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Abstract—A framework based on differential equations and
differential inclusions (DEDI) for analyzing the throughput of
random network coding in a wireless network has been proposed
in [1]. In this paper, we extend this framework to further address
the throughput when multiple multicast flows are simultaneously
launched using an intersession coding scheme. The handiness,
accuracy and power of the DEDI framework are demonstrated
through its use in theoretical analysis and simulations.

I. INTRODUCTION

Analyzing information flows with network coding was pio-
neered by Ahlswede et al. in [2], where the throughput of a
single multicast flow in a wired network using deterministic
network coding was analyzed. They showed for the first
time that with proper coding, the throughput of a multicast
is tightly upper bounded by the throughput of individual
unicasts. Similar results for random network coding (RNC)
were reported in [3], [4] using queueing theoretic methods.
Since then, analyzing throughput of information flows in a
wired or wireless network has been extensively studied and
many methods have been proposed. However, these methods,
mostly based on information theory or queueing theory, are not
readily amenable to use in networking practice, due to the lack
of either generality or simplicity. In our recent work [1], we
have presented a new framework (DEDI) based on differential
equations (DE) and differential inclusions (DI) for analyzing
the dynamics of network coding, namely the evolution of rank
in a wireless network with RNC. Specifically, this frame-
work can be applied to study network information flows and
throughput with RNC via a dynamical systems approach. We
used this approach to reprove one of the fundamental theorems
of a single network flow in [1], first proved in [3], thereby
demonstrating the versatility of the DEDI framework in theory
and design. In this paper, we will use the DEDI framework to
further extend the results from a single flow to multiple flows
starting simultaneously. We will characterize the throughput,
and demonstrate the use of the DEDI framework to network
practitioners.

In what follows, Section II provides a brief review of
wireless network hypergraph and RNC basics; Section III
presents an abbreviated description of the setup of DEDI
from [1]; Section IV discusses its application in characterizing
the throughput of multiple RNC flows, proving a few useful

theorems; Section V presents simulations to illustrate the
accuracy of DEDI. We conclude in Section VI.

II. HYPERGRAPH AND RANDOM NETWORK CODING

A generic wireless network is modeled as a hypergraph
G = (N,&) consisting of N nodes N' = {1,2,...,N}
and hyperarcs £ = {(¢,K)|i € N,K C N}. Each hyperarc
captures the fact that wireless transmission is naturally broad-
casting. This idea is shown in Fig. 1 where the hypergraph of a
four-node network is shown. It can be conveniently represented
with arrows to indicate reachability. One should not, however,
confuse the arrow representation with the digraph of a wired
network. Assume some underlying MAC is operating in its
steady state such that each node ¢ is transmitting at \; packets
per second. We say that a packet is successfully received by
a set K of nodes if the packet is successfully received by at
least one node in K, which happens with a probability P; k.
We define the transmit rate z; ¢ for (i, K) (i.e., from i to K)
as

zik = NPk (1)
For K C T C N, we must have
zik < 2T (2)

because P; x < Pi 7. Suppose S,K C N and SNK = 0.
Define a cut for the pair (S,K) as a set T satisfying K C
T C 8¢ Let C(S,K) denote the collection of all cuts for
(S,K). The size of T is defined as ¢(7) = > ;7 zi,7- The
min cut Ty, for (S, K), whose size is denoted as ¢iin (S, K)
is a cut satisfying

(Train) = o(T"). 3)

min
T'eC(8,K)
We denote Tin as Cinin (S, K). Finally, we say G is connected
if, forany 0 £ T C N, ¢(T) > 0.

For the basic operation of RNC, we refer the unfamiliar
readers to the original paper [4] and we only make a few
notions here for the development of DEDI. The number of
innovative packets at node ¢ (including the source packets if ¢
is a source node) is denoted as V;. Note V; is also the number
of linearly independent global coefficient vectors [5]. Let .S;
be the vector space spanned by those global coefficient vectors



Fig. 1. Hypergraph model of a wireless network of four nodes and its arrow-
dot representation.

over the underlying field GF(q), then V; = dim S;, which we
call the rank of node i. S; and V; are time dependent as the
coded transmissions continues. Further, for any set £ C N,
define

Sk =S, Vi =dimSk, (4)
i€k
and call Vi the rank of K. The question we are interested in
answering is how the rank Vi or V; evolves over time.

1II. THE DEDI FRAMEWORK
A. Rank Evolution Modeled with DE

Under the fluid approximation [6] V;(t) can be closely
represented by its mean E[V;(¢)]. The DEDI framework
models E[V;(t)] with a set of DE’s with which all kinds
of analysis can be carried out easily. Thus in what follows,
we drop the notation E[-] and use V;(t) or Vi(t) to denote
their average values, respectively, as functions of ¢. Since V;
has been turned from a discrete incremental process into a
deterministic smooth function under the fluid approximation,
we may consider the differential of Vi. For the moment,
assume all nodes in the network participate in carrying the
flow with RNC, i.e., they constantly form a coded packet
and broadcast it out as scheduled by their MAC’s. During
a diminishing time interval At¢, an average of

At N <1
igK
(fractional) packet originating from some node of €. If this
packet comes from ¢ ¢ K (with probability A;/ >~ ok Aj), itis
successfully received by K with probability P; x by definition.

This packet then increases Vic by 1 if and only if its associated
global coefficient vector comes from .S; \ (S; N Si). Since

1S; N S| = gdimSiNSk — gVitVe—Vieu | 5)

and |8 = ¢ = g%, (6)
it happens with probability

(1Si] = 1S: N Sk|)/|Si| = 1 — ¢V~ Viewtiy, 7

Consequently in At, Vi is incremented by

by _ .
N DTt

jgKk ) igk “igk i
=ALY NP, (1 — ¢V Vo), (8)
igZk

ie.,
Vic(t + At) = Vie () = At > APy (1 — "~ Vo),
igic
Using z;x = A\ P, x and equation (5), we write VK C N
Vi (t-l-At) — Vi (t)

Vie = Aliglo At
= aic(l — g Voo, ©)
igK

The nonlinear DE in (9) forms the basis for the DEDI
framework. It actually stands for a system of 2"V —1 equations,
each for an nonempty K C N. They collectively give a
complete description of rank evolution in the system. Note
Vi is solely determined by {Vicufi}}igx. This dependency
can be explored to arrange (9) into a partial order “<” such
that Vic < V. if and only if K C L. This partial order can

be pictorially represented as a layered structure, for which an
example is shown in Fig. 2 for |[N| = 3. To determined a

quantity on any particular layer, one only needs to know the
the quantities on the layer immediately above indicated by
arrows.
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Fig. 2. Layered structure for the rank evolution of a 3-node network
Theoretically, with appropriate boundary condition, (9) can
be solved. The instantaneous throughput is then obtained as
Vic or V. For example, assuming node 1 is the unique source
with m packets to deliver, the boundary conditions (B.C.) for
this systems of DE’s are

Ve (0) = {m, lek, (10)

0, ow.

If only part of the nodes, say £ C N/, participate in carrying
the flow, (9) still holds, except that we should replace K with
K N L and the top layer in the layered structure consists of
V. alone.

The size ¢ (usually an integral power of 2) of the under-
lying field GF(q) allows simplification of (9) by making the
following approximation

qVIC_V)CU{i} _ 0, Vk < V’CU{i}a (11
L, Vi = Vkugi
Then we may rewrite (9) as
Vi :ZZiIC(V)CU{i} oVk), YKcCN (12)

iZK



with the same boundary conditions as in (10). The binary
operation © is defined as

L,
rTOY = 0

B. Rank Evolution Modeled with DI

While (12) is appropriate for numerical evaluation, it is
difficult for analysis due to the discontinuous right-hand side.
Instead of going back to (9), which is smooth though neither
suitable for numerical evaluation nor analysis, we modify the
right-hand sides to incorporate semicontinuity. Specifically, we
define an upper semicontinuous function Sgn™ : R — 2R

x>, (13)
0.W.

{0}, x<0
Sgn™(z) = ¢ (0,1, =0 (14)
{1}, x>0
to replace the “©” operation:
V)c € szSgrﬁ(VKU{i} —V)C), VK CN. (15)

igK

The same boundary condition in (10) still holds. To be
compatible with (12), when K = N, we define the right-hand
side of (15) to be {0} instead of (). In mathematical literature,
(15) plus (10) is called a system of differential inclusions (DI)
[7], which is an important extension to regular DE’s to allow
jump discontinuities. For this paper, solutions to the DI's as
in (15) are defined to be all the continuous functions that
satisfy (15) and are differentiable almost everywhere. Under
mild assumptions, the DI's admit a unique solution that also
satisfies the associated DE’s with discontinuities.

IV. ANALYZING MULTIPLE FLOWS WITH DEDI

In [2], the throughput for deterministic network coding in
a wired network was established. The result states that, for a
single multicast flow with a single source node, a multicast rate
of R can be achieved if a unicast at rate R can be achieved for
each destination separately. In fact, since it is well known that
the unicast throughput is determined by the min cut between
the source and the destination, the result essentially states that
the multicast throughput is determined by the smallest min
cut between the source and each destination. This result is
astonishing in that one cannot achieve the throughput simply
by routing in a store-and-forward fashion. Similar results for
RNC in a wired or wireless network were established in [3]
with the hypergraph model and the min cut concept defined as
in (3). In [1], the authors proved a slightly stronger statement
by solving (15). They showed that for any KX C AN that
does not include the source (assumed as node 1), its rank
increases at the min cut size, ie., Vi = ¢min(1, K). The
original statement in [3] is then recovered by specializing /C
to a single node 1.

It would be interesting to see how DEDI could be applied to
the more complicated scenario of multiple flows. This can be
done, as always, by solving (15) that describes this scenario.
In general, suppose we have a wireless network G = (N, €)

and J independent multicast flows and flow j originates from
a set of source nodes

S Simy s J=1,2,000,, (16)

where each node in S; contains the same set of m; packets
to be delivered to the rest of the network or part of it. Note it
is possible that a node serves more than one multicast flows
and it contains as many sets of packets. To identify the source
for any nonempty K C N, define

Sre(K) = {jIS;nkK=0,j=1,2,...

Sj={sj1,852,

LI}

For the coding scheme, we let each node generate a coded
packet by randomly linearly mixing all the packets it holds,
regardless which multicast flow these packets belong to. Sup-
pose all the multicast flows start synchronously from time O.
This scenario is captured by the following system of DI’s:

Vi € > zixSent (Vigue — Vio),
igK
BC. Vk(0)= > m,

1<5<J
j&Src(K)

We now state the following theorem which provides an explicit
solution to (18):
Theorem 1: The solution to (18) is given recursively as

7)

(18)

Vic(t) = min{Vic(0) + ¢(K)t, Izréig{‘/'{z}u)c(t)}}’ (19)
= min{ Vi (0) + ¢(K)t, ’g/lgllc{v;c/ (t)}}, (20)
_ . / /
= min {Vic(0) + ¢(K')t} @21
and
J
Vn(t) =Y my. (22)
j=1
Besides, for each K, there is a sequence
0=ty <t1 < <tpp—1 <tlpe =00 (23)

such that over [t,,tp+1), p=0,1,...,nc — 1, Vg is affine:
Vic(t) = Vicr(0) + e(K")t,
where K’ satisfies

K'= Cmin(UjESrc(lC’)Sj> IC)

le [tp7tp+1)7 (24)

(25)

We need a few preliminaries for the proof of Theorem 1.
We begin with Lemma 1 which gives a solution to (18) on an
interval.

Lemma 1: Suppose Vi (t1) is known, (18) has a solution
on [t1,t2) given as

Vic(t) = Vie(t1) + z(t — t1)
if there is a set of nodes P such that PNK =0 and z > 0
satisfying

D Viguk(t) = Vic(t1) + 2(t — t1), Vt € [t1,t2), Vi € P;
2) Vijyuke > Vie(ty) +2(t —t1), Vt € [t1,t2), Vi € KUP;

(26)



3) Yjexup Zik S 2 S< Dk Fik

Proof: Suppose this is not true, there is t” € [t1,t2) such
that
Vic(®") # Vic(t1) + 2(t — t1).
Let
t'= sup {Vi(t)=Vi(t1)+ 2t —t1)}, (27)
ty <t<t

then ¢’ exists, 1 < t' < ¢’ < tgand Vic(t) # Vic(t1)+2(t—t1)
Vt € (t',t"] by definition. Because Vi (¢) is continuous, it is
either

Vic(t) > Vic(t1) + z(t — t1), Vte (¢,t"], (28)

Vie(t) < Vie(t1) + 2(t — t1),

If (28) holds, by assumption 1, Vijux(t) < Vi (t), Vt €
(t',t"], Vi € P. So, with assumption 2,

vt e (¢, t"]. (29)

Vic(t Zzucsgn (Viyue — Vi) < Z zix, (30)
€K JEKUP
thus
t// .
Vie(t") = Vie(t)) + / Vic (t)dt
t/
t” .
=Vi(t1) + z(t' — t1) +/ Vic(t)dt
tl

§ VIC(tl) + (t, — tl) + Z Zch(t// — t/)
JEKUP

<Vie(ty) +2(t —t1) +2(¢" = 1)
= Vic(t1) + z(t" — t1),

(assumption 3)
(3D

which is a contradiction to (28). If (29) holds, by assumption

1 and 2,
Vk = Z zixcSgn® (Vigue — Vi) = Zle (32)
1gK igkK
Then by assumption 3,
t//
Vic(t") = Vic(t1) + 2(t' — t1) +/ Vic(t)dt
t/

=Vic(ty) +2(t' —t1) + Y _zixc(t’ —t)
iZK

> Vic(t) + 2(t' —t1) + 2(¢" =)

= Vic(t1) + 2(t" — t1),

(assumption 3)
(33)

which is a contradiction to (29). [ |
Now we can give

Proof to Theorem 1: We prove this via induction on
W\ K| When [N\ K] =0, K =N, Va(0) = X7 my,
Vvt > 0. (19)—(21) are trivially true. Assume it is true when
IN\ K| < k—1, we prove it is also true for |JN \ K| = k. Let

Uk (t) = min {Vie:(0) + e(K')t, (34)

then Uk (t) is piecewise linear (since it is the minimum of a
finitely many affine functions) and there is a sequence

0=1tg <t < - <tpe—1 <tpe =00 35)
such that for each p =0,1,...,nxg — 1,
Uk (t) = Vi (0) + ¢(K")t,  t € [tp,tpt1), (36)

for some K'. We claim K' = Cuin(Ujesre(c) S, K). Oth-
erwise, let K" = Cuin(Ujesic(xc) S, £) but K # K. By
definition of min cut for the hypergraph model, we have

c(K") < e(K"). (37
Since (Ujesre()S;) N K" =0, Sre(K') C Sre(K”), so
Vicr (0) < Vier (0). (38)
Therefore Vt € (t,,tpt1),
Vier (0) + c(K")t < Vier(0) + c(K)t, (39)

which is a contradiction to (34).

We want to show that Vic(t) = Ux(t), Vt € [tp,tpt1),
using Lemma 1, which amounts to checking three conditions.
Let P =K'\ K, 2 =345 zi,xr = ¢(K'). First note

Viguk(t) = Ux(t), VieP,Vte [ty,tpi1). (40)

This is because, on one hand, Viyux(t) > Ux(t) by (34),
while on the other hand, by induction assumption (JA/\ ({i}U
)l =k~ 1)

o (t) = " }U,C)C,C,,{ i (0) + (K"t}
< Vi (0) + (K"t (since {i} UK C K)
= U (1) 1)
Meanwhile, by (34) we have
Vijroc(t) = U(t), Vt e [ty,tp1), Vi EKUP.  (42)

Because K' = Cuin(UjesrexnSi,K), 2 < ZielCZiJC-
Because K C K,

E zZik < E Zig = 2.

igK’ igK’

(43)

Thus assumption 3 of Lemma 1 is checked for all £. We then
check assumption 1 and 2 piecewise. When p = 0,

Uk(to) = Ux(0) = min {Vicr(0)} = Vic(0) ~ (44)
because for any K’ D K,
Vie: (0 Z I(S; N K # 0)ym,
1
JJ
> I(S;NK #0)m; = Vic(0). (49
j=1
From (40) and (45),
Vinuk(t) = Vi (0) + e(K')t
= Vi (0) + e(K")t, Vi€ [to,t1),Vie P, (46)



Hence assumption 1 is checked for [to, ;). From (42) and
(45),

Vijtuc (t) > Vie (0) 4+ (K"t
= Vic(0) + c(K")t,Vt € [to,t1),Vj € KUP.

Hence assumption 2 is checked for [to, t1). Therefore Vi (t) =
Uk(t), Vt € [to,t1). But this in turn implies that Vic(t1) =
Uk (t1) by continuity (cf. the definition of solution to DI in
Section III-B), which implies that assumption 1 and 2 are also
checked for [t1,t2) (same argument as for [tg, ¢1)). Therefore
Vic(t) = Uk(t), YVt € [t1,t2). Repeat this argument ni times,
we conclude that Vic(t) = Uk(t), V¢t > 0. This shows the
validity of (21) for [N\ K| = k.

To complete the induction step, we need to show the
equivalence between (19)—(21). First note (21) is simply the
expansion of (20) by induction. For the equivalence of (19)
and (20), we have by induction

(47)

(19) = min{Vic(0) + ¢(K)t, min{V{g}u,C(O) +c({£}UK),
K,,D{Z}UK{VIC”( )} =@2D =(20). 48)
|

Essentially, Theorem 1 (cf. (21)) states that Vi(t) is the
min-envelop of 2WW\KI affine functions corresponding to so
many subsets of nodes that contain K. The partial order “<”
illustrated by the layered structure also implies the usual linear
order “<”, i.e.,

KSK = Vie(t) < Vi(t), Vt>o0. (49)
Therefore it is always true
J
Vi <V =) my. (50)
j=1

A stronger statement than (50) can be made when G is
connected, i.e.,
Corollary 1: If G =

J
(t) = ij,

Proof:- Because G is connected, VK C K" C N, ¢(K’
0. Therefore when ¢ is sufficiently large,

(N, €) is connected, then VK # ()

61y

[tn,c_l,OO).
) >
J

> my = Vi(t).

Jj=1

Vi (0) 4 (K’

Hence we have the conclusion from (21) of Theorem 1. N
Corollary 1 implies that with the RNC scheme for multiple
flows as described here, a node may have to wait until its
rank reaches Z}'I:1 m; to start decoding. This time is denoted
as T, Though there could be fairly large decoding delay for
nodes only interested in one or few sessions, the intersession
coding is optimal in the sense of min cut bound. Apply (24) in
Theorem 1 0 [tne—1,tny)s it is clear that TR is determined
by one of the min cut bounds that K has to respect. The min

cut that determines the finish time can be regarded as the worst
bottleneck for K. More precisely, we have
Theorem 2: If G = (N, €) is connected, then

{Z m]/Cmm(UlESSl, ’C))}

max

total __
Te" =
SCSre(K

(52)

Proof: Clearly T,‘C"ta' = tn_1. By Theorem 1, there is
K’ D K such that Vt € [t,c—2, tne—1).

Vic(t) = Vi (0) + (K"t

= Z m; + Cmin(UiESrc(lC’)SiaK:)ty
J&Sre(K)

and by setting Vic(tpc—1) = Zj:

total
T’C - tTL)C -1

J
Jj=1

(53)

1 My, we get

E mj/

1<5'<J
5/ @Sre(K')

= Z My [ Cinin (Uiesre () Sis K)
jeSre(K)

/Cmin (Uie Src(IC/)Si ) ,C)

< ma
SCSrc(lC)

{Z m]/cmm(UzGSSzaK))} (54)

where the last inequality holds because K’ O K, hence
Src(K’) C Src(K). However, if there is S’ C Src(K), such
that

Z mj/CInin(UieS/Si, IC) > T;C()Ial, (55)
jes’
let K" = Cmin(UiGS/Si7 [C)’ then we have
VIC// Z mj// (56)
ISJHSJ
77 gs,

because S’ C Src(K"), and

Vicr (0) + (K" TR™

< Z mju—l-ij

1<4<J jes’
j//gs/

which contradicts (49). So

= V’C” (0) + Cmin(UiES’Si) K)T’tgtal

J
= m;=Ve(T&"), (57)
j=1

Tlolal > i/ Cmin\ Vi 7 .
Sl Do mi/emin(UiesSu KD} (58)
jes
Combine (54) with (58), we get (52). |

With Theorem 2, we can finally characterize the average
throughput of multiple flows with RNC. For any set K
subscribing to the same set of flows Fx C {1,2,...,J},
the average throughput is defined as 3. m;/T] roal - Ap-
parently, we have

Corollary 2: In a connected wireless network G, if there
are J flows originating from S;, j = 1,2,...,J, each with
m; packets to deliver, and we use the intersession RNC as
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Fig. 3. A three node wireless network.

described here for delivery, the average throughput Ry of a
set /C subscribing to the same set of flows Fi is given as

_ , m;
Rk = % min _ cmin(UiesSi, £).  (59)
ijl m; SCSre(K)
In particular, if Fix = {1,2,...,J},
= i min(UiesSi, K). 60
5By emin(UiesSi: ) 0

V. SIMULATION

Consider a three node wireless network shown in Fig. 3.
Assume, based on the underlying MAC, they have the same
transmission rate rate of 1 sec™!. The reachability of trans-
missions is shown by arrows. The labels attached to arrows
show the independent reception probabilities. For example,
whenever node 2 sends a packet, node 1 and 3 successfully
receive it with probability 0.5 and 0.7, respectively. With this
information, we may calculate z; x for an arbitrary hyperarc
(i, KC). Assume there are two multicast flows originating from
node 1 and node 3, respectively. Node 1 has 200 packets to
deliver to node 2 and 3, while node 3 has 300 packets to deliver
to node 1 and 2. We use the RNC scheme for multiple flows
described in this paper, for which we may write the associated
DI’s:

V/c S Z zi,KSgn+(V{i}u,C - Vjc), 61)
igK
300, 1€k, 34K,
BC. Vi(0)= {200 3k 17k, (62)
500, {1,3} C K,
0, 0.W..

Fig. 4 shows the analytical solution to (61) as well as
the simulation results. The analysis matches the simulations
closely. Clearly the rank increase at node 1 should be subject
to its min cut bound ¢y, (3,1) = 0.5 sec™! and node 3 subject
to cmin(1,3) = 0.7 sec™L. Consequently, T%°@ = 300/0.5 =
600 (sec) and T = 200/.7 = 285.7 (sec). For node 2, the
flow from node 1 cannot exceed ¢pin (1, 2); the flow from node
3 cannot exceed cpin(3,2); and the flow from the ensemble

600 T T T T T

(285.7, 500)

500 -

400 -

= = =V} — simulation
= = =V, — simulation
200 = = = V3 — simulation

—— 1 — analysis

100+ V5 — analysis 4

—W

analysis

I I I i i
0 100 200 300 400 500 600

Seconds
Fig. 4. Two multicast sessions with two sources.

of node 1, 3 cannot exceed cpmin({1, 3}, 2). Therefore,

T2tmal = max{mi /cmin(1,2), M2 /Cmin(3,2),
(m1 4+ ma)/emin({1,3},2)} = 500 (sec).

These calculations are readily verified in Fig. 4.

VI. CONCLUDING REMARKS

We presented the DEDI framework, based on DE’s and/or
DI's, for analyzing the throughput of RNC in a wireless
network. The throughput of an intersession coding scheme for
multiple information flows was then analyzed by solving the
associated DI's. We gave a numerical example to demonstrate
the accuracy of the DEDI framework and the validity of
the theoretical results we obtained. Compared with existing
analytical tools, DEDI is much easier to manipulate and
applicable to very general settings. We expect that the DEDI
framework will be helpful for the advancement of network
coding research and network design practice.
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