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Abstract

Motivatedby theemergenceof programmableradios,we seekto understanda new classof communication

systemwherepairsof transmittersandreceivers canadapttheir modulation/demodulation methodin the

presenceof interferenceto achieve betterperformance.Usingsignalto interferenceratio asa metricanda

generalsignalspaceapproach,wepresentaclassof iterativedistributedalgorithmsfor synchronoussystems

which resultsin anensembleof optimalwaveformsfor multiple usersconnectedto a commonreceiver (or

co-locatedindependentreceivers). That is, thewaveform ensemblemeetstheWelchBoundwith equality

andthereforeachievesminimumaverageinterferenceover theensembleof signaturewaveforms.Wederive

fixed points for a numberof scenarios,provide examples,look briefly at ensemblestability underuser

additionanddeletionaswell asprovide a simplistic comparisonto synchronousCDMA. We closewith

suggestionsfor futurework.

�
Currentlywith AT&T.
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1 Intr oduction

Wirelesssystemdesignershave always had to contendwith interferencefrom both naturalsourcesand

other usersof the medium. Thus, the classicalwirelesscommunicationsdesigncycle hasconsistedof

measuringor predictingchannelimpairments,choosinga modulationmethod,signalpre-conditioningat

the transmitterand processingat the receiver to reliably reconstructthe transmittedinformation. These

methodshave evolved from simple (like FM and pre-emphasis)to relatively complex (like CDMA and

adaptive equalization).However, all shareacommonattribute– oncethemodulationmethodis chosen,it is

difficult to change.For example,anASK systemcannotbesimply modifiedto obtaina PSKsystemowing

to thecomplexities of thetransmissionandreceptionhardware.

Universalradios1 [1–5] changethis paradigmby providing thecommunicationsengineerwith a radio

which canbe programmedto producealmostarbitraryoutput waveformsand act as an almostarbitrary

receiver type. Thus, it is no longerunthinkableto instruct the transmittingandreceiving radiosto usea

moreeffective modulationin a given situation. Of course,practicalradiosof this sort areprobablymany

yearsaway. Nonetheless,if Moore’s law holdstrue,they arecertainlyon thenot-too-distanthorizon.

It is thereforeprobablethatwirelesssystemsof thenearfuturewill have elementswhich adaptdynam-

ically to changingpatternsof interferenceby adjustingmodulationandprocessingmethodsin much the

sameway thatpower control [6–10], is usedtoday, albeiton a possiblyslower time-scale.Furthermore,if

thereleaseof 300MHzof unlicensedspectrumin the5GHzrange[11] is any indication,onemight expect

thereto be an abundanceof mutually interferingindependentsystemsandno centralcontrol for efficient

coordination.This providesaddedimpetusto understandmutualinterferenceof systemsat somegeneral

level andimplicit coordinationin amulti-systemenvironment.

In this paperwe considerradioswhich canvary their outputwaveformsaswell astheir demodulation

method.Ourdevelopmentstartswith signalspaceto drivehomethepoint thatthesetechniquesareapplica-

ble to abroadvarietyof communicationsscenariosandnotonly theusual“chip-based”CDMA systemwith

a non-dispersive channelanda singleantenna.That is, if theproblemhasa signalspacedescription,then

interferenceavoidancecanbebroughtto bear.2

In this context we consideroptimal waveform selectionto maximizethe signal to interferenceratio

(SIR) for a power-constraineduserin the presenceof interference.Startingfrom the essentiallyclassical

approachof whitening[12] andshowing therelationto modernmethods(typifiedby [13]), wethenconsider

ensemblesof usersanddescribeaclassof distributedgreedyalgorithmwhichcanoptimizetheir shareduse

of the medium. That is, throughlocal self-interestedaction, a social optimum can usually be reached.

Moreover, thealgorithmswe will describearesimpleandamenableto adaptive implementation.

1Also oftencalledsoftwareradio.
2Section2 providesa self-containeddevelopmentof thebasicideasfor students,thosenew to thefield, andthosewho like to

rereadgoodstories. It alsoshows how interferenceavoidancestemsnaturally from mucholder work (whiteningfilters) though
undera new guise(linear receiversfor ultiuserdetection).The knowledgeablereadercansafelyskim Section2 with no lossof
continuity.
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2 Background

Considerthe classicalcontinuoustime digital communicationsmodel, in which during an interval
�
0 � T � ,

a signalb� pS� t � is transmittedwhereb �
	 1 equiprobably, p is the received power, andS� t � is the (unit

energy/power) signalwaveform. A receiver recoversr � t ��� b� pS� t �� Z � t � , whereZ � t � is an independent

interferencestochasticwaveform that may be composedof both thermalnoiseand interferingsignalsof

other transmitters.For a singlebit, the fundamentalproblemis to build a receiver which guessesb with

minimum probability of error. Alternatively, whenb is onebit in a streamof codedbits, we would like

to producea soft estimateof b with high signal to interferenceratio (SIR). When Z � t � is composedof

known waveformsin additionto independentGaussiannoise,thatis Z � t ��� ∑i bi � piSi � t ��� N � t � , multiuser

receivershave beendesignedfor a varietyof objectives,e.g.minimumprobabilityof error, maximumSIR,

or zerointerferencefrom otherusers[13]. Thesemultiusersystemssharethepropertythatthereceiverdoes

asbestit cangiventhesetof transmittersignalsSi � t � .
Fromtheperspective of thereceiver for S� t � , theinterferenceZ � t � is simplyastochasticprocess,which

we assumezeromeanwith no lossof generality. Ideally, we would like to obtaina setof uncorrelated

(andpreferablyindependent)sufficient statisticsandthenoptimally combinetheseeitherto detectthe bit

b or to derive an estimateof b. WhenZ � t � is Gaussian,theseprojectionswould indeedbe independent

Gaussianrandomvariablesand the optimal detectionproblemwould be easily solved. A completeand

rigorousdevelopmentof theideascanbefoundin [12]. Hereweprovide abrief recapitulation.

In general,givenastochasticprocess,Z � t � weseekanorthonormalrepresentation

Z � t ��� lim
N � ∞

N

∑
i � 1

aiΦi � t � (1)

with ai ��� T
0 Z � t � Φi � t � dt. Notethatin Equation(1), theconvergencerequirementis not theusualpointwise

limit, but the limit in themeancriterion. Theinterestedreaderis referredto [12,14] for furtherdetails.For

ourpurposes,weassumethatsuchanexpansionfor Z � t � existsandconverges.Now weseekaspecialsetof

orthonormalΦi whichproduceuncorrelatedprojections.

E ��� Φi � t ��� Z � t ����� Φ j � t ��� Z � t ������� E  "! T

0
! T

0
Φi � τ � Z � τ � Φ j � t � Z � t � dt dτ #$� λ jδi j (2)

PropagatingtheexpectationanddefiningRZ � t � τ �%� E
�
Z � t � Z � τ �"� , we obtaintheintegral equation! T

0
Φ j � t �'& ! T

0
RZ � t � τ � Φi � τ � dτ ( dt � λ jδi j (3)

Thesolutionto this integral equationrequires

λiΦi � t �%�)! T

0
RZ � t � τ � Φi � τ � dτ (4)

For theinterestedreader, thepropertiesof Equation(4) arediscussedatsomelengthin [12].
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Sinceintegral equationsare in generaldifficult to solve, it is useful to derive an equivalent discrete

representationof Equation(4). This will allow us to usesimple methodsfrom linear algebra. Now let

us assumethat Z � t � , and thereforethe function set * Φi � t �,+ , canbe well-approximatedby a finite setof

orthonormalbasisfunctions * Ψn � t �,+ on theinterval
�
0 � T � . That is, we assumethat theprocessZ � t � hasno

significantenergy outsidesomefinite signalspace.As anexample,aprocess“almost” limited to bandwidth	 W hasabasisfunctionsetwith about2WT orthonormalfunctions[12,15,16]. Likewise,for asynchronous

CDMA systemwith N chipsper bit, the appropriateorthonormalsetconsistsof the N time-shiftedchip

pulses. One could also usea space-timeorthogonalizationfor reception/transmissionantennadiversity

and/ora frequency-time orthogonalizationfor a frequency-hoppedsystem.

Regardlessof thespecifics,oncewe assumea convenientfinite basisfunctionsetover the interval, the

Φi � t � canthenberepresentedby thefinite sum

Φi � t �%� N

∑
n� 1

φinΨn � t � (5)

Combiningequations(4) and(5) yields

λi

N

∑
n� 1

φinΨn � t �%� ! T

0
RZ � t � τ � N

∑
n� 1

φinΨn � τ � dτ (6)

Furtherprojectingtheright andleft handsidesontoΨk � t � yields

λiφik � N

∑
n� 1

φin ! T

0
! T

0
RZ � t � τ � Ψk � t � Ψn � τ � dt dτ- .�/ 0

rkn

� N

∑
n� 1

rknφin (7)

Wemayalsorewrite thernk directly in termsof theprojectionsZn � � T
0 Z � t � Φn � t � dt as

rnk � E
� ! T

0
! T

0
Z � t � Z � τ � Ψk � t � Ψn � τ � dtdτ �� E

�
ZkZn � (8)

Thus,equation(7) is a reductionof the continuoustime integral equation(4) to a standardmatrix eigen-

value/eigenvectorequationof theform

E 1 ZZ 243 φi � Rφi � λiφi (9)

whereφi � �
φi1 5�5�5 φiN � 2 andZ � �

Z1 5�5�5 ZN � 2 . Eacheigenvectorcorrespondsto an eigenfunctionof equa-

tion (4) andit is easilyverifiedthateacheigenvalueis theamountof interferencesignalenergy carriedby

thateigenfunction.It is alsoeasyto verify thatsinceRZ � t � τ � is anautocorrelationfunction,R is symmetric

andpositive semi-definite.This implies that R hasnon-negative eigenvaluesandan associatedfull setof

orthonormaleigenvectorswhichspanℜN [17].

Thereceiver observesthesignal

r � t �%� bS� t ��� Z � t � (10)
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asinputon theinterval
�
0 � T � . ProjectingthereceivedsignalontotheinterferenceeigenfunctionsΦ1 � t � , 6�6�6 ,

Φn � t � , we obtainthevectoroutput

r̄ � bs̄ � z̄ (11)

wheres̄ andz̄ have nth components̄sn �7� S� t ��� Φn � t ��� , z̄n �8� Z � t ��� Φn � t ��� andthe z̄n aremutuallyuncorre-

lated.

If the Φn � t � do not spanthesignalspace,thenerror-free receptionis possibleby first augmentingthe

basissetto spanthesignalspace(via Gram-Schmidt[18] for example)andthennoting that therewill be

no interferenceenergy projectedontotheseaugmentedbasisfunctionswhich carrynon-zerosignalenergy.

Thus,with no lossof generalityweassumethatthebasisfunctionsΦn � t � alsospanthesignalspacefor S� t � ,
andbs̄ containsall availableinformationaboutbS� t � .

At this point it is instructive to considerthe detectionof b whenZ � t � is a Gaussianinterferencepro-

cess.Becausewe chosethe interferenceeigenfunctions* Φ1 � t ����6�6�6,� ΦN � t �,+ to yield uncorrelatedinterfer-

encecomponents̄zn, it is straightforward to show that the likelihoodratio test for optimal detectionof b

becomes[12,14]

N

∑
n� 1

s̄nr̄n

λn

say19:
say0

0 (12)

wherethe * r̄n + aretheprojectionsof r � t � ontothedecorrelatingbasisfunctionsΦn � t � . Thisdetectionmethod

is calledawhiteningfilter sinceit canbewritten as

N

∑
n� 1

r̄n� λn

s̄n� λn

say19:
say0

0 (13)

which is aninitial rescalingof theinput to make interferencecomponents( * z̄n + ), alreadyuncorrelated,have

equalenergy ( * z̄n ; � λn + ) – justaswouldbethecasefor awhitenoiseprocesswithoutrescaling.A matched

filter on therescaledsignalvectorcomponents̄sn ; � λn is thenperformedto completethedetectionprocess.

It is worthwhileto notethatin aCDMA systemwhereZ � t � consistsof theotherusers’known signature

waveformsandadditive white Gaussiannoise,thevectorc̄ with components̄cn � s̄n ; λn is a scaledversion

of thewell known minimummeansquarederror(MMSE) linearfilter [19] andthedecisionrule (12) is the

MMSE multiuserdetector. Weseethatthefilter output(anddecisionstatistic)

X � c̄2 r̄ � ∑
n

c̄nr̄n �=< N

∑
n� 1

s̄2
n

λn > b � N

∑
n� 1

s̄nz̄n

λn
(14)

containsbothsignalandinterferencetermsandthattheoutputSIR is

SIRX � E  @? b∑N
n� 1

s̄2
n

λn A 2 #
E  ? ∑N

n� 1
s̄nz̄n
λn A 2 # � ? ∑N

n� 1
s̄2
n

λn A 2

∑N
n� 1 ∑N

m� 1
s̄ns̄mE B z̄nz̄mC

λnλm

� N

∑
n� 1

s̄2
n

λn
(15)
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It is well known thatamongall linearfilters c̄, theMMSE filter maximizestheoutputSIR [19]. However,

equation(15)demonstratesthatit remainspossibleto obtainahigheroutputSIRby alteringthecomponents

s̄n of the desiredsignal S� t � . That is, when S� t � is subjectto the unit energy constraint∑n s̄2
n � 1, we

canmaximizeSIRX by choosings̄n � 1 for any λn � λ DE� mink λk. In this case,we have S� t ��� Φn � t � .
Equivalently, we coulddistribute thesignalenergy in somearbitraryway over all suchΦn � t � . Regardless,

this resulthasasimpleintuitively pleasingphysicalinterpretation:

To obtainmaximumSIR,placeall thesignalenergy where there is leastinterference

We call this procedureinterferenceavoidanceandfor a singleuserwith a given interferenceprocess,the

methodis straightforward. We now examinethe implicationsof this simpleKarhunen-Loeve inspiredrule

for an ensembleof users. We will find that the greedyobjective in which a useradaptsits signatureto

improve its SIRhasdesirableconsequencesfor multiusersystems.

3 Interfer enceAvoidancefor Multiple Users

Wenow consideramultiusersystemin which thereceivedsignalr � t � explicitly includesM usersandwhite

Gaussiannoise. Given the existenceof a finite setof N orthonormalbasisfunctionsΨi � t � for the signal

space,we canexpressthereceivedsignalasthevector

r � M

∑
i � 1

� pibisi � n (16)

wheren is theprojectionof theadditive whiteGaussiannoiseontothebasis.Theclassicalcommunications

scenariopresumesthateachusersignatureSi � t � is fixed. Assuminguniversalradioreceiversandtransmit-

ters,wenow allow theuseof tailoredsignaturewaveformsSi � t � . Without lossof generality, weassumeeach

Si � t � hasunit energy. Therelationshipbetweensignatureselectionandmultiusersystemcapacityhasbeen

studiedin severalpapers[10,20,21]. In [20], it is shown that for a setof users’ratesR1 ��6�6�6F� RM belonging

to theinformationtheoreticachievablerateregion G , thesumcapacityis

Cs � maxH
R1 I J J JKIRM LNMPO M

∑
i � 1

Ri � 1
2

log QQQ IN � σ R 1SPS2SQQQ (17)

In equation(17),IN is theN T N identitymatrix,P is thediagonalmatrixof user’spowerspk, S � �
s1 � 5�5�5 � sM �

is theN T M matrix with columnssi andσ is the level of white backgroundnoise. Note that thesesk are

theprojectionsof theSi � t � ontothearbitraryspanningorthogonalbasis* Ψk � t �,+ sothatthesi maybecalled

generalizedcodeword vectorsandrepresentarbitrarysignalsinsideanarbitrary(but finite) signalspace.

3.1 Maximizing Symmetric/SumCapacity

Whenthepowersof theusersarethesame,pk � p for all k, (17) reducesto

Cs � 1
2

log QQQ IN � p
σ

SS2 QQQ � 1
2

log QQQ IM � p
σ

S2 S QQQ (18)
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wherethe last equality follows from the fact that for any two matricesAK U M and BM U K, V IK � AB VW�V IM � BA V . It wasshown in [21] thatthesumcapacityfor equalreceivedpowersismaximizedif thesignature

sequencesarechosensuchthatif M X N,

S2 S � IM (19)

andif M Y N,

SS2Z�[� M ; N � IN (20)

In [10], theusercapacityof aCDMA systemis definedin termsof themaximumnumberof admissible

users.GiventhesignalspacedimensionalityN andacommonSIRtargetβ, M usersaresaidto beadmissible

if thereexist positive powers pi andsignaturesequencessi suchthateachuserhasanSIR at leastaslarge

asβ. The usercapacitywasfound for two kinds of linear receiver structuresin [10]: matchedfilters and

MMSE filters [19,22]. It wasshown in [10] thattheusercapacitywith MMSE receiversis maximizedif the

receivedpowersof theusersareidenticalandif thesignaturesequencesetsatisfies(19) whenM X N and

(20) whenM Y N. WhenM X N and(19) is satisfiedor whenM Y N and(20) is satisfied,theMMSE and

matchedfiltersarethesame.Thus,reference[10] concludesthattheusercapacityof asystemwith matched

filter receiversis thesameasthatusingMMSE filters.

In [21], theunit energy sequencesetssatisfying(20)arecalledWelchBoundEquality(WBE) sequence

sets.Welch[23] derivedthefollowing lower boundon thesumof thesquaredcrosscorrelations,which we

will call total squaredcorrelation(TSC).

TSC � Trace
� � SS2%� 2 �� M

∑
i � 1

M

∑
j � 1

� s2i sj � 2 Y M2 ; N (21)

For a simplederivation of thebound(21), see[24,25]. Note that sequencesetssatisfying(20) satisfythe

bound(21) with equality. We observe that the setof sequencessatisfyingeitherequation(19) for M X N

or equation(20) for M Y N hasthepropertythatthesequencesethasminimumTSC.Thatis, to maximize

bothsumcapacityandusercapacity, we shouldchoosesequencesetswith minimumTSC.

TherelationshipbetweensumcapacityandTSCcanbemademoreformal. We startby incorporating

thefixedsignalpower pk into thesignalvectorenergy V sk V 2 for notationalclarity. Thatis, insteadof requiringV sk V 2 � 1 we set V sk V 2 � pk. Wenotethatthesumcapacityis then

Cs � 1
2

log QQQQ 1σ ? σIN � SS2 A QQQQ (22)

Thenwedefinetheeigenvaluesof σIN � SS2 asλi, i � 1 � 5�5�5 N andrewrite sumcapacityas

Cs �]\ N
2

logσ � 1
2

N

∑
i � 1

logλi (23)

essentiallyaswasdonein both[21] and[26]. Now considerTSC.Wefirst notethatif * λi + aretheeigenval-
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uesof σ2IN � SS2 then

Trace
� � σIN � SS2�� 2 �^� N

∑
i � 1

λ2
i (24)

sincetheeigenvaluesof � σ2IN � SS2 � 2 mustbe * λ2
i + [17].

For brevity’s sake, we follow [10,26] andnote that the function describedin equation(23) is Schur

concave while that of equation(24) is Schurconvex [27]. Sinceany constraintson the eigenvaluesmust

beidentical,andin factform a convex set[26,28,29], we canconcludethatany set * λi + which maximizes

equation(23) mustalsominimizeequation(24) andviceversa.3 Therefore,minimizationof TSCis com-

pletely equivalent to maximizationof Cs. Of courseit mustbeemphasizedthatthis resultdoesNOT imply

equivalencebetweenTSC and sum or symmetriccapacity– but only that minimization of TSC implies

maximizationof sumcapacity.

This resultis usefulsincewe will find thatTSCminimizationis simpleandlendsitself to a distributed

implementationsuitablefor usein asystemof many users.

3.2 Iterati veMethods of TSC Reduction

Therearea numberof methodswhich might be usedto determinecodeword setswhich minimize TSC

[10,21,26]. Herewe explore simpleiterative methodswhich canbe appliedby eachtransmitter/receiver

pair asynchronouslyandindependently.

For asingleuserk, weobserve thatSS2 � Rk � sks2k whereRk � ∑i _� k sis2i , thecorrelationmatrixof the

interferencefacedby userk, is analogousto thematrix R introducedin Section2. For futureuse,we note

thatTrace
�
SS2 �`� M. Whenuserk replacesits signaturevectorsk with a vectorx, theresultingdifference

in TSCis

∆ � Trace
� � Rk � sks2k � 2 �a\ Trace

� � Rk � xx 2b� 2 � (25)

After somelinearalgebraicmanipulationswefind that∆ Y 0 iff

2s2k Rksk �cV sk V 2 Y 2x 2 Rkx �dV x V 2 (26)

which reducesto

s2k Rksk Y x 2 Rkx (27)

if V x V��eV sk V aswe will hereafterassume.Whenthe interferencefacedby userk includesadditive white

Gaussiannoisewith power spectraldensityσ2, we mayreplaceRk by Zk � Rk � σ2I if desired.As previ-

ously, we notethatminimizing Trace
� � SS2 � 2 � is equivalentto minimizing Trace

� � SS2 � σ2I � 2 � becausethe

traceof SS2 is fixedat E � ∑M
k� 1 V sk V 2, the total energy in thesignalconstellation.Thus,in termsof TSC

minimization,operationsonRk or Zk areequivalent.

Note thatequation(27) definesa classof replacementalgorithmswherebya givenusercanreduce(or

at leastnot increase)thetotal squaredcorrelationassumingotherusers’codewordsremainfixedduringthe

3For thoseunfamiliarwith majorizationandSchurconvexity, analternatedevelopmentbasedonLagrangemethodsis provided
in [28,29].
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replacement.Suchan algorithmmay be usedby eachusersequentiallyuntil all usershave updatedtheir

codewords. At thatpoint thecycle maybegin anew. Cycles(iterations)would thenberepeateduntil there

wereno furtherchangein theTSCby individual codeword updates.Considerationof this processbegsat

leasttwo questions.First,whatis anexampleof suchanalgorithm?Second,do suchalgorithmseventually

minimizeTSC?

In answerto the first questionwe presenttwo algorithms. The mostobvious methodwe will call the

eigen-algorithm– let x � φ Dk whereφ Dk is a minimum eigenvalue eigenvectorof Rk. From equation(15),

we seethatonestepof theeigen-algorithmmaximizestheSIR of userk by allowing nonzerosignalenergy

only alongthosebasisfunctionswith absoluteminimumλn. Fromequation(27) we seethatsucha choice

guarantees∆ Y 0 (andtherebynoincreasein theTSC)sinceboththerightandleft handsidesof thecondition

areunder-boundedby � φ Dk � 2 Rkφ Dk.

We call thelessobviousalgorithmtheMMSEalgorithmsincewe replacesk by theunit energy MMSE

receiverfilter ck �8f s2k �Zk � R 2sk g R 1h 2 �
Zk � R 1sk. Wenotethatin thepresenceof additivewhiteGaussiannoise,

Zk is alwaysinvertible. Thefilter ck is equivalentto forming c̄n � Λ R 1s̄ in thedecorrelatedspaceandthen

renormalizingwhereΛ is the eigenvaluematrix of Zk. It is known that codewordsmight be adaptedfor

singleusersto obtainbettermeansquareerror(MSE)performance[30,31]. Thefollowing theorem,proven

in [9,30,32], shows thattheMMSE algorithmis indeedaninterferenceavoidancealgorithm.

Theorem 1 Replacingsk with ck yields∆ Y 0, with equalityiff ck � sk.

Historically, the MMSE algorithmfor codeword ensembleoptimizationis the first proposedinterference

avoidancealgorithm[9,32,33].

Thequestionof convergenceis addressednext wherewe find that theeigen-algorithmandtheMMSE

algorithmshareanumberof commonproperties:i Both algorithmsdecreasetheTSCmonotonically. SinceTSCis boundedbelow by theWelchbound,

they mustconverge in TSC. For the MMSE algorithm, Theorem1 implies that if TSC converges,

thenthe signaturesmustconverge [32]. For the eigen-algorithm,formal “convergencein class”of

codewordensemblesis shown in [29]. At fixedpointsof bothalgorithms,eachsk is aneigenvectorof

Zk.i For neitheralgorithmis theresultingcodewordsetunique.For example,any rotationof thecodeword

setwill have thesamecross-correlationproperties.i WhenM X N, the signaturesconverge to an orthonormalset. For the MMSE algorithm, this may

take several cycles. For theeigen-algorithm,this occursafter onecycle sinceeachuserchoosesan

eigenvectororthogonalto thepreviously chosensignatures.i WhenM Y N, the algorithmsmay converge to a WBE signaturesetS satisfyingSS2 �j� M ; N � IN.

Alternatively, bothalgorithmscouldtheoreticallyconvergeto a localminimumfor TSC.In [9,32,33]

mild conditionsarederivedunderwhichtheMMSE algorithmconverges.In [34] MMSE interference

avoidanceis shown to always converge stochasticallyto the optimum signatureset. Empirically,
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the eigen-algorithmhasalwaysconverged to minimum TSC in experimentsstartingfrom random

codeword vectors. In addition, a modificationto the procedurecalled “class warfare” guarantees

convergenceto aglobaloptimum[28,29]. Furtherdetail for eigen-algorithmfixedpointsis provided

in section4.

Theintuition behindall interferenceavoidancealgorithmswhichobey equation(27) is embodiedby the

simplerequirementx 2 Rkx X s2k Rksk – thereplacementvectorx attemptsto reducetheinterferencefrom the

ensembleof otheruservectorsandnoise.Fromthestandpointof implementation,in theMMSE algorithm,

userk mustidentify � Rk � σ2I � R 1sk. In theeigen-algorithm,userk seeksaminimumeigenvalueeigenvector

φ Dk of Rk.

Thesepoints,takentogethersuggestthattheclassof algorithmsgovernedby equation(27)couldbeim-

plementedby blind techniquesat thereceiver alongwith a feedbackchannelto thetransmitter. Specifically,

in the MMSE algorithm,the receiver for userk could be a blind adaptive MMSE filter [35] basedon the

observableZk � Rk � σ2I . Likewise,for theeigen-algorithm,∆ of equation(27) is maximizedwhenx 2 Rkx,

thesuminterferenceexperiencedby userk with new codeword x, is minimized– equivalentto minimizing

x 2 Zkx. Thevectorx canalsobefoundusingblind techniques.Thus,interferenceavoidancealgorithmsare

basedonameasurablequantity– theinterference/noisesignalcorrelationZk.

In theMMSE algorithm,acodeword replacementby userk requiresfirst thatthereceiverfilter for userk

converges.Further, theMMSE filter coefficientsck mustbecommunicatedto thetransmittervia a feedback

channel.Consequently, ateachiterativestep,thespeedof thealgorithmis limited since(1) theconvergence

to the MMSE filter may requireseveral hundredbits and(2) several hundredbits may be neededfor the

feedbacktransmissionof thenew signature.Thesesameconclusionswill alsohold for theeigen-algorithm.

Therefore,thesesignatureadaptationalgorithmsoperateon a slower time scalethan the algorithmsfor

multiuserinterferencesuppression.Thus,if thechannelis not stablefor asufficientnumberof bit intervals,

it is not clearhow muchadvantageinterferenceavoidancewill confer. However, for channelswhich are

stableover a sufficient numberof bit intervals, signatureadaptationmay offer potentially large capacity

increases.

4 Fixed Point Propertiesfor GreedyInterfer enceAvoidanceAlgorithms

Unfortunately, for M 9 N there is no guaranteethat interferenceavoidancealways leadsto an optimal

fixedpoint. For example,∆ from equation(27) canbezeroover a full cycle of an interferenceavoidance

algorithmeventhoughtheminimumeigenvaluesλ Dk might not all beequalasrequiredfor SS2 �k� M ; N � I .
An illustrationof sucha suboptimalsignalsetis provided in FIGURE1 andthecorrespondingoptimalset

in FIGURE2.

Wenow examinethenatureof suchsuboptimalfixedpointsin moredetail.4 Theconvergenceproperties

of theMMSE algorithmaredescribedin [9,32–34]. In thispaper, our focuswill beon theeigen-algorithm,

4For simplicity, weassumenouniformbackgroundnoise,notingthattheminimizationof TSCis thesamewhetherweconsider
Rk or Zk.
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or moregenerally, onany greedyalgorithmwhichalwayschoosescodewordreplacementswhichincreaseits

SIRwhenatall possible.Or equivalently, for all interferenceavoidancealgorithmswhoseonly fixedpoints

arethosesuchthattheequilibriumcodewordsfor agileusersareminimumeigenvalueeigenvectorsof their

respectiveRk. Thisconditionleadseasilyto simplestructuralconditionsongloballyoptimalalgorithmfixed

points.

4.1 Fixed Points for Equal-Power Agile Users

Westartwith aLemma:

Lemma 1 If * sk + is a fixedpoint of a greedyinterferenceavoidancealgorithmwith minimumeigenvalue

ensemble* λ Dk + , the eigenvaluesetof each Rk containsλ Dk and * λ D j � 1 + where λ D j l� λ Dk. Furthermore, all

correspondingsj are alsoeigenvectors of Rk.

Proof: Lemma 1 Sinceλ D j is aneigenvalueof R j , R jsj � λ D j sj . ObservingthatR j � Rk � sks2k \ sjs2 j , we

have Rksj � sks2k sj \ sjs2 j sj � λ D j sj . Both sk andsj areeigenvectorsof SS2 , but sincewe assumeλ D j l� λ Dk,

they mustbeorthogonal.This impliesRksj �[� λ D j � 1� sj , thusproving thetheorem. i
We thenuseLemma1 to show that interferenceavoidancemustproducecodeword ensembleswhich

spanthesignalspaceaswell asprovide boundson thedifferencesin performancebetweencodeword SIRs.

Theorem 2 Let * sk + be a fixedpoint with SS2 havingeigenvalues *�� λ Dk � 1�,+ . Thedistinct eigenvalues,

λ1 ��6�6�6 λp satisfy QQ λi \ λ j QQ X 1 for i � j � 1 ��6�6�6,� p. Furthermore, thesignalvectorsassociatedwith eachdistinct

eigenvalueλi form mutuallyorthonormalsubspaceswhich collectivelyspanℜN.

Proof: Theorem 2 Eachsk is aneigenvectorof SS2 . Assumetheeigenvalueof SS2 associatedwith sk is

λi . In this case,theminimumeigenvalueof Rk mustbeλ Dk � λi \ 1. Suppose,without lossof generality,

thatλi
9 λ j � 1 for somej. Thiswould imply λ j

:
λi \ 1 � λ Dk, which is acontradictionsinceby Lemma1,

λ Dk is the minimum eigenvalueof Rk. For the secondpart, we notethat sinceSS2 is symmetric,distinct

eigenvaluescorrespondto orthogonaleigenvectors. Sinceeachof the sk is also an eigenvector of SS2 ,

thenthevectorssk associatedwith giveneigenvaluesform mutuallyorthogonalsubspacesof ℜN. If these

subspacesdid not collectively spanℜN, thenSS2 would have aneigenvectorφ with zeroeigenvalue. This

would imply that any signaturesk with λ Dk 9 0 could be replacedby φ to reduceTSC, which would be a

contradiction. i
As anasidewhich bringsclosurewith theresultsof [10,21] we provide thefollowing simplecorollary

to Theorem2.

Corollary 1 LetM Y N. If theset * sk + comprisesa fixedpointwith SS2 havingeigenvalues � λ Dk � 1��� λ D ,
k � 1 � 2 � 5�5�5 � N, thenλ D � M

N andSS2 � M
N IN.

That is, sinceany positive semi-definitematrix suchasSS2 is alwaysdiagonalizable– asopposedto hav-

ing a Jordanform [17] – we musthave SS2 � Q � λ D I � Q 2 � λ D QQ R 1 � λ D I . Sinceasnotedpreviously,

Trace
�
SS2 �^� M, we musthave λ D'� M ; N.
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In summary, therearetheoptimalfixedpointswith λ Dk � M ; N \ 1 for k � 1 ��6�6�6F� M, andthesuboptimal

fixedpointswith vectors* sk + in mutuallyorthogonalsubspacescorrespondingto eachdifferentλ Dk – which

cannotdiffer from eachotherby morethan1. If all theλ Dk areidentical,thentheensemblecorrelationSS2
is anidentitymatrix. Thatis, theensembleis essentiallywhitened.

Our worry, of course,is that thealgorithmwill converge to a suboptimalpoint. Fortunately, in all our

experiencewith numericalstudiessuboptimalminimahaveneverbeenobtainedwhenthestartingensemble

is chosenrandomly. Only whentheinitial setis not full rankor whenthecomponentvectorscanbeparti-

tionedinto mutuallyorthogonalsubspacesdoesthealgorithmnot alwaysconvergeto anoptimalcodeword

ensemble.

4.2 Fixed Points for Mixtur esof Fixed and Agile Users

It is likely thatuserswith bothfixedandagilewaveformradiosmayneedto occupy thesamesignalspace.

We now considerthis scenarioandfind the intuitively pleasingresult that usingthe eigen-algorithm,the

agileusersperforma sortof aggregatewaterfilling over theportionof thesignalspacewith leastfixeduser

energy to achieve an optimumSIR. Put anotherway, the fixed usersappearascolorednoiseto the agile

userswhich causesan appropriateShannon-esquedistribution of agile usersignalenergy over the signal

space.It is readilyunderstoodthat this featureis of benefit,on average, to thefixedusersaswell sinceit

impliesthattheagileusersavoid thefixeduserswherepossible.Wealsonotethattheimpliedminimization

of ensembleTSC(includingthefixedusersignatures)is equivalentto maximizationof informationtheoretic

sumcapacity[28,29,36].

Formally, welet theset * ak V 1 X k X L + bethesetof signalvectorsassociatedwith waveform-agileusers.

Let * f i V 1 X i X M \ L + be the signalvectorsassociatedwith fixed-waveform users. Greedyinterference

avoidancewill only beappliedto the * ak + . Wedefine

SS2 � L

∑
k � 1

aka2k � M R L

∑
i � 1

f i f 2i � AA 2 � FF 2 (28)

Wealsodefinethemutuallyorthogonaleigenvectorsof FF 2 asφi with associatedeigenvaluesσi Y 0.

First considerthecasewheretherearefewer agileusersL thandimensionsN. Theagileuserscannot

spantheentiresignalspace.Thus,we mustaskin whatportionof thesignalspaceshouldtheagileusers

resideto achieve minimuminterference.Theanswer, thoughintuitively obvious,is statedasa theoremand

proven.

Theorem 3 If there are L
:

N agile users, thentheinterferenceexperiencedby at leastoneagile usercan

bereduced(whilenot increasingtheinterferenceseenbyotheragile users) unlesstheset * ak + is contained

in thespacespannedby theL eigenvectors of FF 2 with thesmallesteigenvalues.

NotethatTheorem3 canalsoberestatedin termsof TSCsincereductionof interferencefor oneuserwhile

not increasingthatseenby otherusersclearlyreducesTSC.
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Proof: Theorem 3 At equilibriumwehave� AA 2m� FF 2�� ak �[� λ Dk �dV ak V 2 � ak (29)

for aninterferenceavoidancealgorithm. We notethat thedimensionof thespacein which the * ak + reside

is Q X L
:

N, andthat we canlinearly combinethe ak to derive Q mutually orthonormaleigenvectorsof

SS2 . However, SS2 hasa full setof eigenvectorsso thereexists an additionalsetof N \ Q eigenvectors

eachof which is orthogonalto the * ak + . If xi , i � 1 � 5�5�5 � N \ Q is onesucheigenvector, thenit mustalsobe

aneigenvectorof FF 2 since

AA 2 xi � FF 2 xi � FF 2 xi � ηixi (30)

With nolossof generality, let usassumethatthefirst N \ Q eigenvectorsof FF 2 , areexactly thesexi and

that thecorrespondingeigenvaluesσi areexactly theηi . 5 Sincetheeigenvectorsφi collectively spanℜN

andtheeigenvectorsφi i � 1 � 5�5�5 � N \ Q comprisetheorthogonalcomplementof the * ak + , we canexpand

the * ak + in φ j , j � N \ Q � 1 � 5�5�5 � N as

ak � Q

∑
i � 1

αi � k � φN R Q n i (31)

with αi � k �%� a2k φN R Qn i.

Theinterferenceexperiencedby userk is λ Dk whichwe canwrite as� λ Dk �dV ak V 2 ��V ak V 2 � a2k � AA 2 � FF 2 � ak (32)

Usingequation(31)we obtainaftersomesimplification� λ Dk �cV ak V 2 ��V ak V 2 � L

∑o � 1 p Q

∑
i � 1

αi � k � αi �rqs�ut 2 � Q

∑
i � 1

α2
i � k � σN R Q n i (33)

Now supposethatfor someqv� 1 � 5�5�5 � N \ Q andm � N \ Q � 1 � 5�5�5 � N we have σm
9 σ o . For theαi � k �

fixed,if weswapφ o with φm, theonly termin equation(33)whichcanchangeis thesecondsumontheright

handside.Sincethissubstitutioncannotincreaseany of theσN R Qn i wewill not increaseany λ Dk. In fact,we

will reduceλ Dk for at leastonevalueof k sincetheremustexist somek for whichαm � k � l� 0 by thecondition

thatthespacespannedby the * φi + , i � N \ Q � 1 � 5�5�5 � N andthespacespannedby the * ak + arecoincident.

Therefore,unlessσm X σ o for qw� 1 � 5�5�5 � N \ Q andm � N \ Q � 1 � 5�5�5 � N, theinterferenceexperienced

by at leastoneof theagileuserscanbereducedby thesubstitutionof basisvectorsdescribedabovewithout

increasingtheinterferenceseenby theotheragileusers.Therefore,toachieveminimummutualinterference,

the * ak + must residein the spacespannedby the Q X L eigenvectorsof FF 2 with smallesteigenvalues.

Sincethis spaceis containedin thespacespannedby theL eigenvectorsof FF 2 with smallesteigenvalues,

thetheoremis proved. i
5We thennotethatφ j might notbeaneigenvectorof SSx for j y N z Q { 1 |�}~}~}�| N.



Rose,UlukusandYates:InterferenceAvoidancein WirelessSystems 13

We can thereforeassumewith no loss of generalitythat L Y N – sinceif not, we simply recastthe

problemin a spaceof dimensionN ��� L following Theorem3. We now provide a boundfor theminimum

TSC:

Theorem 4 WhenSS2 � AA 2 � FF 2 with F fixed,

Trace
� � SS2 � 2 ��Y)� N \ hD � < M \ ∑h�

i � 1σi

N \ hD > 2 � h�
∑
i � 1

σ2
i (34)

wherethe * σi + aretheeigenvaluesofFF 2 orderedfromlargesttosmallest,andhD�� argminh � M \ ∑h
i � 1 σi � ; � N \

h� . This boundis metwith equalitywhenthe eigenvaluesof SS2 are * σ1 ��6�6�6F� σh� � cD ��6�6�6F� cD + where cD �� M \ ∑h�
i � 1 σi � ; � N \ hD�� hasmultiplicity N \ hD .

Proof: Theorem 4 First we write SS2 in termsof the eigenvectorsof FF 2 with ak � ∑N
i � 1 αi � k � φi and

fm � ∑N
i � 1 γi � m� φi . Usingequation(28)wehave

SS2 � N

∑
i I j � 1

< L

∑
k� 1

αi � k � α j � k ��� M R L

∑o � 1

γi �rqs� γ j �rqs� > φiφ 2 j (35)

Rememberingthatφ 2i φ j � Trace
�
φiφ 2 j �^� δi j , we form � SS2 � 2 andthentake thetraceto obtain,

Trace
� � SS2 � 2 �^� N

∑
i I j � 1

< L

∑
k� 1

αi � k � α j � k �^� M R L

∑o � 1

γi �rqs� γ j �rqs� > 2

(36)

We definetheagileenergy containedin φ j asµj � ∑L
k � 1 α2

j � k � andnotethat∑N
j � 1µj � L thetotal agile

signalenergy. Thecorrespondingenergy in thefixedsignalsis σ j � ∑M R Lo � 1 γ2
j �rqs� by thedefinitionof theφi .

Wecanthenrewrite equation(36)as

Trace
� � SS2%� 2 �^� N

∑
i �� j

i I j � 1

< L

∑
k � 1

αi � k � α j � k �^� M R L

∑o � 1

γi �rq@� γ j �rq@� > 2 � N

∑
j � 1

� µj � σ j � 2 (37)

Thetermsin theleft handsumarenon-negative, thusTrace
� � SS2 � 2 ��Y ∑N

j � 1 � µj � σ j � 2, which is convex in

theµj . Sincewerequireµj Y 0 and∑N
j � 1µj � L, applicationof standardconstrainedoptimizationtechniques

[37–39] providesa classicalwaterfilling result. Definingthe“waterlevel” ascD �k� M \ ∑h�
i � 1 σi � ; � N \ hD �

with hD asdefinedin thetheoremstatementwehaveµj � 0 whenσ j
9 cD andµj � cD \ σ j otherwise.Thus,

Trace
� � SS2 � 2 ��Y�� N \ hD ��� cD � 2 � h�

∑
i � 1

σ2
i (38)

therebyproving thefirst partof thetheorem.Now, Trace
� � SS2 � 2 �^� ∑i � 1 λ2

i wheretheλi areeigenvaluesof

SS2 . Usingtheeigenvaluesfor SS2 definedin thetheoremstatementcompletestheproof. i
Experimentally, for randomlychoseninitial codewordvectors* ak + and * fk + , invariablythelowerbound
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of Theorem4 wasattained.Analytically, theexistenceof suchsignalsetsis guaranteedby applicationof a

variantof theeigen-algorithm[28,29]. As for agile-onlyusers,a modificationto thealgorithmguarantees

convergenceto the optimum. Thus, greedyinterferenceavoidancealgorithmsseeka minimum mutual

interferencesetof agilevectorsby “waterfilling” theenergy levelsprovidedby thefixedusers,andavoiding

completelyenergetic interferenceabove acertainthreshold.

Also notethatasa byproduct,we have alsoshown thatthealgorithmseeksaminimummutualinterfer-

encesetof vectorsin abackgroundof colorednoise.Thatis, theeffectof thefixeduserscameinto playonly

throughtheeigenvaluesandeigenvectorsof FF 2 which couldbeconsideredastheautocorrelationmatrix

of somearbitrarycolorednoiseprocess.

Finally wenotethatasin theagile-onlycase,thereareoptimalfixedpointswheretheagileusersobtain

uniformly maximumSIR, andsuboptimalfixed pointswheregroupsof differentagile usersobtaindiffer-

ing SIRs. In the suboptimalcase,it is easilyshown that onceagain,the agile usersarepartitionedinto

mutuallyorthogonalsubspacesaccordingto theSIRobtained.Fortunately, alsoaswith theagile-onlycase,

randomchoiceof initial vectors* ak + precludedconvergenceto asuboptimumminimumin all ournumerical

experiments.

4.3 Fixed Points for Interfer enceAvoidancewith Unequal Power

In this sectionwe considerthecasewhereeachuserhasarbitrarybut fixedreceivedpower pk. Wewill find

that interferenceavoidanceachieveseigenvaluesfor SS2 identicalto thoseshown in [26] to maximizethe

sumcapacity. Weexplicitly addwhite Gaussianbackgroundnoisesothatcapacityis well-definedalthough

this is not a necessaryfeaturefor interferenceavoidanceto be effective. We remind the readerthat we

assumeat leastasmany usersM assignaldimensionsN sincein theeventM
:

N, theuserswill confine

themselvesto M dimensions.Notealsoonceagainthatwe have incorporatedthesignalpower pk into the

codevectorsk; i.e., V sk V 2 � pk.

In anadditive white Gaussiannoisebackground,atequilibriumwe require� SS2 \ sks2k � σI � sk �[� λ Dk � σ � sk (39)

With pk �kV sk V 2 wehave � SS2m� σI � sk �k� � λ Dk � σ �s� pk � sk � pk � β Dk � 1� sk (40)

Thequantityβ Dk � λ �k n σ
pk

is theinverseof theSINRachievedby thekth user. Wechooseβ Dk assmallaspossible

which in turn implieswe choosetheminimumeigenvalueeigenvectorof SS2 aspreviously discussed.We

alsohave Trace
�
SS2 �� E whereE � ∑M

j � 1 pk. Likewise,Trace
� � SS2 � 2 � is not increasedby aninterference

avoidancealgorithmwhich replacessk with anx of equalpower (seeequation(26)).

SincetheinterferenceavoidancealgorithmcannotincreaseTrace
� � SS2 � 2 � , we now seeka lower bound

for Trace
� � SS2 � 2 � . Wehave Trace

� � SS2 � 2 �� ∑N
n� 1κ2

n wherethe * κn + aretheeigenvaluesof SS2 . Consider

thenthat for any signalwith power pk, thecorrespondingeigenvalueof SS2 is at leastpk. This forms the

basisfor theconstrainton theeigenvaluesof SS2 mentionedin section3.1andis identicalto theconstraint
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on the λi derived for sumcapacityin [26]. That is, SS2 sk � Rksk � sks2k sk ��� λ Dk � pk � sk andwe have in

general

Trace
� � SS2 � 2 �� N

∑
i � 1

� ci � pi � 2 (41)

with ci Y 0 andassumingorderedenergies,pi Y pi n 1. Furtherassumingorderedeigenvaluesκi Y κi n 1 we

have κi Y pi , i � 1 � 2 ��6�6�6N.

Sincetheeigenvaluesmustsumto E, we have ∑N
i � 1 � ci � pi �b� E. Theminimizationof Trace

� � SS2 � 2 �
requiresci � 0 if pi

9 cD andci � cD \ pi whenpi X cD . Onceagain,the“waterlevel” cD whichsatisfiesthe

power constraintequationis

cD � E \ ∑h�
i � 1 pi

N \ hD (42)

where

hD � argmin
h
� E \ ∑h

i � 1 pi

N \ h
(43)

ThuscD is aneigenvalueof SS2 with multiplicity N \ hD andthecompletesetof eigenvaluesof SS2 is* p1 ��6�6�6F� ph� � cD ��6�6�6,� cD + (44)

Fromequation(40),we seethat

β Dk �j� σ ; pk k X hD� σ � cD \ pk � ; pk hD : k X M
(45)

If no pk
9 E ; N we thenhave theusualuniform solutionof cD � E ; N (hD � 0) andconsequently

β Dk � σ
pk
� E

pkN
\ 1 (46)

Overall, theseresultshave a facetiousbut memorableinterpretation

Might makesright

That is, thoseuserswith greaterreceived power pk obtain betterperformance. In fact, the excessively

energetic hD userscommandprivatechannels.Suchusersarecalledoversizedin [26], a termcoinedby S.

Verdu.

It is worth noting againthat minimizing Trace
� � SS2 � 2 � also minimizesTrace

� � SS2 � σIN � 2 � . Since

minimizing Trace
� � SS2 � σIN � 2 � underconstraintson theeigenvaluesis equivalentto maximizingthesum

capacity(seesection3.1) underthesameconstraints,theeigenvaluesof SS2 given in equation(44) imply

a codeword setwhich canachieve the sumcapacity. Furthermore,whenno pk
9 E ; N, we have hD � 0

andλ Dk � λ D�� k. This impliesanabsoluteminimumTSCwhich in turn impliesanabsolutemaximumsum

capacity. This resultis in agreementwith thatprovidedin [26] whereanexistenceproof for suchcodeword

setscanalsobefound.

Finally wenote,onceagain,thatsuboptimalminimamaybeobtainedin whichusersarepartitionedinto
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mutuallyorthogonalsubspaceswith differingSINR characteristics.Also asbefore,thesesubpoptimalfixed

pointsseemto be avoidedby startingfrom initially randomcodewordsandthat convergenceto optimum

canbeforcedby amodificationof thegreedyinterferenceavoidanceprocedure[28,29].

5 Discussion

5.1 Eigen-Algorithm: numerical examples

Herewe provide exampleapplicationsof interferenceavoidanceto the scenariosanalyzedin this paper.

FIGURE 3 shows CDMA chip sequencesfor five agile userswith 3 chipsafter 5 interferenceavoidance

cycles.TheresultantassociatedSS2 is approximatelydiagonal

SS2 ������ 1 6 667 \ 0 6 00035 \ 0 6 00002\ 0 6 00035 1 6 666 0 6 00017\ 0 6 00002 0 6 00017 1 6 666

�����
andeachunit energy userachievesasignalto interferenceratio of approximately N

M R N � 1 6 5.

In FIGURE4 we allow only thefirst threesignalsto beagileandfix theremainingtwo. After 5 cycles

the threeagile usersresidein a spaceof dimension2 (coplanar)achieving approximatelyλ D � 1 6 6 anda

concomitantsignalto interferenceratioof approximately� λ D�\ 1� R 1 � 1 6 66. They avoid astrongfixeduser

interferencecomponent(with energy 1 6 8) in theremainingdimension.

In FIGURE5 weassumefour users,oneof whomhasmuchlargerpower thantheothers(p1 � 4). This

energeticusercommandsaprivatechannelandtheremainingthreeusersareforcedto sharetwo dimensions

of thesignalspace– againtheweaker usersarecoplanar– andhave λ D � 3; 2 for asharedSIRof 2.

5.2 Addition and Deletionof Users: convergencespeedand codeword stability

We have not conductedrigorousconvergence-speed experimentsfor greedyinterferenceavoidancealgo-

rithms. For theMMSE algorithmhowever, thesettlingtime seemsrapid [9,33] with near-convergenceto

minimumTSCwithin a threeor four iterationcycles.In 100trialsusingM � 24andN � 16 , theevolution

of Trace
� � SS2 � 2 � for theeigen-algorithmalsoconvergedwithin a few iterationcycles.

However, muchmoreinterestingfrom a systemstandpointis theissueof whatoccurswhena givenset

of usersaredisturbedby the additionor deletionof a user. How rapidly doesthe systemsettleafter the

perturbation?Perhapsevenmoreimportantis thequestionof how muchthesignatureschangesincelarge

signatureadjustmentsmayimply largesignalingloadon thecodeword feedbackchannel.

After 100trials wherea singleuserwaseitheraddedto or deletedfrom analreadysettledsystemwith

24 usersin 16 dimensions,we foundthatconvergencewasonceagainrapidandoccurredwithin threeen-

semblewaveformupdatecycles.Themagnitudesquaredof thedifferencebetweenthepre-addition/deletion

codewordsandthefinal convergentcodewordswasusedasa measureof codeword volatility. A squaredif-

ferenceof 0 or 4 impliesrespectively, identicalinitial andfinal codewords,or codewordswhich differ only

in sign.A squaredifferenceof 2 impliesafinal codeword orthogonalto theinitial.
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The resultsareplottedashistogramsin FIGURE6 andFIGURE7. As canbe seen,thepostdeletion

codewordsaremorevolatile thanthepostadditioncodewords.However, neitherconvergentsetoftendiffers

muchfrom their pre-addition/deletion counterparts.Wherethey do differ significantly(squaredifference

approximately4), theoriginal codeword hassimply beeninverted. We believe this to beanartifact of the

mannerin which eigenvectorsarechosenfor theeigen-algorithmalthoughwe have not pursuedthe issue

carefully. Regardless,theselimited resultsseemto indicatethat codeword adaptationunderarrivals and

departurescouldbemoreorderlyandrapidthanmight initially beimagined.

For comparison,we alsoprovide a histogram(FIGURE8) which shows thedifferencebetweeninitial

randomcodewordsandthe WBE-convergedensemble.Note that the differencebetweeninitial andfinal

codewordsis muchmorepronouncedthanin FIGURE 6 or FIGURE7. However, it is alsoapparentthat

therearealsomany codewordswhich do not differ greatlyfrom their initial randomlychosenvalue( � 0),

or only in sign( � 4). Thus,evenduringsystemstartup,theamountof feedbackto transmittersmightnotbe

excessive.

We close this sectionwith a caveat. Studiesof convergencerate basedon perfect information are

chimeric. In practicalsystemswhereinformationis imperfect,stochasticconvergencestudies[8] arenec-

essary, andasa generalrule, the convergencerate is muchslower. Nonetheless,perfectinformationcan

often be usedto suggestan upperboundon convergenceproperties.That is, wereconvergenceslow and

codewords volatile, therewould be little hopeof rapid andstablebehavior underimperfectinformation.

However, it shouldalsobenotedthatimperfectmeasurementstendto randomizethecodeword replacement

processslightly which, following our resultsfor randominitial codewords, would tend to favor conver-

genceto theoptimum. In fact, it is exactly this propertywhich guaranteesMMSE interferenceavoidance

convergenceto optimal[34].

5.3 A SimpleComparison to S-CDMA

Supposethat in an interferencelimited system(assumeno backgroundnoise)a signalto interferenceratio

of γ is requiredfor eachuser. Themaximumnumberof userswhichcanbesuppliedtherequisiteγ is called

the usercapacityof the system[10]. The work presentedthusfar begs a comparisonto CDMA systems

sincethebasicideas– spreadingusersover thesignalspace– arevery similar.

Sinceexactcomparisonsaredifficult evenbetweensystemswith known operatingcharacteristics(i.e.,

the ragingdebatebetweenTDMA andCDMA), we opt for the high roadandconsideronly simplemea-

suresfor comparison. Furthermore,we will ignore suchissuesas relative immunity to variouschannel

impairments.Wewill alsonotattemptto makeestimatesof receiver complexity in any realsensesincewith

changingtechnology, what is complex todaymaybestandardtomorrow. Themostobviouscomparisonis

single-basesystemcapacity. Although it is well known thatCDMA is inefficient in this regardandwe all

expectalmostany systemwhichattemptsto orthogonalizeusersignaturesto befarsuperior, thesingle-base

comparisonwill aid usin comparingsimplemeasuresof multi-baseperformance.

For a synchronousCDMA (S-CDMA) systemwith randomlychosenN-chip signaturesequences,the

usercapacitywith simplematchedfiltersisupperboundedby N ; γ [40]. Forasystememploying interference
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avoidancewith matchedfilters,wehavedeterminedthatatconvergence,theusercapacityis N � γ � 1� ; γ. The

ratioof usercapacityof interferenceavoidanceto S-CDMA systemsis thereforeat least

η � γ � 1 (47)

Wenotethatthisimprovementis identicalto thatobtainedwhereMMSE filtersasopposedto matchedfilters

areusedwith randomcodewords[40].

For γ � 1 (0dB) the gain is approximately2. For γ � 4 (6bB), the gain is approximately5. Thus,as

expected,signaturesgeneratedby interferenceavoidancegreatlyincreasethesingle-baseusercapacityof

S-CDMA systems.Furthermore,thebasicreceiver structure(again,convenientlyexcludingthemachinery

necessaryto calculateanddisseminatethesignatures)is conceptuallysimple– amatchedfilter.

Of course,it would bemoreinterestingto comparethemulti-baseperformanceof thesesystems.The

currentthinking is thatalthoughsingle-baseCDMA is inefficient, whenmultiple contiguouscoveragere-

gions areadded,CDMA is more efficient and robust thanother modulationmethodssuchas TDMA or

FDMA. The detailsof any rigorouscomparisonlie outsidethe scopeof this paper, so againwe opt for

simplicity.

Thus, consideran S-CDMA systemmodel whereeachcell carriesM usersand the total other-cell

interferenceenergy for any given cell is Mν ; N per dimensionwhereν is somenon-negative constant.

That is, we approximateall the interferenceenergy from all othercellsaswhite over thesignalspacewith

aggregateinterferenceenergy Mν.

TheSIR for eachuserassumingmatchedfilters andrandomsignaturesis

γ � 1� M \ 1� ; N � Mν ; N � N� ν � 1� M \ 1
(48)

for ausercapacityof

MCDMA � N
γ � 1

ν � 1
� N � γ

γ � ν � 1� (49)

Unfortunately, a direct comparisonto a systememploying interferenceavoidanceis asyet impossible

sincethe multiple baseinterferenceavoidanceproblemhasnot yet beensolved. However, we note that

for a given cell with other-cell noiseenergy Mν, theworst interferencespectralstructurefrom a capacity

standpointwouldbewhitesinceinterferenceavoidancecouldexploit thestructureof non-whiteinterference.

Thus,takingon faith (andlimited empiricalobservationsunderspecificscenarios)thatfixedpointsindeed

exist for multiplebasesystemsemploying interferenceavoidance,weseethatateachbase,the“worstcase”

attainableISR(interferenceto signalratio) is M n νM
N \ 1 which implies

MIA � N � γ � 1�
γ � ν � 1� (50)

– anexpectedimprovementof 1n γ
1n γ

N
over S-CDMA.

This approximatecomparison,even if flawed by the unknown behavior of interferenceavoidancein
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a multiple basesetting,suggeststhat explorationof interferenceavoidanceasa meansto increasesystem

capacitywill merit further investigation.Of particularinterestwill besomeof theissuesraisedpreviously,

principal amongthem, whetherinterferenceavoidancecan be usedeffectively with dispersive channels.

Recentwork [41] whereaversionof multicarriermodulationis adoptedsuggeststheansweris yes.

6 Summary and Conclusion

Starting from a generalsignal spacefoundation,we have derived a classof interferenceavoidanceal-

gorithmswherebyindividual usersasynchronouslyadjusttheir transmittedwaveformsandcorresponding

matchedfilter receivers to minimize interferencefrom othersources,including otherusers.This method

presupposesthat transmittersandreceivers arewaveformagile as would be the caseassuminguniversal

radios[1–5] areinexpensive andubiquitous.

The interferenceavoidanceprocedure,basedon SIR asopposedto individual capacitymaximization,

minimizestotal squarecorrelation(TSC). We pursuedthe relation betweensum capacitymaximization

[10,25,26] andminimizationof TSCandfoundequivalence(seesection3.1) in awhitenoiseenvironment.

Specifically, minimization of total squarecorrelationresultsin signaturesetswhich can also be usedto

achieve sumchannelcapacity(throughGaussiansignaling).

Theminimization/maximizationis oftenachieved througha satisfyinglyinformationtheoretic“water-

filling” of thesignalspaceby theensembleof users.Notethatthiswaterfilling is essentiallyan“emergent”

propertyof theensemblesinceindividual usersseeknot to maximizetheir capacity(via waterfilling), but

rather, only seekto maximizetheir own SINR. Combinationsof fixed andagile users(or agile usersin

coloredbackgroundnoise,seesection4.2)aswell asuserswith unequalreceivedpowers(section4.3)were

analyzedasexamples.

Numericalexperimentswereconductedwhich corroboratedthebasicanalyticresults.Furtherexperi-

ments,aimedat determiningwhetherinterferenceavoidancemight beusedin practicalsystemswerealso

conducted.Theseincludedmeasurementsof convergencespeedandcodeword setvolatility underthead-

dition or deletionof a singleuser. In all casesthe resultswereencouraging.It is alsoworth noting that

experimentally, suboptimalsetswerenever obtainedwhenstartingfrom randomlychosencodewordsand

no modificationsof thebasicinterferenceavoidanceprocedure(asin [28,29]) werenecessary.

Simplecomparisonsto synchronousCDMA show thatfor asinglecell, thenumberof usersserviceable

at reasonableSIRsis muchgreaterandscalesapproximatelywith the requiredSIR. This is not surprising

sincealmostany schemewhich attemptsto orthogonalizesignaturewaveformswill have muchgreaterca-

pacitythanasingle-baseCDMA system.Moretelling is thecomparisonof systemsfor multiplebaseswhere

roughcalculationssuggestsubstantialimprovementmaybehadusinginterferenceavoidancemethods,al-

thoughtheseresultsmustbe interpretedin light of the fact that thebehavior of multiple baseinterference

avoidanceis asyet unknown. Furthermore,asidefrom theassumptionof waveformagility andtheneces-

sity of measuringinterferenceto calculatethe optimal signature,the optimumlinear transmitandreceive

methodsareverysimple— matchedfilter detection.

Weclosewith a (non-exhaustive) samplingof problemareas,boththeoreticalandpractical,whichmust
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beaddressedif interferenceavoidanceis to becomeausefultool for wirelesssystemdesign.First, theissue

of thepropervenuefor interferenceavoidancemustbeestablished.By virtueof thenecessityfor interference

measurementover a large numberof bit intervals for eachwaveformupdateandtheasynchronicityof the

algorithmovermultipleusers,it is notobviouswhetherinterferenceavoidancecanbeeffective in situations

wherethe wirelesschannelis changingsignificantlyover, say1000or 10000,bit intervals, thoughthere

arehints thatevenin suchcircumstances,IA affordssomeimprovement[42]. Regardless,a fixedwireless

environmentmight bemostappropriatefor applicationof interferenceavoidancemethods.

Wenotethatdespitetheassumptionof perfectchannelsusedin thispaper, wirelesschannelsarenotori-

ouslydispersive, andwhensignalenergy for eachbit is not containedwithin a singlereceivedbit interval,

the problemformulationchanges.Nonetheless,recentresultsshow that interferenceavoidancemethods

seemto be robust andareapplicableto dispersive systems,asynchronoussystemsandmultiple antenna

systemsaswell [41–50].

As noted,we have foundthespeedandstability with which codeword ensemblesconverge surprising.

Especiallyintriguing is theseeminglycertainconvergenceto anoptimalsetwhenstartingfrom a randomly

chosenstartingsetandtheeasewith whichsuboptimalfixedpointsareescapedthroughperturbation.It has

beenshown that for MMSE interferenceavoidancethis propertyis a resultof stochasticconvergenceand

that MMSE interferenceavoidancemustconverge with probability 1 to optimal fixed points in the cases

considered[34]. In fact,a modificationof greedyinterferenceavoidancecalled“classwarfare” canbeused

to escapethefinite numberof local minimaandresultsin provableconvergenceto minimumTSC[28,29].

But frustratingly, a generalproof for greedyinterferenceavoidancewhich reflectsthe uncannilyuniform

convergenceseenin practicewithoutescapemethodsremainselusive.

The issueof codeword representationandfidelity in a real software/universalradioshasbeenconsid-

eredonly empirically at present[51,52]. Specifically, insteadof uniform-amplitudecodeword “chips”,

interferenceavoidancepresumesreal-valued“chips” or moregenerally, real-valuedcoefficientsfor a setof

orthonormalsignalbasisfunctionsusedby thetransmitterandreceiver. To beeffective, thesevaluesmust

becommunicatedto thetransmitter, andtheamountof informationwhich maybefedbackto thetransmit-

ter will determinequantizationmethodsfor codewords. It is not currentlyknown how quantizationaffects

the performanceof interferenceavoidance,althoughempirical investigationseemsto indicatethat in the

vecinityof 4 bitsperchipusingGaussianquantizationis sufficient.

Finally, it mustbeemphasizedthatonlyasinglereceiver(orco-locatedmultiplereceivers)wereassumed

for this study. Limited experimentswith multiple receiversandpower control showed unstablebehavior

when interferenceavoidancewasdirectly appliedandsomeart wasrequiredto achieve reasonablefixed

points.An understandingof themultiple receiver problemis thereforeparamountin determiningtheutility

of interferenceavoidancein realsystems.

Nevertheless,owing to the simplicity of the conceptand the ever increasingsophisticationof radio

hardware, we expect that interferenceavoidancewill afford an interestingnew perspective which might

evenevolve into apracticalmethodfor wirelesssystemdesign.If so,we expectit to beespeciallyusefulin

unlicensedbandssuchastheU-NII, whereuserscanmutually interferewith officially sanctionedimpunity

[11].
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7 Figures

Figure1: Simplesuboptimalsignalsetin two dimensionswith threeusers.
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Figure2: Simpleoptimalsignalsetin two dimensionswith threeusers.
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Figure3: Vectorplot of 5 signalvectorsin 3-spaceafter5 cyclesof interferenceavoidance.Signalvectors
arerepresentedashollow invertedpyramidsfor greaterclarity of the3-dimensionalrepresentation.
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Figure4: Vectorplot of 5 signalvectors(3 agileand2 fixed)after5 cyclesof interferenceavoidance.Notice
theco-planarityof the threeagilesignalvectorsin avoidanceof a strongfixed interferercomponentalong
theremainingdimension.
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Figure5: Vectorplot of 4 signalvectors,threewith power 1 andthe remainingwith power 4. Notice the
co-planarityof thethreepower1 vectorsin avoidanceof thestronginterfererwith power 4.
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Figure7: Histogramof normsquareddifferencebetweeninitial andconvergentwaveformsafterdeletionof
a singleuserfrom anoptimalsignalsetof 24 usersin 16 signaldimensions.Thecentralinterval � 0 6 4 � 3 6 5�
over which therewereno occurrenceswascompressedfor clarity.
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