. Wenotethatin thepresencef additive white Gaussiamoise,
Z\ is alwaysinvertible. Thefilter ¢, is equialentto forming ¢, = A~1sin the decorrelatedpaceandthen
renormalizingwhereA is the eigemwvalue matrix of Zy. It is known that codavords might be adaptedor
singleusersto obtainbettermeansquareerror (MSE) performancg30,31]. Thefollowing theoremproven
in [9,30,32], shavs thatthe MMSE algorithmis indeedaninterferenceavoidancealgorithm.

Theorem1 Replacingsc with ¢y yieldsA > 0, with equalityiff ¢, = s«.

Historically, the MMSE algorithmfor codevord ensembleptimizationis the first proposednterference
avoidancealgorithm[9, 32,33].

The questionof corvergenceis addressedext wherewe find thatthe eigen-algorithmandthe MMSE
algorithmsharea numberof commonproperties:

¢ Bothalgorithmsdecreas¢he TSC monotonically SinceTSCis boundedbelov by the Welchbound,
they mustcorverge in TSC. For the MMSE algorithm, Theoreml implies thatif TSC corverges,
thenthe signaturesmustconverge [32]. For the eigen-algorithmformal “convergencein class” of
codavord ensembless shavn in [29]. At fixed pointsof bothalgorithms,eachs, is aneigervectorof
Zk.

e For neitheralgorithmis theresultingcodevord setunique.For example,ary rotationof the codevord
setwill have the samecross-correlatioproperties.

¢ WhenM < N, the signaturesorverge to an orthonormalset. For the MMSE algorithm, this may
take several cycles. For the eigen-algorithmthis occursafter one cycle sinceeachuserchoosesan
eigervectororthogonato the previously chosersignatures.

e WhenM > N, the algorithmsmay cornverge to a WBE signaturesetS satisfyingSS"™ = (M/N)Iy.
Alternatively, bothalgorithmscouldtheoreticallycorvergeto alocal minimumfor TSC.In [9,32,33]
mild conditionsarederivedunderwhichthe MMSE algorithmcorvemes.In [34] MMSE interference
avoidanceis shavn to always corverge stochasticallyto the optimum signatureset. Empirically,
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the eigen-algorithmhasalways corverged to minimum TSC in experimentsstartingfrom random
codavord vectors. In addition, a modificationto the procedurecalled “class warfare” guarantees
cornvemgenceto aglobal optimum[28,29]. Furtherdetailfor eigen-algorithnfixed pointsis provided
in section4.

Theintuition behindall interferenceavoidancealgorithmswhich obey equation(27) is embodiedoy the
simplerequiremenk " Rix < ngksK —thereplacementectorx attemptgo reduceheinterferencdrom the
ensemblef otheruservectorsandnoise.Fromthe standpoinbf implementationin the MMSE algorithm,
userk mustidentify (Rx+0?1)~1s.. In theeigen-algorithmuserk seeksaminimumeigevalueeigewector
(ﬂ*( of Ry.

Thesepoints,takentogethersuggesthatthe classof algorithmsgovernedby equation(27) couldbeim-
plementedy blind techniquesttherecever alongwith afeedbackchanneko thetransmitter Specifically
in the MMSE algorithm, the recever for userk could be a blind adaptve MMSE filter [35] basedon the
obserableZ, = R¢+ 0?l. Likewise,for theeigen-algorithmA of equation(27) is maximizedwhenx ™ Rix,
the suminterferenceexperiencedy userk with newv codavord X, is minimized— equivalentto minimizing
xTZx. Thevectorx canalsobefoundusingblind techniquesThus,interferenceavoidancealgorithmsare
basedn a measurablguantity— theinterference/noissignalcorrelationZy.

In the MMSE algorithm,acodevord replacemenby userk requiredirst thatthereceverfilter for userk
converges.Further the MMSE filter coeficientscy mustbe communicatedo thetransmittewvia afeedback
channel.Consequentlyat eachiterative step the speedf thealgorithmis limited since(1) thecorvergence
to the MMSE filter may requireseveral hundredbits and (2) several hundredbits may be neededor the
feedbackransmissiorof the new signature Thesesameconclusionswill alsohold for the eigen-algorithm.
Therefore,thesesignatureadaptationalgorithmsoperateon a slower time scalethan the algorithmsfor
multiuserinterferencesuppressionThus,if the channels not stablefor a sufiicient numberof bit intenals,
it is not clearhow much adwantageinterferenceavoidancewill confer However, for channelswvhich are
stableover a sufiicient numberof bit intervals, signatureadaptatiormay offer potentially large capacity
increases.

4 Fixed Point Propertiesfor GreedyInterfer enceAvoidanceAlgorithms

Unfortunately for M > N thereis no guarantedhat interferenceavoidancealways leadsto an optimal
fixed point. For example,A from equation(27) canbe zeroover a full cycle of aninterferenceavoidance
algorithmeventhoughthe minimum eigevaluesA}; might notall be equalasrequiredfor SS™ = (M/N)I.
An illustration of sucha suboptimalsignalsetis providedin FIGURE 1 andthe correspondingptimal set
in FIGURE 2.

We now examinethe natureof suchsuboptimafixedpointsin moredetail* Theconvergenceproperties
of the MMSE algorithmaredescribedn [9, 32-34]. In this paper our focuswill be ontheeigen-algorithm,

4For simplicity, we assumeno uniform backgroundoise notingthatthe minimizationof TSCis the samewhetherwe consider
Ry or Zy.
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or moregenerallyonary greedyalgorithmwhich alwayschoosesodavord replacementshichincreasats
SIRwhenatall possible Or equialently, for all interferenceavoidancealgorithmswhoseonly fixed points
arethosesuchthatthe equilibriumcodevordsfor agile usersareminimumeigemwalue eigervectorsof their
respectie Ry. Thisconditionleadseasilyto simplestructurakonditionson globally optimalalgorithmfixed
points.

4.1 Fixed Points for Equal-Power Agile Users

We startwith aLemma;

Lemmal If {s} is a fixedpoint of a greedyinterfeenceavoidancealgorithm with minimumeigervalue
ensembleg[A;}, the eigenvalue setof ead Ry containsA; and {A] + 1} whee A} # Ag. Furthermoe, all
correspondings; are alsoeigernvectos of Ry.

Proof: Lemma 1 Since)} is aneigevalueof Rj, Rjsj = A}sj. ObservinghatR;| = Rk + s, —sjs] , we
have Rysj + s Sj — SiS] 5] = Ajsj. Bothsc ands; areeigervectorsof SST, but sincewe assume\* # Ay,
they mustbeorthogonal ThisimpliesRksj = (A} + 1)sj, thusproving thetheorem. e

We thenuseLemmal to shav thatinterferenceavoidancemust producecodevord ensemblesvhich
spanthe signalspaceaswell asprovide boundson thedifferencesn performancdetweercodevord SIRs.

Theorem2 Let {s} be a fixed point with SS™ having eigervalues{(A; + 1)}. Thedistinct eigervalues,
A1,...Apsatisfy|Aj —Aj| < 1fori, j=1,..., p. Furthermog, thesignalvectos associateavith eac distinct
eigervalue); form mutuallyorthonormalsubspacewhich collectivelyspandN.

Proof: Theorem 2 Eachsy is aneigemvectorof SS'. Assumethe eigevalueof SS™ associateavith s is
Ai. In this case the minimum eigevalue of Ry mustbe A = Aj — 1. Supposewithout lossof generality
thatA; > Aj+ 1 for somej. Thiswouldimply Aj < Aj — 1 = A, whichis acontradictionsinceby Lemmal,
A} is the minimum eigevalue of Ry. For the secondpart, we notethat sinceSS' is symmetric,distinct
eigevaluescorrespondo orthogonaleigevectors. Sinceeachof the s is also an eigervector of SST,
thenthe vectorss, associateavith given eigevaluesform mutually orthogonalsubspacesf ON. If these
subspacedid not collectively spandN, thenSS™ would have an eigevector @ with zeroeigevalue. This
would imply thatary signatures, with Ag > 0 could be replacedby ¢ to reduceTSC, which would be a
contradiction.e

As anasidewhich bringsclosurewith the resultsof [10,21] we provide the following simplecorollary
to Theorem2.

Corollary 1 LetM > N. If theset{s(} comprisesa fixedpointwith SS" havingeigernvalues( 1) =A%,
k=1,2,---,N, then\* = ¥ andSS" = ¥Iy.

Thatis, sinceary positive semi-definitematrix suchasSS' is alwaysdiagonalizable- asopposedo hav-
ing a Jordanform [17] — we musthave SST = Q(A*1)QT = A*QQ~! = A*l. Sinceasnotedpreviously,
TracdSS'] = M, we musthave A* = M/N.
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In summarytherearethe optimalfixedpointswith A} = M/N — 1 for k= 1,...,M, andthe suboptimal
fixedpointswith vectors{s,} in mutually orthogonakubspacesorrespondingo eachdifferentA; —which
cannotdiffer from eachotherby morethanl. If all theA} areidentical,thenthe ensembleorrelationSS™
is anidentity matrix. Thatis, the ensembles essentiallywhitened.

Our worry, of course,is thatthe algorithmwill corverge to a suboptimalpoint. Fortunatelyin all our
experiencewith numericalstudiessuboptimaminimahave never beenobtainedvhenthestartingensemble
is choserrandomly Only whentheinitial setis not full rank or whenthe componenwvectorscanbe parti-
tionedinto mutually orthogonalksubspacedoesthe algorithmnot alwayscorverge to anoptimal codevord
ensemble.

4.2 Fixed Points for Mixtur esof Fixed and Agile Users

It is likely thatuserswith both fixedandagile waveformradiosmay needto occuyy the samesignalspace.
We now considerthis scenarioandfind the intuitively pleasingresultthat usingthe eigen-algorithmthe
agile usersperforma sortof aggregatewaterfilling over the portion of the signalspacewith leastfixed user
enegy to achieve an optimum SIR. Put anotherway, the fixed usersappearas colorednoiseto the agile
userswhich causesan appropriateShannon-esqudistribution of agile usersignalenegy over the signal
space.lt is readily understoodhatthis featureis of benefit,on aveiage, to the fixed usersaswell sinceit
impliesthattheagileusersavoid thefixed usersvherepossible We alsonotethattheimplied minimization
of ensembld SC(includingthefixedusersignaturesjs equivalentto maximizationof informationtheoretic
sumcapacity[28,29,36].

Formally, welettheset{ax|1 < k < L} bethesetof signalvectorsassociategvith waveform-agileusers.
Let {fi|]1 <i <M — L} bethe signalvectorsassociatedvith fixed-waveform users. Greedyinterference
avoidancewill only beappliedto the {ax}. We define

L M—-L
SS' =3 ag + Z fif = AAT +FFT (28)
k=1 i=

We alsodefinethe mutually orthogonakigervectorsof FF " as@ with associate@igevalueso; > 0.

First considerthe casewheretherearefewer agile usersL thandimensionaN. The agile userscannot
spanthe entiresignalspace.Thus,we mustaskin what portion of the signalspaceshouldthe agile users
resideto achieve minimuminterference The answeythoughintuitively obvious, is statedasa theoremand
proven.

Theorem 3 If thereare L < N agile uses, thentheinterferenceexperiencedy at leastoneagile usercan
bereducedwhile notincreasingtheinterfeenceseenby otheragile uses) unlesstheset{ay} is contained
in the spacespannedy thelL eigervectos of FF T with the smallesieigervalues.

Notethat Theorem3 canalsoberestatedn termsof TSCsincereductionof interferencdor oneuserwhile
notincreasinghatseenby otherusersclearlyreducesr SC.
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Proof: Theorem3 At equilibriumwe have
(AAT +FFac = (i + [al?) (29)

for aninterferenceavoidancealgorithm. We notethatthe dimensionof the spacein which the {ax} reside
is Q <L < N, andthatwe canlinearly combinethe g, to derive Q mutually orthonormaleigewvectorsof
SS'. However, SST hasa full setof eigevectorsso thereexists an additionalsetof N — Q eigevectors
eachof whichis orthogonato the {ac}. If xi, i = 1,---,N — Q is onesucheigewector thenit mustalsobe
aneigemvectorof FF' since

AATX; +FFTx = FF % = nix; (30)

With nolossof generalitylet usassumehatthefirst N — Q eigevectorsof FF T, areexactly thesex; and
thatthe correspondingigevalueso; areexactly then;. ° Sincethe eigewvectors@ collectively spaniN
andtheeigemvectors@ i = 1,---,N — Q comprisethe orthogonalcomplemenbf the {a}, we canexpand

the{a} ing,j=N—-Q+1,---,Nas
Q
a = _Zai (K)ON—q+i (31)
1=
with o (k) = a[(pN,QJri.
Theinterferenceexperiencedy userk is A; which we canwrite as

(N + &) el = a (AAT +FF Nay (32)

Usingequation(31) we obtainaftersomesimplification

2 Q
+ Ziaiz(k)GNfQH (33)

( EJrlr'ﬂklz)I«'slklzZZ1 [éai(k)ai(ﬂ)

Now supposehatfor somel =1,--- N—Qandm=N-Q+1,---,N we have o, > 0y. For the a; (k)
fixed,if we swap g, with @y, theonly termin equation(33) which canchangeas thesecondsumontheright
handside. Sincethis substitutioncannotincreaseary of theon_gq.i we will notincreaseary Ag. In fact,we
will reduce\; for atleastonevalueof k sincetheremustexist somek for which am(k) # 0 by the condition
thatthespacespannedy the{@},i=N—-Q+1,---,N andthe spacespannedy the {a} arecoincident.

Thereforeunlesso,m < oy for£=1,---, N—Qandm=N-Q+1,--- N, theinterferencexperienced
by atleastoneof theagileuserscanbereducedy the substitutionof basisvectorsdescribedabove without
increasingheinterferenceseerby theotheragileusers.Thereforeto achieze minimummutualinterference,
the {ax} mustresidein the spacespannedy the Q < L eigevectorsof FFT with smallesteigevalues.
Sincethis spacds containedn the spacespannedy the L eigevectorsof FFT with smallesteigevalues,
thetheoremis proved. o

Swe thennotethat@; might notbeaneigervectorof SST for j=N—Q+1,---,N.
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We canthereforeassumewith no loss of generalitythat L > N — sinceif not, we simply recastthe
problemin a spaceof dimensionN’ = L following Theorem3. We now provide a boundfor the minimum
TSC:

Theorem4 WhenSS" = AAT + FF " with F fixed,

« 2 "
Tracd(SS')?] > (N 1) (%) +_“§lo% (34)

wheethe{o;} aretheeigervaluesof FF T orderedfromlargestto smallestandh* = argminy(M — S 6;) /(N —
h). This boundis metwith equalitywhenthe eigervaluesof SS' are {03, ...,0n,c*,...,c*} whee ¢* =
(M =5, 61)/(N —h*) hasmultiplicity N — h*.

Proof: Theorem 4 Firstwe write SS' in termsof the eigevectorsof FFT with a, = SN ; i (k)@ and
fm= SN, vi(m)@. Usingequation(28) we have

N L
ss’ — Z( +;y. Vi ( )WP]T (35)
i,]=1 k—

Rememberinghat@’ ¢; = Tracé@ @] ] = &;j, we form (SS")? andthentake thetraceto obtain,

N L
Tracd(SS')? = ( K+ Y vi(0)y;( ) (36)
|le k=1 Ifz
We definethe agile enegy containedn ¢; asp; = zk 10 2(k) andnotethatzJ 1Mj = L thetotal agile
signalenegy. Thecorrespondingnegy in thefixedsignalsis oj = 3y’ y?(£) by the definitionof the @.
We canthenrewrite equation(36) as

N L N
T SS)?3 = 37
racg(SS' )] = i% (k [Z ) Z W +0)? (37)

Thetermsin theleft handsumarenon-ngative, thus Trace(SS')?] > Z',-\Ll(uj +0j)?, whichis corvex in
they;. Sincewerequirey; > Oandz'j\':l H; = L, applicationof standardtonstraineptimizationtechniques
[37-39] providesa classicawaterfilling result. Definingthe “w aterlevel” asc* = (M — 5, i) /(N — h¥)
with h* asdefinedin thetheoremstatemente have |; = 0 whenaj > ¢* andy; = c* — g otherwise.Thus,

Tracd(SS')?] > (N — h*)(c*)%+ Zl (38)
therebyproving thefirst partof thetheorem.Now, Tracd(SS")?] = 5;_; A? wherethe\; areeigevaluesof

SS'. Usingtheeigevaluesfor SS' definedin thetheoremstatementompleteghe proof. e
Experimentallyfor randomlychoserinitial codevord vectors{ay} and{fy}, invariablythelowerbound



Rose,Ulukus andYates:InterferenceAvoidancein WirelessSystems 14

of Theoremd wasattained.Analytically, the existenceof suchsignalsetsis guaranteedby applicationof a
variantof the eigen-algorithm[28,29]. As for agile-onlyusers,a modificationto the algorithmguarantees
corvergenceto the optimum. Thus, greedyinterferenceavoidancealgorithmsseeka minimum mutual
interferencesetof agilevectorsby “waterfilling” theenepy levelsprovidedby thefixedusersandavoiding
completelyenepeticinterferenceabore a certainthreshold.

Also notethatasa byproductwe have alsoshavn thatthe algorithmseeksa minimummutualinterfer
encesetof vectorsin abackgroundf colorednoise. Thatis, theeffect of thefixeduserscameinto play only
throughthe eigevaluesandeigevectorsof FFT which could be consideredasthe autocorrelatiommatrix
of somearbitrarycolorednoiseprocess.

Finally we notethatasin the agile-onlycase thereareoptimalfixed pointswherethe agile usersobtain
uniformly maximumSIR, andsuboptimalfixed pointswheregroupsof differentagile usersobtaindiffer-
ing SIRs. In the suboptimalcase,it is easily shavn that onceagain,the agile usersare partitionedinto
mutually orthogonakubspaceaccordingo the SIR obtained.Fortunately alsoaswith the agile-onlycase,
randomchoiceof initial vectors{ay} precludedcorvergenceto asuboptimunminimumin all ournumerical
experiments.

4.3 Fixed Points for Interfer enceAvoidancewith Unequal Power

In this sectionwe considerthe casewhereeachuserhasarbitrarybut fixed receved power px. We will find
thatinterferenceavoidanceachieveseigewaluesfor SS' identicalto thoseshowvn in [26] to maximizethe
sumcapacity We explicitly addwhite Gaussiarbackgroundcoisesothatcapacityis well-definedalthough
this is not a necessaryeaturefor interferenceavoidanceto be effective. We remind the readerthat we
assumaet leastasmary usersM assignaldimensionsN sincein theeventM < N, the userswill confine
themselesto M dimensions.Note alsoonceagainthatwe have incorporatedhe signalpower py into the
s = pre

In anadditive white Gaussiamoisebackgroundat equilibriumwe require

codevectors;; i.e.,

(SS" —s& +0l)sc= (N +0)s (39)

With px = |s¢|? we have
(SS" +0l)sc= (A + 0]+ pYsc= p(Bi+ D) (40)

AN40o
Pk
whichin turnimplies we choosethe minimum eigevalue eigevectorof SS' aspreviously discussedWe

alsohave TracgSS'] = E whereE = 3, p. Likewise, Tracg(SS")?] is notincreasedy aninterference

ThequantityP; = is theinverseof theSINRachievedbythekth user Wechoose; assmallaspossible

avoidancealgorithmwhich replacess with anx of equalpower (seeequation(26)).
Sincetheinterferenceavoidancealgorithmcannotincreaselracd(SS')?], we now seeka lower bound
for Tracd(SS")?). We have Tracd(SS")?] = $N_; k2 wherethe {k,} aretheeigevaluesof SS'. Consider
thenthatfor ary signalwith power py, the correspondingigevalueof SS' is atleastpy. This formsthe
basisfor the constrainion the eigervaluesof SST mentionedn section3.1 andis identicalto the constraint
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ontheA; derived for sumcapacityin [26]. Thatis, SS'sq = RS+ skg'(r& = (A§ + px)sc andwe have in

general
N

Tracd(SS')?] = Zi(Ci +p)? (41)

&
with ¢ > 0 andassumingorderedenengies, p; > pi+1. Furtherassumingorderedeigewaluesk; > Kj,1 we
hareki > p;,i1=1,2,...N.

Sincethe eigevaluesmustsumto E, we have SN (¢ + pi) = E. Theminimizationof Tracg(SS')?|
requiresc; = 0if p; > ¢* and¢ = ¢* — p; whenp; < c*. Onceagain.the“waterlevel” c* which satisfieghe
power constraintequationis

E->tip
¢ N — h* (42)
where A
. E-Si-1p
argmin N_h (43)

Thusc* is aneigemvalueof SST with multiplicity N — h* andthe completesetof eigervaluesof SS' is
{p1,---,Ppr,C*,...,C*} (44)

Fromequation(40), we seethat

. O/ Pk k<h*
pr={ /P | (45)
(0+Cc —p)/pk h*<k<M

If no px > E/N we thenhave theusualuniform solutionof c* = E/N (h* = 0) andconsequently

. O E
=—+—-1 46
Bk o RN (46)
Overall, theseresultshave afacetiousut memorablénterpretation
Might malesright

Thatis, thoseuserswith greaterreceved power pyx obtain better performance. In fact, the excessrely
enegetic h* userscommandprivate channels.Suchusersarecalledoversizedin [26], a termcoinedby S.
Verdu.

It is worth noting againthat minimizing Tracg(SS')?] also minimizes Tracé(SS" + oly)?]. Since
minimizing Tracd(SS™ + ol n)?] underconstrainton the eigevaluesis equivalentto maximizingthe sum
capacity(seesection3.1) underthe sameconstraintsthe eigevaluesof SS' givenin equation(44) imply
a codevord setwhich canachieve the sumcapacity Furthermorewhenno px > E/N, we have h* =0
andA} = A* Vk. Thisimpliesanabsoluteminimum TSCwhich in turnimplies anabsolutemaximumsum
capacity Thisresultis in agreementvith thatprovidedin [26] whereanexistenceproof for suchcodevord
setscanalsobefound.

Finally we note,onceagain thatsuboptimaminimamaybe obtainedn which usersarepartitionedinto
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mutually orthogonakubspacewith differing SINR characteristicsAlso asbefore thesesubpoptimafixed
pointsseemto be avoided by startingfrom initially randomcodevordsandthat convergenceto optimum
canbeforcedby a modificationof the greedyinterferenceavoidanceprocedurd28,29].

5 Discussion

5.1 Eigen-Algorithm: numerical examples

Here we provide exampleapplicationsof interferenceavoidanceto the scenariosanalyzedin this paper
FIGURE 3 shavs CDMA chip sequence$or five agile userswith 3 chipsafter5 interferenceavoidance
cycles. Theresultantassociate®S' is approximatelydiagonal

1.667 —0.00035 —0.00002
SS'=| —0.00035 1.666 0.00017
—0.00002 0.00017 1.666

andeachunit enegy userachiezesasignalto interferenceatio of approximatelyﬁ =15.

In FIGURE 4 we allow only thefirst threesignalsto be agile andfix the remainingtwo. After 5 cycles
the threeagile usersresidein a spaceof dimension2 (coplanar)achiezing approximatelyA* = 1.6 anda
concomitansignalto interferenceatio of approximatelyA\* — 1)~! = 1.66. They avoid a strongfixeduser
interferencecomponen{with enegy 1.8) in theremainingdimension.

In FIGURES we assumdour usersoneof whomhasmuchlargerpower thantheothers(p, = 4). This
enegeticusercommands privatechannebndtheremainingthreeusersareforcedto sharegwo dimensions
of thesignalspace- againthewealer usersarecoplanar andhave \* = 3/2 for asharedSIR of 2.

5.2 Addition and Deletion of Users: corvergencespeedand codeword stability

We have not conductedrigorouscorvergence-spak experimentsfor greedyinterferenceavoidancealgo-
rithms. For the MMSE algorithmhowever, the settlingtime seemgapid [9, 33] with nearcorvergenceto
minimum TSCwithin athreeor four iterationcycles.In 100trials usingM = 24 andN = 16, theevolution
of Tracd(SS")?] for the eigen-algorithmalsoconvergedwithin afew iterationcycles.

However, muchmoreinterestingfrom a systemstandpoinis theissueof whatoccurswhena givenset
of usersaredisturbedby the addition or deletionof a user How rapidly doesthe systemsettleafter the
perturbation?Perhapsven moreimportantis the questionof how muchthe signatureshangesincelarge
signatureadjustmentsnayimply large signalingload on the codevord feedbackchannel.

After 100trials wherea singleuserwaseitheraddedto or deletedfrom an alreadysettledsystemwith
24 usersin 16 dimensionswe found that convergencewasonceagainrapid andoccurredwithin threeen-
semblewaveformupdatecycles. Themagnitudesquaref thedifferencebetweerthe pre-addition/deligon
codavordsandthefinal convergentcodaevordswasusedasa measuref codavord volatility. A squaredif-
ferenceof 0 or 4 impliesrespectiely, identicalinitial andfinal codavords,or codevordswhich differ only
in sign. A squardifferenceof 2 impliesafinal codevord orthogonato theinitial.
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Theresultsareplottedashistogramsan FIGURE 6 andFIGURE 7. As canbe seenthe postdeletion
codevordsaremorevolatile thanthe postadditioncodevords. However, neithercorvergentsetoftendiffers
muchfrom their pre-addition/deletin counterparts Wherethey do differ significantly (squaredifference
approximately4), the original codavord hassimply beeninverted. We believe this to be an artifact of the
mannerin which eigervectorsare chosenfor the eigen-algorithmalthoughwe have not pursuedthe issue
carefully Regardlesstheselimited resultsseemto indicatethat codevord adaptationunderarrivals and
departuresouldbemoreorderlyandrapidthanmightinitially beimagined.

For comparisonwe alsoprovide a histogram(FIGURE 8) which shavs the differencebetweeninitial
randomcodevords andthe WBE-corverged ensemble.Note that the differencebetweeninitial andfinal
codavordsis muchmorepronouncedhanin FIGURE 6 or FIGURE 7. However, it is alsoapparenthat
therearealsomary codavordswhich do not differ greatlyfrom their initial randomlychoservalue (= 0),
oronly in sign(= 4). Thus,evenduring systemstartup theamountof feedbacko transmittersnightnotbe
excessve.

We closethis sectionwith a caveat. Studiesof corvemgencerate basedon perfectinformation are
chimeric. In practicalsystemsavhereinformationis imperfect,stochasticonvergencestudies[8] arenec-
essaryandasa generalrule, the corvergencerateis muchslowver. Nonethelessperfectinformationcan
often be usedto suggestan upperboundon corvergenceproperties. Thatis, were corvergenceslov and
codevords volatile, therewould be little hopeof rapid and stablebehaior underimperfectinformation.
However, it shouldalsobenotedthatimperfectmeasurementgndto randomizehecodeavord replacement
processslightly which, following our resultsfor randominitial codevords, would tend to favor corver
genceto the optimum. In fact, it is exactly this propertywhich guarantee$IMSE interferenceavoidance
cornvergenceto optimal[34].

5.3 A Simple Comparisonto S-CDMA

Supposeéhatin aninterferencdimited system(assumeno backgrounchoise)a signalto interferenceatio
of yis requiredfor eachuser The maximumnumberof userswhich canbe suppliedtherequisitey is called
the user capacityof the system[10]. The work presentedhusfar begs a comparisorto CDMA systems
sincethebasicideas— spreadingisersover the signalspace- arevery similar.

Sinceexactcomparisonaredifficult even betweensystemswith knowvn operatingcharacteristicgi.e.,
the raging debatebetweenTDMA and CDMA), we opt for the high road and consideronly simple mea-
suresfor comparison. Furthermore we will ignore suchissuesas relatve immunity to variouschannel
impairmentsWe will alsonotattemptto make estimate®f recever compleity in ary realsensesincewith
changingtechnologywhatis complex today may be standardomorrav. The mostobvious comparisoris
single-basesystemcapacity Althoughit is well knowvn that CDMA is inefficient in this regardandwe all
expectalmostary systemwhich attemptgo orthogonalizeusersignatureso befar superiorthesingle-base
comparisorwill aid usin comparingsimplemeasuresf multi-baseperformance.

For a synchronousCDMA (S-CDMA) systemwith randomlychosenN-chip signaturesequenceghe
usercapacitywith simplematchediltersis upperboundedy N /y[40]. For asystememploing interference
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avoidancewith matchedilters, we have determinedhatatcorvergence theusercapacityis N(y+ 1) /y. The
ratio of usercapacityof interferenceavoidanceto S-CDMA systemss thereforeatleast

n=y+1 (47)

We notethatthisimprovements identicalto thatobtainedvhereMMSE filters asopposedo matchedilters
areusedwith randomcodevords[40].

For y =1 (0dB) the gainis approximately2. Fory= 4 (6bB), the gainis approximatelys. Thus,as
expected,signaturegieneratedy interferenceavoidancegreatlyincreasehe single-baseisercapacityof
S-CDMA systems Furthermorethe basicrecever structure(again,corveniently excluding the machinery
necessaryo calculateanddisseminateéhe signatures)s conceptuallysimple— a matchedilter.

Of course,it would be moreinterestingto comparethe multi-baseperformancenf thesesystems.The
currentthinking is thatalthoughsingle-baseCDMA s inefficient, whenmultiple contiguouscoveragere-
gions are added,CDMA is more efficient and robust than other modulationmethodssuchas TDMA or
FDMA. The detailsof ary rigorouscomparisorie outsidethe scopeof this paper so againwe opt for
simplicity.

Thus, consideran S-CDMA systemmodel where eachcell carriesM usersand the total othercell
interferenceenegy for ary given cell is Mv/N per dimensionwherev is somenon-ngative constant.
Thatis, we approximateall the interferenceenegy from all othercellsaswhite over the signalspacewith
aggr@ateinterferencesnegy Mv.

The SIR for eachuserassumingnatchedilters andrandomsignaturess

1 N
Y=M—D)/NTMV/N_ vrDM_1 (48)
for ausercapacityof
N
vyl  N+y
M =Y 49
CDMA =\, 11 y(v+1) (49)

Unfortunately a direct comparisorto a systememploying interferenceavoidanceis asyetimpossible
sincethe multiple baseinterferenceavoidanceproblemhasnot yet beensolved. However, we note that
for a given cell with othercell noiseenegy Mv, the worstinterferencespectralstructurefrom a capacity
standpointvould bewhite sinceinterferenceaoidancecouldexploit thestructureof non-whiteinterference.
Thus,taking on faith (andlimited empiricalobserationsunderspecificscenariosjhatfixed pointsindeed
exist for multiple basesystemsmploying interferenceavoidance we seethatateachbasethe“worstcase”
attainabld SR (interferenceo signalratio) is W — 1whichimplies

N(y+1)

Mia = y(v+1) (50)

—anexpectedmprovementof 11{} over S-CDMA.
N
This approximatecomparisoneven if flawed by the unknavn behaior of interferenceavoidancein
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a multiple basesetting,suggestshat exploration of interferenceavoidanceasa meansto increasesystem
capacitywill meritfurtherinvestigation.Of particularinterestwill be someof theissuesaisedpreviously,
principal amongthem, whetherinterferenceavoidancecan be usedeffectively with dispersie channels.
Recentwork [41] whereaversionof multicarriermodulationis adoptedsuggestshe answelis yes.

6 Summary and Conclusion

Startingfrom a generalsignal spacefoundation,we have derived a classof interference avoidanceal-
gorithmswherebyindividual usersasynchronoushadijusttheir transmittedwaveformsand corresponding
matchedfilter receversto minimize interferencefrom othersourcesjncluding otherusers. This method
presupposethat transmittersand recevers are waveformagile as would be the caseassuminguniversal
radios[1-5] areinexpensve andubiquitous.

The interferenceavoidanceprocedure pasedon SIR asopposedo individual capacitymaximization,
minimizestotal squarecorrelation(TSC). We pursuedthe relation betweensum capacitymaximization
[10,25,26] andminimizationof TSCandfoundequivalence(seesection3.1)in awhite noiseervironment.
Specifically minimization of total squarecorrelationresultsin signaturesetswhich can also be usedto
achieze sumchannekapacity(throughGaussiarsignaling).

The minimization/maximizatioris often achieved througha satisfyinglyinformationtheoretic*water
filling” of thesignalspaceby theensemblef users.Notethatthis waterfilling is essentiallyan“emeigent”
propertyof the ensemblesinceindividual usersseeknot to maximizetheir capacity(via waterfilling), but
rather only seekto maximizetheir own SINR. Combinationsof fixed and agile users(or agile usersin
coloredbackgroundhoise,seesectiord.2) aswell asuserswith unequareceved powers(sectiord.3) were
analyzedasexamples.

Numericalexperimentswere conductedvhich corroboratedhe basicanalyticresults. Furtherexperi-
ments,aimedat determiningwhetherinterferenceavoidancemight be usedin practicalsystemswverealso
conducted.Theseincludedmeasurementsf corvergencespeedandcodevord setvolatility underthe ad-
dition or deletionof a singleuser In all caseghe resultswere encouraging.lt is alsoworth noting that
experimentally suboptimalsetswere never obtainedwhenstartingfrom randomlychosencodevords and
no modificationsof the basicinterferenceavoidanceprocedurgasin [28,29]) werenecessary

Simplecomparisons$o synchronou€DMA shaw thatfor a singlecell, the numberof usersserviceable
at reasonabl&IRsis muchgreaterandscalesapproximatelywith the requiredSIR. This is not surprising
sincealmostary schemewhich attemptso orthogonalizesignaturevaveformswill have muchgreaterca-
pacitythanasingle-bas€€ DMA system Moretelling is thecomparisorof systemgor multiple basesvhere
roughcalculationssuggessubstantialmprovementmay be hadusinginterferenceavoidancemethods al-
thoughtheseresultsmustbe interpretedn light of the factthatthe behaior of multiple baseinterference
avoidanceis asyet unknavn. Furthermoreasidefrom the assumptiorof waveform agility andthe neces-
sity of measuringnterferenceo calculatethe optimal signature the optimum/linear transmitandreceve
methodsarevery simple— matchedilter detection.

We closewith a (non-exchaustve) samplingof problemareashoththeoreticalaindpractical, which must
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beaddressed interferenceavoidanceis to becomea usefultool for wirelesssystemdesign.First, theissue
of thepropervenuefor interferencevoidancemustbeestablishedBy virtue of thenecessityor interference
measurementver a large numberof bit intervals for eachwaveform updateandthe asynchronicityof the

algorithmover multiple usersjt is not obviouswhetherinterferenceavoidancecanbeeffective in situations
wherethe wirelesschannelis changingsignificantly over, say 1000 or 10000, bit intenals, thoughthere
arehintsthatevenin suchcircumstancedA affords someimprovement[42]. Regardlessafixedwireless
environmentmight be mostappropriatdor applicationof interferenceavoidancemethods.

We notethatdespitethe assumptiorof perfectchannelsisedin this paperwirelesschannelsarenotori-
ously dispersie, andwhensignalenegy for eachbit is not containedwithin a singlereceved bit intenal,
the problemformulation changes.Nonethelessrecentresultsshav that interferenceavoidancemethods
seemto be robust and are applicableto dispersie systemsasynchronousystemsand multiple antenna
systemsaswell [41-50].

As noted,we have found the speedandstability with which codevord ensemblegonverge surprising.
Especiallyintriguing is the seeminglycertainconergenceto anoptimal setwhenstartingfrom arandomly
choserstartingsetandthe easewith which suboptimalfixed pointsareescapedhroughperturbationlt has
beenshavn thatfor MMSE interferenceavoidancethis propertyis a resultof stochasticcorvergenceand
that MMSE interferenceavoidancemust corverge with probability 1 to optimal fixed pointsin the cases
considered34]. In fact,a modificationof greedyinterferenceavoidancecalled“classwarfare” canbe used
to escapéhefinite numberof local minimaandresultsin provablecorvergenceto minimum TSC[28,29].
But frustratingly a generalproof for greedyinterferenceavoidancewhich reflectsthe uncannilyuniform
corvergenceseenn practicewithoutescapemethodgemainselusve.

Theissueof codavord representatiomndfidelity in a real software/unversalradioshasbeenconsid-
eredonly empirically at present[51,52]. Specifically insteadof uniform-amplitudecodevord “chips”,
interferenceavoidancepresumeseal-\alued“chips” or moregenerally real-\aluedcoeficientsfor a setof
orthonormalsignalbasisfunctionsusedby the transmitterandrecever. To be effective, thesevaluesmust
be communicatedo the transmitterandthe amountof informationwhich may be fed backto the transmit-
ter will determinequantizatiormethodsfor codavords. It is not currentlyknown how quantizatioraffects
the performanceof interferenceavoidance,althoughempirical investigationseemdo indicatethatin the
vecinity of 4 bits per chip usingGaussiamuantizatioris sufiicient.

Finally, it mustbeemphasizethatonly asinglerecever (or co-locatednultiplerecevers)wereassumed
for this study Limited experimentswith multiple recevers and power control shoved unstablebehaior
wheninterferenceavoidancewas directly appliedand someart was requiredto achia/e reasonabldixed
points. An understandingf the multiple recever problemis thereforeparamountn determiningthe utility
of interferenceavoidancen realsystems.

Neverthelesspwing to the simplicity of the conceptand the ever increasingsophisticationof radio
hardware, we expectthat interferenceavoidancewill afford an interestingnew perspectie which might
evenevolve into a practicalmethodfor wirelesssystemdesign.If so,we expectit to be especiallyusefulin
unlicensedandssuchasthe U-NII, whereuserscanmutuallyinterferewith officially sanctionedmpunity
[11].
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7 Figures

Figurel: Simplesuboptimakignalsetin two dimensionswith threeusers.
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Figure2: Simpleoptimalsignalsetin two dimensionswith threeusers.

Figure3: Vectorplot of 5 signalvectorsin 3-spaceaafter5 cyclesof interferenceavoidance.Signalvectors
arerepresentedshollow invertedpyramidsfor greaterclarity of the 3-dimensionatepresentation.
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Figure4: Vectorplot of 5 signalvectors(3 agileand? fixed)after5 cyclesof interferenceavoidance.Notice
the co-planarityof the threeagile signalvectorsin avoidanceof a strongfixed interferercomponentlong
theremainingdimension.
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Figure5: Vectorplot of 4 signalvectors,threewith power 1 andthe remainingwith power 4. Notice the
co-planarityof thethreepower 1 vectorsin avoidanceof the stronginterfererwith power 4.
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Square Difference Histogram for Codeword Addition
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Figure6: Histogramof normsquaredlifferencebetweennitial andconvergentwaveformsafteradditionof
asinglenew userto anoptimalsignalsetof 24 usersin 16 signaldimensionsThecentralintenal (0.2,3.7)
over whichtherewereno occurrencesvascompressedbr clarity.

Square Difference Histogram for Codeword Deletion
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Figure7: Histogramof normsquaredlifferencebetweerinitial andconvergentwaveformsafterdeletionof
asingleuserfrom anoptimal signalsetof 24 usersin 16 signaldimensions.The centralintenal (0.4, 3.5)
over whichtherewereno occurrencesvascompressedbr clarity.
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Square Difference Histogram

|Random Initial - WBE FinaI|2
500 ‘

375

250

Occurences

125

0
0 05 1 15 2 25 3 35 4

Square Difference

Figure8: Histogramof norm squaredifferencebetweeninitial andcorvergentwaveformsfor 24 usersin
16 signaldimensions.
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