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Abstract

The performance of a wireless communications system is largely guided by the Bit

Error Rate that the system experiences on a given wireless channel. The issue of

wireless channel equalization and tracking has attracted increased attention in recent

years. These techniques are able to provide significant enhancements in performance

in some of the most severe channel conditions with time-varying inter-symbol inter-

ference, thus opening up new avenues for high bit-rate applications on the mobile

radio channel. This thesis deals with the application of adaptive filtering algorithms

of low-complexity for channel equalization and tracking so as to counter the effects of

multipath propagation and Rayleigh fading. These algorithms are based on the prin-

ciples of stochastic internal modeling of time-varying coefficients of an FIR channel

model. Channel estimators are based on simplified second order models and approx-

imations of a Kalman Estimator. A novel averaging approach is used to replace the

online update of a Riccati - equation with a constant matrix. This together with

simplified modeling leads to algorithms with high performance at LMS complexity.

The TETRA (TErrestrial Trunked RAdio) Mobile Radio Standard proposed by

the European Telecommunications Standards Institute has been used as a case study

for the application of these channel tracking algorithms. The performance of these

algorithms in conjunction with a Viterbi Decoder is simulated using the TETRA slot

structure on the uplink channel for various types of fading channels. Further a simple

algorithm is used for the estimation of the instantaneous Doppler spread using the

channel estimates provided by the tracking algorithms. This online update from the

Doppler estimator is in turn used in an adaptive receiver, that utilizes a priori in-

formation about the channel, to improve tracking performance. Receiver parameters

such as channel tracker step size can be optimized based on Doppler spread informa-

tion.
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CHAPTER 1

Introduction

1.1 Motivation

When digital data is transmitted over a wireless communications channel, noise, inter-

symbol interference (ISI), and fading limit the achievable performance. If the inter-

symbol interference is caused by multipath propagation, one way to avoid it would be

to decrease the symbol rate. Delayed signals would then have time to arrive before a

decision on the next symbol is made. The price to be paid for decreasing the symbol

rate is a channel more affected by fading. The increased delays would also limit the

efficiency. A superior alternative would be to use an equalizer.

In several digital mobile radio standards including TETRA, the data slot struc-

ture and the symbol duration are such that a fading environment would cause severe

degradation in BER performance. In such fading environments, an estimate of the

channel from the training sequence alone is insufficient for satisfactory decoding of

the data frame. In the TETRA standard, a relatively low symbol rate of 18 Kbaud

and long data slots (14.166 ms ) can cause severe fading, especially at high velocities.

Furthermore large variations in fading rates and frequency selectivity may be encoun-

tered. Well designed channel estimators are therefore required for obtaining adequate

performance. Estimates obtained by interpolating between training sequences would

provide inadequate performance in such fading environments. The idea therefore is

to design an algorithm that is able to track the variations in the channel as closely

as possible while having as low a computational complexity as possible. Sometimes

complexity must be traded for performance and vice-versa depending on the require-

ment of the channel tracking system.

1.2 Organization of this report

This thesis deals with the implementation of recently proposed stochastic modeling

techniques in the development of a low complexity high-performance channel esti-



mator and along with it a simple Doppler estimation system to support the channel

tracker. The first part of the thesis describes in some detail, the wireless communi-

cation system design: the transmitter and the receiver along with the effects of the

channel. It then goes into the formal problem formulation for adaptive channel equal-

ization and channel tracking. Finally the simplified stochastic modeling technique,

as applied to channel tracking, is presented, along with a simple Doppler estima-

tion algorithm, based on the Maximum Likelihood principle. The report ends with

a performance evaluation, through simulations, of the discussed stochastic channel

tracking scheme and Doppler estimation algorithm.
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CHAPTER 2

The Transmitter

Digital transmission of data over the wireless channel is performance limited by inter-

symbol interference, noise, fading and interference from other users. While designing

the transmitter, these issues are kept in mind so as to minimize the undesirable ef-

fects of the above to the maximum possible degree using design parameters that are

in our hands. The TETRA mobile transmitter makes use of specifications thus op-

timized [[?]] for performance given the expected wireless channel conditions under

which TETRA systems are expected to operate. In our simulation study we make

use of a software radio using the TETRA uplink specifications. Some of these specifi-

cations for the transmitter and TETRA uplink channel are described in the sections

that follow.

2.1 The TETRA standard

The TETRA Mobile Communications Standard of the European Telecommunications

Standards Institute [[?]] has been chosen for testing all the channel tracking algorithms

in this thesis through simulation. TETRA is a powerful multi-function radio standard

that provide a comprehensive tool kit from which system planners may choose in or-

der to satisfy their requirements. The TETRA suite of radio specifications provide a

radio capability encompassing trunked, non-trunked and direct terminal to terminal

/ system to system communication with a range of facilities including voice, circuit

mode data, short data messages, packet mode data services, direct IP-Connectivity,

pro-active priority and full encryption. TETRA supports an especially wide range

of supplementary services, many of which are exclusive to TETRA. The TETRA

platform and standards can also fully support, in a relatively economic way, the de-

signing and implementation of a Public License GSM-like Mobile Telephony System,

containing more than all the services and functionalities the GSM / GPRS operators

and the market require to day.



Figure 2.1: Conceptual bock diagram of Transmitter; 1: Raw data in bits; 2: TETRA

framing and interleaving; 3: π/4-shifted DQPSK modulator; 4: SRRC pulse shaping

filter; 5: Local Oscillator cos 2πfct; 6: Local Oscillator sin 2πfct; 7: Transmit signal

Due to its range of services and the fact that it provides a relatively inexpensive

communications network for secure voice and data communications including direct

mobile-to-mobile access, TETRA is being looked upon as an important option for

the establishment of private communications networks for security and emergency

services in European markets and other markets around the world including India.

Fig. 3.1 Shows the TETRA Slot structure and Fig 3.2 shows the TETRA uplink

framing hierarchy in detail. The modulation used is π/4 - shifted DQPSK with square

root raised cosine pulse shaping with a roll off factor of α = 0.35. Table I summarizes

the relevant transmission parameters of TETRA from an equalization point of view.

It can be seen that at a vehicle speed of 200 Kmph there are on average more than

two fades (2fdLs) (fd is the maximum Doppler frequency and Ls is the slot duration.

4



Figure 2.2: A single slot on the TETRA uplink

2fdLs is a measure of the average number of ”deep fades” the channel experiences in

the a single slot) in signal strength per burst. The conclusion from the above table

is that a fully adaptive equalizer that continuously tracks the rapid time variations

of the channel is definitely needed. The preferred equalizer structure for the TETRA

uplink channel is the MLSE rather than the decision feedback equalizer.

Table 2.1: TETRA transmission parameters

Carrier frequency, fc [Mhz] 450

Channel Spacing, Bc [KHz] 30

Symbol Rate, Rs [kBaud] 18

Excess bandwidth ratio, γ = Bc/Rc 1.23

Slot length, Ls [ms] 14.167

Maximum Doppler frequency, fd @ 200 Kmph [Hz] 83

Slot normalized fading rate, fdLs @ 200 Kmph 1.18

Symbol normalized fading rate, fd/Rs @ 200 Kmph 4.6E-3

SRRC Pulse Roll-off factor, α 0.35

5



Figure 2.3: The framing hierarchy in TETRA

2.2 π/4-Shifted DQPSK

π/4-shifted DQPSK also known as symmetric differential phase exchange keying is

a method of modulating raw data bits that is especially suited to the mobile radio

channel. The π/4-shifted DQPSK constellation can be viewed as the superposition

of two QPSK signal constellations offset by 45 degrees relative to each other, result-

ing in eight phases. Symbol phases are alternately selected from one of the QPSK

constellations and then the other and, as a result successive symbols have a relative

phase difference that is one of four angles ±π/4 and ±3π/4. Differential coding of the

symbol phases can be achieved by either differentially encoding the source bits and

mapping them onto absolute phase angles of a π/4-shifted QPSK signal constellation

or, alternately, by directly mapping the pairs of input bits onto the relative phases

6



Figure 2.4: π/4 - shifted DQPSK signal constellation

±π/4,±3π/4. A feature of this type of modulation is that it can be detected using

a non-coherrent detector: a differential detector, or a discriminator followed by an

integrate-and-dump filter. The suitability of both differential detection and discrimi-

nator detection provides an advantage since both can be performed by low-complexity

receiver structures [Che01R]. On the other hand coherent detection requires a more

complex receiver than either differential or discriminator detection due to the carrier

recovery process. Further, in fast fading environments, coherent detection results in

higher irreducible BER than either differential or discriminator detection [Che01R].

In the presence of ISI however, the advantage of differential detection is lost and co-

herrent detection is required to handle ISI. Another advantage of π/4-shifted DQPSK

is that the transitions in the signal constellation do not pass through the origin. As a

result, the envelope of π/4-shifted DQPSK exhibits less variations and thus therefore

has better output spectral characteristics.

7



2.3 SRRC Pulse Shaping

Pulse shaping of the modulated bit-stream is important from the point of view of

minimizing the inter-symbol interference. According to the Nyquist pulse-shaping

criterion [[Pro01B]] for zero ISI,

B(f) =
+∞∑

k=−∞

X

(
f − k

T

)
= T (2.1)

which is derived from the simple condition that

x(kT ) =

{
0 if k 6= 0

1 if k = 0
(2.2)

where T = symbol rate of data transmission, x(t) is the pulse shape in the time domain

and X(f) is the Fourier transform of the pulse shape. The above criterion allows only

certain pulse shapes to be used if one is to have zero inter-symbol interference on an

ideal transmission channel. The Raised Cosine pulse shape is one such shape that not

only satisfies Nyquist’s zero ISI criterion but can also be practically achieved through

proper filter design. Let XRC(f) be the Fourier transform of the Raised cosine pulse

shape. The raised cosine frequency characteristic [[Pro01B]] is given by

XRC(f) =


T

(
0 ≤ |f | ≤ 1−β

2T

)
T
2

(
1 + cos

[
πT
β

(
|f | − 1−β

2T

)]) (
1−β
2T

≤ |f | ≤ 1+β
2T

)
0 |f | ≥ 1+β

2T

(2.3)

Here β is a parameter that determines how ’smoothly’ the frequency spectrum of

the raised cosine pulse shape falls to zero and is called the ’roll-off factor’. Because

of the smooth characteristics of the raised cosine spectrum it is possible to design

practical filters for the transmitter and the receiver that approximate the overall

desired frequency response. In the special case when the channel is ideal, i.e. C(f) =

1, |f | ≤W , we have

XRC(f) = GT (f).GR(f) (2.4)

where GT (f) and GR(f) are the frequency response of the two filters. In this case, if

the receiver filter is matched to the transmitter filter, we haveXRC(f) = GT (f).GR(f) =

|GT (f)|2. Ideally

GT (f) =
√
|XRC(f)e−j2πft0 (2.5)

8



Figure 2.5: Frequency domain representation of the RC pulse amplitude

andGR(f) = G∗
T (f), where t0 is some nominal delay that is required to ensure physical

realizability of the filter. Thus the overall raised cosine spectral characteristic is split

evenly between the receiver and the transmitter. If the raised cosine spectrum is split

evenly in this manner, each of the filters is said to have a ’Square Root Raised Cosine’

spectrum XSRRC(f). The impulse response of a filter having square-root raised cosine

spectral characteristic [[Pro01B]] is given as

xSRRC(t) =
(4βt/T )cos[π(1 + β)t/T ] + sin[π(1− β)t/T ]

(πt/T )[1− (4βt/T )2]
(2.6)

This is the time domain representation of the pulse shape that is used to linearly

convolve the output of the π/4-shifted DQPSK modulator. Note that while the

ideal pulse extends from −∞ to +∞ on the time axis, in practice the pulse the

truncated on either side after a certain number of side lobes. In our simulations,

this truncation is set to four lobes on either side. If {dn} represents the sequence of

symbols generated by the π/4 - shifted DQPSK modulator (for DQPSK modulation,

each symbol represents 2 bits of information), then the baseband representation of

the transmit symbol is given by:

sb(t) =
∑
k

dkx(t− kT ) (2.7)

Finally the pulse-shaped signal is frequency shifted, i.e. modulated by a carrier,

into a suitable frequency band for transmission. Note that {dn} is a complex valued

9



sequence, and therefore so is the pulse shaped signal sb(t). The real and imaginary

parts of the pulse shaped signal are multiplied by local oscillators offset by a phase

of π/2 and the resultant signal added and transmitted by the transmitter antenna.

sT (t) = Re{sb(t).ej2πfct} (2.8)

sb(t) =
∑
k

dkx(t− kT ) =
∑
k

Re(dk)x(t− kT ) + j.
∑
k

Im(dk)x(t− kT ) (2.9)

= Re(sb(t)) + j.Im(sb(t)) = s1(t) + j.s2(t)

Therefore

sT (t) = Re{(s1(t) + j.s2(t)).(cos 2πfct+ j. sin 2πfct)} (2.10)

= s1(t). cos 2πfct− s2(t) sin 2πfct.

The above time domain relations result in the following relation in the frequency

domain:

sT (w) =
1

2
[S∗(w − wc) + S(w + wc)] (2.11)

where

S(w) = S1(w) + j.S2(w) (2.12)

where S1(w) and S2(w) are the Fourier transforms of s1(t) and s2(t) above, respec-

tively.

The radio transmitter is a complex part of any radio communications system.

Apart from the issues and specifications discussed above, there are a large number of

other aspects pertaining to the transmitter such as specifications for emitted power,

spectral properties of the mobile terminal emissions, etc. However will not delve into

these aspects as they are not relevant to the main subject of this thesis. Having

studied the features of the radio transmitter relevant to our study, we must now

move on to a discussion on the wireless radio channel and how it is responsible for

corruption of digitally transmitted data.
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CHAPTER 3

Channel Effects on Transmitted Signal

Having studied the transmitter modeling in sufficient detail it is now advisable to

venture into how the channel affects the transmitter signal. This understanding will

help us design receiver algorithms at a later stage.

3.1 Large scale path loss :

The term large scale is used to denote that relative to other kinds of propagation

loss, change in loss is slower with time. Large scale path loss models the loss in signal

power as a function of distance between the transmitter and receiver as a result of

the signal spreading into free space. This loss is usually simplistically modeled as per

the Friis free space equation:

Pr(d) =
PtGtGrλ

2

(4π2)d2L
(3.1)

where

d denotes the line of sight distance between transmitter and receiver

Pr is the signal power at the receiver

Pt is the signal power at the transmitter

Gt and Gr denote the antenna gains at the transmitter and receiver respectively

L denotes the system loss factor, and

λ is the carrier wavelength.

There exist many more efficient models for large scale path loss in terms of the log-

normal path loss model and a huge array of models that take into account the environs

of the transmitter and receiver to the finest detail. This thesis is however concerned

with small scale losses (primarily multipath propagation).



3.2 Small scale path loss

As the name suggests it denotes a set of rapid fluctuations in signal phase, amplitude

or multipath delay lasting for a relatively short period of time. Small scale path

loss can be classified as multipath propagation that results in time dispersion and

movement of mobile users that results in a Doppler shift and hence signal fluctuation

or fading. The rest of the chapter discusses the nature of these losses, mathematical

representation and modeling of these losses for simulation purposes.

3.2.1 Multipath propagation and time dispersion

In a wireless communications system, when a line of sight path exists between the

transmitter and receiver, there are copies of the transmitted signal received after

multiple reflections with some time delay in comparison to that received along the

line of sight path, which is of high power and dominates the received signal. In the

absence of such a direct path the received signal is wholly composed of such reflected

components with different delays. Thus it becomes very important to be able to

identify and separate at least one copy of the transmitted signal and preferably exploit

the availability of multiple copies to improve the efficiency of the decoder. The effects

of a multipath channel may be modeled as:

y(t) =
M∑
k=1

(
N∑
i=1

hi;k(t)

)
s(t− τk) (3.2)

where N denotes the number of time delayed versions received and theoretically is

close to infinity, τk denotes the time delay of the kth such version, τi ∈ [0,∞], hi;k(t) de-

notes a random time varying modulation coefficient that is a complex number. Coef-

ficients with the same k subscript denote versions the same delay spread.∑N
i=1 hi;k(t) is usually modeled as being composed of real and imaginary parts that

are independent zero mean Gaussian random variables. s(t) denotes the pulse-shaped,

transmitted symbols and hence can be rewritten as s(t) = c(t) ∗ s[n], t ∈ (t, t+ nT ).

As the receiver under consideration works on sampled versions of the received

signal its is advisable to continue modeling using equations that operate on samples.

The above equation can be represented equivalently as :

y[n] =
m−1∑
k=o

hk[n]s[n− k] (3.3)
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where hk[n] has been obtained by summing over all paths of the same delay i.e.

hk[n] =
N∑
i=1

hi;k[n] (3.4)

In order to explore the nature of hk[n] we need to consider Doppler Spread first.

3.2.2 Mobility of user and Rayleigh Fading

In the previous section we modeled hk[n] as composed of real and imaginary Gaussian

r.v.s. As a result the envelope of the resultant signal has a Rayleigh pdf. The varia-

tions in the envelope are referred to as Rayleigh fading. Th inherent assumption here

is the absence of a line of sight component. In the presence of such a component the

Gaussian variable would no longer have zero mean and the resultant envelope would

follow a Rician pdf.

The wide sense stationary random process hk[n] as such is charac-

terized by a flat autocorrelation function. This behaviour of hk[n] is affected

by the mobility of the user and the mathematical analysis that follows discusses this

aspect.

Figure 3.1: A component wave incident on mobile receiver

Consider a stationary mobile user receiving reflected versions of the transmitted

signal from all directions. These signals are of random phases from 0 to 2π and there

13



amplitudes are also statistically independent. Figure [3.1] shows a plan view of the

situation. The motion of the user introduces a Doppler shift in each wave given by:

ωk = βvcosαn (3.5)

where β= 2π/λ , λ being the carrier frequency of the transmitted signal. Rewriting

3.4 to accommodate for the Doppler spread:

hk[n] =
N∑
i=1

hi;k[n]. exp (ωinTs) (3.6)

where Ts is the sampling frequency and all other symbols have their usual meanings.

Now, as before |hk[n]| has a Rayleigh pdf. However the autocorrelation of the

process, RC(τ) is altered to the form :

RC(τ) = AJ0(ωdτ) (3.7)

where

A is a real positive constant that is dependent on signal power

J0 denotes the Bessel function of the first kind and zeroth order, and

ωd = β ∗ v denotes the Doppler shift limit. The mathematics behind the above result

is too detailed to be contained in this thesis.

3.3 Modeling of Small Scale Path Loss - the Jakes’ model

Having considered the channel effects on the signal we now deal with the implemen-

tation of these effects into a channel model for simulation. One of the most effective

models proposed to generate channel coefficients that possess a Rayleigh envelope

while maintaining the autocorrelation function described in 3.7 is the Jakes’ model

[Jak01B]. The schematic of the model is represented in fig [3.2]

The set of N0 oscillators depicted in the figure, produce signals of the form :

xc(t) = 2
N∑
i=1

cos βi cosωit+
√

2 cosα cosωdtxs(t) = 2
N∑
i=1

sin βi cosωit+
√

2 sinα cosωdt

(3.8)

where ωi is an oscillator frequency equal to ωdcos(2πn/N), N = 4N0 + 2, α is chosen

as π/4 and βi = πi/N0.

Finally the channel coefficients are obtained as :

hk(t) = xc(t) + jxs(t); for a given k (3.9)
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Figure 3.2: Schematic diagram showing the structure of the Jakes’ fading variable

generator
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Uncorrelated channel coefficient sequences maybe generated by providing the gen-

erating oscillators with a random phase offset θi at the start of generation. The quality

of generated signal is largely contingent on the choice of N0. For greater precision a

larger value of N0 maybe used.

The Jakes’ model has been used in all our simulations involving a fading chan-

nel. In the channel tracking algorithms discussed in the later chapters of this thesis,

a finiter impulse response (FIR) channel model is assumed, with channel taps sub-

jected to Rayleigh fading with identical statistical characteristics. In section [8.1.2]

we present some of our simulation results that show the characteristics if our channel

model.
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CHAPTER 4

The Receiver

In the previous chapter we discussed in some detail, the multipath propagation effects

of fading and dispersion on the received signal. In this chapter we will characterize the

structure of the mobile radio receiver, designed to minimize the undesirable effects of

the fading multipath channel. The block diagram below outlines the basic structure

of the receiver to be discussed in this thesis.

Figure 4.1: A basic wireless receiver structure. 1: Receiver antenna, 2: Local Oscilla-

tor (foscillator = fc), 3: Mixer, 4: Matched SRRC Filter, 5: A/D converter, 6: Digital

Decoding Block, 7: Reverse Greycoder, 8: Decoded bit stream

4.1 Recovery of baseband signal

The signal received at the antennae is of the form :

yantenna(t) = y(t).exp(j2πfct); (4.1)

where y(t) is a baseband representation of the received signal, yantenna is a passband

representation of the received signal, and fc represents the carrier frequency in Hz.

As indicated in the block diagram the y(t) is extracted from yantenna(t) using the local

oscillator followed by the receiver filter which is a low pass filter. The process has

been diagrammatically represented in the frequency domain below :



Figure 4.2: Recovery of the baseband signal: 1.At transmitter before modulation

2.Transmitted signal 3.After mixer 4.After receiver filter

The receiver filter is chosen to be a matched SRRC filter in order to maximize the

SNR at the output of the filter (Ref. [Pro01B]) The output of the filter is then sampled

at the pre-specified rate and fed into the digital decoder which estimates symbols from

the samples. The rest of this chapter shall discuss this block as implemented in our

simulations.

4.2 The Digital Decoder

Apart from channel modulated transmitted symbols, the front end of the receiver

is also susceptible to thermal noise (ignoring interference for the present argument).

Modeling this effect simplistically as additive white Gaussian noise (AWGN) we rep-

resent the received symbols as:

y(t) =
m−1∑
k=0

hk(t)s[n− k] + vAWGN(t); t ∈ (t− nT, nT ) (4.2)

or equivalently

r[n] = rh[n] + vAWGN [n]; (4.3)
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where

yh[n] =
m−1∑
k=0

hk[n]s[n− k]; (4.4)

In the above equation:

(i) The received symbol is available to us.

(ii) As each frame is provided with a training sequence let us for the moment assume

that the channel coefficients can be estimated/tracked satisfactorily over the frame.

(iii) The probability distribution of the random variable vAWGN [n] is available to us.

(iv) The symbols are unknown and need to be estimated from (i), (ii) and (iii) above.

We would like to estimate Rh[n] using the above data.

Bayes’ theorem tells us that:

P (yh(k) = yh|y(k) = y) =
P (y(k) = y|yh(k) = yh).P (yh(k) = yh)

P (y(k) = y)
(4.5)

The premise of MLSE is that the transmitted symbols are those which maxi-

mize the above probability. Simplying the above equation:

P (yh(k) = yh|y(k) = y) =
1

πN0

.exp

[
−(y − yh)

′(y − yh)

N0

]
; (4.6)

or on logarithmic simplification

P (yh(k) = yh|y(k) = y)︸ ︷︷ ︸
maximize

≡ (y − yh)
′(y − yh)︸ ︷︷ ︸

minimize

(4.7)

The above can be used to make the decision on a single yh[n]. This principle can

be extended to an entire frame of received symbols using the Viterbi algorithm.

4.3 The Viterbi Algorithm

Consider the Maximum Likelihood Estimation of a time sequence of random variables

S.

We require:

P (S = s)︸ ︷︷ ︸
maximize

= P (S[1] = s[1]) ∩ P (S[2] = s[2]).... ∩ P (S[n] = s[n])︸ ︷︷ ︸
maximize

(4.8)
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Using the theorem of conditional probability:

P (S = s)︸ ︷︷ ︸
maximize

=

P (S[1] = s[1]).P (S[2] = s[2]|S[1] = s[1])...P (S[n] = s[n]|S[1] = s[1]...S[n− 1] = s[n− 1])︸ ︷︷ ︸
maximize

(4.9)

The above technique of decision is extremely cumbersome and not viable for

large sequences. The Viterbi algorithm reinvents the problem using a state-space

representation involving recursive stage by stage analysis. At each stage one of several

states is chosen. The algorithm works on the assumption that once you are at a

particular stage, the future states are a function of only the current state and not the

past states. This sort of analysis reduces complexity while retaining optimality.

More importantly the Viterbi algorithm makes decisions based on the maximiza-

tion (or minimization) of a cumulative path - metric. The path metric is the sum of

branch metrics accumulated at each stage. Decision on the individual branch metrics

is similar in nature to that represented in equation ( 4.7). Therefore in the simple

case of channel impairment including no interference we would accumulate:

P (Rh(k) = rh|R(k) = r)︸ ︷︷ ︸
maximize

≡ (y − yh)
′(y − yh)︸ ︷︷ ︸

minimize

(4.10)

Further discussion on the the decoder block is carried out in [Skl01R] and [Pro01B].

The last block in the receiver structure is the reverse Gray coder which interprets

the symbols estimated by the decoder block in terms of bits, based on the encoding

algorithm used at the transmitter end.
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CHAPTER 5

Channel Estimation and Adaptive

Equalization

Consider the received sampled sequence {y(n)}Nn=1, generated from the transmission

of one data burst over an RF channel. It is represented as the output of a discrete -

time complex - valued baseband channel model.

y(n) = h0d(n) +
m∑
k=1

hk(n)d(n− k) + v(n) n = 1, . . . , N (5.1)

E|d(n)|2 = σ2
d E|v(n)|2 = σ2

v ρ =
σ2
v

σ2
d

The transmitted symbol sequence {d(n)} is white with zero mean. The symbols take

a finite number of possible values which are equally likely. The measurements are cor-

rupted by a zero - mean white noise v(n). Symbols and noise are independent. The

objective is to reconstruct the transmitted sequence {d(n)}Nn=Ntr+1 from {y(n)}Nn=1

and a known training sequence {d(n)}Ntr
n=1.

If a transmit symbol d(n) is to be reconstructed from the received sequence, the

inter-symbol interference caused by the middle term of the right hand side of the

equation [5.1], the channel tail has to be removed. If there is severe ISI, a simple

symbol - by -symbol detector would lead to frequent incorrect decisions. Since ISI

is caused mainly by multipath propagation, , the most straightforward way to avoid

it would be to decrease the symbol transmission rate. Delayed symbols would then

have time to arrive before the next symbol is received. This is however, unattractive

from an efficiency point of view. A superior alternative would be to use an equalizer

or a maximum likelihood sequence detector implemented via the Viterbi algorithm

to compensate for the inter-symbol interference.

An equalizer is an input estimator consisting of one or several filters. The equal-

izer produces an estimate d̂(n) of the transmitted symbol. This estimate is fed into

a decision device to obtain a decisioned symbol d(n). The decision device selects the



Figure 5.1: The general layout of an equalizer. 1: d(n), 2: Channel, 3: v(n), 4:y(n),

5: Equalizer, 6: d̂(n), 7:Decision-device, 8: d(n), 9: Decision feedback. Signals in an

equivalent baseband description. The transmitted symbols d(n) propagate through

a time dispersive channel, having a finite or infinite impulse response {hk}. The

received signal y(n) is corrupted by noise v(n). An equalizer gives an estimate d̂(n)

and a decision device selects the symbol d(n).

symbol which is closest, in Euclidean distance, to the estimated input. In the case of

complex valued signals, the complex plane is divided into decision regions.

In this thesis we assume discrete-time channel models with finite impulse response

(FIR). A finite impulse response model with taps at symbol space is a fairly good

model for a dispersive channel. Each tap represents a different path taken by the

signal from the transmitter to the receiver. The two tap FIR channel model is a good

approximation for most dispersive mobile radio channels and that other FIR models

can be closely approximated by the two-tap model.

When the FIR channel cannot be modeled as a single δ(n), the channel is said

to be non ideal. The job of the equalizer is in some sense to ’invert’ the channel

by acting as a system in cascade with the channel. The equalizer must ’learn’ of

the channel impulse response to do so and assumes that the channel is unchanging.

However a real mobile radio channel is not static and must be modeled as a time

varying FIR system. The equalizer must be supplied with the constantly updated

information about the latest state of the channel impulse response. This is the job of
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Figure 5.2: 2 - Tap channel model with time varying coefficients

a channel tracking algorithm or a channel estimator and the entire system constitutes

an adaptive equalizer. In the sections that follow we describe certain types of equalizer

structures and channel estimation techniques relevant to this thesis.

5.1 Adaptive equalizer structures

In this section we introduce and describe two approaches to adaptive equalization,

direct and indirect. Further we will also show why the indirect method of adaptive

equalization is a better and preferred method.

Messages are assumed to be transmitted in bursts, blocks of N symbols, where

the first Ntr (Ntr < N) symbols are known to the receiver and constitute the /emph-

training sequence. The adaptation procedure is thus divided into two modes:

1. Learning - directed mode, {y(n)}Ntr
n=1; utilizes the training sequence to estimate

the (time varying) parameters. Provides an initialization to the next mode.

2. Decision - directed mode, {y(n)}Nn=Ntr+1; Decisioned symbols are used to update

the time - varying parameters. In the decision - directed mode, d(n) is replaced

by d̃(n).

The general (overall) structure of the adaptive equalizer / detection problem is
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depicted in figure [5.3]. It consists of two parts:

1. Estimation of a channel or equalizer parameter vector θ using a recursive algo-

rithm. Inputs to the algorithm are the measurements y(n) and either known

symbols {d(n)}Ntr
n=1 or decisioned symbols {d̃n}Nn=Ntr+1.

2. Estimation of symbols, using an equalizer or Viterbi detector.

As stated above, estimation of the parameter vector has to be in some way based

on decisioned symbols d̃(n). With incorrect decisions, there will be a potential risk

ok loosing the ability to track the parameters, in particular if several consecutive

erroneous decisions are made.

Figure 5.3: The overall structure of the adaptive equalizer / detection. 1: y(n), 2:

Estimation of symbols, 3: d(n), 4: Estimation of parameters, 5: Training sequence,

6: Estimated parameters θ

5.1.1 Direct adaptation of equalizer parameters

The traditional and the most straightforward way of adapting the co-efficients in an

equalizer, is to update the co-efficients, θeq(n) directly from data. The adjustment of

the co-efficients is based on recursive minimization of a function of the input prediction

error. In training mode, this error is

εd(n) = d(n)d̂(n) (5.2)
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while in decision directed mode, decisioned symbols are used as substitutes for the

unknown transmitted symbols so that εd(n) = d(n) − d̂(n). Thee approach is illus-

trated in fig. [5.4]. At each time instant, the equalizer parameters are updated by a

recursive algorithm. Inputs to the algorithm are the regression vector Φeq(n) and the

prediction error εd(n), or εd(n). The output is θ̂eq(n)

Figure 5.4: Signal flow of direct adaptation of equalizer parameters in decision di-

rected mode. 1: ΦH
eq(n), 2: θeq(n), 3: Recursive algorithm, 4: d̂(n), 5: εd(n), 6:De-

cision device, 7: d(n), 8: Training sequence. The regressor Φh
eq(n) and the equalizer

parameters, updated by a recursive algorithm, produce an estimate of the input d̂(n).

This estimate is fed into a decision device, and a new prediction error εd(n) can be

formed. The equalizer parameters are then updated based on Φh
eq(n) and εd(n).

5.1.2 Indirect adaptation of the equalizer parameters

Indirect adaptation is based on recursive estimation of the channel coefficient vector

θT (n) = (h0(n) . . . hm(n)) (5.3)

Using the updated channel parameters θ, the equalizer parameters are re-adjusted

periodically, possibly at every sample. Thus we perform a mapping θ̂eq(n) = f(θ̂(n)).

Channel parameter estimation is based on recursive minimization of a function of the

output prediction error

ε(n) = y(n)− ŷ(n) (5.4)
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The output prediction ŷ is simply the estimate of the noise-free received signal

ŷ(n) = ΦH(n)θ(n) (5.5)

where ΦH(n) is the channel regression vector. In decision directed mode, we are

forced to use decisioned symbols. In an adaptive equalizer, we have to substitute

channel co-efficient estimates, θ̂(n) for the true channel co-efficients for the calcula-

tions. The indirect approach to equalization is illustrated in fig [5.5]. At each time

instant, the channel model coefficients and the equalizer parameters are updated via

an estimate θ̂(n) produced by a channel estimator. Inputs to the channel estimator

are the regressor Φ(n), or Φ(n), and the output prediction error ε(n) = y(n)− ŷ(n)

respectively. The output is θ̂(n).

Figure 5.5: The structure of an indirect adaptive equalizer. 1: ΦH
eq(n), 2:

θeq(n) = f(θ), 3: d(n), 4: Training sequence, 5: ΦH(n), 6: θ(n), 7: Channel es-

timator, 8: ŷ(n), 9: prediction error ε(n), 10: yn. The channel co-efficients are

updated, based on ΦH(n) and ε(n), and used to update the equalizer parameters. In

decision directed mode, decisioned symbols are used in ΦH(n)

5.1.3 Why is indirect adaptation preferred

From the discussion above, it follows that the most straightforward approach to adap-

tive equalization is to use the direct form. However this approach leads to a very

difficult tracking problem. A closer examination of the MSE - optimal equalizer pa-

rameters, indicates a non-linear relationship between the parameters and the channel

26



co-efficients. This follows from the fact that an equalizer attains channel inversion in

some way. The typical relation is 1/h0, where h0 is the direct term in the channel

impulse response. In a non-stationary environment, an MSE - optimal equalizer has

to track a moving minimum point. A problem arises when |h0|(n) passes zero. Then

large and rapid changes in the optimal equalizer parameters occur. These parameter

jumps are the reason why direct adaptation of equalizer parameters will fail in the

case of fast Rayleigh fading channels. This problem is avoided if the equalizer pa-

rameters are updated via channel estimates. The channel co-efficients change rapidly

but without large jumps.

5.2 Per-survior Viterbi detection

In this section we consider implementation aspects of an adaptive Viterbi algorithm.

Both indirect adaptation of equalizer parameters and adaptive Viterbi schemes are

based on estimation of a channel model.

The basic theory behind the Viterbi algorithm was explained in section [4.3]. We

recall that the Viterbi algorithm is designed to base its decision upon the entire se-

quence instead of making decisions on a symbol-by-symbol basis. We also recall from

above that a channel estimator requires decisioned symbols, at each time instant,

in decision-directed mode. At first glance, there appears to be a conflict between

sequence estimation and simultaneous estimation of channel co-efficients. However

there is a way to utilize the Viterbi algorithm in conjunction with a channel estimator

in decision directed mode: The Per survivor implementation of the Viterbi algo-

rithm solves this problem by updating channel co-efficients of the assumed channel

model (using the the particular channel tracking law being used) along each of the

survivor trellis paths. This means that every stage of the MLSE Viterbi detector

through the trellis (assume that the trellis is moving forward from stage n to stage

n+ 1) involves the following steps:

1. Calculation of all the branch metrics and resulting path metrics for each of the

possible symbols in stage n+ 1.

2. Updation of the channnel co-efficients long the chosen optimal branch for each

of the possible symbols in the stage n+ 1

Hence each stage of the Viterbi trellis has, associated with it, a vector of channel co-

efficients. Below we describe the basic step involved in moving through the Viterbi
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trellis:

Let the current stage of the Viterbi trellis be labeled n. We are to propagate

survivor paths to stage n + 1. Let M be the size of the symbol alphabet (and

therefore also the number of possible symbols in each stage of the Viterbi Trellis).

Let the fading dispersive channel be modeled by a ’m+1’- ray symbol spaced discrete

time FIR model. Thus a complete channel estimate consists of the vector ΦH(n) =

(h0(n) . . . hm(n)) (For most dispersive channels m = 2 is a fairly good approximation.

In our simulation study we have used m = 1). In other words:

y(n) = h0(n)d(n) + h1(n)d(n− 1) + v(n) (5.6)

where the taps h0(n) and h1(n) are subject to independent Rayleigh fading and v(n)

is sampled AWGN. Let the vector Pn = (p0(n) . . . pM−1(n)) represent the cumulative

path metrics at the nth stage of the Viterbi trellis. Now each of the possible symbols

(d0(n+ 1) . . . dM−1(n+ 1)) in stage n+ 1 of the trellis must link up to one symbol in

the stage n of the trellis. Consider the ’linking’ of the symbol dj(n+1) to a symbol in

the nth stage. The choice of which symbol to link to is made through minimization

of the metric (for a choice of m = 2)

MinM−1
i=0

{
|r(n+ 1)−ΦH(n)i.θi(n+ 1)|2 + pi(n)

}
(5.7)

where r(n+1) is the received value as output from the receiver filter, ΦH(n)i represents

the channel co-efficents vector stored in memory for the ith symbol in the nth stage of

the Viterbi trellis and θi(n+1) is the vector containing the sequence of data symbols

(dj(n+1), di(n+1)) for the linking of the symbol dj(n+1) in the (n+1)th stage and

for a hypothesis i in the nth stage. Notice that in the calculation of the metric for

a hypothesis involving the ith symbol in stage n and jth symbol in stage n + 1, the

channel-coefficient vector for the ith symbol is used. Having chosen say i = k from the

the above minimization, the channel co-efficients stored for the kth state in the nth

stage of the trellis must now be updates according to a pre-decided channel tracking

law (We have used the NLMS and KLMS algorithms in our simulation study).

ΦH
j (n+ 1) = f(ΦH

i (n)) (5.8)

where f is the function that updates the channel co-efficient vector, given as input,
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the old channel co-efficient vector and the forward prediction error

ε(n) = r(n)− (d(n) . . . , d(n−m)).

 ĥ0(n)
...

ĥm(n)

 (5.9)

Hence at any stage of the per - survivor Viterbi scheme, apart from cumulative

path metrics, channel co-efficients corresponding to each possible symbol in that stage

must also be stored in memory. However, this information need not be maintained

in memory for the entire trellis as it is required only for the previous stage when

moving forward in the trellis. Thus the per survivor implementation of the Viterbi

algorithm is able to perform maximum likelihood sequence estimation as before but

also provides a method of updation of channel co-efficients by the channel tracking

algorithm that is working in conjunction.

5.3 Constant gain channel tracking using stochastic hypermodeling

Parameter tracking in severe Rayleigh fading environments (high Doppler shifts and

low signalling rates) with RLS / LMS algorithms, often requires large adaptation

gains, i.e. a short memory. Such algorithms become sensitive to noise and to in-

correct decisions. By utilizing a priori information about the time-varying channel

co-efficients, adaptive algorithms with larger memories can be designed without sac-

rificing tracking capability. It is evident that in fading environments, the co-efficients

of an FIR channel model exhibit typical trend or quasi periodic behaviour.

The LMS and RLS algorithms (for a description of the LMS algorithm, see Ap-

pendix A) are perhaps the most obvious first choices as channel tracking algorithms

for use in conjunction with an adaptive equalizer or a Viterbi detector. However,

while they are low in complexity and simple to implement, the optimal design in

both these algorithms presumes a random walk behaviour for the time - varying

channel parameters. The channel tracking algorithms proposed in [Lin01] and stud-

ied in our simulation study utilize a priori information about the channel through

simplified stochastic modeling. Here, stochastic modeling leads naturally to Kalman

filtering. However the optimal Kalman filter design applied to our channel tracking

algorithm, (Ref. Appendix A) being a time-variant gain algorithm requires constant

update of the adaptive gain and therefore has a very high computational complexity.

Models intended to describe the behaviour of the true time - varying co-efficients are
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sometimes called ’hypermodels’.

When transmit symbols are white and have constant modulus (as in our case

study), a channel estimator with high performance and low complexity can be ob-

tained using simplified stochastic internal modeling of the co-efficients of an FIR

channel model and approximation of a Kalman predictor. [Lin01] It is related to

the design of algorithms based on hypermodels and is less ad hoc than the use of

co-efficient prediction filters combined with the LMS / RLS algorithms.

Consider the discrete time FIR channel model discussed earlier, now expressed

as:

y(n) = ΦH(n)θ(n) + v(n) n = 1, . . . , N (5.10)

ΦH(n) = (d(n) . . . d(n−m))

θT (n) = (h0(n) . . . hm(n))

E|d(n)|2 = σ2
d E|v(n)|2 = σ2

v

When v(n) is white noise, the predictor of the received signal y(n) is given by

ŷ(n) = ΦH(n)θ(n).Then the output prediction error (or the forward prediction error)

is ε(n) = y(n) − ŷ(n). The goal of the time-varying parameter estimation problem

is to determine a sequence of estimates {θ̂(n)}N1 } such that the cumulative squared

prediction errors are minimized.

{θ̂(n)} = arg

[
Minθn

(
N∑
n=1

|ε(n)|2
)]

(5.11)

In order to minimize this criterion, parameters of time-varying systems are often

estimated by recursive algorithms, having the structure

θ̂(n) = θ̂(n− 1) +K(n)ε(n) (5.12)

ε(n) = y(n)−ΦH(n)θ̂(n− 1) (5.13)

The choice of the gain vector sequence differs in different algorithms. A common

feature of all recursive algorithms is that some design variable is to be tuned. For the

particular case of a linear regression model, we choose to express the gain as

K(n) = P (n)Φ(n) (5.14)
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where P (n) is a positive definite m + 1|m + 1 matrix. Note that the parameter

update is made in the direction of P (n)Φ(n) The design variable is then P (n). In

the following chapter we will show how the time - varying adaptive gain tracking

formulated here can be converted to a channel tracking algorithm with a constant

gain using a priori information about the channel (discussed later in this section).

5.3.1 Stochastic modeling of the channel coefficients

In the case of multipath fading channels, prior knowledge about the time-variation of

the channel exists.

• The channel co-efficients hk(n) are such that |hk(n)|, k = 0, . . . ,m are Rayleigh

distributed.

• Re{hk(n)} and Im{hk(n)}are mutually independent Gaussian processes with a

normalized autocovariance function given by

R(l) = J0(wml) l = 0,±1, . . . (5.15)

wm = 2π
fm
fs

Here J0(.) is the Bessel function of the first kind and of order zero, fm is

the maximum Doppler frequency and fs is the sampling rate. The maximum

Doppler frequency is determined by the speed of the vehicle, as discussed in

section [3.2.2]. This autocovariance tells us that the variation of the co-efficients

is similar to that of narrow band Gaussian noise. The co-efficients can be

generated by filtering white complex-valued Gaussian noise with a filter of

high order (However, in our case study we have used the Jakes’ Rayleigh fading

simulator).

• The channel co-efficients change independently thus

E[hj(n)hk(n)]j 6=k = E[hj(n)]E[hk(n)] (5.16)

In carrying out stochastic modeling of the channel co-efficients, we will consider

linear stochastic models of the following type:

hk(n) =
C(q−1)

A(q−1)
ek(n) k = 0, . . . ,m (5.17)

C(q−1) = 1 + c1q
−1 + . . .+ cna−1q

−na+1
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A(q−1) = 1 + a1q
−1 + . . .+ cnaq

−na

where C(q−1) and A(q−1) are polynomials with real valued coe-efficients in the back-

ward shift operator q−1. The sequence {ek(n)} is white complex valued Gaussian noise

with zero-mean. The sequances {e0(n)}, . . . , {em(n)}are assumed mutually indepen-

dent. Thus we model the channel co-efficients as being generated by independent

white noise sources filtered through a bank of identical real-valued linear filters. The

white Gaussian noise sequences {ek(n)} have independent real and imaginary parts.

Linearity gives

h
(r)
k (n) =

C(q−1)

A(q−1)
Re{ek(n)} h

(i)
k (n) =

C(q−1)

A(q−1)
Im{ek(n)}

Hence the real and imaginary parts of each channel co-efficient are uncorrelated. This

corresponds to a modeling assumption of channel co-efficients subjected to Rayleigh

fading. (Appendix B contains details of the various stochastic models that can be

practically applied to model the variation of channel co-efficients under different con-

ditions. One of these models, the Autoregressive 2nd order model is described in

detail in the following chapter)
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CHAPTER 6

Simplified Kalman Filtering Algorithm

applied to Channel Tracking

The Simplified Kalman filtering approach to channel tracking is based on stochastic

modeling of the time-varying channel coefficients using a priori information. In the

case of a Rayleigh fading environment, this a-priori information is in the form of the

statistical properties of the variation of the channel coefficients, for eg. A U-shaped

power spectral density that peaks at the maximum Doppler frequency. Hence we

know a priori that we can model these channel coefficients by passing a complex val-

ued Gaussian noise-like sequence through a filter that has a transfer function similar

to the U-shaped PSD of the Jakes Spectrum.

The motivation behind simplifying the optimal Kalman estimator is that:

1. The computational complexity of the optimal Kalman estimator is very high.

2. It requires precise estimation of the maximum Doppler frequency as its working

depends crucially on the maximum Doppler Frequency.

6.1 The optimal Kalman estimator applied to Channel Tracking

The optimal channel estimator for the channel tracking problem, defined and dis-

cussed in the previous chapter, is the Kalman estimator, if the channel co-efficients

are modelled by linear stochastic models of the type:

hk(n) =
C(q−1)

A(q−1)
.ek(n) k = 0, 1, . . .m (6.1)

C(q−1) = 1 + c1q
−1 . . .+ cna−1q

−na+1

A(q−1) = 1 + a1q
−1 . . .+ anaq

−na



where C(q−1) and A(q−1) are polynomials with real-valued co-efficients in the back-

ward shift operator. The sequence {ek(n)} is white complex-valued Gaussian noise

with zero-mean. The sequences {e0(n)}, . . . , {em(n)} are assumed to be mutually in-

dependent. Thus we model the channel co-efficients as being generated by independent

white Gaussian sources filtered through a bank of identical real-valued linear filters.

We define Re as the covariance matrix of the noise vector eT (n) = (e0(n) . . . em(n)):

Re(n) = E[e(n)eH ] = diag(σ2
e0
. . . σ2

e0
)

Re-writing our stochastic model to emphasize the fact that it is dependent on the

instantaneous Doppler frequency and that we are modeling the optimal estimator,

hok(n) =
C(ωm, q

−1)

A(ωm, q−1)
.ek(n) k = 0, 1, . . . ,m (6.2)

whereA(ωm, q
−1) has degree n0

a and C(ωm, q
−1) has degree less than n0

a. The argument

ωm emphasizes the maximum Doppler frequency dependence of the filter co-efficients

and the superscript ”o” denotes the optimal model. In canonical state-space form (in

the canonical representation we can see the recursive relationship between the channel

co-efficients that we are modeling and the parameters of the stochastic model we are

making use of), we may express the above system as:

xk(n+ 1) = F(ωm)xk(n) + G(ωm)ek(n)

hok(n) = Hxk(n) k = 0, 1, . . . ,m. (6.3)

with state vectors xk(n). The matrices F(ωm), the vectors G(ωm) and H are given

by

F(ωm) =


−a1(ωm) 1 . . . 0

... 0
. . .

...
...

. . . 1

−ano
a
(ωm) 0 . . . 0

 G(ωm) =


1

c1(ωm)
...

cn0
a−1(ωm)


H =

(
1 0 . . . 0

)
(6.4)

Introduce the total state vector X(n) = (xT0 (n) . . . xTm(n)), of dimension (m +

1)na0|1. This gives the following state space description of the channel co-efficient

vector:

X(n+ 1) = F(ωm)X(n) + G(ωm)e(n)
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θ(o)(n) = HX(n) (6.5)

where

F =

 F(ωm) 0
. . .

0 F(ωm)



G =

 G(ωm) 0
. . .

0 G(ωm)



θ(0)(n) =

 ho0(n)
...

h0
m



H =

 H 0
. . .

0 H


A state-space desciption of the time-varying model can now be represented as

X(n+ 1) = F(ωm)X(n) + G(ωm)e(n)

y(n) = ΦH(n)X(n) + v(n) (6.6)

where ΦH(n) = (d(n)H, . . . , d(n−m)H).

Assume that the maximum Doppler frequency ωn, the vector ΦH(n) and the covari-

ance matrix Re(n) are all known. Then the most accurate linear estimator of X(n)

and thus of θo(n) based on data up to time n− 1 is given by the Kalman predictor:

X̂(n+ 1) = F(ωm)X̂(n) + K(n)ε(n) (6.7)

ε(n) = y(n)−ΦH(n)X̂(n) (6.8)

θ̂(n) = HX̂(n) (6.9)
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K(n) =
F(ωn)P(n)Φ(n)

σ2
v + ΦH(n)P(n)Φ(n)

(6.10)

Here ε(n) is the prediction error and K(n) is the Kalman Gain. This gain depends

on the estimate of the state covariance matrix P(n), which is updated every symbol

by the Riccati Difference Equation:

P(n+ 1) = F(ωn){P(n)−P(n)Q(n)P(n)}FT (ωn) + R1(n) (6.11)

where:

Q(n) =
Φ(n)ΦH(n)

σ2
v + ΦH(n)P(n)Φ(n)

(6.12)

R1(n) = E[G(ωm)e(n)eH(n)GT (n)] = G(ωm)Re(n)GT (ωm) (6.13)

Here Φ(n) consists of the training sequence symbols in the training mode and consists

of the decisioned symbols in the decision directed mode. In order to reduce the effect of

wrong decision and reduce the risk of the tracking going off-track completely (which

is especially likely to happen when the tracking algorithm just enters the decision

directed mode from the training mode because of the especially high adaptation gain

at that time) a limiter function is used to operate on the prediction error ε(n) before it

is multiplied by the Kalman Gain. It is understood that the data vector θ(n) consists

of training sequence symbols during the period that the algorithm is working in the

training mode and it represents decisioned symbols in the period when the algorithm

is in decision directed mode. It is also understood that the Kalman estimator would be

working in conjunction with a symbol detector (in our study, it is the MLSE Viterbi

detector applied to TETRA data frames). Note that incorrect decisioned symbols

may throw the tracking off track since the Riccati update requires the decisioned

symbols Φ(n). Hence we have no proof that the optimal Kalman Channel Tracker

would be optimal in the BER sense. From a practical point of view, the optimal

Kalman estimator is not of much use because of two reasons:

1. The Algorithm requires very precise estimation of the maximum Doppler fre-

quency.

2. The computational complexity of the algorithm is very high owing to the high

computational load of the online update of the P(n) matrix in the Riccati

Equation.

An ideal estimator would be one that is able to provide a performance that approaches

the performance of the optimal Kalman estimator while working at a much lower
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computational load. Such an algorithm can be derived. It is called the Kalman Least

Mean Squares (KLMS) algorithm and can be used to track channel variations caused

by fast Rayleigh fading. The KLMS algorithm provides a performance almost equal to

the optimal Kalman estimator and works at LMS computational load. Its backbone

lies in the fact that the online update of the P(n) matrix through the Riccati equation

is eliminated by use of a constant averaged P matrix that provides acceptable results

in the overall working of the algorithm. The derivation of the KLMS algorithm from

the optimal Kalman estimator is explained in the following section.

6.2 Simplifications made to derive the simplified channel tracker: The

KLMS algorithm

We have seen that the optimal version of the Kalman estimator is complex and com-

putationally intensive from an implementation point of view. A simplified version

of the Kalman estimator is derived based on the fact that we can use an averaged

time-invariant P matrix in place of a P(n) matrix that must be updated every sym-

bol using the Riccati Equation. This way the dominant computational load of the

Kalman estimator is avoided. Further simplifications are made based on certain as-

sumptions that must hold, finally leading to a channel tracking algorithm that can

provide very good performance at almost LMS computational load. A rather long

series of approximation are made to the Optimal Kalman estimator in a step-by-step

manner to derive the form for the practically implementable (sub-optimal) version of

the estimator. This series of steps is described below:

Step 1

As a first step the matrix F(ωm) and G(ωm) are replaced by other matrices of smaller

order and these new matrices are now treated as design parameters rather than func-

tions of the instantaneous maximum Doppler frequency ωm(n). We assume that the

channel co-efficients can be reasonably well described by:

xk(n+ 1) = Fdxk(n) + Gdek(n)

hk(n) = Hxk(n) (6.14)

where Fd is na|na and Gd is na|1. The matrices Fd and Gd are pre-determined and

are of lower order than F(ωm) and G(ωm). In particular, the Riccati equation is now
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given by:

Q(n) =
Φ(n)ΦH(n)

σ2
v + ΦH(n)P(n)Φ(n)

R1 = GdReG
T
d

P(n+ 1) = FdP(n)−P(n)Q(n)P(n)FT
d + R1 (6.15)

where we have assumed E|v(n)|2 = σ2
v and E|e(n)eH(n)| = Re to be constant. This is

a reasonable assumption over one data burst. We can now express the state estimate

as:

X̂(n+ 1) = FdX̂(n) + K(n)ε(n) (6.16)

X̃(n) =
P(n)Φ(n)ε(n)

σ2
v + ΦH(n)P(n)Φ(n)

(6.17)

X̂(n+ 1) = Fd(X̂(n) + X̃(n)) (6.18)

where X̃(n) can be regarded as a correction term for updating the state space esti-

mate. Notice that X̃(n) is proportional to P(n)Φ(n) which means that P(n) can be

regarded as a matrix that constantly provides the correct direction in which to update

the state estimate. However, we could, by means of averaging, find a time-invariant

P matrix that overall makes a reasonable correction to the state estimate vector.

Step 2

By empirical means it is seen that P(n) consists of elements that display a certain

kind of behavior. Note that P(n) is a square matrix of dimension (m + 1)na, where

m+1 = the number of channel coefficients being modeled (m = 1 is a common value.

For the TETRA standard, it is adequate to consider a two ray FIR channel model to

cover most practical cases of ISI mainly because of te long symbol duration (55.5µs))

and na is the order of the filter used for the generation of channel coefficients (ref.

the use of a-priori information) and is also the order of the square matrix Fd and

of the vector Gd. Except for initial transients, the time variation of P(n) is caused

by the time variation of ΦH(n). By regarding the elemnts of ΦH(n) as stationary

stochastic variables, and averaging with respect to them, approximations of mean

value sequences of P(n) can be calculated off-line and utilized in a simplified estima-

tor. Before we proceed, let us first illustrate the idea by a simple example:
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Consider the following model specification:

Fd =

(
2 1

−1 0

)
Gd =

(
1

0

)
Re =

(
10−6 0

0 0

)

H =

(
1

0

)
ΦH(n) =

(
d(n)H d(n− 1)H

)
since m = 1, the matrix P(n) has dimensions 4|4

P(n) =

 p1,1(n) . . . p1,4(n)
...

. . .
...

p4,1(n) . . . p4,4(n)



Figure 6.1: The trajectories of the element p1,1 for ten independent realizations of the

input sequence {d(n)}

The input sequence {d(n)} is white with zero mean, where d(n) have possible

values of ejψ where ψ = ±π/4,±3π/4,±π/2, 0, π. This implies that the diagonal

39



elements in Φ(n)ΦH(n) are constants and that E|d(n)|2 = σ2
d = 1. We initialize

the Riccati equation with P(0) = 10−4I, where I is he identity matrix. The element

p1,1(n) for ten realizations was plotted and it was seen that the trajectories of p1,1(n)

in different data bursts vary around a different ensemble mean value for each time

instant. The sequenceof estimated mean values for 50 independent realizations was

plotted and it was seen that after an initial transient phase, the estimated ensemble

means do not vary much with time and could possibly be replaced with a time -

invariant value.

Figure 6.2: Estimated ensemble means obtained from 50 independent realizations

Each element of P(n) if observed over a large set of values of n, displays a char-

acteristic behavior: at first passing through a transient period and then hovering

around more or less a constant value. If independent runs are made and the same

element of the P(n) matrix observed over the same range of values of n, very similar

behavior is noticed. An ensemble mean can therefore be derived from a large number

of such runs using data symbols from the set of symbols that are actually used by
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the standard that we are implementing the channel tracker for, and by calculating

each iteration of the P(n) matrix using the Riccati equation discussed earlier. After

a certain value of n, all elements of the P(n) matrix settle down or hover around

a more or less constant value suggesting that the P(n) matrix can now be replaced

by the time invariant P-matrix. A simplification would then be to replace the se-

quence of ensemble means by a mean value over time. Thus, after the transient, it

is possible to view p1,1(n) as a stationary stochastic process. Based on the intuitive

reasoning above, let us regard {P(n)} as a matrix valued stochastic process and the

P(n)-sequences in each burst as an independent realization. Assume the ensemble

mean E[P(n)] to exist. It can be expressed by taking expectation expectation on

both sides of ( 6.15):

E[P(n+ 1)] = FdE[P(n)− E[P(n)Q(n)P(n)]FT
d + R1 (6.19)

P̄n = E[P(n)] (6.20)

∆Pn = P(n)− P̄n (6.21)

P̄n+1 = Fd{P̄n − E[(P̄n + ∆Pn)Q(n)(P̄n + ∆Pn)]}+ FT
d + R1 (6.22)

= Fd{P̄n −E[P̄nQ(n)P̄n + ∆PnQ(n)P̄n + P̄nQ(n)∆Pn + ∆PnQ(n)∆Pn]}FT
d + R1

(6.23)

P̄n+1 = Fd{P̄n − P̄nQ̄nP̄n︸ ︷︷ ︸
(1)

−P̃n}FT
d + R1 (6.24)

where:

Q̄n = E[Q(n)] = E

[
Φ(n)ΦH(n)

σ2
v + ΦH(n)[P̄n + ∆Pn]Φn

]
(6.25)

P̃n = E[∆PnQ(n)]︸ ︷︷ ︸
(2)

P̄n + P̄nE[Q(n)∆Pn]︸ ︷︷ ︸
(3)

+E[∆PnQ(n)∆Pn]︸ ︷︷ ︸
(4)

(6.26)
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Assume that E[||∆Pn||] � ||P̄n||, where ||.|| is the spectral norm function. The

term(4) in P̃n will then be small compared to (1). Furthermore P̄n will dominate

over ∆Pn. Thus ∆Pn becomes weakly correlated with Q(n) and the terms (2) and

(3) in P̃n would also be small compared to (1). a approximation of the mean value

sequence {P̄n} could then be calculated from a Ricatti-like equation:

Q̄n = E

[
Φ(n)ΦH(n)

σ2
v + ΦH(n)P̄nΦn

]
(6.27)

P̄n+1 = Fd[P̄n − P̄nQ̄nP̄n]F
T
d + R1 (6.28)

The second equation above is Riccati-like in form. As discussed earlier, after a certain

value of n, the elements of the P(n) matrix settle down to a more or less constant

mean value and so we may replace P̄n+1 and P̄n on the two sides of the above equation

by P̄.

Q̄ = E

[
Φ(n)ΦH(n)

σ2
v + ΦH(n)P̄Φn

]
(6.29)

P̄ = Fd[P̄− P̄Q̄P̄]FT
d + R1 (6.30)

The above equations are coupled. To solve the latter ( 6.30), we must solve the former

( 6.29). However note that Q(n) is a random matrix with a finite number of possible

values since d(n) takes on a finite set of possible values. For M -ary signaling and

a channel with m + 1 coefficients, there are Mm+1 possible values. Hence it is in

principle possible to evaluate the expectation. Further, in the case of slowly time

varying coefficients, the product term in the denominator of the expression for Q may

be disregarded. However, in our application, it is hard to motivate this approximation

and we will instead use another approximation which will drastically simplify the filter

design.

Step 3

A particular solution to the coupled equation above is one in which P is a block

diagonal matrix (and consequently so is Q, if we assume that the data symbols are

of constant modulus and comprise a white sequence with zero mean). This can lead

to the decoupling of the two equations as follows: Under the assumption that the

sequence {d(n)} is white and d(n) have constant modulus, the matrix Q is given
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by (With constant modulus and a block diagonal Pmatrix, the denominator of the

expression for Q becomes constant making it easy to evaluate the expectation):

Q̄ =
E[Φ(n)ΦH(n)]

σ2
v + σ2

d

∑m
i=0 HPiiHT

=
σ2
dH

T H

σ2
v + σ2

d

∑m
i=0 HPiiHT

(6.31)

=
σ2
d

σ2
v + σ2

d

∑m
i=0 HPiiHT

diag(HTH.......HTH) (6.32)

where H has dimensions 1|na. Under such a simplification, the equation for the

P-matrix can be written as a set of coupled algebraic equations:

Pkk = Fd

{
Pkk −Pkk

HTH

%k + HPkkHT
Pkk

}
FT
d + σ2

ek
GdG

T
d (6.33)

%k =
σ2
v

σ2
d

+
m∑
i6=k

HPiiH
T k = 0, ...m. (6.34)

Step 4

The terms
∑m

i6=k HTPiiH in the denominators of the above (m + 1) equations cause

the equations to be coupled. This a consequence of the fact that we are trying to

estimate (m + 1) channel coefficients from one output signal. This coupling will be

low when σ2
v

σ2
d
�
∑m

i6=k HTPiiH . If we ignore the summation term in the denomi-

nators, the equations then become decoupled and approximate solutions to Pkk can

be calculated separately using the simple algebraic Riccati equations. In practice

the %k are set to values slightly higher than σ2
v

σ2
d

to account for the unknown positive

contributions of
∑m

i6=k HTPiiH. The error introduced because of this approximation

is insignificant to the algorithms performance. Thus the calculation of an approxi-

mate averaged Kalman gain has been reduced to solving the m+1 separate algebraic

Riccati equations.

The simplified Kalman Channel Tracking Algorithm is in summary as follows:

K(n) =
FdPΦ(n)

σ2
v(n) + ΦH(n)PΦn

=
diag(FdP00......FdPmm)(d(n)H.......d(n−m)H)H

σ2
v + σ2

d

∑m
i=0 HPiiHT

(6.35)
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=


L0d

∗(n)

L1d
∗(n− 1)

...

Lmd
∗(n−m)


where

Lk =
FdPkkH

T

σ2
d(%kHPkkHT )

k = 0, 1 . . .m. (6.36)

Let:

Pkk =
Pkk

%k
(6.37)

γk =
σ2
ek

%k
(6.38)

The design variables are Fd, Gd and γk. The online computations required are:

x̂(n+ 1) = Fdx̂(n) + µ(n)Lkd
∗(n− k)satα[ε(n)] (6.39)

ĥk(n) = Hx̂(n) k = 0, 1 . . .m. (6.40)

where

εn = y(n)−ΦH(n)θ̂(n) (6.41)

The sat function is used to limit the forward prediction error to prevent the algorithm

from going off track. The gains Lk, k = 0, 1 . . .m. can be calculated from the solutions

to:

Pkk = Fd

[
Pkk −

PkkH
THPkk

1 + HPkkHT

]
FT
d + γkGdG

T
d (6.42)

Lk =
FdPkkH

T

σ2
d(1 + HPkkHT )

(6.43)

The time varying positive scalar has been introduced in order to speed up the con-

vergence during the transient phase and by using for example, the recursion:

µ(n) = βµ(n− 1) + (β − 1) (6.44)

What remains now is to choose suitable values for our design variables Fd and Gd.

This is described next.
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6.3 The second order autoregressive (AR2) stochastic model

The KLMS algorithm uses second order models to model the variation of channel

coefficients (this is the internal stochastic modeling that represents the a priori infor-

mation being utilized by the algorithm and also the choice of our design variables).

We know that the channel co-efficients in a Rayleigh fading environment behave as

narrow band noise with a spectral peak [Lin01R]. The simplest model that describes

such behaviour of the channel coefficients, particularly suited to the Jakes’ fading

model is the second order autoregressive (AR2) model [[Lin06R]] with real valued

coefficients:

hk(n) =
1

1 + a1q−1 + a2q−2
ek(n) (6.45)

a1 = −2rdcos(ωd) (6.46)

a2 = r2
d (6.47)

Or in observable canonical state space:

Fd =

(
−a1 1

−a2 0

)

Gd =

(
1

0

)

X =
(

1 0
)

The pole locations are rde
±jωd . The pole radius rd reflects the damping and ωd is the

dominating frequency of the coefficient variations. The design variables are then rd

and ωd . The variance of hk(n) is given by:

σ2
hk

=

(
1 + a2

1− a1

)
σ2
ek

(1 + a2)2 − a2
1

(6.48)

The variance of the noise sequence σ2
ek

is adjusted to as to make the variance of the

channel coefficients σ2
hk

equal to the desired value. With the second order Autore-

gressive model, simple analytical expressions for the gains in the simplified Kalman
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Algorithm exist:

Lk =
1

σ2
d(1 + p1,1)

(
−a1p1,1 + p1,2

−a2p1,1

)
(6.49)

where p1,1 and p1,2 are the elements of the P-matrix and simple analytical expressions

exist for them too:

ζ =
α0 − 2a2 +

√
(α0 + 2a2)2 − 4a2

1(1 + a2)2

2
(6.50)

α0 = 1 + a2
1 + a2

2 + γk (6.51)

p1,1 =
ζ +

√
ζ2 − 4a2

2

2
− 1 p1,2 =

a1a2

1 + a2 + p1,1

p1,1 (6.52)

Typical values of rr used in the model above are between 0.990 and 0.999. ωd is

calculated based on the value of rd chosen and the estimate of the Doppler frequency.

In the following chapter we describe a Doppler estimation algorithm that can be used

in conjunction with our channel tracker.In chapter 8, we present simulations results

for the performance evaluation of the KLMS algorithm on the TETRA mobile radio

standard.
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CHAPTER 7

Doppler Estimation

7.1 Introduction

Doppler shift is the frequency shift experienced by the radio signal when either the

transmitter or the receiver is in motion, and Doppler spread is a measure of the spread

broadening caused by the temporal rate of change of the mobile radio channel. At

a carrier frequency of 450 Mhz (the carrier frequency of the TETRA mobile radio

system), a typical mobile terminal experiences a Doppler spread in the range of 0-250

Hz depending on the vehicle speed. For eg. a vehicle travelling a speed of v = 100

Kmph would experience a maximum Doppler spread of fd = v/λ = 83 Hz, where λ

is the wavelength corresponding to the carrier frequency.

In an adaptive receiver, Doppler information can be used to improve performance

or reduce complexity. Receiver parameters, such as channel tracker step size can

be optimized based on Doppler spread information. Similarly, Doppler information

could be used to control the transmitter or receiver adaptively for different mobile

speeds, like variable coding and interleaving schemes. Also, radio network control

algorithms, such as handoff and channel allocation in cellular systems can utilize the

Doppler information. In our work, use of a Doppler estimation algorithm is motivated

by the fact that parameters of the stochastic hypermodels on which the Kalman Least

Mean Squares tracking algorithm is based, are a function of the Doppler frequency.

7.2 Related work

Doppler spread information has been studied for various applications in the past.

Methods based on correlation and variation of channel estimates have been used for

Doppler Estimation. Lindbom describes a simple method which uses differentials of

the complex channel estimates [Lin01R]. The differentials of the channel estimates

are noisy, requiring low-pass filtering , the bandwidth of which is also a function of



the Doppler estimate. In [Mor01R], a Doppler estimation scheme based on the auto-

correlation of the channel estimates is described.

In [Kra01R], an efficient Doppler Estimation algorithm has been discussed for mo-

bile radio systems based on Maximum Likelihood (ML) estimation theory. The algo-

rithm relies on periodinc channel estimation through periodiic pilot channels present

in the slot structre of the mobile radio slot structure.

7.3 Our work

Here, we adapt the ML algorithm in [Kra01R], to the TETRA uplink channel wherein

no pilot channels are available in the data slot apart from the training sequence which

occurs as a midamble (ref. section 2.1). By coupling the ML Doppler Estimation al-

gorithm with Normalized Least Mean Square Channel tracking in conjunction with a

Viterbi detector, we are able to use the channel coefficient estimates from the chosen

output trellis of the Viterbi detector as a ’peudo-pilot channel’. These channel coeffi-

cient estimates are then used to compute an instantaneous channel correlation matrix

over the slot. Using this channel correlation matrix and an estimate of the variance as

an input the algorithm computes the ML estimate for the Doppler frequency. While

the algorithm requires knowledge of the noise variance (which in turn would require

an estimate of the SNR at the receiver) and a separate algorithm for the estimation

of SNR may be used (the path metric of the best path in the Viterbi algorithm can be

used to get an estimate of the noise variance), it can be shown that the ML Doppler

estimation algorithm is fairly robust to the mismatch between an assumed SNR and

the actual value of SNR at the receiver [Kra01R]. Typical values of SNR may range

between 10 and 25 dB. We have used an SNR of 17 dB in our simulations of the ML

Doppler estimation algorithm (see section 8.3).

7.4 The ML Doppler estimation algorithm

The band-limited signal s(t), which is transmitted through a fading mobile radio

channel is received by the receiver antenna. The received signal is modeled as:

r(t) = h(t).s(t) + w(t) (7.1)

where the channel is described by the complex Gaussian process hk(t), (k = 0, 1 for

our model of a two-tap dispersive Rayleigh fading channel) with coreallation fuction

Kh(t1, t2; fd), which dedepends upon the Doppler spread, fd, and w(t) is zero-mean,
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Figure 7.1: Conceptual bock diagram showing how the Doppler estimator is used

in conjuntion with the channel tracker. 1: Channel tracking device working on a

stochastic hypermodel, 2: Doppler estimator, 3: MLSE Viterbi decoder, 4: Doppler

frequency estimate fed to the channel tracking stochastic hypermodel, 5: Channel

co-efficient estimates from the training sequence fed to the Doppler estimator, 6:

Channel coefficients from the best path in the Viterbi trellis to serve as ’pseudo-pilot

channels’ fed to the Doppler estimotor.

complex AWGN with variance σ2
w. The TETRA uplink slot format (using π/4-shifted

DQPSK modulation) shown in Fig (2.2) is assumed. The entire slot is 231 symbols

long and the symbol rate is 18 kbaud. In our adaptation of the ML algorithm to the

TETRA uplink channel, we estimate the channel during the training sequence using

the least squares (Ref. section 8.1.3) and subsequent channel coefficient estimates

during the slot are picked up from the sequence of channel estimates correspond-

ing to the maximum likelihood sequence that is the output of the Viterbi detector.

Henceforth we shall refer to these channel coefficient estimates, picked at periodic

intervals through the data frame, as ’Pseudo-pilot channel estimates’.
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We assume that the channel estimates ĥ1(i), . . . , ĥQ(i) are available for Q slots,

where ĥq(i) are the channel estimates for a given channel tap at the ith ’pseudo-pilot

location’ for the qth slot, i ∈ [1, N ], and N is the number of channel estimates for each

slot including the estimate obtained from the training sequence. In our implementa-

tiono of the algorithm we will use only one of the two taps in our dispersive channel

model. Alternately, the estimation algorithm may be run on channel coefficient esti-

mates on both the taps separately and the Doppler frequency be expresses as a men

of the estimates obtained from the two taps. Three requirements are introduced for

a synthesis of the ML estimate:

Requirement 1: The channel estimates ĥq(i) are Gaussian distributed, because they

are a linear function of r(t).

Requirement 2: The errors of the channel estimates ĥq1(i) and ĥq2(i) for different slots

(q1 6= q2) are statistically independent.

Requirement 3: The Doppler spread fd does not change during Q slots.

Taking these requirements into account, it can be shown that ML Doppler spread

estimate minimizes the goal function:

Fopt(fd) = S(fd) +
N∑
i=1

N∑
l=1

K̂(i, l).K−1(i, l; fd) (7.2)

where S(fd) = ln[det(K(fd))], det(K(fd))is the determinant of the correlation matrix

K(fd) with elements

K(i, l; fd) = Kh(i, l; fd) + σ2
w/Np.δil (7.3)

corresponding to the Doppler spread hypothesis fd, δil is the Kronecker symbol, Np

is the number of pilot symbols for each slot.

K̂(i, l) =
1

Q

Q∑
q=1

ĥq(i)ĥ
∗
q(l) (7.4)

is an estimate of the channel correlation matrix, K−1(i, l; fd) denotes the elemnts of

the matrix K−1(fd), which is an inverse of the matrix K(fd).

The algorithm above describes a multichannel system which produces the metrocs

(2). Each channel of this system combines the estimates K̂(i, l) using the weights

K−1(i, l; fd). The weights for the mth channel correspond to some alternative value
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fd,m of the Doppler spread. Then the metrics Fopt(fd,1), . . . , Fopt(fd,M) are compared

with each other. On the basis of the comparisions between M Doppler spread alter-

natives fd,1, . . . , fd,M , the optimal estimator generates the Doppler estimate f̂d = fd,m

if the mth channel has the minimum output value. One can see that the knowledge of

the channel correlation matrix K(fd) has significant implications for the design of a

pactical system. The problem of mismatch arises when the true characteristics of the

channel coreallation matrix differ from the assumed ones. ONe of the sources of the

error which occurs in practical systems is the mismatch between true ans assumed

signal-to-noise ratio. However the ML Doppler estimation algorithm proves to be

quite robust to this type of mismatch.

7.5 Simulation study

In our simulation study we use the optimal Doppler estimation algorithm along with

the NLMS (Normalized Least mean Squares) channel tracking algorithm in conjunc-

tion with a per survivor viterbi detector. The ’pseudo-pilot channel’ estimates are

obtained by channel coefficients at fixed intervals within the slot from the maximum

likelihood trellis chosen by the Viterbi detector. The Rayleigh fading TETRA uplink

channel is modelled by a two tap system at symbol space with the taps experienc-

ing indepandent Rayleigh fading. Rayleigh fading waveforms are generated using the

Jakes fading model Kh(τ ; fd) = σ2
hJ0(2πfhτ) [3.3]. A signal - to - noise ratio of 17

dB is assumed for all simulations. Results for these simulations will be presenter in

chapter 8.
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CHAPTER 8

TETRA case study and simulation results

In this chapter performace investigations of adaptive channel tracking algorithms dis-

cussed in chapter [6] and of the adaptive Viterbi scheme discussed in section [5.2] are

carried out for a Rayleigh fding channel model. All BER simulations are based on

1000 data bursts (≈ 108000 unknown bits) at signal-to-noise ratios between 15 and

35 dB. The considered transmission system is presented in section [2.1] ”The TETRA

starndard” and reproduced below for convenience.

Before presenting simulation results for the adaptive channel tracking and Doppler

estimation schemes discussed in this thesis we present results from a set of tests

that were performed to verify the various modules in our simulation of the TETRA

transmitter and receiver system. We present results from these tests below for the

transmitter, channel and receiver used in our simulation study, along with the relevant

parameters specified in the TETRA mobile radio standard.

8.1 Simulation system

8.1.1 Transmitter

A detailed description of the TETRA transmission system was presented in section

[2.1]. The following specifications from the TETRA mobile radio standard were ad-

hered to while designing the simulator for the radio transmitter:

• Carrier Frequency, fc = 450 Mhz

• Symbol rate, Rs = 18 Kbaud.

• Burst size = 227 symbols, including 11 training sequence symbols in the middle

• Modulation: π/4 - shifted Differentially Encoded Quadrature Phase Shift Key-

ing (DQPSK)



• SRRC filter roll-off factor, α = 0.35

The SRRC pulse shaper was designed for simulation purposes to contain 64 sam-

ples with a spread of 4 lobes on either side of the central lobe, a single lobe having 8

samples. This is depicted in figure [8.1].

Figure 8.1: Generated SRRC pulse used for pulse shaping at transmitter

Figure [8.2] shows a simulation of our π/4 - shifted DQPSK modulator through

its constellation diagram. The figure shows transitions between modulated symbols

after they have been shped by the SRRC filter above. Note the the diagram is in

the shape of a donut with a ’hole’, indicating that symbol transitions tend to remain

away from the origin thus avoiding large changes in the enveloe of the transmitted

signal.

8.1.2 Channel Modelling

The performance of the suggested channel tracking and Doppler estimation methods

has been evaluated on the channel model:

y(n) = h0(n)d(n) + h1d(n− 1) + v(n) (8.1)
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Figure 8.2: Constellation diagram of the transmitted symbols showing transitions

between symbols

Here h0 and h1 are co-efficients of a two-ray FIR channel model spaced at symbol

duration and subjected to Rayleigh fading such that E|h0|2 = E|h1|2 = 1. v(n) is

a white noise process. This model adequately describes channels encountered in the

TErrestrial Trunked RAdio standard mainly because of the relatively long symbol

time (55.5µs). It is also assumed that the influence of the receiver filter is small and

can be neglected. Thus h0(n) and h1(n) are mutually uncorrelated. Thus Re{hk(n)}
and Im{hk(n)}, k = 0, 1 are mutually independent Gaussian processes with nor-

malised auto-covariance functions

R(l) = J0(2π
fm
fs
l) l = 0,±1, . . . (8.2)

where J0(.) is the Bessel function of the first kind and zero order, fm is the maximum

Doppler frequency in Hz and fs is the sampling rate. The simulation inf a Rayleigh

fading environment was done using the Jakes fading model (ref. Appendix C). For
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the purpose of performance evaluation simulations have been carried out on the de-

scribed channel model at doppler frequencies of 42, 83 and 100 Hz at value of Eb/No

ranging from 15 dB to 35 dB (where Eb is the energy per bit and N0 is the noise

spectral density). The frequencies 40, 83 and 100 Hz correspond to vehicle speeds of

approximately 100, 200 and 240 Kmph.

Figure [8.3] shows a simulation of a Rayleigh fading variable using the Jakes’

model, over a large number of samples. Figure [8.4] shows the same Rayleigh fade

variable over the duration of one half of a TETRA frame. (Recall that the training

sequence in the TETRA slot structure is place in the middle. Therefore, the amount

of fading that is to be dealt with in one slot duration is effectively only that which

occurs over half the slot as each half is separately viterbi decoded using the training

sequence midamble)

The Jakes model parameters used were:

• N0 = 15

• N = 4N0 + 2 = 62

• βi = i ∗ π/15

The designed Jakes model was tested against mathematically simulated autocor-

relation curves and the following figures depict the results :

8.1.3 Receiver

The receive filter used was matched to the transmitter SRRC filter with a roll-off

factor of 0.35. A per survivor Viterbi implementation (Ref. section [5.2]) was used

in conjunction with the channel tracking algorithm. The channel tracking schemes

implemented and tested on the TETRA uplink channel are: the Normalized Least

Mean Squares (NLMS) algorithm and the Kalman Least Mean Squares (KLMS) al-

gorithm based on styochastic hypermodelling.

The Parameters used in the NLMS channel tracking implementation were

• λNLMS = 0.5

• λsmoothing = 0.9

The implementation of the KLMS algorithm used in our simulations utilizes the

55



Figure 8.3: Fading characteristics of a single channel co-efficient in a FIR channel

model, generated by the Jakes fading model.

second order autoregressive (AR2) hypermodel described in section [6.3]. The design

parameters used in the hypermodel were:

• rd = 0.998

• ωd = 2π fd

fs

where fd is the estimated maximum Doppler spread and fs is the symbol rate.

The NLMS and KLMS channel tracking algorithms must be initialised when they

enter the decisio - directed modefrom the learning mode. This is done in the following

steps:

1. The mean levels of the channel co-efficients are first estimated in the duration

of the training sequence using the Least Squares method. (This implies use
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Figure 8.4: Variation of a channel co-efficient during a single slot (255 symbols * 8

samples/symbol = 2040 samples

of the minimum - mean square error criterion to estimate an average channel

co-efficient vector over the duration of the training sequence alone).

y(n) = φHθ + v(n)

φH(n) = (d(n) . . . d(n−m)) θT = (h0 . . . hm)

The Least Squares solution to
∑Ntr

s=1 |y(s)−φH(s)θ|2 (the minimum mean square

error) is given by:

θ̂ =

[
Ntr∑
s=1

φ(s)φH(s)

]−1

.
Ntr∑
s=1

φ(s)y(s). (8.3)
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Figure 8.5: Jakes model - A comparison of theoretical and implemented versions

based on autocorrelation of generated waveform

2. Having obtained a mean estimate of the channel co-efficients by the least

squares method, the obtained channel estimates are used as a starting esti-

mate and the NLMS algorithm is rum over the trainging sequence in conjunc-

tion with the per survivor Viterbi detector. This gives a good estimate of the

channel co-efficients at the point in the slot where the training sequence ends

and the data begins. For NLMS tracking, the channel co-efficient estimates

thus obtained are used as a starting estimate and the NLMS algorithm is run

over the data burst. For KLMS tracking, the state space vector is initialized

using the estimates obtained from the least squares estimation thus:

x̂(Ntr) = −

 a1 . . . ana

...
. . .

ana 0

 .

 ĥk(Ntr − 1)
...

ĥk(Ntr − na)

 (8.4)

where ĥk(Ntr − 1) = . . . = ĥk(Ntr − na) = ĥk = mean level of the kth channel

co-efficient obtained from the least squares run over the training sequence.
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For KLMS tracking, the variable %k = σ2
v/σ

2
d +

∑
i6=kHP iiH

T was required to

calculate the adaptation gains Lk. In our simulations, this variable is approximately

extimated from the forward prediction error as follows:

%̂k ≈ σ̂2
ε/σ

2
d (8.5)

where σ̂2
ε is an estimate of the varianve of the prediction errors. We estimate the

variance of the prediction error within a burst, by using symbols from the training

sequence only. For rapidly time varying channels, it would not be possible to estimate

the variance from one training sequence alone, however under the assumptions of

stationary measurement noise and SNR, an estimate of the variance σ̂2
ε could be

computed from en ensemble of of ”local” estimates of the variance, obtained from

previous training sequences. Thus in our simulations, an estimate of the variance of

the prediction error (and thus an estimate of the variable %̂k) is obtained as:

σ̂2
ε (i) = σ̂2

ε (i− 1) +
1

i
(σ̂2

εtr(i)− σ̂2
ε (i− 1)) i = 1, 2, . . . (8.6)

8.2 Simulation results: Adaptive channel tracking using the KLMS and

NLMS algorithms

We now presents results from our performance evaluation study of the studied channel

tracking algorithms and adaptive Viterbi scheme. Figure [8.6] and [8.7] show the

variation of the simulated Rayleigh fading variable over one half of a TETRA data slot

(108 symbols) along with the tracking profile of the NLMS and the KLMS algorithms

implemented separately in the receiver.

Figures [8.8] and [8.9] demonstrate the effect of smoothing of channel co-efficient

estimates obtained by the NLMS channel tracking algorithm at a high Doppler (100

Hz) and a low Doppler frequency (10 Hz) respectively. It can be clearly seen that at a

low Doppler frequency, smoothing is highly advantageous while at high Doppler there

is not much differece between the smoothed and un-smoothed channel estimates.

Figures [8.10], [8.11] and [8.12] show the simulation results for the BER per-

formance evaluation of the KLMS and the NLMS channel tracking algorithms in

conjunction with a per surivor Viterbi MLSE decoder.

The second order autoregressive hypermodel chosen for the implementation of the

Kalman Least Mean Squares (KLMS) algorithm requires an estimate of the maximum

doppler spread. In figure [8.13] we demonstrate the sensitivity of the KLMS channel

tracker to this estimate. It can be seen that a mismatch between the actual maximum

59



Figure 8.6: Tracking of channel coefficient h0(n) by the KLMS and NLMS channel

trackers

Doppler frequency and that assumed by the AR2 hypermodel results in an inferior

BER performance. This calls for a Dopper estimation algorithm that can provide

as input to the KLMS channel tracker, an instantaneous estimate of the maximum

Doppler frequency.

8.3 Simulation results: Doppler estimation

Figure [8.14] shows an inverse goal function F−1
opt (fd) as a function of frequency. Anal-

ysis of the curves in fugure [8.15] shows that the optimal algorithm estimates the

Doppler frequency with high accuracy and does not deviate too much if there is a

mismatch between the real and the a priori assumed signal-to-noise ratio. Finally

figure [8.16] shows that rate of convergence of the ML algorithm. It can be seen that
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Figure 8.7: Tracking of channel coefficient h1(n) by the KLMS and NLMS channel

trackers

a fairly close estimate can be obtained by running the algorithm over 10 to 20 slots.

61



Figure 8.8: Smoothing of channel co-efficient estimates obtained by NLMS tracking

at a high Doppler frequency
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Figure 8.9: Smoothing of channel co-efficient estimates obtained by NLMS tracking

at a high Doppler frequency
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Figure 8.10: BER performance of KLMS against NLMS at fd = 42Hz
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Figure 8.11: BER performance of KLMS against NLMS at fd = 83Hz

65



Figure 8.12: BER performance of KLMS against NLMS at fd = 100Hz

66



Figure 8.13: Sensitivity of the KLMS channel trackeing algorithm to Doppler fre-

quency estimate
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Figure 8.14: Performance of the ML algorithm
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Figure 8.15: ML estimate of Doppler Spread at a mismatched signal-to-noise ratio
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Figure 8.16: Convergence of the ML Doppler estimation algorithm
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CHAPTER 9

Conclusions and Future Work

9.1 Conclusions and summary

In this thesis indirect methods for adaptive channel equalization were studied. The

problem in focus was the type of Rayleigh fading mobile radio channels encountered

in the proposed TETRA digital mobile radio standard. Our major concern has been

to estimate the channels under various conditions. The channel estimators must

be combined with some equalizers or Viterbi schemes. The combination of a rapidly

time - varying channel and decision directed adaptation results in a rather demanding

tracking problem. A guiding principle here has been the the use of prior knowledge

to tailor estimators to specific needs.

It has been shown that channel estimators can be easily and drastically improved,

compared to conventional RLS/LMS tracking, by modeling the time-varying param-

eters of the channel with simple methods. When the symbol sequence is white, low

complexity estimators with high performance can be obtained. A low complexity

channel estimator based on simplified internal stochastic modeling of the time vary-

ing channel co-efficients was applied to the TETRA uplink channel to demonstrate its

superior performance at low complexity. This algorithm combines the computational

simplicity of a pure gradient based algorithm and the performance of a Kalman pre-

dictor. The adaptation gains can be easily tailored to specific fading rates and noise

variances.

Having demonstrated the dependence of the above channel tracking algorithm on

the estimate of the maximum instantaneous Doppler spread, a maximum likelihood

Doppler estimator was applied on the TETRA uplink. Simulations demonstrate that

this Doppler estimator performs well on the given channel conditions, providing fairly

accurate estimates of the instantaneous Doppler spread as input information to the

channel tracking algorithm.



9.2 Future Work

The improvement of all estimators are limited by properties of the system. In the

type of flat fading environments often encountered in mobile radio channels, the

possibility of incorrect decisions is high if flat fading occurs frequently. This means

incorrect decision must be frequently used in the estimation. In such a situation

, the difference between different kinds of estimators would diminish and further

performance enhancement would only be possible with both, channel diversity systems

and a priori-based channel adaptation at the cost of increased complexity.
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Appendix A

Some important algorithms

Consider the basic channel tracking framework:

y(n) = φH(n)θ(n) + v(n) n = 1, . . . , N (A.1)

φH(n) = (d(n) . . . d(n−m))

θT (n) = (h0(n) . . . hm(n))

The goal of the time-varying parameter estimation problem is to determine a
sequence of estimates {θ̂(n)}N1 } such that the cumulative squared prediction errors
are minimized.

{θ̂(n)} = arg

[
Minθn

(
N∑
n=1

|ε(n)|2
)]

(A.2)

In order to minimize this citerion, parameters of time-varying systems are often ees-
timated by recursive algorithms, having the structure

θ̂(n) = θ̂(n− 1) +K(n)ε(n) (A.3)

ε(n) = y(n)− φH(n)θ̂(n− 1) (A.4)

The choice of the gain vector sequence differs in different algorithms.

A.1 LMS Algorithm

This recursive algorith corresponds to the following choice of the gain vector:

K(n) = P (n)φ(n) (A.5)

P (n) = diag(µ0(n) . . . µm(n)).

Thus P (n) is a diagonal matrix characterized by the scaling factors µk(n), k =
0, . . . ,m. The scalar design variable µk(n) are often chosen as constants having the
same magnitude. The matrix P (n) can then be replaced by a scalar µ. The algorithm
is then referred to as the Least mean squares algorithm. It is sometimes formulated
in normalized form with K(n) = µφ(n)/(1+µ|φ(n)|2). However in the particular case
when the elements in the regressos consist of symbols having constant modulus, the
normalization has no effect since |φ(n)|2 is then constant. Furthermore, the step-size
becomes equal in all directions of the parameter space. With symbols having constant
modulus, the LMS algorithm is equivalent to a time-invariant filter.



A.2 Optimal Kalman Estimation

Assume that ωn, H(n) and the covariance matrix Re(n) are all known. Then the
most accurate linear estimator of X(n) and thus of θo(n) based on data up to time
n− 1 is given bythe Kalman predictor:

X̂(n+ 1) = F (ωm)X̂(n) +K(n)ε(n) (A.6)

ε(n) = y(n)− φH(n)X̂(n) (A.7)

θ̂(n) = HX̂(n) (A.8)

K(n) =
F (ωn)P (n)φ(n)

σ2
v + φH(n)P (n)φ(n)

(A.9)

Here ε(n) is the prediction error and K(n) is the Kalman Gain. This gain depends
on the estimate of the state covariance matrix P (n), which is updated every symbol
by the Riccati Difference Equation:

P (n+ 1) = F (ωn){P (n)− P (n)Q(n)P (n)}F T (ωn) +R1(n) (A.10)

where:

Q(n) =
φ(n)φH(n)

σ2
v + φH(n)P (n)φ(n)

(A.11)

R1(n) = E[G(ωm)e(n)eH(n)GT (n)] = G(ωm)Re(n)GT (ωm) (A.12)

sectionThe KLMS Algorithm The Kalman Least Mean Squares algorithm may
be summarised in the following equations which represent the on-line computations
required by the simplified channel estimator:

ε(n) = y(n)− (d(n), . . . , d(n−m))

 ĥ0(n)
...

ĥm(n)

 (A.13)

x̂k(n+ 1) =

(
−a1 1
−a2 0

)
+

µ(n)

σ2
d(1 + p

(kk)
1,1 )

(
−a1p

(kk)
1,1 + p

(kk)
1,2

−a2p
(kk)
1,1

)
d∗(n− k)satα[ε(n)]

(A.14)

ĥk(n) =
(
ĥ0(n) 0

)
x̂k(n) (A.15)

µ(n) = βµ(n− 1) + (1− β) 0 ≤ β ≤ 1 µ(0) > 1 (A.16)
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where p
(kk)
1,1 and p

(kk)
1,2 are pre-computed and are given by:

p1,1 =
ζ +

√
ζ2 − 4a2

2

2
− 1 p1,2 =

a1a2

1 + a2 + p1,1

p1,1 (A.17)

ζ =
α0 − 2a2 +

√
(α0 + 2a2)2 − 4a2

1(1 + a2)2

2
(A.18)

α0 = 1 + a2
1 + a2

2 + γk (A.19)

We thus estimate two complex-valued parameters (elements of x̂k(n)) per channel
co-efficient hk(n)

A.3 Least squares method: minimum mean square error criterion

y(n) = φHθ + v(n)

φH(n) = (d(n) . . . d(n−m)) θT = (h0 . . . hm)

The Least Squares solution to
∑Ntr

s=1 |y(s)− φH(s)θ|2(the minimum mean square
error) is given by:

θ̂ =

[
Ntr∑
s=1

φ(s)φH(s)

]−1

.
Ntr∑
s=1

φ(s)y(s). (A.20)
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Appendix B

Stochastic hypermodels

To describe the channel co-efficients corresponding the FIR Channel model, hk,
we use simplified fading models in the form of marginally stable autoregressive models
of order nD with equal dynamics for all channel taps.

ht =
1

D(q−1)
Iet =

1

1 + d1q−1 + . . .+ dnD
q−nD

.Iet (B.21)

The notation ht is used to denote that [B.21] will not be a perfect description of ht.
Here q−1 denotes the backward shift operator and et is a white zero - mean random
vector sequence with covariance matrix Re.

An exact representation of fading statistics would require the use of an autore-
gressive fading model [B.21] of infinite order. We will here describe the special cases
of [B.21]

1. RW, Random walk modeling, D(q−1) = 1− q−1, results in an LMS algorithm.
It is a common first choice when no prior information is available.

2. FRW (Filtered Random Walk):

D(q−1) = (1− q−1)(1− aq−1) (B.22)

with |a| < 1, is a useful model in many situations. The special case of an
integrated random walk (IRW , a = 1) will be appropriate if the short term
behaviour is well approximated by linear trends.

3. AR2, (Autoregressive second order model):

D(q−1) = 1− 2ρ cos(ω0q
−1) + ρ2q−2 (B.23)

Here, ρ and ω0 determine the degree of damping and the dominating frequency
respectively. For Jakes fading models, a reasonable bandwidth is obtained with
ω0 = Ωo

D/
√

2 where Ωo
D is a nominal or estimated Doppler frequency.

4. AR2I, (Autoregressive and integrating model):

D(q−1) = (1− 2ρ cos(
Ωo
D√
2
)q−1 + ρ2q−2)(1− q−1) (B.24)

This model is useful when some parameters are varying while others are slowly
oscillating or are constant. The integrating term (1 − q−1) will guarantee an



unbiased estimate of the constant parameters when R is non - singular. The
AR2I model is also of use for long range prediction of oscillations around a
non-zero mean, which occurs in Rician fading; without an integrating model
factor, prediction estimates would be biased towards zero.

5. ARnD
, autoregressive models of order nD = 3 or higher are appropriate when

important properties of the covariance function of the time-variation are diffi-
cult to match with a few parameters.
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Appendix C

The Jakes fading model

The Jakes fading model is a deterministic method for simulating time-correlated
Rayleigh fading waveforms and is still widely used today. The model assumes that
N equal-strength rays arrive at a moving receiver with uniformly distributed arrival
angles αn, such that ray n experiences a Doppler shift ωn = ωM cos(αn), where
ωM = 2πf v

c
is the maximum Doppler shift, v is the vehicle speed, f is the carrier

frequency and c, the speed of light.

Using αn = 2π n
N

, there is a quadrantal symmetry in the magnitude of the Doppler
shift, except for angles 0 and π. As a result, the fading waveform can be modelled

with N0 + 1 complex oscillators, where N0 =
(N

2
−1)

2
. This gives the fading waveform

as

T (t) = K

{
1√
(2)

[cos (α)+i sin (α)] cos (ωM t+θn)+

N0∑
n=1

[cos (βn)+i sin (βn)] cos (ωnt+θn)

}
(C.25)

where K is a normalization constant, α (not the same as αn) and βn are phases, and
θn are initial phases, usually set to zero. Setting α = 0 and β = πn

N0+1
gives zero cross

correlation between the real and imaginary parts of T (t).

To generate multiple uncorrelated waveforms, Jakes suggests using phases θn,j =

βn + 2π (j−1)
(N0+1)

, where j = 1 . . . N0 is the waveform index. However this gives almost

uncorrelated waveforms j and k only when θn,j − θn,k = iπ + π
2
, for some integer

i. Otherwise, the correlation between certain waveform pairs can be significant. A
remedy for this problem is achieved by reformulating the Jakes model in terms of
slightly different arrival angles.

To provide quadrantal symmetry for all Doppler shifts, which leads to equal power

oscillators, the following arrival angles are used: αn = 2π (n−0.5)
N

. This leads to the
model:

T (t) =

√
2

N0

{
N0∑
n=1

[cos (βn) + i sin (βn)] cos (ωnt+ θn)

}
(C.26)

where N0 = N
4

and the normalization factor
√

2
N0

gives E(T (t)T ∗(t)) = 1.
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