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ABSTRACT OF THE DISSERTATION

Noncoherent Multicarrier Communicationsand

Multiuser Detection

by Rajnish Sinha

Dissertation Dir ector: ProfessorRoy D. Yates

TheInternetrevolution hascreatedtheneedfor wirelesstechnologiesthatcandeliver

dataathighspeedsin aspectrallyefficientmanner. However, supportingsuchhighdata

rateswith sufficient robustnessto radiochannelimpairmentsrequirescarefulselection

of modulationtechniques.Currently, the mostsuitablechoiceappearsto be OFDM

(OrthogonalFrequency Division Multiplexing). OFDM is currentlybeingusedin Eu-

ropefor digital audioandvideo broadcasting.In the U.S., OFDM is beingusedby

wirelessLANs operatingin the unlicensedbandsand is also being consideredas a

seriouscandidatefor fourthgenerationcellularsystems.

In orderto servemultipleuserssimultaneously, anOFDM basedsystemwouldrequire

amultipleaccesstechnology. OnesuchaccessschemecalledMC-MFSK (Multicarrier

Multilevel Frequency Shift Keying) is proposedin this thesis.TheMC-MFSK scheme

is anew spread-spectrum,multiple-accessschemeandit sharessomeof theadvantages

of bothFH (Frequency-Hopping)andDS(Direct-Sequence)spread-spectrumsystems,
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while overcomingsomeof their disadvantages.The MC-MFSK schemetransmitsa

symbolin parallelovermultiplesub-channelsusingOFDM andhasthedesirableprop-

ertiesof frequency diversity, near-far resistance,andmultipathimmunity. This thesis

contendsthat the above benefitsnot only make MC-MFSK a simpleyet competitive

spread-spectrumtechnologybut alsomake it a strongcandidatefor futurehigh-speed

wirelesssystems.

Systemsoperatingin the unlicensedbandscanexperiencerapidly changing,uncon-

trolled interferencefrom otherco-locatedsystems.This rapidvariationof thechannel

can make phaseestimation,and hencecoherentdetection,extremelydifficult if not

impossible.Instead,noncoherentdetectionschemesmaybemorefeasiblein suchsce-

narios. SincetheproposedMC-MFSK schemeusesnoncoherentdetection,it canbe

anattractivealternative for theunlicensedbandsaswell.

This thesisalsoinvestigatesthegeneralareaof noncoherentmultiuserdetection.Mul-

tiuserdetectorsareusefulin jointly demodulatinga superpositionof signalsreceived

from differentsourcesto yield improvedperformance.This thesisinvestigatesnonco-

herentmultiuserdetectiontechniquesthatachievenearoptimumperformancewhile re-

tainingreasonablecomplexity. A techniquecalledselectivefiltering is proposedwhich

exploits certaina priori informationregardinga user’s transmittedsignal. It is shown

thatselectivefiltering offersimprovedperformanceover thenoncoherentcounterparts

of theexisting near-optimummultiuserdetectors.Both deterministicaswell asblind

adaptiveimplementationsof selectivefiltering areconsidered.Numericalcomparisons

areprovidedto demonstratethenear-optimumperformanceof theproposeddetectors.
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1

Chapter 1

Intr oduction

Today, wirelesscommunicationhaspermeatedall aspectsof life throughdevicessuch

ascellularphones,802.11basedWirelessLANs, andBluetooth,to nameafew. Through

thesedevices,userswish to have high-speedaccessto informationanywhereat any-

time. Thechallengefor communicationsengineersis to try andmeetthisdemandwith

aconstrainedbudgeton systemresourcessuchasbandwidthandtransmissionpower.

Two key componentsof any multiusercommunicationsystemare the physicaland

mediaaccesscontrol (MAC) layers. In wirelesscommunicationsystems,all the RF

relatedsignalprocessingandthetransmission/receptionof theactualsignaltakeplace

at thephysicallayer. TheMAC layer resideson top of thephysicallayer, andasthe

namesuggests,it is responsiblefor efficiently controllingthetransmissionsof multiple

users.

TheMC-MFSK systemproposedin this thesisis intendedto serveasaMAC technol-

ogy for anOFDM-basedphysicallayer. In thefollowing sections,we will discussthe

benefitsof OFDM andMFSK systemsandthenshow thewayin whichtheMC-MFSK

systemeffectively combinesthetwo.

In wirelesssystemswherea receiver may receive signalsfrom multiple users,mul-

tiuserdetectorscanbeemployedto jointly processthesignalsto improveperformance.

Sincethis thesismakescontributionsin theareaof noncoherentmultiuserdetection,an

overview of multiuserdetectionwill alsobegivenin this chapter.
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OFDM Systems

Most wirelesscommunicationlinks aresubjectedto conditionsin which thetransmit-

tedsignalarrivesat thereceiver via multiple propagationpathsat differentdelays[1].

Themultipathphenomenaarisesin differentwaysdependingupontheapplication.For

example,in cellularradioit arisesoutof reflectionandscatteringfrom buildings,trees

andotherobstaclesalongthe path. Signalmultipathgenerallyresultsin intersymbol

interference(ISI) in digital communicationsystems.Moreover, thesignalcomponents

arriving via the multiple propagationpathsmay adddestructively resultingin a phe-

nomenoncalledfading.

Typically, in single-carriersystems,equalizersareusedto combatthechanneldistor-

tion causeddueto ISI. However, thecomplexity of the receiver increasesasthespan

of theISI increases.In a dispersive channel,to avoid ISI, theroot-mean-squaredelay

spreadσc placesa limit on the signalingrateR. A delayspreadof σc corresponds

to a coherencebandwidthof Bc � 1 σc. Thus, it is desiredto have R ! Bc in order

to reducesusceptibilityto ISI. In the time domain,this correspondsto having a sig-

nal time-periodT " σc. Therefore,in a single-carriersystem,after transmittingeach

pulse, the transmitterhasto wait for at leastσc time units beforesendingthe next

pulse.A multicarrieror parallelapproach,on theotherhand,splits theincomingdata

streaminto parallel streams,therebyreducingthe rate on eachof the branchesand

makingeachbranchlesssusceptibleto delayspread[2]. Also, thedataoneachbranch

is transmittedonmutuallyorthogonalfrequency channels.

OFDM is a physical layer technologythat implementsthe multicarrier modulation

scheme. Initially, the implementationof OFDM was prohibitively complex due to

the requirementof a bankof analogoscillators[3–5]. However, advancesin signal

processinghave now madeit a viable technology, and today, OFDM canbe imple-

mentedby usingIFFT/FFToperations.In OFDM, thefrequency channelsareallowed
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S/P P/S LPF

s(t)

FREQUENCY DOMAIN SAMPLES

d(0) ........d(N-1)

d(0)

d(N-1)

s(0)

s(N-1)

TIME DOMAIN SAMPLES WAVEFORM

IFFT

Figure1.1: BasicOFDM transmitter

to overlappartiallywhile still maintainingorthogonality, whichallowsfor higherspec-

tral efficiency. Consequently, in contrastto the majority of wirelesstechnologiesin

usetoday, OFDM is capableof providing highdataratesonawirelesschannelwithout

succumbingto ISI problems.

An OFDM-basedtransmittertransmitsmultiple symbolsin parallelover a channelas

shown in Figure1.1.For asetof N samplesd # 0$ % & & & % d # N ' 1$ , thesampledversionof

theOFDM signals# t $ canbewritten as

s# m$�( Re

)
N * 1

∑
n+ 0

d # n$ ej 2π
N nm, m ( 0% & & & % N ' 1 & (1.1)

Thus,theresultingsequences# m$ is seenastherealpartof theIFFT of thesequence

d # n$ . Although (1.1) could have written asan FFT equation,it is moredesirableto

think of the samplesd # n$ as being in the frequency domain. That is why most of

the OFDM implementationsshow an IFFT operationin the transmitterandan FFT

in the receiver, asshown in Figure1.2. In orderto serve multiple usersefficiently,

anOFDM-basedsystemwould requirea multiple-accesstechnology. TheMC-MFSK

spread-spectrumtechniqueservesthis purpose.
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S/P P/S FFT

d(N-1)

d(0)
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SAMPLE

Figure1.2: BasicOFDM receiver

Spread-SpectrumMultiple Access

Since the proposedMC-MFSK systemis a spread-spectrumbasedmultiple-access

scheme,we first briefly discussthe merits of spread-spectrumtechnology. Spread-

spectrumtechnologyhasbecomethetechnologyof choicefor commercialsystemsop-

eratingin boththelicensed[6] aswell astheunlicensedspectrum[7,8]. Thekey prop-

ertiesof this technologythatmake it desirableareasfollows: First, spread-spectrum

signalsareeffective in combattingandsuppressingcertaintypesof interferencethat

arisein wirelesschannels.Second,the pseudo-randomnessinherentin the designof

spread-spectrumsignalsenablesthesesystemsto achieve a high degreeof security.

Third, a frequency-reusefactor of one allows for easyplanningand deploymentof

spread-spectrumbasedsystems.Among the different implementationsof this tech-

nology, themostpopularareFH andDS spread-spectrumsystems[9]. Theproposed

MC-MFSK schemesharessomeof theadvantagesof bothFH andDSspread-spectrum

systems,while overcomingsomeof theirdisadvantages.

The MC-MFSK schemeis partly motivatedby a variantof an M-ary FSK basedFH

system.In this section,we discussanM-ary FSK basedFH system,andthenlater, in

Section1.1.1,explain theconnectionbetweenthisschemeandtheMC-MFSK system.
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In anM-ary FSK basedmodulationscheme,themodulatorselectsoneof M frequen-

ciescorrespondingto thetransmissionof log2M bits. TheresultingM-ary FSK signal

is translatedin frequency by anamountthatis determinedby theoutputof a frequency

synthesizerwhich is in turn drivenby a PN generator[1]. The receiver hasan iden-

tical PN generatorsynchronizedwith the transmitter. The PN generatordrivesa fre-

quency synthesizer, theoutputof whichis mixedwith thereceivedsignalto removethe

pseudo-randomfrequency translationintroducedby thetransmitter. Oncethesignalis

at baseband,it is passedthroughan M-ary FSK demodulatorto recover the desired

log2M bits. It is difficult to maintainphasecoherencebothin thesynthesisof thefre-

quenciesusedin thehoppingpatternaswell asin thepropagationof thesignaloverthe

channelasthesignalis hoppedover multiple frequencies.Consequently, M-ary FSK

modulationwith noncoherentdetectionis usuallyemployedwith FH spreadspectrum

systems.

Multiuser Detection

In multiple-accesssystems,multiuserdetectorscanbeusedto exploit thestructureof

the receivedsignalsto improve systemperformance.In this section,we first develop

a generalframework for multiuserdetectionandthendiscussthespecialcasesof lin-

ear modulationwith coherent detectionandnonlinearmodulationwith noncoherent

detection.

ConsideraK-usersystemwhereuserk transmitsmessagemk (drawn from anarbitrary

finite alphabet- ) by transmittinga signalsk . t;mk / 0 t 132 0 0 T 4 . Denotethephaseshift

associatedwith userk as ejφk. Then, assumingthat the signalsof the K usersare

receivedsynchronously, thereceiverobservesasumof theusers’signalsembeddedin

noisen . t / , i.e.,

r . t /�5 K

∑
k6 1

ejφksk . t;mk /87 n . t / 9 (1.2)

Denotem 5 2m1 : : :mK 4 ; andφ 5 2 φ1 : : : φK 4 ; . If thenoisen . t / is white andGaussian
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then, the optimal decisionrule in the maximum-likelihood (ML) senseis to select

thesetof symbolsandphases< m = φ > correspondingto thesignalsthat resemblemost

closely(in themean-squaresense)thereceivedwaveformr < t > [10,11], i.e.< m̂ = φ̂ >�? arg min
m @BA K

min
φ CCCCC r < t >ED K

∑
kF 1

ejφksk < t;mk > CCCCC (1.3)

where(m̂ = φ̂) is theestimateof (m = φ). Next, weconsidersomespecialcases.G Linear Modulation with Coherent Detection

Linearmodulationpertainsto thecasewherethesignalsk < t;mk > is a linearfunctionof

themessagesymbolmk, for example,

sk < t;mk >�? mksk < t > k ? 1 = H H H = K H (1.4)

Wedefine

yk ?JI T

0
sk < t > r < t > k ? 1 = H H H = K (1.5)

Ri j ? I T

0
si < t > sj < t > (1.6)

whereRi j is the ith row, jth columnelementof amatrixR.

Coherentdetectionassumesknowledgeof the phasevectorφ. Therefore,for linear

modulationwith coherentdetection,(1.3) reducesto [11]

m̂ ? arg max
m @BA K

2m K y D m K Rm H (1.7)

Themaximizationin (1.7) is a combinatorialoptimizationproblemandno algorithm

is known whosecomputationalcomplexity is polynomialin thenumberof users[10].

This hasmotivatedthedevelopmentof lesscomplex suboptimaldetectorssuchasthe

decorrelator, MMSE detectorandsoft interferencecancellers[11]. Reference[12] con-

structsaninsightful,nonlinear-programmingbasedapproachto theoptimummultiuser

detectionproblemin (1.7) andshows that thepopularsuboptimalmultiuserdetectors
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proposedin the literaturecanbederivedassolutionsto relaxationsof theproblemin

(1.7).L
Nonlinear Modulation with Noncoherent Detection

Nonlinearmodulationwith noncoherentdetectionis often necessarywhenphasees-

timation is difficult due to rapid changesin the channelconditions[1]. A popular

exampleof nonlinearmodulationis M-aryFSK.In thiscase,mk MON�PRQ 0S T T T S M U 1V
andsk W t;mk X is not a linearfunctionof mk. Hence,sk W t;mk X cannotbedirectly written

in the form shown in (1.4). However, usingtheapproachof [13], theK-userchannel

employing M-ary nonlinearmodulationcanbewritten asanMK-userpseudo-linearly

modulatedchannel,wherethe dataof the different“users” aredependent.If we de-

fine [11]

φ̄M Y k Z 1[ \ j P φk (1.8)

b̄M Y k Z 1[ \ j P^]_ ` 1 j P mk

0 otherwise
(1.9)

s̄M Y kZ 1[ \ j W t X P sk W t; j X (1.10)

then,(1.2)canbewritten in thelinearform

r W t X P MK

∑
na 1

b̄nej φ̄ns̄n W t X8b n W t X T (1.11)

The linear representationallows theuseof popularlinearmultiuserdetectorssuchas

thedecorrelatorandtheMMSE receiver.

As in the linear modulationcase,the implementationof the optimal detectorfor the

receivedsignalin (1.11)alsorequiresanexhaustive searchover possiblevectorsb̄ Pc
b̄1 d d d b̄MK e f . Further, sincethephasesarenotknown in thepresentscenario,theprob-

lem becomeseven morecomplex. In this thesis,in order to obtainsuboptimalnon-

coherentdetectorswith reasonablecomplexity, we relax theconstraintsetof theML
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Figure1.3: FH MFSK transmitter

noncoherentmultiuserdetectionproblem.This approachis similar to the linearmod-

ulationcounterpartsconsideredin [12,14,15]. Otherapproachesin the literaturewill

bediscussedin thenext sectionandin Chapter3.

1.1 RelatedWork

1.1.1 MFSK Spread-SpectrumMultiple-AccessSystems

SincetheMC-MFSK systemis motivatedbyanotherFH-basedsystem,wefirst explore

this relationshipin a little moredetail.

Themostpopularimplementationof theFH spread-spectrumsystemis theM-aryFre-

quency Shift Keyedsystemwhichis alsoknown astheconventionalFH-MFSKsystem

[16–18].At theFH-MFSKtransmitter, log2M̄ bitsform amessagem gih 0 j k k k j M̄ l 1m .
Messagem is mappedto the transmissionof a toneon sub-channelm. For the FH-

MFSK system,the total durationof the log2M̄-bit messagewill be referredto asthe

signaling-intervalandwill bedenotedby T̄.

Ideally, in asingle-user, error-freeenvironment,thetransmitterwouldtransmitasingle
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toneonsub-channelm for adurationof T̄ secsandthereceiverwouldbeableto decode

the messagereliably. However, in non-idealchannelconditions,the transmittermay

needto employ bothtimeandfrequency diversityto increasetheprobabilityof correct

reception.An exampleis shown in Figure1.3. In Figure1.3(a),atwo-bit message‘1 0’

is transmittedasatoneonsub-channelm n 2 (shownasshadedboxesin Figure1.3(b)).

Thetotalsignalinginterval T̄ is keptthesameasthatof thetwo-bitmessage.Toachieve

time diversity, the signalinginterval T̄ is divided into L̄ intervalsknown ashopping-

intervalsandthe toneon sub-channelm is repeatedover the L̄ hopping-intervals. In

theexample,L̄ n 4.

Figures1.3(c)and(d) illustratetheway in which frequency diversityis achieved.The

entiresystembandwidthW is partitionedinto N n 4 orthogonalchannels, with each

channelcomprisingM̄ n 4 orthogonalsub-channels(in this example,we have chosen

L̄ n M̄ n N n 4; they do not have to bethesame).During eachof the L̄ n 4 hopping-

intervals,a channelis chosenpseudo-randomlyin accordancewith a hopping-address

f npo f1 q q q fL̄ r s asshown in Figure1.3(c). Then,asshown in Figure1.3(d),during the

l th hopping-interval,atoneis transmittedonsub-channel̄M t fl u 1vBw m, l nyx 1 z { { { z L̄ | .
In our example,M̄ t fl u 1v}w m n 4 t fl u 1v8w 2, andsincef npo 1 2 3 4r s , thetonesare

transmittedonsub-channelso 2 6 1014r s . Thetransmittedtonesarerepresentedby the

shadedboxesin thefigure.

The receiver knows thehoppingaddressf andcanthereforetranslatethe signalback

to basebandasin Figure1.3(c). However, sincethe receiver doesnot know the sub-

channelon which the tonewastransmitted,it performsthresholddetectionon all the

M̄ sub-channelsover the L̄ hopping-intervals. Thereceiver thenaddsup the L̄ entries

in eachof the M̄ sub-channels(rows in Figure1.3(c)) andthenselectsthe index of

thesub-channelwith themaximumentriesasthedesiredmessage.In thepresenceof

noiseand/ormultiuserinterference,theremaybesignificantenergy on theundesired

sub-channelsaswell which couldpotentiallyleadto decodingerrors.
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Figure1.4: Multilevel FSK transmitter

In theFH-MFSKsystem,sinceeachhopping-interval is of lengthT̄ ~ L̄, thesub-channel

spacingis assumedto be L̄ ~ T̄ Hz. Sincetherearea total of M̄N sub-channelsin a

bandwidthof W Hz,W � L̄M̄N ~ T̄ Hz. Also, by definition,Rb � log2M̄ ~ T̄ bits/sec.If

W andRb areassumedto be fixed, the spectralefficiency of a userdefinedasRb ~ W
bits/sec/Hzis alsoa constantandcanbewritten as

η � Rb

W
� log2M̄

L̄M̄N
[bits/sec/Hz]� (1.12)

In theexamplein Figure1.3,wechoseη � 1~ 32andL̄ � N � 4 whichyieldedM̄ � 4.

A variationof FH-MFSK with N � 1 wasproposedin [19] andtermedFH Multilevel-

FSK.Here,thesystembandwidthcomprisesof justonechannel(N � 1), but with afar

greaternumberof sub-channels̃M thantheFH-MFSKsystem.In this case,

η � Rb

W
� log2M̃

L̃M̃
[bits/sec/Hz]� (1.13)

Figure1.4showsanexamplewith η � 1~ 32, L̃ � 8, M̃ � 16,andlog2M̃ � 4 bits-per-

message.Althoughthesignalingmechanismis similarto thatof FH-MFSK,sincethere

is only onechannel,tonesaretransmittedon a pseudo-randomlychosensub-channel

duringeachof the L̃ hopping-intervals. Thesignalinginterval for FH Multilevel-FSK

will bedenotedby T̃. Sincewe have assumedthatthebit-rateRb is constant,sois the
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bit-durationTb � 1� Rb. Therefore,thefour-bit messagein Figure1.4 is transmittedin

T̃ � 4Tb secsasopposedto theT̄ � 2Tb secstakenby thetwo-bit messagein Figure1.3.

This highlights the fact that the signalinginterval in the two casescan be different

dependinguponthechosensystemparameters.

In the examplein Figure1.4, the message‘0 1 0 0’ is transmittedasa sequenceof

L̃ � 8 tones.Themessagecodeword is denotedby m� 1 where1 is a vectorof onesof

length L̃. In the example,the messagecodeword is � 4 4 4 4 4 4 4 4� � . The address

vector is denotedby a length L̃ vector ã with elementsã � l ���3� 0� � � � � M̃ � 1 � . In the

exampleshown in Figure1.4(c),ã � � 0 1 2 3 4 5 6 7� � . Thetransmittedsignalassoci-

atedwith messagem is obtainedass̃m ��� m� 1�}� ã, where� representsvectoraddition

moduloM̃. The receiver usesthesamealgorithmasthatusedby theFH-MFSK sys-

temdiscussedabove. Sinceits inception,Multilevel-FSKhasbeenstudiedby several

researchers[20–23]. It hasbeenshown that Multilevel-FSK is capableof offering a

highercapacitythanconventionalM-aryFSK basedsystems[23,24].

TheMC-MFSKschemeproposedin thisthesisis partlymotivatedby theFHMultilevel-

FSK system.As in FH Multilevel-FSK,the transmittedsignal in MC-MFSK is also

s̃m �p� m� 1�8� ã, wherem �3� 0 � � � � � M � 1 � andthevectorsareof lengthL. However,

in contrastto theFH-MFSKandFH Multilevel-FSKschemesconsideredabove,in the
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MC-MFSK system,theelementsof theaddressvectorã, andhencẽsm, representpar-

allel tonesshown asshadedboxesin Figure1.5. Thesingle-userspectralefficiency in

this caseis

η � Rb

W
� log2M

M
[bits/sec/Hz]� (1.14)

Figure1.5showsanexamplewith η � 1� 32,which yieldsM � 256andhencea mes-

sagecomprisinglog2M � 8 bits. Themessagedurationin MC-MFSK is denotedby T

andis thesameasthesignalinginterval.

Figure1.6 comparesthe transmissionschemeof MC-MFSK with thoseof FH Multi-

level FSK andFH MFSK. Sincethesingle-userspectralefficiency η is constrainedto

bethesamein all thecases,theeightbits aretransmittedin thesametotal durationof

8Tb secsover thesamebandwidthof W Hz in all thecases.However, notethatdueto

theconstraints(1.12-1.14),differentnumberof bits canbesentduringeachsignaling

interval in the threecasesdueto which the signalingintervals T, T̃ and T̄ canbe of

differentlengths.

Even thoughthe single-userspectralefficiency η is constrainedto be thesamein all

thecases,it will beseenlater in Chapter2 thatdueto thedifferencesin thesignaling

techniques,the total numberof usersthat canbe supportedat a target messageerror
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ratecanbedifferentin eachcase.Consequently, if wedenotethetotalnumberof users

supportedin a systemby K, thenthetotal systemspectralefficiency ηT � Kη canbe

differentin eachcase.

A block diagramof the MC-MFSK systemis shown in Figure1.7. Someof the po-

tential advantagesof usingMC-MFSK over its FH counterpartareasfollows: Since

theMC-MFSK systemis anOFDM-basedtechnology[3,4], theIFFT/FFToperations

eliminatetheneedfor banksof oscillatorsandhenceprovide for easeof implementa-

tion [5] comparedto FH Multilevel-FSKsystems.Theauthorsin [19] alsomentionthe

susceptibilityof theFH Multilevel-FSKsystemto largedelayspreads.TheMC-MFSK

system,on the otherhand,helpscombatthe effectsof large delayspreadsby reduc-

ing thesignalingrateon individual sub-channels.TheMC-MFSK andFH systemsdo

howeversharethedesirablepropertiesof frequency diversityandnear-far resistance.

Although the MC-MFSK and DS-CDMA systemssharethe ability to resolve mul-

tipath, they differ in their resistanceto the near-far effect. Unlike a matched-filter

receiver basedDS-CDMA system,the MC-MFSK is not susceptibleto the near-far

problem.

1.1.2 Noncoherent Multiuser Detection

In orderto improvetheefficiency of multipleaccesssystemsthatemploy noncoherent

detection,noncoherentmultiuserdetectorsmaybeused.In thissection,wediscussthe

relatedwork in theliteraturein this particulararea.

As discussedin Section1, theML detectorfor multiusernoncoherentcommunications

with nonlinearmodulationthat estimatesall users’messagesjointly, hasprohibitive

complexity. ML multiuserdetection,for bothlinearandnonlinearmodulation,is NP-

hardin thenumberof users,therefore,noefficientsolutionmethodologyis known[10].

For noncoherentsystems,the complexity of optimal detectionhasdirectedattention
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towardsuboptimalinterferencesuppressiontechniques[13,25–28]. Thework in [13]

introduceda pseudo-linearrepresentation(1.11)in which thesignalspaceis spanned

by MK signalscorrespondingto theM possiblemessagesfor eachof theK users.This

approachled naturallyto two-stepdetectorsin which decorrelative [13,27] or MMSE

[26] linearfiltering for userseparationis followedbynoncoherentsingle-userdetection

asshown in Figure1.8.Alternatively, [25,28]employeddecision-directedmethodsthat

useprior decisionsto suppresstheinterference.Theapproachof [25] is to decorrelate

againstall possibleinterferingsignals. Prior decisionsreducethe spaceof possible

interferingsignalsin that if a decisionis madethat userk transmittedsignalm, then

thereis noneedto decorrelateagainsttheotherM � 1 possibletransmissionsof userk.

In [28], theapproachis to decorrelateagainsttheknown interferingsignalsidentified

by previous decisions. The resultingoutput is then passedto a bank of single-user

matchedfilters followedby a maximummagnitudedetectorto determinethesymbol.

In this thesis,we follow the strategy of [25,28] andexamineapproachesthat com-

binefiltering with decision-directedmethods.Weproposelow-complexity, suboptimal

noncoherentdetectorsthattake advantageof certaina priori informationavailablere-

gardingthemultiusersignals[29,30]. Weincorporatethisstructureinto thealgorithms

of variousdetectorclassesandprovidenumericalcomparisonsto demonstratethenear-

optimumperformanceof theproposeddetectors.

1.2 ThesisOverview

This thesisis divided into two parts. The first part discussesthe MC-MFSK system

andthesecondpartinvestigatesefficientnoncoherentmultiuserdetectiontechniques.

In Chapter2, we outline thebasicsystemmodelof theMC-MFSK system.Sincethe

MC-MFSK schemeis partly motivatedby theFH Multilevel-FSKsystem,we review

this systemaswell. We develop upperboundsfor the probability of word error for
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theMC-MFSK schemeandthentranslatetheseinto lowerboundson thecapacityand

spectralefficiency of thesystem.Next, weevaluatetheperformanceof theMC-MFSK

systemin Rayleighfadingchannels.SincetheMC-MFSK systememploys noncoher-

entdetectionfollowedby a combiner, theoptimalcombiner(in theML sense)is also

derived in a multiuserscenariofor Rayleighfadingchannels.As the optimal com-

binerdoesnot have a closed-formexpression,its approximationswill bederivedand

evaluated.Sincetheapproximationsto theoptimaldetectorusea detectionthreshold,

its selectionis alsodiscussed.Lastly, the performanceof the MC-MFSK systemis

comparedto thatof FH M-aryFSK andFH Multilevel-FSKsystems.

In Chapter3, we investigateefficient techniquesfor noncoherentmultiuserdetection.

First, we establishnotationfor theadditive-noise,synchronousCDMA systemmodel

anddescribetheML detector. Next, wediscussprior work ondecorrelatorandMMSE

detectorsproposedin theliterature.Wethenintroducetheconstraineddetectorswhich

embedmaximumamplitudeinformation for the received signalcomponentsascon-

straintsfor nonlinearprogrammingrelaxationsof theML multiuserdetector. Follow-

ing this, we introducenoncoherentdetectorsbasedon different typesof soft inter-

ferencecancellers. In order to further improve the performanceof the noncoherent

multiuserdetectors,we exploit additionala priori informationregardingthesignalin

the form of selectivefiltering techniques.To illustratethe feasibility of the selective

filters in scenarioswith limited informationregardingthe interferers,e.g.,a CDMA

down-link, a blind adaptive implementationof the selective MMSE detectoris also

presented.Wealsosuggestasuccessiveinterferencesuppressionscheme,which,when

usedin conjunctionwith selective filtering, yields improvedperformancein near-far

scenarios.
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1.3 New Results

This thesisproposesa new spread-spectrumbasedmulticarriermultiple-accesstech-

nique for OFDM systemswhich sharesthe desirablepropertiesof both FH andDS

spread-spectrumsystems.

Thedecodingheuristicproposedfor theMC-MFSK system,althoughpartlymotivated

by theFH Multilevel-FSKsystem,is alsonew. It is shown that in high-SNR,single-

userchannels,thedecodingheuristicis in facttheoptimalcombiner.

In contrastto otherrelatedworks,this thesisdevelopsupperboundson theprobability

of worderrorandthentranslatestheminto lowerboundsonusercapacityandspectral

efficiency. The lower boundsprovide a minimumsystemperformanceguaranteeand

henceareof importance.

Theboundon usercapacityderivedin thethesishasa simpleclosed-formexpression.

This enablesusto estimate,with considerableaccuracy, importantsystemparameters

suchasthefrequency diversityfactorL to beemployedby theactiveusersin theMC-

MFSK system. Properestimationof this parameteris of importancein a practical

system.

Most of theFH-MFSK basedschemesproposedin theliteratureemploy envelopede-

tectionin their receivers. To comparetheir performancewith theMC-MFSK system

in Rayleighfadingchannels,this thesisproposesa techniquefor the selectionof the

detectionthresholdfor theMC-MFSK system.

This thesisalsoinvestigatesandproposestechniquesto improve performanceof non-

coherentmultiuserdetectors.The performanceimprovementis gainedby exploiting

certaina priori informationregardingthestructureof themultiple-accesssignal.

This thesisproposesthe applicationof nonlinearprogrammingtechniquesto obtain

approximationsto theoptimalnoncoherentmultiuserdetectors.
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Several soft interferencecancellation(soft-IC) techniquesfor noncoherentmultiuser

detectorsarealsoproposedin this thesis.

Oneof themajorcontributionsof thisthesisin theareaof noncoherentmultiuserdetec-

tion is theuseof selectivefiltering. This techniqueusesa priori informationregarding

a user’s signal to reducethe spaceof possibleinterferingsignals. Selective filtering

is appliedto the decorrelator, MMSE detectoraswell asthe soft-ICsto illustrateits

versatilityandeffectiveness.



20

Chapter 2

Multicarrier MFSK: A SpreadSpectrumMultiple
AccessSchemefor OFDM-basedSystems

2.1 Intr oduction

In thischapter, wedeveloptheOFDM basedMC-MFSK systemmodelandevaluateits

performancein variouschannelconditions.Performancecomparisonsarealsomade

with otherMFSK basedsystems.

OFDM basedmulticarriersystemshave recentlygainedpopularitydueto their ability

to offer high datarateson a wirelesschannelwithout succumbingto inter-symbol-

interferenceproblemscauseddueto channelimpairments[2,31]. Multicarriersystems

allow thetransmissionof multiplesymbolsin paralleloverachanneltherebyreducing

the susceptibilityof the transmissionsto delay spreads. In order to serve multiple

usersefficiently, anOFDM basedsystemrequiresa multiple-accesstechnology. The

MC-MFSK schemeproposedin this chapterseeksto serve this purpose[32,33]. An

MC-MFSK basedcommunicationsystemis shown in Figure1.7.

We usethe framework developedin [34] to derive the optimalcombiningrule in the

MaximumLikelihood(ML) sense.We show that in Rayleighfadingchannels,theop-

timal combinercanbeapproximatedby asoft-limiterin amulti-userscenario,andby a

linear-combinerin asingle-userscenario.Thesimilarity betweenthedecodingheuris-

tic proposedfor MC-MFSK and the optimal combineris alsohighlighted. Optimal

combinersarealsoderivedfor thespecialcasesof asingleuserin Rayleighfadingand
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AWGN channels.Sincethesoft-limiter andotherapproximationsto theoptimalcom-

binerinvolveadetectionthreshold,techniquesareproposedfor selectingthis threshold

for thedifferentcases.

The spectralefficiency of a system,definedas the total numberof bits/sec/Hzthat

can be transmittedreliably, is an importantmeasureof a system’s performance.A

lower boundon thespectralefficiency of theMC-MFSK systemis obtainedandcom-

paredto spectralefficiency obtainedfrom simulations.The spectralefficiency of the

MC-MFSK systemis alsocomparedto thoseof otherMFSK basedspread-spectrum

systemssuchasFH Multilevel-FSKandFH M-aryFSK.

2.2 SystemModel

Wefirst considerasingle-user, synchronousMC-MFSK systemandasignalingscheme

wheretheusertransmitsoneof M signals.At theMC-MFSK transmitter, thebit rate

is denotedby Rb, andit is assumedthat every T seconds,B messagebits areloaded

into a shift registerandtransferredasa B-bit word m �3� 0� � � � � M � 1 � to the buffer,

whereM � 2B. It is assumedthat the availablesystembandwidthW is divided into

M orthogonalsub-channelsasshown in Figure2.1. The mth messageis mappedto

the transmissionof a toneon the mth sub-channel.In theabsenceof AWGN, Multi-

pleAccessInterference(MAI), or fading,thetransmittercouldsimplysendthissingle

toneandthe receiver would correctlydecodem asthe desiredmessage.However, if

thedetectionof thetransmittedtoneis proneto channelerrorsor MAI, thenthetrans-

mitter would needto useredundancy in its transmissionscheme.In MC-MFSK, the

transmitterusesfrequency-diversity to introduceredundancy by transmittinga signa-

turevectors̃m of L paralleltonesfor every tonem. Thesignaturevectors̃m is obtained

by addinganaddressvectorã �p� ã � 0� � � � ã � L � 1� �   (with distinctelements)to thetone
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Figure2.1: MC-MFSK transmitter

m asfollows:

s̃m ¡£¢ m¤ 1¥8¦ ã¡£§m¤ ¤ ¤ m̈ ©�¦ § ã § 0̈ ¤ ¤ ¤ ã § L ª 1̈ ¨ ©¡£§ s̃m § 0̈ ¤ ¤ ¤ s̃m § L ª 1̈ ¨ © (2.1)

where1 is a vectorof onesof lengthL, ¦ representsvectoradditionmoduloM and

eachaddresselementã § l ¨8«¬ 0 ® ¯ ¯ ¯ ® M ª 1° .
Let a beabinaryvectorof lengthM with a1 atpositionsã § l ¨ ® l ¡ 0 ® ¯ ¯ ¯ ® L ª 1. Hence,a

representsthespectraloccupancy of thevectorã. Similarly, let thesignaturevectorsm

representthespectraloccupancy of thevectors̃m. LetCk andC± k denotetheoperators

whichshift avectorcyclicallyby k and ª k, respectively. Usingthesenotations,wecan

write (2.1)alternatively as

sm ¡ Cma ¯ (2.2)

Therefore,asshown in Figure2.1,themessagem is specifiedby them-positioncyclic

rotationof theaddressvectora. Thereceiveron theotherhand,performsnoncoherent

detectionon eachof the sub-channelsfollowed by a nonlinearoperationG ¢ ¤ ¥ . The

outputsof G ¢ ¤ ¥ arerepresentedby thevectorv. Using ² ¤ ® ¤ ³ to denotethedot-product

of two vectors,anestimateof thedesiredmessageis obtainedby usingthefollowing

matched-filteringoperation

m̂ ¡ argmax
k
² a ® C± kv ³ ¯ (2.3)

Thedecodingrule (2.3)will bediscussedin moredetail in Section2.4.
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2.3 Review of FH Multile vel-FSK

As mentionedin Section2.1, the MC-MFSK systemis partly motivatedby the FH

Multilevel-FSK systemproposedin [19]. From (1.13), we seethat the single-user

spectralefficiency is

η ´ Rb

W
´ log2M̃

L̃M̃
[bits/sec/hz]µ

andhence,L̃ ´ W log2M̃ ¶ RbM̃. This implies that for a givenbandwidthW, a certain

datarateRb, andafixednumberof bits log2M̃, thetime-diversityfactorL̃ is alsofixed.

Therefore,in theFH Multilevel-FSKsystem,we cannotusea higherL̃ to compensate

for apoorchannel.This limits theflexibility of thesystem.Anotherimpairmentasso-

ciatedwith FH Multilevel-FSKis that of delay-spread[19]. The delay-spreadof the

multipathchannelmakes it difficult to preciselysynchronizethe arrival timesat the

basestation. Consequently, the sub-channelsmay no longerbe mutually orthogonal

andenergy spillovers mayoccuramongadjacentsub-channelscausingInter Channel

Interference(ICI). To avoid ICI, guard-bandsmayhaveto beintroducedbetweenchan-

nelswhich would requiremorebandwidthandhencereducethespectralefficiency of

thesystem.

The MC-MFSK system,on the other hand,has the following advantagesover FH

Multilevel-FSK.We canchooseL, the frequency diversity parameterin this case,to

bewhatever thechannelrequires(within constraintson total transmitterpower). This

givesusanadditionaldegreeof freedomin designingour systemandtheopportunity

to improve theperformancedynamicallyasthechannelconditionsvary. Theparallel

approachcanalsopotentiallyalleviatetheproblemsof delayspreadandsynchroniza-

tion asfacedby theFH Multilevel-FSKsystem.Sinceour OFDM basedmulticarrier

approachwould reducethedatarateson theindividualsub-channels,thedelayspread

would be lessthanthesignalinginterval andhenceit maybeeasierto maintainsyn-

chronization[2]. This would help maintainthe orthogonalitybetweensub-channels

andhenceallow for higherspectralefficiency. Hardwareimplementationissuesshould
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not posea seriousproblemfor our systemsinceit canbe implementedwith readily

available,off theshelfIFFT/FFTproducts[5] asshown in Figures2.2and2.3.

2.4 MC-MFSK Decoder

At thereceiver, let Ri be theoutputof thenoncoherentdetectortunedto sub-channel

i. As will be seenin Section2.5, in the presenceof channelimpairmentssuchas

AWGN and/orfading,Ri needsto bepassedthrougha limiting functionG · ¸ ¹ which is
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anapproximationof theoptimallimiter for thespecifiedchannelcondition.Wedenote

v º�»G ¼ R0 ½ ¾ ¾ ¾G ¼ RM ¿ 1 ½ À Á�Â (2.4)

We first proposea heuristic-decoderfor a single-userscenario,andthenlater, in Sec-

tion 2.6.1,show its optimality in ahigh-SNRchannel.Undertheheuristic,thedecoder

first formsanL Ã M matrix with the l th row consistingof thevectorC¿ ã Ä l Å v. Then,the

decoderaddsup theentriesin eachcolumnanddeclarestheindex of thecolumnwith

themaximumentriesasthedesiredmessage.In caseof ties,a tie-breaker is used.Let» x À j denotethe jth positionin vectorx. Thedecodingrule canthenbemathematically

expressedas:

m̂ º argmax
j Æ L ¿ 1

∑
l Ç 0

C¿ ã Ä l Å v È
j

Â (2.5)

Notethat(2.5)maybere-writtenasacircularcross-correlationfunction,i.e.,Æ L ¿ 1

∑
l Ç 0

C¿ ã Ä l Å v È
j

º L ¿ 1

∑
l Ç 0

v » ã » l À É j Àº M ¿ 1

∑
nÇ 0

a » nÀ v » n É j ÀºËÊ aÌ C¿ jv Í Â (2.6)

Thedecodingrule canthenbewritten as

m̂ º argmax
j
Ê aÌ C¿ jv Í Â (2.7)

As will be shown later in Section2.6.1, in a high-SNRchannel,the limiter G ¼ Ri ½
reducesto anactivity detectorandyieldsa non-zeroconstantvalueG ¼ 1½ on thesub-

channelswherethereis at leastoneuserpresent,andzerootherwise.For thesingle-

userscenario,this impliesthatin ahigh-SNRchannel

v º G ¼ 1½ sm º G ¼ 1½ CmaÂ (2.8)

Substituting(2.8)andtheidentityC¿ jCma º Cm¿ ja in (2.7),wehave

m̂ º argmax
j
Ê aÌ G ¼ 1½ Cm¿ ja Í º argmax

j
Ê a Ì Cm¿ ja Í Â (2.9)
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Sincea hasa Hammingweight of L, aTa Î L. Moreover, on applyingthe Cauchy-

Schwarzinequality[35] to theRHSof (2.9),Ï
a Ð CmÑ ja Ò Ó L (2.10)

with equalityiff CmÑ ja Î a. If a is suchthatCia Î a only for i Ô modM ÕÖÎ 0, thenthe

maximumin (2.9) is uniqueandnoiselessdecodingwill bereliable.

2.4.1 Probability of Word Err or

We now considera multi-userscenariowith K users.Userk is assumedto bethede-

sireduserandthevariablesassociatedwith it areindexedby theletterk. For example,

thedesiredmessageis denotedby mk. In this section,we evaluatethe impactof only

interfererson theperformanceof thedesireduser. Theperformancemetricchosenis

the probability of word error of the desireduser. Sincewe aremainly interestedin

quantifyingtheextentto which thesystemis interference-limited,ahigh-SNRchannel

is considered.

In high-SNRchannels,sincetheconstantG Ô 1Õ is justascalingfactorappliedto all the

sub-channelswherethereis atleastoneuserpresent,wecanignoreit in theprobability-

of-errorcalculations.Therefore,in this section,we assumethat theelementsof v are

Bernoulli r.v.’s: v × i ØEÎ 1 indicatingthepresenceof at leastoneuseron sub-channeli,

andv × i Ø8Î 0, anabsence.

We now introducenotationto enableus to representv asa functionof theusers’ad-

dresses.Let xÙ y denotethe AND operationbetweenany two scalarsx and y, and

let x Ù y denoteelement-by-elementAND operationbetweenany two vectorsx andy.

Also, let x Ú y denotetheOR operationbetweenscalarsx andy, andlet x Ú y denote

element-by-elementOR operationfor vectorsx andy. For vectorsx1 Ð Û Û Û Ð xK, define
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kxk Ý x1 Þ x2 ÞOß ß ß Þ xK. Usingthesenotations,in ahigh-SNRchannel,wehave

v Ý Kà
l á 1

Cml al ß (2.11)

From(2.7) themessageestimatefor thedesireduseris

m̂k Ý argmax
j â ak ã Cä jv å ß (2.12)

Since â ak ã Cä jv å Ý â Cjak ã v å , this canalsobeviewedasa matched-filteringoperation

where,in orderto determinethe candidatesfor the transmittedmessage,the desired

user’s receiver correlatesv with all M possiblerotationsof thedesireduser’s address

ak, retainingonly the shifts that yield the maximumcorrelationvalue. Theoutputof

thekth user’s ith correlatorcanbewrittenas

Skæ i Ý�ç ak ã Cä iv è (2.13)

andlet

Sék Ý max
i

Sk æ i ß (2.14)

SincetheHammingweightof ak is L andthatof v is at leastL (from (2.11)),ç ak ã Cä iv èÖê L ß (2.15)

Therefore,Sék Ý L for all k. Wedefine

Wk æ i Ýìëí î 1 if Skæ i Ý Sék Ý L

0 otherwiseß (2.16)

Thedesiredmessageis thenestimatedas

m̂k Ý i if Wkæ i Ý 1 (2.17)

and,in caseof ties,atie-breaker is used.Wenow evaluatetheprobabilityof worderror

basedon(2.17).Denotethetotal numberof tiesby

Zk Ý M ä 1

∑
i ï 0

i ðá mk

Wkæ i ß (2.18)
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If P ñ Zk ò zó is the probability of z ties, thenthe probability of decodingthe desired

usercorrectlycanbewrittenas

Pc ò PZk ñ 0ó8ô 1
2

PZk ñ 1ó}ôöõ õ õ ô 1
M

PZk ñ M ÷ 1ó (2.19)ò M ø 1

∑
l ù 0

1
l ô 1

PZk ñ l ó õ (2.20)

Theerrorprobabilityis definedas

Pw ò 1 ÷ Pc õ (2.21)

Sinceit is hardto obtaina closed-formexpressionfor theright sideof (2.20),we use

thelowerboundPc ú PZk ñ 0ó . Therefore,from (2.21),Pw canbeupperboundedby

Pw û 1 ÷ PZk ñ 0ó õ (2.22)

Assumingthatuserk transmittedmessagemk ò 0, wehave from (2.18)and(2.22):

Pw ümk ù 0 û 1 ÷ P ý þ i ÿù mk � Wk � i ò 0 ���mk ò 0� (2.23)ò P ý � i ÿù mk � Wk � i ò 1���mk ò 0� (2.24)� ∑
i ÿù mk

P ýWk � i ò 1 �mk ò 0� (2.25)ò M ø 1

∑
i ù 1

P ñ Sk � i ò L �mk ò 0ó � (2.26)

where,in goingfrom (2.23)to (2.24),weusedtheidentitythatfor any two eventsA and

B, P ñ Ā þ B̄ó ò 1 ÷ P ñ A � Bó . In goingfrom (2.24)to (2.25),theunionboundwasused.

The last equality in (2.26) follows from (2.16). We now investigatethe expression

P ñ Sk � i ò L �mk ò 0ó in a little moredetail.

Substituting(2.11)in (2.13)yields

Sk� i ò 	
ak � Cø i

K

l ù 1

Cml al �ò 	
ak � K


l ù 1

Cml ø ial �
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�� ak � Cmk � iak � K�
l �� k

Cml � ial � (2.27)�  ak � Cmk � iak � K�
l �� k

Cnl al � (2.28)

where,in going from (2.27) to (2.28),we usethe fact thatsincemk is uniformly dis-

tributedover � 0 � � � � � M � 1� , so is nl
��� ml � i � modM. Since � K

l �� kCnl al is indepen-

dentof index i, it canbewrittensimplyasa randomvector

u � K�
l �� k

Cnl al � (2.29)

Substituting(2.29)in (2.28)yields

Sk� i � � ak � Cmk � iak � u ! � (2.30)

For any two binaryelementsb andc, it canbeshown usinga truth tablethatb � c �
b " c � b# c. Applying it to (2.30),wehave

Sk � i �$� ak � Cmk � iak " u � Cmk � iak # u ! (2.31)

Expandingthe right sideof (2.31), substitutingmk
� 0, andusinga%k � C� iak # u � �

u % � ak # C� iak � , wehave

Sk� i �&� ak � C� iak !'" � ak � u !�� � ak � C� iak # u ! (2.32)� a%k C� iak " a%k u � u % � ak # C� iak � (2.33)

Sincethedistributionsof thefirst andthird termsontheright sideof (2.33)aredifficult

to formulate,we considerthe limiting caseL ( M ) 0 to make the analysistractable.

Thelimiting caseis characteristicof theMC-MFSK systemandhenceits assumption

is avalid one.Theway in whichL ( M ) 0 is asfollows: Typically, for theMC-MFSK

system,M is very largeboth in absolutetermsaswell ascomparedto L. Also, aswe

show later, theoptimalvalueof L thatmaximizesthenumberof userssupportedby the

systemis proportionalto ln � M ( Pw � . Therefore,asM ) ∞, L ( M ) 0. Defining

αi
� a%k C� iak � (2.34)
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from (A.9) in AppendixA.1, wehave

lim
L * M + 0

P , αi - 0. - 1 i /- 00 (2.35)

Notethat(2.35)alsoimpliesthat

lim
L * M + 0

P , ak 1 C2 iak - 0. - 1 i /- 0 (2.36)

where0 is anM-dimensionalzerovector. Incorporating(2.35)and(2.36) into (2.33)

yields

lim
L * M + 0

P 3 Sk 4 i - a5k u 6 - 1 i /- 00 (2.37)

Let usrepresent

ρ - a5k u 0 (2.38)

Note thatPw 7mk 8 0 - Pw by symmetry. Substituting(2.37) in (2.26),for L 9 M : 0 we

have

Pw ; M 2 1

∑
i 8 1

P , ρ - L .=< MP , ρ - L . (2.39)

We now evaluateP , ρ - L . . Sincetheentriesof ãk representthe locationof theL 1’s

in ak, wehave

ρ - L 2 1

∑
l 8 0

u > ãk > l ? ? (2.40)

which is asumof dependentBernoulli randomvariables.Theexpressionfor P , ρ - L .
is derived in (A.29) in AppendixA.2. Since(A.29) doesnot have a closedform, it

makesit difficult to proceedwith theright sideof (2.39).However, it is shown in (A.31)

in AppendixA.2.1 thatfor smallvaluesof L 9 M (truefor theMC-MFSK scheme),

P , ρ - L .A@ p0
L (2.41)

wherep0 is theprobabilityof at leastoneof theK B 1 interferersoccupying aparticular

sub-channel.From(A.15) in AppendixA.2, wehave p0 - 1 BC, 1 B L 9 M . K 2 1.

For 0 ; x ; 1 andK D 1, wehave theidentity

1 BC, 1 B x. K 2 1 ; , K B 1. x (2.42)



31

Theproof is simple:Let

f E xFAG 1 HIE 1 H xF K J 1 HCE K H 1F x K
Thus, f E 0FAG 0 and f L E xF=M 0 which yields theidentity. Therefore,p0 M$E K H 1F L N M
andtheright sideof (2.39)canbewrittenas

MP E ρ G L FOG MpL
0 (2.43)M M P E K H 1F L

M Q L

(2.44)R M P KL
M Q L

(2.45)

whichyieldsa lowerboundfor K of theform

K S Klb E L F ∆G M
L
P Pw

M Q 1T L K (2.46)

Further, wedefine

L UVG argmax
L

Klb E L FAG ln
M
Pw
K (2.47)

In Figure2.4,we plot Klb E L F in (2.46)versusL for differentvaluesof M andcompare

with resultsobtainedfrom simulationsfor Pw G 0 K 001. In thesimulations,Kmax repre-

sentsthemaximumnumberof usersthatcouldbeadmittedinto thesystemat a given

L andM underthe constraintthat Pw M 0 K 001. We canseethat in spiteof the large

M assumptionbehindthederivationof (2.46),the formulabehavesqualitatively sim-

ilar to the resultsfrom thesimulationsevenfor small valuesof M andprovidesgood

estimatesof L at whichKmax peaksfor aparticularM.

Wedefinethespectralefficiency ηT of asystemas[23]

ηT G KRb

W
[bits/sec/Hz]K (2.48)

For theMC-MFSK system,substituting(1.14)in (2.48)yields

ηT G K log2M
M

(2.49)S Klb E L F log2M
M

(2.50)
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M
L X Pw

M Y 1Z L log2M
M

(2.51)W
log2M

L X Pw

M Y 1Z L [
(2.52)

At theintegervalueof L

W]\
L ^ _ ,

ηT ` \ L ^ _baOc log2M

\
L ^ _ X Pw

M Y 1Z d L e f
(2.53)

W
log2M

\
L ^ _ eg L e Zbd L e f (2.54)h log2M

\
L ^ _ eg 1 (2.55)h 1

e
log2M
L ^ji 1

∆

W
ηT̂

[
(2.56)

In going from (2.53) to (2.54),we usedthe fact that sinceL ^ W ln ` M k Pw a , Pw k M W
eg L e . In going from (2.54) to (2.55), we usedthe identity l L ^ k \ L ^ _ h l 1, and in

goingfrom (2.55)to (2.56),weusedtheidentity1k \ L ^ _ h 1k ` L ^ i 1a . Simplifying the
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expressionfor η mT in (2.56)yields

η mT n 1
e

log2M
ln p M q Pw r's 1

(2.57)n 1
e

log2M
ln p Meq Pw r (2.58)n log2e
e

log2M
log2e s log2M t log2Pw

(2.59)n 0u 53log2M
log2M s 11u 41

(2.60)

In going from (2.58) to (2.59), we usedthe identity lnx n log2xq log2e. Equation

(2.60)is theexpressionfor η mT at Pw n 0u 001. Figure2.5 comparesη mT in (2.60)with

simulationresultsfor differentvaluesof M.
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2.5 Performancein Rayleigh Fading Channels

Wirelesssystemsaresusceptibleto channelimpairmentssuchaslog-normalfading,

Dopplerandmultipath.In this section,weconsideronly theeffectof multipathfading

on anMC-MFSK system.It is assumedthat theenvelopeof a user’s multipathsignal

is Rayleighdistributedandindependentbetweensub-channels.It is assumedthatuser

k is thedesireduserandmk v m thedesiredmessage.We definethesignaturevectors

correspondingto thekth user’s mth messageas

s̃k wm v&x s̃k wm x 0y z z z s̃kwm x L { 1y y | (2.61)

sk wm v&x sk wm x 0y z z z skwm xM { 1y y | v Cmak (2.62)

where s̃k wm x z yA}�~ 0 � � � � � M { 1 � and sk wm x z yA}�~ 0 � 1� . We definean indicator variable

cnm v 1 if sub-channeln is oneof theL sub-channelsusedby userk in thetransmission

of messagem andzerootherwise.Thatis

cnm v��� � 1 n }�~ s̃k wm x 0y � � � � � s̃kwm x L { 1y �
0 otherwise� (2.63)

Sinceeachof theK { 1 interferersin thesystemoccupiesasub-channelwith probabil-

ity h0 v L � M independentof theotherusers,thenumberof usersJ on sub-channeln

hasthebinomialdistribution

PJ � j � v B � K { 1� j � h0 � j v 0 � � � � � K { 1 (2.64)

where,

B � K { 1� j � h0 � v��� ��� K � 1
j � h j

0 � 1 { h0 � K � 1� j j v 0 � � � � � K { 1

0 otherwise� (2.65)

For theith user, theattenuationλi andphaseφi areassumedto bei.i.d randomvariables

with λi beingRayleighdistributedwith E x λ2
i y v 1 andφi beinguniformly distributed

over x 0 � 2π y . It is alsoassumedthatall theusershavethesameaveragereceivedenergy
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Es. The aggregatefadedreceived signal from the desireduserand J interfererson

sub-channeln is then

rn � t ����� 2Es

T
cnmλk cos� ωnt � φk ����� 2Es

T

J

∑
i � 1

λi cos� ωnt � φi �'� w � t � (2.66)

wherew � t � is an AWGN processwith meanzeroandvarianceN0 � 2. The outputsof

thein-phaseandquadraturebranchesof thematchedfilters tunedto sub-channeln are

Xn � � 2
EsT � T

0
rn � t � cos� ωnt � dt� cnmλk cos� φk �'� J

∑
i � 1

λi cos� φi �'� ŵx (2.67)

Yn � � 2
EsT � T

0
rn � t � sin� ωnt � dt� cnmλk sin� φk �'� J

∑
i � 1

λi sin� φi ��� ŵy (2.68)

whereŵx andŵy arenormalizedAWGN r.v.’swith meanzeroandvarianced � 2 where

d
∆� N0 � Es. Sinceλi cos� φi � andλi sin� φi � havezeromeans,Xn andYn havezeromeans

aswell. Moreover, sincethetermson theright sideof (2.67)and(2.68)aremutually

independentGaussianr.v.’s, Xn andYn are Gaussiandistributed as well. Also, the

varianceof bothXn andYn, conditionedonJ � j, is � cnm � j � d � � 2. Theoutputof the

nth detectoris definedas

Rn � X2
n � Y2

n � (2.69)

SincebothXn andYn arezero-meani.i.d Gaussianr.v.’s,Rn is exponentiallydistributed

with meanµj � cnm � j � d andPDF

fRn � J � r � j ��� 1
µj

e� r � µj r � 0� (2.70)

Thecharacteristicfunctionof Rn is givenby [1]

E � eiωRn �mk � m �� K � 1

∑
j � 0

B � K ¡ 1 ¢ j ¢ h0 �
1 ¡ iω � cnm � j � d � (2.71)

whichcanbeinverseFouriertransformedto give thePDFs

p � Rn �m����£¤ ¥ f0 � Rn ��� ∑K � 1
j � 0

B ¦ K � 1§ j § h0 ¨ e© Rn ª « j ¬ d 
j ® d cnm � 0

f1 � Rn ��� ∑K � 1
j � 0

B ¦ K � 1§ j § h0 ¨ e© Rn ª « 1¬ j ¬ d 
1® j ® d cnm � 1� (2.72)
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2.5.1 Optimum Combining

Severalcombiningtechniquesfor FH Multilevel-FSKhavebeenproposedandstudied

in the literature[22,34,36–43]. Theauthorin [34] discussestheoptimumcombining

methods(in theML sense)for theFH Multilevel-FSKsystem.Weusethis framework

for theMC-MFSK systemaswell.

SincethedetectoroutputsRn ¯ n °�± 0 ¯ ² ² ² ¯ M ³ 1́ havebeenassumedto bestatistically

independent,thePDFunderhypothesisHm, i.e., themth messagewastransmitted,is

theproductof theM densities:

p µ R0 ¯ ² ² ² ¯ RM ¶ 1 · m̧A¹ M ¶ 1

∏
nº 0

p µ Rn · m̧ ² (2.73)

TheML testis thento chooseHm if

p µ R0 ¯ ² ² ² ¯ RM ¶ 1 · m̧A» p µ R0 ¯ ² ² ² ¯ RM ¶ 1 · l ¸ ¯ for all l ¼¹ m² (2.74)

Let usassumethatof theL positionswheresk ½m ¹ 1, thereareL¾ positionswheresk ½ l
is azero.Thesepositionsarebeindexedby elementsof thevectorε. Thisalsoimplies

that thereis a differentsetof L¾ positionswheresk ½m is a zerobut sk½ l is a one. These

positionsare indexed by elementsof the vectorδ. The L ³ L¾ positionswhereboth

sk½m andsk½ l area oneare indexed by elementsof the vectorζ. Note that the PDFs

correspondingto theseL ³ L¾ positionsare the sameon both sidesof (2.74). In the

remainingM ³ 2L¾ ³Cµ L ³ L¾ ¸ positionswherebothsk ½m andsk½ l arezero,thePDFson

bothsidesof (2.74)arethesame,andin thiscasewecancelthemout. Therefore,(2.74)

canberewrittenas

L¿
∏
j º 1

f1 µ Rε j ¸ L¿
∏
i º 1

f0 µ Rδi
¸ L ¶ L ¿
∏
eº 1

f1 µ Rζe
¸ Hm» L¿

∏
j º 1

f0 µ Rε j ¸ L¿
∏
i º 1

f1 µ Rδi
¸ L ¶ L ¿
∏
eº 1

f1 µ Rζe
¸ for all l ¼¹ m

(2.75)

Dividing bothsidesof (2.75)by ∏L ¶ L¿
eº 1 f0 µ Rζe

¸ andrearrangingterms,weobtain

L ¿
∏
j º 1

f1 µ Rε j ¸
f0 µ Rε j ¸ L ¶ L ¿

∏
eº 1

f1 µ Rζe
¸

f0 µ Rζe
¸ Hm» L ¿

∏
i º 1

f1 µ Rδi
¸

f0 µ Rδi
¸ L ¶ L ¿

∏
eº 1

f1 µ Rζe
¸

f0 µ Rζe
¸ for all l ¼¹ m (2.76)
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Figure2.6: OptimumnonlinearityG À RÁ for differentcombinationsof totalusersK and
SNR/bitγb

or,

LÂ
∑
j Ã 1

ln Ä f1 À Rε j Á
f0 À Rε j Á ÅÇÆ L È L Â

∑
eÃ 1

ln Ä f1 À Rζe
Á

f0 À Rζe
Á Å HmÉ L Â

∑
i Ã 1

ln Ä f1 À Rδi
Á

f0 À Rδi
Á ÅÊÆ L È LÂ

∑
eÃ 1

ln Ä f1 À Rζe
Á

f0 À Rζe
Á ÅÇË (2.77)

On the left sideof (2.77),notethat theLÌ elementsof ε andtheL Í LÌ elementsof ζ

togetherrepresenttheL positionsindexedby s̃k Îm Ï Ð s̃k Îm Ð 0Ñ Ò Ò Ò s̃k Îm Ð L Í 1Ñ Ñ Ó . Thesame

appliesfor theright sideof (2.77).Therefore,theleft sideandright sideof (2.77)can

berewrittenassinglesummations

∑
j Ô s̃k Õm ln Ä f1 À Rj Á

f0 À Rj Á Å HmÉ ∑
i Ô s̃k Õ l ln Ä f1 À Ri Á

f0 À Ri Á Å for all l ÖÏ m× (2.78)

Thesummandon theright sideof (2.78)canberepresentedby thenonlinearfunction

g À Ri Á Ï ln Ä f1 À Ri Á
f0 À Ri Á Å (2.79)

whichcanbenormalizedto haveaninterceptof zeroandslopeof unity to yield

G À Ri Á Ï g À Ri Á�Í g À 0Á
gÌ À 0Á × (2.80)
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G Ø RÙ is plottedin Figure2.6for differentcombinationsof totalusersK andSNR/bitγb.

NotethattheoptimumnonlinearityG Ø RÙ resemblesa linear-combinerfor asingleuser

(K Ú 1) andasoft-limiter(alsoknown asclipper) for K Û 1. Hence,from (2.78-2.80),

the optimumcombiningmethodis to apply the function G Ø Ü Ù to the detectoroutputs

andthensumtheL outputsto obtainthestatistic

Λl Ú ∑
i Ý s̃k Þ l G Ø Ri ÙÚ M ß 1

∑
i à 0

G Ø Ri Ù ská l â i ã ä (2.81)

Recallingfrom (2.4) thatv Ú âG Ø R0 Ù Ü Ü ÜG Ø RM ß 1 Ù ã å , (2.81)canberewrittenas

Λl Ú v å ská l Ú æ v ç Clak è Ú æ ak ç Cß l v è (2.82)

where,thesecondequalityin (2.82)follows from (2.62).Therefore,thedecodingrule

canbewrittenas

m̂k Ú argmax
l

Λl Ú argmax
l
æ ak ç Cß lv è ä (2.83)

Notethat thedecodingrule in (2.83)is similar to theheuristicproposedin thesingle-

usercasein (2.7).

Next, we considersomespecialcases.First,we show mathematicallythattheoptimal

combinerfor asingleuserin Rayleighfadingchannelsis a linear-combiner. Following

that,wederive theoptimalcombinerfor a singleuserin anAWGN channel.

2.5.2 SpecialCaseof a SingleUser in a RayleighFading Channel

For zerointerferers(hence,K Ú 1 total users)in (2.72)and(2.79),theoptimumnon-

linearity reducesto

g Ø Ri ÙéÚ ln ê d
1 ë d

eß Ri ì í 1î d ï
eß Ri ì d ð (2.84)Ú ln ñ d

1 ë d ò ë Ri

d Ø 1 ë d Ù ä (2.85)
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Sinced is a constantindependentof the transmittedmessage,it can be ignoredin

calculatingtheoptimumcombiningrule:

Λl ó ∑
i ô s̃k õ l Ri ö (2.86)

Therefore,for thespecialcaseof a singleuserin a Rayleighfadedchannel,theopti-

mum combiningrule is to linearly combinethe squaredoutputsof the sub-channels.

This observationis consistentwith thoseregardingotherMFSK systemsin thelitera-

ture[41,44].

2.5.3 SpecialCaseof a SingleUser in an AWGN Channel

In this case,on the sub-channelswherethe useris present,Rn hasa noncentral chi-

squaredPDF[1] with noncentralityparameters2 ó E2 ÷ Xnø ù E2 ÷Ynø�ó 2 andXn andYn

bothhave thecommonvarianced ú 2. Therefore,thecorrespondingPDFsin (2.72)are

givenby

p û Rn ümý ó�þÿ � f0 û Rn ý ó 1
de� Rn � d cnm ó 0

f1 û Rn ý ó 1
de��� 2� Rn � � dI0

�
2� 2Rn

d 	 cnm ó 1ö (2.87)

Therefore,from (2.79)and(2.87),theoptimumnonlinearityis givenby

g û Ri ý ó ln 
 d
1 ù d

e��� 2� Ri � � d
e� Ri � d I0 û 2 � 2Ri ú d ý � (2.88)ó ln

d
1 ù d ù� 2

d ù ln I0 û 2 � 2Ri ú d ý (2.89)� ln
d

1 ù d ù� 2
d ù 2� 2

d
� Ri (2.90)

where,in goingfrom (2.89)to (2.90),we usedtheapproximationI0 û xý � ex [44]. Ig-

noringtheconstants,thisyieldsthewell knownresultthattheoptimumnonlinearityfor
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a singleuseremploying noncoherentdetectionin anAWGN channelis theenvelope-

detector[1]. Theoptimumcombiningrule in this caseis

Λl � ∑
i � s̃k � l � Ri � (2.91)

Figure 2.7 compares,throughsimulations,the performanceof a single userat low

SNRs,in RayleighfadingandAWGN channelconditions.Thelinearcombiner(2.86)

wasusedfor the Rayleighfadingcaseandthe envelopedetector(2.91)wasusedfor

theAWGN case.

2.6 Selectionof DetectionThr eshold

In Section2.5.1it wasshown thattheoptimaldetectorcanbeapproximatedby a soft-

limiter (2.80). The soft-limiter usesa detectionthresholdto clip the signal. In this



41

0.2 0.22 0.24 0.26 0.28 0.3 0.32 0.34 0.36 0.38 0.4
5

5.5

6

6.5

7

7.5

8

8.5

9

9.5

10
x 10

−3

Threshold

W
E

R

Figure2.8: SimulatedWERversusdetectionthresholdfor thesoft-limiter for (K � L � M)
= (25� 20� 1328)at γb � 15dB

section,we discusstheselectionof this thresholdfor thesoft-limiter aswell asother

detectors.

2.6.1 Thr esholdSelectionfor Soft Limiter

From(2.71)sinceE �Rn �m� � cnm in theabsenceof interferersandAWGN, we select

G � 1� asthedetectionthresholdfor thesoft-limiter. As alsoobservedin [34], theWord

Error Rate(WER) is not very sensitive to theselectionof this threshold.As an illus-

trationof this, considertheplot of WER againstthedetectionthresholdat γb � 15dB

shown in Figure2.8. Fromthefigure, it canbeseenthat the thresholdthatyields the

minimum WER of 5 � 78e � 3 is 0� 31 whereas selectingG � 1� � 0� 25 as the thresh-

old yieldeda WER of 6 � 25e � 3, a differenceof 8� 06%. UsingG � 1� asthedetection

threshold,thesoft-limiterdetectorcanbedefinedas
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GS ! R"�#%$& ' R 0 ( R ( G ! 1"
G ! 1"  G ! 1"*) R ) ∞ + (2.92)

Weconsidertwo otherapproximationsto G ! R" , namelythehard-limiter

GH ! R"�#%$& ' 0  0 ( R ( G ! 1"
G ! 1"  G ! 1"*) R ) ∞

(2.93)

andthelinear-combiner

GL ! R"�# R 0 ( R ) ∞ + (2.94)

Thehardandsoftlimiterswill jointly bereferredto asthelimiters. Figure2.9compares

theWERversusγb performanceof thevariousdetectorsin amoderatelyloadedsystem

in a Rayleighfading channel. Figure2.10 plots the samefor only the limiters in a

heavily loadedsystem.It is shown that in thehigh-SNRregime,thesystemsbecome
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interferencelimited,asaresultof which,thelimitersasymptoticallyapproachthesame

WER. This is dueto the fact that for high valuesof γb, the detectionthresholdG - 1.
approacheszeroasshown in Figure2.11. Moreover from (2.69),at high-SNRs,the

normalizednoisevarianced / 0 yielding R / 0 on sub-channelswhereno user is

present.Thisreducesthelimitersto simpleactivity detectors,yieldinganon-zerovalue

of G - 1. on the sub-channelswhereat leastoneuseris present,andzerootherwise.

Therefore,in ahigh-SNRchannel,thechannelreducesto anORchannel,yielding

G - Ri .*0 G - 1.21
j

sj 3mj 4 i 5 6 (2.95)

Further, usingthedefinitionof v 0 4G - R0 . 7 7 7G - RM 8 1 . 5 9 from (2.4)yields

v 0 G - 1.21
j

sj 3mj 0 G - 1.21
j

Cmj a j 6 (2.96)

In asingle-userscenario,

v 0 G - 1. Cma (2.97)
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which is exactly the sameas(2.8). Hence,(2.83)and(2.97) togethershow that the

decodingheuristicproposedin Section2.4is optimalin theML sensefor asingleuser

in high-SNRchannels.

2.6.2 Thr esholdSelectionfor an EnvelopeDetector

Later, in Section2.7,theMC-MFSK systemwill becomparedto otherFH-MFSKsys-

tems[19,23]. Sinceall theFH-MFSK systemsdiscussedin this chapteruseenvelope

detection,for afair comparison,theperformanceof theMC-MFSK systemshouldalso

beevaluatedwith anenvelopedetector. In this section,wedevelopamethodfor deter-

mining thedetectionthresholdfor anenvelope-detectorin aRayleighfadingchannel.

If we denotethenumberof userson a particularsub-channelby the randomvariable
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N, then,from (2.64)

PN < n=�> B < K ? n ? h0 = n > 0 ? @ @ @ ? K @ (2.98)

Theoutputof theenvelopedetectortunedto sub-channelm is definedas

Um >BA Rm >DC X2
m E Y2

m (2.99)

whereXm andYm aredefinedin (2.67-2.68).Therefore,conditionedon thenumberof

usersN, Um is Rayleighdistributedwith CDF [1]

FUm FN < u G n=�> 1 H eI u2 J K nL d M u N 0@ (2.100)

ThecomplementaryCDF is denotedby F̄Um FN < u G n= .
After performingenergy measurementonall theM sub-channels,thereceiverperforms

a hypothesisteston eachof them.For eachsub-channel,H0 >PO N > 0 Q is thehypoth-

esisthat only noiseis present,whereasH1 >DO N R 0 Q is the hypothesisthat at least

oneuseris present.Let P SH0T andP SH1T bethea priori probabilitiesof H0 andH1, re-

spectively. A false-alarmis saidto occurwhenthereceiver declaresH1 givenH0 was

true,anda deletionis saidto occurwhenthereceiver declaresH0 givenH1 wastrue.

Thefalse-alarmanddeletionprobabilitiesaredenotedby PFA andPMISS, respectively.

Givena detectionthresholdû,

PMISS
∆> FUm FH1 < û GH1 = (2.101)

PFA
∆> F̄Um FH0 < û GH0 = @ (2.102)

From(2.100),thePDFsof u underthetwo hypothesesare:

H0 : fUm FH0 < u GH0 =*> 2u
d

eI u2 J d u N 0 (2.103)

H1 : fUm FH1 U N < u GH1 ? n=�> 2u
n E d

eI u2 J K nL d M u N 0? n N 1 @ (2.104)

An exampleof thetwo PDFsis plottedin Figure2.12.

Theerrorprobabilityon asub-channelcanbewrittenas[45]

Pe > PMISSP SH1T E PFAP SH0T (2.105)
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∑
n̂ 1

FUm WH1 _ N X û YH1 ` nZ P X N V n YH1 Z P [H1\ ] F̄Um X û YH0 Z P [H0\V K

∑
n̂ 1

FUm WN X û Y nZ P X N V nZa] F̄Um X û YH0 Z P [H0\ b (2.107)

We now evaluatethe optimum detectionthresholdû V β, which minimizes(2.107)

above. Sincethereis no closed-formexpressionfor thefirst termon theright sideof

(2.107),we developanupperboundinsteadto obtaina simpledecisionthresholdthat

yieldsgoodperformance.From(2.100)we have

FUm WN X û Y nZ V 1 c ed û2 e f ng d h b (2.108)

Observe thatfor afixedû, FUm WN X û Y nZ decreaseswith increasingn, or that

FUm WN X û Y nZ*i FUm WN X û Y 1Z b (2.109)

Therefore,for afixedû, anincreasein n leadsto adecreasein PMISS while PFA remains
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unaffected.Also,
K

∑
nk 1

P l N m nn�m 1 o P l N m 0n ∆m P pH1q r (2.110)

Substituting(2.109)and(2.110)into (2.107)yields

Pe s FUm tN l û u 1n P pH1q v F̄Um l û uH0 n P pH0q (2.111)mxw 1 o ey u2 z { 1| d } ~ P pH1q v w ey u2 z d ~ P pH0q (2.112)

∆m P̄e r (2.113)

Let

γs m 1
d
m Es

N0
(2.114)

betheaverageSNRperuserpersub-channel.As canbeseenin Figure2.13,for high

γs, theupper-boundP̄e is very closeto Pe, andhence,we canminimize P̄e insteadto

obtainthenormalizedthreshold

β mD� d l 1 v d n ln �2� 1 v 1
d � P0

P1 � (2.115)
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where,

P0
∆� P �H0� (2.116)

P1
∆� P �H1� � 1 � P �H0� � (2.117)

We denotethebit-energy by Eb. Sincelog2M bits aretransmittedasL paralleltones,

eachwith energy Es, wehave

Eb log2M � EsL � (2.118)

Therefore,substituting(2.114)in (2.118)yields

γs
� log2M

L
Eb

N0
(2.119)� log2M

L
γb � (2.120)

Substitutingd � 1� γs in (2.115),for γs � 1

β �D� 1
γs

ln � γsP0

P1 � � (2.121)

Let α � P0 � P1. From(2.102),at û � β, wehave

PFA
� e� β2 � d (2.122)� e� ln � γsα � (2.123)

andcomparing(2.105)and(2.111),wehave

PMISS � 1 � e� β2 � � 1� d � (2.124)� 1 � e� 1
γs

ln � γsα � � (2.125)

Since

lim
γs� ∞

ln � γsα �
γs

� 0� (2.126)

asγs � ∞, bothPMISS andPFA approach0 asexpected.

TheWERversusγb performanceof theenvelope-detectorwasfoundto bequitesimilar

to thatof thehard-limiter.
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2.7 Capacity of MC-MFSK and Comparisonwith FH-MFSK Sys-

tems

Figure2.14 illustratesthe usercapacityof an MC-MFSK systemusinga soft-limiter

in a Rayleighfadingchannelbasedon simulationresults.In theexperiments,thesub-

channelsweresubjectedto flat anduncorrelatedfading.As expected,thecapacityfirst

increaseswith diversity factorL andthendecreasesdueto excessive mutualinterfer-

encebetweentheusers.Also, sincethediversityrequiredincreaseswith deteriorating

channelconditions,thecapacity-maximizingvalueof L increasesasγb decreasesin the

figure.

Next, we comparethroughsimulations,the performanceof the MC-MFSK system
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with thatof FH-MFSK systemsin Rayleighfadingchannels.In eachsystem,thesub-

channelsweresimulatedto experienceflat anduncorrelatedfading. Typically, for a

fixed systembandwidthW andbit-rate Rb, the signalingintervals in the FH-MFSK

systemareshorterthanthosein theMC-MFSK system,asshown in Figure1.6. Con-

sequently, the sub-channelsin the FH-MFSK systemare typically wider than those

in the MC-MFSK systemand may experiencefrequency-slective fading insteadof

flat-fading. However, in the caseof FH-MFSK systems,we madethe optimistic as-

sumptionthatthereceiversaredesignedto successfullycombatany frequency-slective

fadingeffectsandareonly susceptibleto the flat-fadingphenomena.As in [23], we

fixedW � Rb � 128. Sincethe inverseof this ratio is thespectralefficiency of a single

user(1.12),for theFH-MFSK system,

η � Rb

W � log2M̄
L̄M̄N � 1

128� (2.127)
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where,asshown in Figure1.6,N is thenumberof channels,M̄ is thenumberof sub-

channelsperchannel,andL̄ is thenumberof serial transmissions.

For theMC-MFSK system,from (1.14)wehave

η � Rb

W � log2M
M � 1

128  (2.128)

whichyieldsM � 1328.

Figure 2.15 plots Kmax versusthe diversity factor (L for MC-MFSK and L̄ for FH-

MFSK systems)in a very high SNRchannel.It canbeseenthat theMC-MFSK sys-

temoutperformstheFH-MFSK systemin all cases.In all cases,we used(2.115)for

selectingthe threshold(with h0 � 1� M̄N̄ for theFH-MFSK systems)and(2.120)for

determiningγs. In thesimulations,for eachvalueof thediversityfactor, wekeptadding

usersto thesystemaslongastheWERPw ¡ 10¢ 3. Also, asis evidentfrom thefigure,
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γb K £ SpectralEfficiency ηT

FH-MFSK MC-MFSK FH-MFSK MC-MFSK
15dB 6 13 0.047 0.101
20dB 17 26 0.132 0.203
25dB 24 35 0.187 0.273
35dB 34 45 0.265 0.351
∞ dB 36 47 0.281 0.367

Table2.1: Simulatedcapacityandspectralefficiency comparisonsof MC-MFSK and
FH-MFSK systemsin Rayleighfadingfor W ¤ Rb ¥ 128

for a particularM̄ in FH-MFSK, not all pairs ¦ L̄ § N ¨ arealloweddueto theconstraint

in (2.127).As in [23], it canbeseenthat for theFH-MFSK system,for highervalues

of M̄, the maximumnumberof userscanbe supportedat N ¥ 1. Recall that N ¥ 1

correspondsto the FH Multilevel-FSKcaseproposedin [19]. For example,consider

the caseof M̄ ¥ 64 which resultsin L̄N ¥ 12 from (2.127). It canbe seenfrom the

figure, that for this case,Kmax peaksat L̄ ¥ 12 and N ¥ 1. Hence,the figure also

confirmsthattheFH Multilevel-FSKsystemoutperformstheconventionalFH-MFSK

system.Figure2.16comparestheperformanceof MC-MFSK andFH-MFSK systems

in aRayleighfadingchannelat anaverageSNRof 25dB,andasbefore,it canbeseen

thattheMC-MFSK systemoutperformstheFH-MFSKsystemin all cases.In bothFig-

ures2.15and2.16,for theFH-MFSKsystem,thecasescorrespondingto M̄ ¥ 128and

M̄ ¥ 256havebeenomittedasthemaximumnumberof usersin eachcaseis lessthan

themaximumfor M̄ ¥ 64andalsothey mapto very few pointsdueto theconstraintin

(2.127).

In Table2.1,we compareK £ , themaximumnumberof usersthatcanbesupportedat

Pw © 0ª 001andspectralefficiency ηT (2.48)of the MC-MFSK systemto that of the

FH-MFSKsystematdifferentvaluesof SNR.It canbeseenthatthegainof MC-MFSK

over theFH-MFSKsystemis quitesignificant.

Othervariationsof M-aryFSKhavebeenpublishedin theliteratureaswell. References
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[46–48]consideranM-ary FSK system,where,differentpermutationsof a subsetof

the M sub-channelswithin a particularchannelaretransmittedin parallel. However,

all the designandanalysisconsidersonly a single-userscenario,and it is not clear

how a desireduserwill be decodedin a multiusersetting. Therefore,dueto lack of

multiuserresults,a direct comparisonof suchsystemswith the MC-MFSK system

cannotbe carriedout. Reference[49] also considersan M-ary FSK systemwhere

tonesaretransmittedin parallelwithin a particularchannel.This systemis not very

spectrallyefficientasevenfor Pw « 0 ¬ 01,with W « 3 MHz andRb « 10kbps,only 15

userscanbesupportedin anAWGN channelyieldingaspectralefficiency of only 0 ¬ 05

(comparedto 0¬ 36at Pw « 0¬ 001for theMC-MFSK system).

2.8 Near-Far Resistanceof the MC-MFSK System

In wirelesssystems,usersnearthe basestationmay overpower usersthat arefarther

away andhenceconsiderablydegradetheir communicationlinks. This phenomenon

is known asthenear-far problemandis commonin CDMA systems[11]. Oneof the

techniquesusedin practiceto combatthe near-far problemis power control. Power

control increasesthecomplexity of thesystemandmaybe difficult to achieve in en-

vironmentssuchastheunlicensedbandswherethe interfererswith unknown andun-

controllablepowersmaycauserapidvariationsin thechannelconditions.Hence,re-

sistanceto thenear-far problemis adesirableattributein asystem.

Figure2.17comparesthroughsimulations,theperformanceof thedifferentcombiners

in a Rayleighfadingchannelin a scenariowherethedesireduser’s power is different

from thoseof the interferers. The systemparameterschosenwereL « 20 andM «
1328. The desireduserhadan SNRof 10dB,whereastheSNRsof 9 equal-powered

interfererswerevariedfrom 4 to 20dB asshown in the figure. Whenthe interferers

are received with low powerscomparedto the desireduser, the AWGN is the main
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Figure2.17: Performancecomparisonof thedifferentcombinersin a Rayleighfading
channelwith 9 equal-poweredinterferers.Desireduser’sSNRγb  10dB

sourceof error, and hence,the linear-combinerbeing the optimal combinerin this

scenario(2.86),outperformsthehardandsoft limiters. However, asthepowersof the

interferersincreaseandtheinterferersbecomethedominantsourceof error, thelimiters

(2.81)outperformthelinearcombinerasexpected.Moreover, thefigureillustratesthat

in thenear-far regime(interferers’power ® 16dB),theperformanceof thedesireduser

with hard and soft limiters remainsunaffectedby an increasein the powers of the

interferers.

2.9 Chapter Summary

In this chapter, we proposeda new spread-spectrummultiple-accessschemecalled

MC-MFSK for OFDM-basedsystems.Thesystemperformancewasevaluatedin terms

of an upperboundon the word error probability Pw for a singleuserin a high-SNR,
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multiuserscenario.Theupperboundon Pw wastranslatedinto a lower boundon the

spectralefficiency whichprovidesaminimumsystemperformanceguarantee.Theop-

timum combiner(in the ML sense)wasdevelopedfor differentchannelmodelsand

their approximationswerealsodiscussed.Finally, the MC-MFSK schemewascom-

paredto theFH-MFSK systemsandshown to yield improvedperformance.
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Chapter 3

Noncoherent Multiuser Communications: Multistage
Detectionand SelectiveFiltering

3.1 Intr oduction

In this chapter, we considernoncoherentmultiuserdetectiontechniquesfor a system

employing nonlinearmodulationof non-orthogonalsignals.

We follow thegeneralspirit of [25,28] andexamineapproachesthatcombinefiltering

with decision-directedmethods.Weproposelow-complexity, sub-optimalnoncoherent

detectorsthat take advantageof certaina priori informationavailable regardingthe

structureof themultiusersignals.We incorporatethis structureinto thealgorithmsof

threedetectorclasses[29,30]: constraineddetectors,soft interferencecancellers,and

selectivefiltering detectorsdiscussedbelow.

The constraineddetectorsembedmaximumamplitudeinformation for the received

signal componentsas constraintsfor nonlinearprogrammingrelaxationsof the ML

multiuserdetector.

In theclassof interferencecancellers,we explorethreevariationsthatarisedueto the

noncoherentnatureof the detectionscheme:the serial,clipped,andparallelsoft-IC

(InterferenceCanceller).The soft-IC detectorsemploy the samefundamentalmulti-

stagedetectionapproachas their linear modulationand coherentdetectioncounter-

parts,e.g.,[50]. Eachof thesecancellersembedsthemultiusersignalstructurein its
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detectionalgorithmin a differentway. For the mostpart, our resultsshow the soft-

ICs yield betterperformancethanthe non-selective decorrelatingandMMSE filters,

especiallyin near-far scenarios.

Wefurtherimprovetheperformanceof thenoncoherentmultiuserdetectorsby exploit-

ing additionalinformationin theform of selectivefiltering. Theselectivefiltersusethe

a priori informationthat the desireduserselectsfor transmissiononly oneof the M

messagesavailablein its constellation.Unlike thenon-selective filters of [13,26,27],

selectivefiltering for thedesireduserattemptsto suppressonly thepossiblesignalsof

the interferingusers. Selective versionsof the decorrelator, MMSE filter, andserial

soft-ICareimplemented.To illustratethefeasibilityof theselectivefilters in scenarios

with limited informationregardingthe interferers,e.g.,a CDMA down-link, a blind

adaptive implementationof theselectiveMMSE detectoris alsopresented.

We evaluatetheperformanceof theproposedconstraineddetectors,thesoft-ICs,and

the selective detectorsand comparethem with the non-selective detectorsproposed

in [13,26]. Sincetheexactsymbolerrorrateexpressionsarecumbersomeor intractable

for the detectorsconsideredherein,we resortto simulationsfor performanceevalua-

tions.

3.2 SystemModel and Optimal Detection

WeconsiderasynchronousCDMA systemwith K activeusers,processinggainN, and

asignalingschemewhereeachusertransmitsoneof M signals.A discrete-timemodel

canbeobtainedby projectingthereceivedsignalontoanN-dimensionalorthonormal

basis. Using the pseudo-linearrepresentationintroducedin [13], we view the signal

spaceasbeinganexpandedsignalspacespannedby theMK signals:M messagesfor

eachof the K users. We concentrateon caseswherethe possiblewaveformsfor all

messagesof all usersarelinearly independent.Thechannelis assumedto beAWGN,
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andthereceiverobservesasuperpositionof theK signals.

For userk, the N ¯ 1 vector sk °m denotesthe signaturecorrespondingto messagem

while theN ¯ M matrix Sk
∆±³² sk ° 1 ´ ´ ´ sk °M µ denotesthesignaturematrix. It is assumed

thatthesignaturesin Sk arecomplex-valued,haveunit norm,andaretimelimited. The

amplitudeandphaseof messagem of userk aredenotedby Ak°m andφk °m, with corre-

spondingdiagonalmatricesAk
∆± diag² Ak° 1 ¶ · · · ¶ Ak °M µ andΦk

∆± diag² ejφk ¸ 1 ¶ · · · ¶ ejφk ¸M µ .
Thephasesareassumedto beindependentanduniformly distributedover ² 0 ¶ 2π µ . Let

mk be the transmittedmessageof userk. We definethe vectorbk
±³² bk ° 1 ´ ´ ´ bk°M µ ¹

where

bk °m ±%º» ¼ 1 m ± mk

0 otherwise· (3.1)

We notethatbk belongsto thesetF ±�½ e1 ¶ · · · ¶ eM ¾ whereek ¿ ½ 0¶ 1 ¾ M haskth entry

ek ° k equalto oneandzerofor all otherentries.It is assumedthattheM messagesof a

userareequiprobable.Thereceivedvectorat theoutputof thebankof chip-matched

filters canbewrittenas

r ± K

∑
kÀ 1

SkAkΦkbk Á n (3.2)

wheren is anappropriately-sizedAWGN vectorwith meanzeroandcovariancematrix

σ2I . Further, r canbe expressedin termsof the MK-lengthvectorb ±Â² b ¹1 ´ ´ ´ b ¹K µ ¹ ,

the N ¯ MK matrix S ∆±Ã² S1 ´ ´ ´ SK µ , the MK ¯ MK matricesA ∆± diag² A1 ¶ · · · ¶ AK µ and

Φ ∆± diag²Φ1 ¶ · · · ¶ ΦK µ as

r ± SAΦb Á n · (3.3)

Theaimof themultiuserdetectoris to recover themessagevectorb ¿ FK. For agiven

b, let the vectorφ ±Â² ejφ1 ¸m1 ´ ´ ´ ejφK ¸mK µ ¹ representthe phasescorrespondingto the K

nonzeroentriesof b. With known A andΦ, theML estimateof b givenr is thesolution

to theoptimummultiuserdetector[11]. Theestimatemaybewrittenas

b̂ ± arg max
b Ä FK

f Å r Æ b ¶ φ ¶ A Ç · (3.4)
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In theAWGN channel,theoptimization(3.4)becomesthefamiliardistanceminimiza-

tion problem

b̂ È arg min
b É FK Ê r Ë SAΦb Ê 2 Ì (3.5)

Notethat(3.4)and(3.5)describeacoherentdetectorsinceknowledgeof Φ is assumed.

Next, considerthecasewheretheamplitudes,A, areknown at thereceiver asin (3.4),

but bothΦ andb areunknown. Sinceeachelementof φ mustbelongto theunit circle

C1, thejoint ML estimateof b andφ isÍ
b̂ Î φ̂ Ï�È arg max

b É FK
max
φ É CK

1

f
Í
r Ð b Î φ Î A Ï Ì (3.6)

Theimplementationof thisdetectorrequiresanexhaustivesearchoverpossiblevectors

b. Further, sinceeachof theelementsof φ lie on a unit circle, theinnermaximization

in (3.6) is over a non-convex setandhencethereis no guaranteeof finding theglobal

minimumin (3.5).However, relaxingtheconstraintsandallowing eachof theelements

of φ to lie on the unit disk C1 yields a convex set for the inner optimization. The

resultingdetectoris Í
b̂ Î φ̂ Ï�È arg max

b É FK
max
φ É CK

1

f
Í
r Ð b Î φ Î A Ï Ì (3.7)

This detectorwill be referredto as the joint detector. The joint detectoreffectively

assumesthat A characterizesthe maximumamplitudesof the signals. Both the de-

tector (3.6) and the joint detector(3.7) aregeneralizedlikelihoodratio test (GLRT)

detectorsthatdiffer in their assumptionsregardingthereceivedsignalamplitudes.In

particular, whenall elementsof A becomelarge,themaximumamplitudeconstraintof

thejoint detectorbecomestrivial andthejoint detectorapproachestheGLRT detector

in [28] which treatsthesignalamplitudesasunknown.

3.3 Non-Selective Detection

Recently, severaldetectionmethodswith reasonablecomplexity havebeenformulated

that approximatethe solution of the NP-hardML multiuserdetectionproblem[12,
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14]. Furtherresultsusingnonlinearprogrammingtechniquesto approximatetheML

multiuserdetectorfor linear modulationcanbe found in [15,51,52]. In this section,

similar to the linear modulationcounterpartsconsideredin [12,14,15], we relax the

constraintsetof the ML multiuserdetectionproblem. We representthe structureof

thesignalin the form of a constraintsetandexplorevariousdetectorswith thesame

objective functionyet differentconstraintsets.

3.3.1 Prior Work

To placetheconstrainedmultiuserdetectorsin propercontext, we startby examining

the decorrelative andthe MMSE two-stagedetectorsproposedin [13,26,27]. These

detectorscombinetwo stages:linearfiltering andsingle-userdetection.Wewill denote

x Ñ Φb. Further, let z ÑDÒAx betheestimateof thedesiredvectorAx. Then,theoutput

of thematchedfilters canbewrittenas

y Ñ SHr Ñ RAx Ó SHn (3.8)

whereR Ñ SHS is the cross-correlationmatrix. The first stageof the decorrelative

detector[13] appliesthedecorrelatingfilter R Ô 1 to y to obtain

z Ñ R Ô 1y Ñ Ax Ó R Ô 1SHn Õ (3.9)

If thesignalsarelinearlydependent,wecanreplaceR Ô 1 by theMoore-Penrosegener-

alizedinverse[53]; however, for simplicity, wewill assumethatthesignalsarelinearly

independent.

In thefirst stageof theMMSE detectorwe apply thematrix transformationCH to the

outputr to obtaintheestimatez Ñ ÒAx Ñ CHr thatminimizesthemean-squarederror

E Ö × CHr Ø Ax × 2 Ù . Thesolutionis givenin [26] as

C Ñ H Ô 1SE (3.10)
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whereH Ú E Û rr H Ü Ú SESH Ý σ2IN, E Ú E Û AxxHA Ü Ú�Þ 1ß M à A2, andIn is theidentity

matrixof dimensionn. Equivalently, if theMMSE filter is appliedto thematchedfilter

outputy in (3.8) insteadof r , thenz Ú C̃Hy, where

C̃ Ú�Þ R Ý σ2E á 1 à á 1 â (3.11)

Note that in caseof linear modulation,E Ú A2 andthe familiar expressionz ÚÂÞ R Ý
σ2A á 2 à á 1y is obtained[11,54].

For bothdecorrelative andMMSE filtering, thefilter outputz is anMK-lengthvector

that is the concatenationz Ú³Û zã1 ä ä ä zãK Ü ã of M-lengthcomponentvectorszk. To de-

scribedecisionrules for particularusers,we adoptthe generalconventionthat zk ÚÛ xM å k á 1æ ç 1 ä ä ä xMk
Ü ã denotesthe kth vectorcomponentof an MK-lengthvectorz. To

addressthespecificelementsof zk, wewrite zk Ú�Û zkè 1 ä ä ä zkèM Ü ã .
In the secondstageof thesedetectors,we follow [26,27] who suggestusingthe kth

componentvectorzk asa decoupleddecisionstatisticto obtainanestimatem̂k of the

kth user’smessage.Thesimplestsuchmethodis themaximummagnitude(MM) rule,

denotedµ Þ zk à , anddefinedby

m̂k Ú µÞ zk à ∆Ú arg max
mé2ê 1è ë ë ë èM ìaí zkèm í 2 â (3.12)

In the event of ties, the MM rule arbitrarily choosesoneof the maximizingentries.

For orthogonalsignalingoverasingleuserAWGN channel,theMM rule is optimum;

however, sincethedecorrelativeandMMSE filters introducecorrelationin theadditive

noiseand/orinterferencecomponentsof zk, theMM rule is merelyaheuristic.Single-

userdecodingrules for userk that exploit the correlationstructurearedevelopedin

[13,26].
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3.3.2 ConstrainedNoncoherent Multiuser Detection

Our startingpoint for the relaxationsof the constraintsis the ML detector(3.6) in

which theamplitudesA areknown but thesymbolsb andphasesφ, or equivalentlyΦ,

areunknown. In thiscase,weestimatethemjointly asx î Φb. Wedefinetheset

G î�ï ejφeð e ñ F ò 0 ó φ ó 2π ô (3.13)

andobserve thatx ñ GK. Rewriting (3.6),thejointly optimalestimateis

x̂ î arg min
x õ GK ö r ÷ SAx ö 2 ø (3.14)

We observe that theminimization(3.14)is difficult becauseGK is a non-convex con-

straintset.Dueto thehigh complexity associatedwith theML detector, reducedcom-

plexity approximationscanbe obtainedby solving a relaxationof the original prob-

lem [55]. If we relax the constraintset suchthat the new constraintset is convex,

thentheoptimizerof thequadraticobjectivefunctionin (3.14)canbefoundefficiently

via a varietyof nonlinearprogrammingmethods.This observationis thekey towards

formulationof theapproximatesolutionspresentedin theremainderof this section.

We startwith the casewherethe vectorx containingall the users’messagesis con-

strained. Although the constraintxHx î K is non-convex, a relaxationof the form

xHx ó K resultsin a convex set. The estimatex̂ is the solution to the optimization

problem

minimize ö r ÷ SAx ö 2
subjectto ö x ö 2 ó K ø (3.15)

The convex set ö x ö 2 ó K can be thoughtof as the interior of an MK-dimensional

hypersphereof radiusù K. Thesolutionto theaboveproblem,derivedin AppendixA.3

is thegeneralizedMMSEdetector[12,14]

x̂ î A ú 1 û R ü λ ý A ú 2 þ ú 1y (3.16)



63

whereλ ÿ is the optimumLagrangemultiplier correspondingto the global constraint

(3.15).Notethat(3.16)reducesto theMMSE solution[54] for λ ÿ�� σ2. Weapplythe

MM rule to thefilter outputx̂ to obtainthesymboldecisionm̂k � µ
�
x̂k � . Theresulting

detector, consistingof thefilter (3.16)followedby theMM rule,will bereferredto as

theglobalconstraineddetector.

Now we considerlocal constraintsfor eachindividual userk. Recallingthatx � Φb,

thekth vectorcomponentof x is xk � Φkbk. Sincexk � G, xH
k xk � 1 for all k. If we

relax the local constraintxH
k xk � 1 to be the convex setxH

k xk � 1, which represents

theinterior of anM-dimensionalhypersphereof unit radius,thentheestimatêx is the

solutionto

minimize � r � SAx � 2
subjectto � xk � 2 � 1 k � 1 � 	 	 	 � K 	 (3.17)

Thesolutionto (3.17)is (seeAppendixA.4)

x̂ � A 
 1 � R � Λ ÿ A 
 2 � 
 1y (3.18)

whereΛ ÿ is a diagonalmatrix containingthe Lagrangemultipliers. We then apply

theMM rule describedin (3.12)to thekth componentvectorx̂k to obtainm̂k � µ
�
x̂k � .

This detectorwill be referredto asthe local constraineddetector. Note that the local

constraineddetectoris not thesameasthejoint detector(3.7).Althoughbothdetectors

areobtainedby enforcinga maximumamplitudeconstrainton eachuserk, the joint

detectorsearchesonly over vectorsx for which eachcomponentvectorxk is of the

form aejφkbk wherebk � F and0 � a � 1.

Notethattheremaybeothersub-optimalschemeswith differentconstraintsthatyield

betterperformancewith lower complexity comparedto the detectorsproposedhere.

Also, it is notclearwhetherusingamoreadequatelyconstrainedsearchspaceis better

thantheexpandedsearchspacewe have consideredwith virtually all magnitudesand

phasesthat satisfy a maximumenergy bound(local and global constraints). These
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issuesrequirefurtherresearch.

Performancecomparisonsof the variousdetectorsdiscussedin this sectionwill now

be presentedbasedon simulationresults. It will be assumedthat the M messagesof

userk arereceivedwith equalpower, or thatAk�m  Ak. TheSNRof userk is defined

asA2
k � 2σ2. In near-far scenarios,all interferersareassumedto beat thesameSNR.

In thefigures,Ps representstheprobabilityof symbolerror. Figure3.1plotsPs versus

theSNRfor K  2 users,M  4 messagesperuser, anda processinggainof N  20

for the detectorsstudiedin this section.The parametersK andM werechosento be

small dueto the implementationcomplexity of the joint detectorin (3.7). However,

we notethatalthoughthenumberof usersis small,KM itself is a sizeablefractionof

the processinggain N (experimentswith larger processinggainsareconsideredlater

for the detectorsproposedin this chapter). Note also that the global (3.16) and lo-

cal (3.18)constraineddetectorsperformvery closeto the MMSE detector(3.10). A

similar observation hasbeenmadein [12] aswell, andthis may be attributedto the

resemblanceof the analyticalsolutionsof constrainedoptimizationproblemsto the

generalizedMMSE solution. Figure3.2 shows Ps of thedesireduserversustheSNR

of theinterferersin a near-far scenario.Sincethe local constraineddetectorperforms

only slightly betterthanthe global detector, it hasbeenomittedfrom this figure. In

thefigure,whentheSNRsof the interferersarehigh, theasymptoticerror rateof the

desireduserwith the joint detectoris equivalentto the single-usercase.This canbe

attributedto thefactthatwhenthepowersof theinterferersarerelatively high,thepri-

marysourceof errorscommittedin thedemodulationof thedesireduseris theAWGN.

3.3.3 Soft Interfer enceCancellation

Multistagedetectors,alsoreferredto asmultistage interferencecancellers, fall in the

classof decision-directedmultiuserdetectorsand are viable alternatives to popular
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Figure3.1: Comparisonof variousnoncoherentdetectorswith (K � M � N)=(2� 4 � 20)

linear detectorssuchasthe decorrelatorandMMSE detectors,dueto their excellent

BER performanceandreasonablylow complexity [11]. Several multistagecoherent

detectorsfor linearmodulationhavebeenproposedin theliterature,includingversions

usingserialandparallelimplementationsandversionsusinghardandsoftbit estimates

[12,50,56–60]. The contributions of this sectionare: first, the detectorsproposed

herearenoncoherentrealizationsof thedecisiondirected,nonlineardetectorsproposed

in [50,59]; second,new techniquesareproposedto incorporatethesignalstructureinto

the decisionalgorithms. In particular, we proposethreedetectors:the serialsoft-IC,

theclippedsoft-IC,andtheparallelsoft-IC.

In this section,astagerefersto asinglepassthroughthedetectorsof all users.All im-

plementationshereusethedecorrelatoroutputsin thefirst stage,followedby multiple

stagesof processingof theseoutputs.Thegoal,onceagain,is to obtainx̂, theestimate

of all transmittedmessages.To obtaintheestimatêxk for thekth user’s message,soft
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Figure 3.2: Performancein the near-far scenariowith (K � M � N)=(2� 4 � 20). Desired
user’sSNR� 12dB

estimatesareusedto reconstructtheinterferencethatis thensubtractedfrom thatuser’s

matchedfilter output.Thedifferencesbetweenthesedetectorsarisein their implemen-

tation,e.g.,serialor parallel,aswell asin thetypesof decisionsthatarecommunicated

betweentheusers’detectors.

In the serial soft-IC detector, as shown in Figure 3.3, the first stepis to determine

sequentiallytheM estimates̃xk� 1 � � � � � x̃k �M of theM possiblemessagesof userk. In the

secondstep,only theentry x̃k �m with thelargestmagnitudeis retainedwhile theother

M � 1 entriesareforcedto 0. This estimated-and-mappedvectorfor userk is denoted

by x̂k. The mappingensuresthat x̂k hasa structuresimilar to that of xk. Following

from (3.8),theestimatefor messagem of userk is (seeAppendixA.5)

x̃k �m � yk�m
Ak �m � 1

Ak�m k� 1

∑
i � 1

M

∑
j � 1

sH
k �msi � jAi � j x̂i � j � 1

Ak�m m� 1

∑
j � 1

sH
k�msk� jAk � j x̃k � j
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� 1
Ak�m M

∑
j � m� 1

sH
k�msk� jAk� jxk � j � 1

Ak�m K

∑
i � k� 1

M

∑
j � 1

sH
k �msi � jAi � jxi � j(3.19)

wherethecomponentson theright sideof (3.19)are(from left to right): thematched

filter output, the estimatesof the previous k � 1 users’messages,the previously de-

tectedestimatesof messagesof userk, the not-yet-detectedmessagesof userk, and

thenot-yet-detectedmessagesof theotherusers.After theM entriesof userk arede-

termined,theestimatedvectorx̃k is thenmappedto x̂k usingthemaximummagnitude

rule

x̂k � eµ� x̃k � x̃k � µ� x̃k � � (3.20)

This vectorestimatex̂k is thenusedby userk  1 in (3.19) above for estimatingits

vector, andsoon. Thewholeprocedurecanberepeatedfor multiple stagesto refine

theestimates.
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Theimplementationof theclippedsoft-IC detectoremploys thesamefirst step(3.19)

asalsoshown in Figure3.3. In thesecondstep,however, we incorporatethe relaxed

constraint! xk " i ! # 1 by clipping in accordancewith thefollowing rule:

x̂k" i $ %& ' x̃k" i ! x̃k " i ! # 1

x̃k" i ( ! x̃k " i ! otherwise) (3.21)

Thus,thedifferencebetweentheserialsoft-IC andtheclippedsoft-IC lies in thetype

of decisionfedbetweentheusers.

Lastly, theparallelsoft-IC differsfrom theserialsoft-IC only in thefirst step.Instead

of serialestimationof eachelementx̃k "m, theparallelsoft-IC estimatesall elementsof

x̃k $+* x̃k " 1 , , , x̃k"M - . in parallelasshown in Figure3.4. From (3.2), we canwrite the

receivedsignalr in termsof thecomponentsxk $ Φkbk as

r $ K

∑
j / 1

SjA jx j 0 n ) (3.22)

Thematchedfilter vectoroutputfor userk is

yk $ SH
k r $ RkkAkxk 0 ∑

j 1/ k

RkjA jx j 0 SH
k n 2 (3.23)

whereRkj $ SH
k Sj . Therefore,xk canbeestimatedas

x̃k $43 RkkAk 5 6 1 7 yk 8 k6 1

∑
j / 1

RkjA j x̂ j 8 K

∑
j / k9 1

RkjA jx j : ) (3.24)

Thecomponentson theright sideof (3.24)are(from left to right): thematchedfilter

output,thek 8 1 processeduserswith their estimated-and-mappedvectorsx̂ j , andthe

usersthatareyet to beprocessed.In thesecondstep,theparallelsoft-IC obtainsthe

users’messagedecisionsusingthesamemaximummagnitudemappingrule (3.20)as

theserialsoft-ICdetector.



70

x~
1

(
)−

1
R

A

x
K

. . .

.

.

.

.

x
1

x x

2 3

y

x~

x~

2

K

IC

IC

IC
R

E
T

A
IN

M
A

X
−

M
A

G
O

N
LY

R
E

T
A

IN
M

A
X

−
M

A
G

O
N

LY

R
E

T
A

IN
M

A
X

−
M

A
G

O
N

LY

F
ig

ur
e

3.
4:

Pa
ra

lle
ls

of
ti

nt
er

fe
re

nc
ec

an
ce

lle
r



71

Sincetheserialsoft-IC estimatesmessageelementsxk;m oneat a time, its granularity

is finer thanthatof theparallelsoft-ICwhichestimatestheentirevectorxk in onestep.

Hence,it is to be expectedthat the serialsoft-IC will performslightly better. Also,

notethattheserialandparallelsoft-ICscanbeimplementedwithout theknowledgeof

the individual amplitudesAk ;m. Insteadof estimatingjust xk ;m in (3.19), the element

Ak;mxk ;m canbejointly estimated,followedby (3.20). Sincethemaximum-magnitude

rule usesonly the relative magnitudes,the individual amplitudesdo not have to be

known explicitly. It is easyto observe from (3.19)and(3.21)that this is not thecase

for theclippedsoft-IC for which amplitudevaluesmustbeknown.

Figure3.5 comparestheperformanceof thevarioussoft-ICsproposedin this chapter

(3.19-3.24)to the non-selective decorrelative andMMSE detectorsin a near-far sce-

nario. In all thesoft-ICs,a decorrelative first stagewasfollowedby two morestages

of matched-filter-outputprocessing.Interestingly, the non-selective MMSE detector

(3.10),(3.11)doesnotconvergeto thedecorrelatorin thehigh interferer-powerregion,

in contrastwith the performanceobtainedby multiuserdetectorsthat employ linear

modulation.This is a directconsequenceof thefact that, in thenear-far situation,the

powersof the interferersarehigh comparedto the powersassociatedwith all possi-

ble messagesof thedesireduser. Also, thenon-selective detectorstake theundesired

M < 1 messagesof the desireduser(with relatively low powers)aswell asall inter-

ferers’signals(with highpowers)into accountin decodingthedesireduser’smessage.

Thus,unlike the decorrelator, the non-selective MMSE filter doesnot zero-forcethe

contributionsof theM < 1 undesiredmessagesof thedesireduser, resultingin a per-

formanceimprovementin near-far scenarios.Note that this issuedoesnot arisefor

selective filters, andthe selective MMSE anddecorrelative detectorsdo converge in

thenear-far situations.
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Figure3.5: Comparisonof soft-ICsin near-far scenariowith (K = M = N)=(2= 4 = 20). De-
sireduser’sSNR> 14dB

3.4 SelectiveFiltering

To detectwhetheruserk transmittedmessagem the non-selective detectorsof Sec-

tion 3.3 considerall possiblesignalsof interferers j ?> k, aswell asthe otherM @ 1

possiblesignalsof userk assourcesof interference.However, it is known a priori that

userk transmitspreciselyoneof its M messages.Therefore,for m ACB 1 = D D D = M E , one

andonly oneof the xkFm is nonzerofor eachuserk AGB 1= D D D = K E . Selective filtering

makesuseof this observation. Note that if the desireduser’s signatures(associated

with the M messages)aremutually orthogonal,then the selective andnon-selective

detectorsfor this useryield identicalperformance.In this section,we will examine

selective implementationsof thedecorrelatordetector, theMMSE detectorandablind

implementationthereof,andthesoft interferencecanceller. To furtherenhancetheper-

formanceof theselectivedetectors,asuccessiveinterferencesuppression(SIS)scheme
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is alsoproposed.

In thefollowing,d H i I will denotetheith elementof avectord, while D H i J j I andD H i J : I
will denotethe H i J j I th elementandith row of a matrix D, respectively. For notational

convenience,all vectorsandmatricesassociatedwith selectivefiltering will bedenoted

by abarabove theentry. Without lossof generality, weassumek K 1 to bethedesired

user, thus,we focuson theselective detectionof x1Lm. Specifically, ȳm is constructed

from y1Lm and the M H K M 1I entriesof y belongingto the interferers,the selective

signaturesetS̄m is constructedfrom s1Lm andtheM H K M 1I entriesof S belongingto

theinterferers,andthematrix Ām is constructedin amannersimilar to S̄m.

3.4.1 SelectiveDecorrelation

To formulatethe selective decorrelator, we defineHm asthe hypothesisthat the first

usertransmittedsignal s1Lm. Our problemis to determinewhich hypothesisamongN
H1 J O O O J HM P is correct.From(3.22),thereceivedsignalunderhypothesisHm is

Hm : r K s1LmA1Lmx1Lm Q K

∑
kR 2

SkAkxk Q n (3.25)

andthedecorrelatingtransformationtosuppressall usersk SK 1 isgivenby H S̄H
mS̄mI T 1S̄H

m

[11]. Thuswefirst construct

ȳm K S̄H
mr K S̄H

mSAx Q S̄H
mn (3.26)

followedby theselectivetransformation

z̄m K R̄ T 1
m ȳm K R̄ T 1

m S̄H
mSAx Q η̄m (3.27)

whereR̄m K S̄H
mS̄m, andη̄m K R̄ T 1

m S̄H
mn is zero-meanGaussianwith covariancematrix

σ2R̄ T 1
m . Sinceonly the first entry of z̄m containsthe information regardingthe first

user’s information,we constructa new vectorv consistingof only the first entriesof
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theM selectivefilter outputs,̄z1 U V V V U z̄M, asfollows

v WYXZZZ[ z̄1 \ 1]
...

z̄M \ 1]
^ ___` WaXZZZ[ R̄ b 1

1 \ 1 U : ] S̄H
1 SAx c η̄1 \ 1]

...

R̄ b 1
M \ 1U : ] S̄H

MSAx c η̄M \ 1]
^ ___` W USAx c η̄ (3.28)

wherethematrix U consistsof R̄ b 1
m \ 1U : ] S̄H

m asits mth row, andη̄ consistsof thefirst

elementof η̄m asits mth element.Notethatv is alsotheestimate dA1x1, therefore,we

applytheMM rule to v to obtainm̂1. An observationthatwill beusefullateron is that

R̄ b 1
m \ 1U : ] S̄H

mske l W 0U k fW 1 U m W 1U g g g U M U l W 1U g g g U M g (3.29)

Thatis, theinterferencefrom themessagesof theotherK h 1 interferersis suppressed

in the vectorUSAx. However, the cross-correlationsbetweenusersdo appearin the

transformednoisevectorη̄.

Theselective decorrelatorusestheMM rule which is basedon a heuristic. Hence,it

is of interestto seehow well it comparesto theoptimumdecisionrule. Theoptimum

selectivedecorrelatoris derivedin AppendixA.6. A unionboundonthemessageerror

probability is derived in AppendixA.7. Figure3.6 comparesthe performanceof the

MM-rule basedselective decorrelatorwith the optimumdecisionrule andthe union

bound.

3.4.2 SelectiveMMSE Detection

The MMSE detectoris populardue to its amenabilityto adaptive implementation.

Blind adaptive implementationsof detectorsareusefulsincethey only requirethesig-

natureandtiming of the desireduser. They areespeciallyattractive for the CDMA

downlink, wheredueto thedynamicenvironment,it maybedifficult for amobileuser

to obtainaccurateinformationregardingsignaturesandtimings of otheractive users

in thesystem[61–63]. In this section,we will first discusstheselectiveversionof the

MMSE filter (3.10)andthenwewill formulatea blind adaptive implementation.
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Figure3.6: Performancecomparisonof theMM-rule basedselective decorrelator, the
optimumdecisionrule,andtheunionbound

TheselectiveMMSE filter for thefirst useris obtainedusinganapproachsimilar to the

oneusedto obtainthe selective decorrelator, specifically, we apply an MMSE trans-

formationto the receivedsignal(3.25),undereachhypothesism ikj 1 l m m m l M n . From

(3.10),theselectiveMMSE filter correspondingto themth signatureis

C̄m o H̄ p 1
m S̄mĒm (3.30)

whereĒm orq 1s M t Ā2
m andH̄m o S̄mĒmS̄H

m u σ2IN. Thefilter vectorc̄1vm corresponding

to themth signatureof thefirst useris thefirst columnof C̄m, i.e., c̄1vm o C̄m q : l 1t .
We will now discussa blind adaptive implementationof (3.30)above. A blind adap-

tive implementationof the noncoherentnon-selective MMSE detectorwasproposed

in [26]. We extendthatalgorithmto implementa blind adaptive versionof theselec-

tiveMMSE detector. Sincethefirst useris theuserof interest,thefilter coefficientsof

only this userareadaptively varied.Representingthemth diagonalentryof E by Em,
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thefilter vectorc1wm correspondingto themth signatureof thefirst usercanbeobtained

as

c1wm xzy S̄mĒmS̄H
m { σ2IN | } 1s1wmEm ~ (3.31)

Notethatc1wm correspondsto thefirst columnof C̄m. If wedenote

r̄m x S̄mĀmx̄m { n (3.32)

then

c1wm x�� E � r̄mr̄H
m � � } 1

s1wmEm ~ (3.33)

Note that in the non-selective versionin [26], the filter (3.33) involvesthe term rr H

which is readilyavailable. In contrast,only a subsetof that information r̄m is needed

hereandit cannotbe obtainedexplicitly dueto a lack of knowledgeof the signature

setS̄m. Thisproblemcanbecircumventedby writing r̄m as

r̄m x r � ∑
i �� m

s1w iA1w ix1w i (3.34)x r � S̃mÃmx̃m (3.35)

whereS̃m is thesignaturematrix of thefirst userwithout themth signature.Hence,its

dimensionis N � y M � 1| . The termsÃm, Ẽm and x̃m maybe interpretedin a similar

manner. It canbeshown that

E � r̄mr̄H
m � x E � rr H � � S̃mẼmS̃H

m ~ (3.36)

Sincethe receiver knows thesignaturesof thedesireduser, it canconstructS̃mẼmS̃H
m

andextract r̄m from thereceivedsignalr . Extendingthestochasticgradientalgorithm

in [26], theadaptationfor themth filter vectormaythenbeexpressedas

c1wm � n { 1� x c1wm � n� � µ � y r � n� rH � n� � S̃mẼmS̃H
m | c1wm � n� � Ems1wm��~ (3.37)

We usethe NormalizedSquaredError (NSE)criterion [26] to studythe convergence

propertiesof thefilter coefficients.TheNSEat thenth iterationis definedas

NSE� n� x 1
M

M

∑
m� 1 � c̄1wm � c1wm � n� � 2� c̄1wm � 2 ~ (3.38)
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Figure3.7: Comparisonof the convergenceratesof the blind adaptive selective and
non-selectiveMMSE filters with (K � M � N)=(5� 4� 20)andvariablestep-sizeµ

Note that sincethe structuresof the non-selective andselective MMSE detectorsare

similar, theconvergenceanalysisof theformer[26] canbeeasilyextendedto thelatter

to obtaintheupperboundon thestepsizeµ to ensureconvergence.

Figure3.7showstheNSE(3.38)of theblindadaptiveselective(3.37)andnon-selective

MMSE detectors[26] averagedover 10 runs,for differentstepsizesµ. The limiting

MSE(meansquarederror)of thedetectoris proportionalto thevalueof NSEto which

thefilter coefficientsconverge. Thestepsizeimpactsboth therateof convergenceas

well asthelimiting MSE,andthetradeoff betweenthetwo is apparentfrom thefigure.

It canbeseenthata largerµ bringsaboutfasterconvergencebut at thecostof ahigher

limiting MSE.Theselectivedetectorconvergesto alowervalueof NSEcomparedto its

non-selectivecounterpartat µ � 0 � 0001andvice-versaat µ � 0 � 001.Theperformance

of the blind selective MMSE detectoris illustratedin Figure3.8 andcomparedwith

that of the blind non-selective MMSE (Figure7(b) of [26]) aswell asthe non-blind
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Figure3.8: Comparisonof the performanceof the blind adaptive selective andnon-
selectiveMMSE filters with (K � M � N)=(5� 4� 20)

selective andnon-selective MMSE detectors(Figure3(a) of [26]). For lower values

of SNR,µ � 0 � 001wasused,whereasfor the highervaluesof SNR,µ � 0� 0001had

to beusedto ensureproperconvergence.Theability of theblind filter coefficientsto

track their non-blinddeterministiccounterpartsis reflectedin the similarity between

theerrorprobabilitycurvesfor theblind andthenon-blindimplementations.

3.4.3 SelectiveSoft-IC

Next, we considertheselective implementationof theserialsoft-IC schemedescribed

in Section3.3.3.Weuseaselective

x̃k�m � 1
Ak�m � yk �m � k � 1

∑
i � 1

M

∑
j � 1

sH
k�msi � jAi � j x̂i � j � K

∑
i � k� 1

M

∑
j � 1

sH
k �msi � jAi � jxi � j � (3.39)
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then(3.20) is appliedto obtain x̂k �m. Note that in going from (3.19) to (3.39)above,

selectivefiltering hassuppressedthetermscontainingtheotherM � 1 messagesof user

k. Onceall M soft-outputsof userk areobtainedin thismanner, theMM ruleis applied

to obtainthemessagedecisionm̂k.

Figure3.9 comparesthe performanceof the selective andnon-selective filters for a

lightly loadedsystemwith K � 2 users,M � 4 signalsperuser, andN � 20dimensions.

Figure3.10comparestheperformanceof theselectiveandnon-selective implementa-

tionsof thedecorrelatorandMMSE for a fully loadedsystemwith K � 5, M � 4, and

N � 20. Notethatthenon-selectivedecorrelatorandMMSE curvescomparewell with

thoseof Figure3(a)in [26]. Next, weincreaseboththeprocessinggainN aswell asM,

thenumberof messagesperuser. Figures3.11and3.12show therelativeperformance

of thedetectorsfor amoderatelyloadedanda fully loadedsystem,respectively. It can

beseenthattheselectivedetectorsconsistentlyoutperformthenon-selectivedetectors

at all valuesof SNR.Amongtheselective detectors,theserialsoft-IC is betterableto

cancelinterferersathigherpowers,hencethecross-over in Figure3.12.

3.4.4 SelectiveFiltering with Successive Interfer enceSuppression

Although it is expectedthat theselective filters will yield performanceimprovements

over their non-selective counterparts,further improvementsarepossiblethroughthe

useof successivedecisions.Wecall theresultingtechniqueselectivefiltering with suc-

cessiveinterferencesuppression(SIS).For auserwhosemessagehasalreadybeende-

coded,weneedonly to suppressthesignalcorrespondingto thedecodedmessage.This

is analogousto thesuccessive interferencecancellation(SIC) schemein [64] wherea

decodeduser’s signalis reconstructedandexplicitly subtractedfrom thereceivedsig-

nal r . Thealgorithmfor SISis asfollows:
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Figure 3.9: Comparisonof selective and non-selective detectorsin a lightly loaded
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1. Selectthe maximum-magnitudematchedfilter output correspondingto the M

messagesof userk.

2. Sorttheusersin orderof decreasingmaximum-magnitudes.

3. For eachuserk ¡£¢ 1 � ¤ ¤ ¤ � K ¥ :¦ Performselectivefiltering for thekth userin thesortedlist.¦ Assumethemessagêmk of thekth useris correctandretainonly signature

sk§ m̂k in theselectivefilter matrixusedto detectthemessagefor userk ¨ 1.

In theabove algorithm,we canpotentiallyemploy any of theselective detectorspro-

posedin Section3.4.Wewill presentperformanceresultsfor theselectivedecorrelator

with SISin thenext section.Notethattheselectivedecorrelatorwith SISandthenon-

coherentdecisionfeedbackdetectorproposedin [25] sharethesimilarity that for the

userswhosemessageshave beendecoded,bothschemesdecorrelateonly againstthe
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Figure 3.10: Comparisonof selective and non-selective detectorsin a fully loaded
systemwith © K ª M ª N « ¬4© 5 ª 4ª 20«
signaturescorrespondingto the decodedmessages.However, they differ in that [25]

performsnon-selectivedecorrelationagainsttheM-1 signaturesof thedesireduserand

it usesa second-stagesingle-userGLRT detectorinsteadof the MM rule for symbol

decisions.

Figure3.13 illustratesthe performancegainedby usingthe SIS schemewith the se-

lective decorrelator. Sincethenon-selective decorrelatoris near-far resistant[13], the

probability of symbolerror for thedesireduserremainsunchangedwith interference

power. Theselective decorrelatoralsoexhibits a similar behavior sinceit projectsthe

received signal onto a spaceorthogonalto the interferers’subspacewhich remains

unaffectedby achangein theinterferers’SNR.With SIShowever, thesituationis dif-

ferent.Whentheinterferers’SNRsarelower thanthedesireduser’s SNR,thedesired

useris decodedfirst andit doesnot benefitfrom the SIS scheme.Hence,in the low

SNR regions, its performanceis similar to that of the selective decorrelatorwithout
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Figure3.11:Comparisonof selectiveandnon-selectivedetectorswith higherprocess-
ing gainN  64 in amoderatelyloadedsystemwith (K ® M ® N) = (4 ® 8® 64)

SIS. In the high SNR regime, the desireduseris decodedlast with very high proba-

bility andhenceit benefitsthe most from the SIS scheme(dueto a reductionin the

spaceof possibleinterferingsignals)yielding animprovementin symbolerrorrateof

aroundtwo ordersof magnitudeover theselective decorrelatorwithout SIS.TheSIS

curveflattensout in thehighSNRregionbecausethedimensionalityof theinterference

subspaceremainsunaffectedby achangein theinterferers’SNRs.

3.5 Chapter Summary

Weshowedthatjudicioususeof a priori knowledgeof theusers’selectivetransmission

mechanismcanyield improvedperformanceover thenoncoherentmultiuserdetectors

proposedin the literature.To this end,we proposedandinvestigatedthreecategories
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Figure3.12:Comparisonof selectiveandnon-selectivedetectorswith higherprocess-
ing gainN ¯ 64 in a fully loadedsystemwith (K ° M ° N)=(4° 16° 64)

of detectors:First, the joint detectorwasderived to provide a benchmarkfor evalu-

ating theperformanceof differentdetectors.Second,the serial,clipped,andparallel

implementationsof noncoherentsoft-ICswereproposedandit wasshown thatthese-

rial soft-ICoutperformstheMMSE anddecorrelativedetectorsin all scenarios.Third,

weproposedandimplementeda classof detectorsthatemployedselectivefiltering. A

blind adaptive implementationof theselectiveMMSE detectorandselectivedetectors

basedon decision-directedsuccessive usersuppressionwerealsopresented.Numer-

ical comparisonswereprovided to demonstratethenear-optimumperformanceof all

theproposeddetectors.
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Chapter 4

Conclusions

4.1 ThesisSummary

This researchis dividedinto two parts.Thefirst partproposeda noncoherent,spread-

spectrummultiple-accessschemefor OFDM basedsystems.Thesecondpartproposed

efficient multistagedetectionandselective filtering techniquesfor noncoherentmul-

tiuserdetectors.Weconsiderthesetwo partsseparately.

4.1.1 The MC-MFSK Multiple-Access Schemefor OFDM-based

Systems

In the first part of this thesis,we proposeda new spread-spectrummultiple-access

schemecalledMC-MFSK for OFDM basedsystems.A decodingheuristicwaspro-

posedfor this systemand it wasshown that in high-SNR,single-userchannels,the

decodingheuristicwasin facttheoptimumcombiner. An upperboundontheprobabil-

ity of decodingerrorPw wasderivedfor a multi-userscenarioin high-SNRchannels.

Although a small sub-channeloccupancy probability (i.e., a small L ³ M) assumption

wasusedto obtaina closed-formexpressionfor theupperbound,theexpressionwas

shown to yield qualitatively similar resultsto thoseobtainedfrom simulationsfor rel-

atively large valuesof L ³ M aswell. A lower boundon the spectralefficiency of the

MC-MFSK systemwas also derived and shown to comparewell qualitatively with



86

simulationresults.

Theperformanceof theMC-MFSK systemwasevaluatedin Rayleighfadingchannels

andtheoptimalcombiningrule wasderived.Approximationsto theoptimalcombiner

which areeasierto implementwerealsodiscussedandcompared.Sincesomeof the

approximationsto theoptimaldetectorinvolvedadetectionthreshold,its selectionwas

alsodiscussedfor thedifferentcases.

SincetheMC-MFSK systemis partlymotivatedby theFH Multilevel-FSKsystem,the

performanceof theformerwascomparedto the latter in AWGN andRayleighfading

channels.The MC-MFSK systemwasalsocomparedto the conventionalFH M-ary

FSKsystem.It wasshown thatfor afixedbandwidthW andbit-rateRb, theMC-MFSK

systemoutperformedboththeFH Multilevel aswell astheM-aryFSKsystems.It was

alsoshown thatMC-MFSK systemsbasedon eitherhardor soft limiters arenear-far

resistant.

It wasillustratedthat theMC-MFSK modemcanbe implementedwith readilyavail-

able,commercialFFT products.This easeof implementationcoupledwith thesimple

yet robustdetectionschememakestheMC-MFSK systema suitablespread-spectrum

multiple-accesstechnologyfor OFDM basedsystems,especiallythoseoperatingin

unlicensedspectrumwherepowercontrolmaybeinfeasible.

4.1.2 Noncoherent Multiuser Detection

The secondpart of this thesisinvestigatedefficient noncoherentmultiuserdetection

techniques.It wasshown that judicioususeof a priori knowledgeof the users’se-

lectivetransmissionmechanismcanyield improvedperformanceoverthenoncoherent

multiuserdetectorsproposedin the literature. To this end,we proposedandinvesti-

gatedthreecategoriesof detectors.
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First, a nonlinearprogrammingapproachto noncoherentmultiuserdetectionwasex-

plored,wherethe structureof the multiusersignalwasreflectedin the variouscon-

straintsetsanalyzed.Usingthis technique,the joint detectorwasderivedto provide a

benchmarkfor evaluatingtheperformanceof differentdetectors.Theglobalandlocal

detectorswerealsoderived asrelaxationsof the ML detectorbut with differentcon-

straintsets.Thesetwo detectorswereshown to resemblethesolutionto thegeneralized

MMSE detector, aspreviouslyobservedfor linearmodulationandcoherentdetection.

Second,motivatedby the ability of the soft-IC-basedcoherentdetectorsto perform

well in near-far scenarios,theserial,clipped,andparallelimplementationsof nonco-

herentsoft-ICsweresuggestedandinvestigated.The threedetectorsmainly differ in

themannerin whichthey incorporatethea priori informationregardingthestructureof

thesignal.It wasobservedthattheserialsoft-ICnotonly outperformstheMMSE and

thedecorrelative detectorsin near-far scenarios,but that it doesso in equal-received-

powerssituationsaswell.

Third, we proposeda classof detectorsthat employ selective filtering. Unlike their

non-selectivecounterparts,thesedetectorsmakeuseof thea priori informationthatof

theM signalsavailableto auser, only oneis transmitted.Thedecorrelative,MMSE and

soft-IC selective detectorswereshown to outperformtheir non-selective counterparts

in all cases.To illustratethe feasibility of the selective detectorsin scenarioswhere

limited informationregardingthe interferersis available,e.g.,a CDMA down-link, a

blind adaptive implementationof theselectiveMMSE detectorwaspresented.Finally,

anapproachto improve theperformanceof theselective detectorsbasedon decision-

directedsuccessiveusersuppressionwaspresentedin this thesis.

Our resultsindicatethat incorporatingthe informationregardingthe signalstructure

offers performanceimprovements.In particular, detectorsemploying selective filter-

ing have excellentperformanceandemergeasviablesolutionsin a varietyof system

conditions.
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Appendix A

A.1 Derivation of P ´ αi µ 0¶
Let therandomvariablesX1 · ¸ ¸ ¸ · XL representthelocationof theL onesin theaddress

vectorak. Then,

P ¹ αi º 0» º P ¹ a¼k C½ iak º 0»º P ¾ L

∑
j ¿ 1

ak À Xj Á ak À Xj Â i ÁÃº 0Ä (A.1)º P Å Æ L
j ¿ 1 Ç ak À Xj Á ak À Xj Â i ÁÃº 0 È É (A.2)º 1 Ê P Å Ë L

j ¿ 1 Ç ak À Xj Á ak À Xj Â i ÁÃº 1È É (A.3)Ì
1 Ê L

∑
j ¿ 1

P Å ak À Xj Á ak À Xj Â i ÁÃº 1É (A.4)

But,

P Å ak À Xj Á ak À Xj Â i ÁÃº 1É º M ½ 1

∑
x¿ 0

P Å ak À xÁ ak À x Â i ÁÃº 1 ÍXj º xÉ P Å Xj º xÉº ∑
x

P Å ak À xÁÃº 1 · ak À x Â i ÁÃº 1 ÍXj º xÉ P Å Xj º xÉº ∑
x

P Å ak À x Â i ÁÎº 1 ÍXj º xÉ P Å Xj º xÉº ∑
x

L Ê 1
M Ê 1

P Å Xj º xÉº L Ê 1
M Ê 1 ¸ (A.5)

Therefore,substituting(A.5) in (A.4) yields

P ¹ αi º 0» Ì 1 Ê L ¹ L Ê 1»
M Ê 1 ¸ (A.6)
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FigureA.1: Comparisonof simulatedvalueof P Ï αi Ð 0Ñ with lowerboundin (A.6)

UndertheassumptionthatL isproportionalto ln Ï M Ò Pw Ñ , or thatL Ð cln Ï M Ò Pw Ñ where

c is a constant,it canbeeasilyshown that

lim
L Ó M Ô 0

L Ï L Õ 1Ñ
M Õ 1 Ð 0 Ö (A.7)

SinceP Ï αi Ð 0Ñ�× 1, wehave

1 × lim
L Ó M Ô 0

P Ï αi Ð 0ÑØ× 1Ù (A.8)

or,

lim
L Ó M Ô 0

P Ï αi Ð 0Ñ Ð 1Ö (A.9)

This is alsoevidentfrom FigureA.1 whereP Ï αi Ð 0Ñ is determinedfrom simulations

andcomparedwith the lower bounddevelopedin (A.6). In the simulation,although

differentaddresseswerechosenfor eachrun,thesamevalueof i Ð 1 wasusedto com-

puteαi for all theruns.As canbeexpected,theresultswerefoundto beindependent

of theparticularshift i used.
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A.2 Distrib ution of ρ

Recall that the vector ãk representsthe indicesof the L locationsoccupiedby user

k. Let Ni representthenumberof interfererson sub-channel̃ak Ú i Û i Ü 0Ý Þ Þ Þ Ý L ß 1, Ai

the event that Ni à 0, Āi the event that Ni Ü 0 andh0 Ü L á M the probability that an

interfereroccupiesasub-channel.We will now evaluateP â ρ Ü L ã . We have

P â ρ Ü L ã Ü P â A0 ä Þ Þ Þ ä AL å 1 ã Þ (A.10)

Also,

P â A j ãØÜ P â Nj æ 1ã Ü 1 ß P â Nj Ü 0ã Ü 1 ßGâ 1 ß h0 ã K å 1 Þ (A.11)

Let h1 betheconditionalprobabilityof an interfereroccupying a sub-channelj given

thatit is notpresentonanothersub-channeli çÜ j. Therefore,

h1 Ü L
M ß 1

Ü L
M

M
M ß 1

Ü h0 â 1 è 1
M ß 1

ã (A.12)

P â A j é Āi ãêÜ P â Nj à 0 éNi Ü 0ã Ü 1 ß P â Nj Ü 0 éNi Ü 0ã Ü 1 ßGâ 1 ß h1 ã K å 1 Þ(A.13)

In general,wedefine

hi
∆Ü L

M ß i
i Ü 0Ý Þ Þ Þ Ý L ß 1 Þ (A.14)

Wewill defineanothervariablepi Ý i Ü 0 Ý Þ Þ Þ Ý L ß 1, where

p0 Ü P â A0 ãêÜ 1 ßìë 1 ß L
M í K å 1 Ü 1 ßkâ 1 ß h0 ã K å 1 (A.15)

...

pi Ü P â Ai é Ā0 ä Þ Þ Þ ä Āi å 1 ãêÜ 1 ßìë 1 ß L
M ß i í K å 1 Ü 1 ßGâ 1 ß hi ã K å 1 (A.16)

Notethatdueto symmetry,

p0 Ü P â Ai ã i Ü 0Ý Þ Þ Þ Ý L ß 1 (A.17)

p1 Ü P â A j é Āi ãØÜ P â Ai é Ā j ã i çÜ j Þ (A.18)

Further, define

p̄i Ü4â 1 ß pi ã (A.19)

Theexpressionfor P â A0 ä Þ Þ Þ ä AL å 1 ã will now bederivedusingthefollowing Lemma:
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Lemma 1 For anytwoeventsî and ï ,

P ð îòñØïôóØõ P ð îòóÃö P ð î£÷ ¯ïøó P ð ¯ïôó
We will now give a few examplesto give someinsight into the next Lemma. Using

Lemma1 andEquations(A.17-A.18),

P ð A0 ñ A1 óêõ P ð A0 óùö P ð A0 ÷ Ā1 ó P ð Ā1 óõ p0 ö p1p̄0 ú (A.20)

If wedenote

P ð A0 ñ A1 óØõ f ð K û L û M ó û (A.21)

then,it canbeshown that

P ð A0 ñ A1 ÷ Ā2 óØõ f ð K û L û M ö 1ó õ p1 ö p2p̄1 ú (A.22)

Therefore,

P ð A0 ñ A1 ñ A2 óêõ P ð A0 ñ A1 óùö P ð A0 ñ A1 ÷ Ā2 ó P ð Ā2 óõýü p0 ö p1p̄0þ öGü ð p1 ö p2p̄1 ó p̄0þõ p0 ö 2p1p̄0 ÿ p2p̄1p̄0 û (A.23)

and

P ð A0 ñ A1 ñ A2 ñ A3 óêõ P ð A0 ñ A1 ñ A2 óùö P ð A0 ñ A1 ñ A2 ÷ Ā3 ó P ð Ā3 óõ p0 ö 3p1p̄0 ÿ 3p2p̄1p̄0 ö p3p̄2p̄1p̄0 ú (A.24)

From (A.23) and(A.24), note that the coefficientsof the termsare from a binomial

expansion.This leadsusto our next Lemma:

Lemma 2 P ð A0 ñ�� � � ñ An ó õ ∑n
i � 0

� n
i � ð ö 1ó i pi ∏i � 1

j � 0 p̄ j
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Proof: Theproof will beby induction.Assumethatthefollowing is true:

P � A0 ��� � � � An	 1 
�� n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j

Then,from Lemma1 wehave

P � A0 ��� � � � An	 1 � An 
�� P � A0 ��� � � � An	 1 
 � P � A0 ��� � � � An	 1 � Ān 
 P � Ān 
 (A.25)

SinceP � Ān 
�� p̄0 from (A.17),

P � A0 ��� � � � An 
���� n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � p̄0 � n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi � 1

i

∏
j  1

p̄ j ���� n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � � n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi � 1

i

∏
j  0

p̄ j �
Substitutingthedummyvariablek � i � 1, wehave

P � A0 ��� � � � An 
�� � n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � � n

∑
k 1

�
n � 1
k � 1� � � 1
 k	 1pk

k 	 1

∏
j  0

p̄ j �
(A.26)

Substitutingi � k, wehave

P � A0 ��� � � � An 
�� � n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � � n

∑
i  1

�
n � 1
i � 1 � � � 1
 i 	 1pi

i 	 1

∏
j  0

p̄ j �� � n	 1

∑
i  0

�
n � 1

i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � � n

∑
i  1

�
n � 1
i � 1 � � � 1
 i pi

i 	 1

∏
j  0

p̄ j �� � n	 1

∑
i  1 � � n � 1

i � � � n � 1
i � 1 ��� � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � � n � 1
0 � p0� � n � 1

n � 1� � � 1
 npn

n	 1

∏
j  0

p̄ j (A.27)

Since � n	 1
i � ��� n	 1

i 	 1 � � � ni � , � n	 1
0 � � � n0� , and � n	 1

n	 1� � � nn� ,
P � A0 ��� � � � An 
�� � n	 1

∑
i  1

�
n
i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j � � � n0� p0 � � nn� � � 1
 npn

n	 1

∏
j  0

p̄ j� n

∑
i  0

�
n
i � � � 1
 i pi

i 	 1

∏
j  0

p̄ j (A.28) 
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Therefore,from (A.10),

P ! ρ " L #�" P ! A0 $�% % % $ AL & 1 #�" L & 1

∑
i ' 0 ( L ) 1

i * ! ) 1# i pi

i & 1

∏
j ' 0

p̄ j % (A.29)

Sinceit is hardto obtaina closedform for theabove expression,we will approximate

it in thenext section.

A.2.1 Binomial Approximation

From(A.14)

hn " L
M ) n

" L + M
1 ) n+ M " h0

1 ) n+ M
with hn , hn& 1. For smallvaluesof h0 " L + M,

hL " h0

1 ) L + M " h0 ! 1 ) h0 # & 1 - h0 ! 1 . h0 #�" h0 . h2
0
- h0 % (A.30)

Therefore,for smallh0, hn
- h0 for 0 / n0 L ) 1 aswell. This leadsto pn

- p0 1 0 /
n 0 L ) 1 in (A.16), which,uponsubstitutionin (A.29) yields

P ! ρ " L # - p0
L % (A.31)

A.3 Derivation of the Global ConstrainedDetector

The optimizationproblemin (3.15) involves the minimization of a convex function

overaconvex constraintset.Hence,it hasauniqueminimumwhichcanbedetermined

usingthegradientdescentalgorithm.Since(3.15)hasasingleconstraint,thereis only

onedualvariable.Thus,a simpleriterative algorithmcanbefoundby solving for the

dualproblemasoutlinedbelow.

Theobjective functionin (3.15)canbeexpandedin termsof y " SH r as2
r ) SAx

2 2 " rH r ) 2Re3 yHAx 4 . xHTx (A.32)
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whereT 5 ARA . TheLagrangiandualfunctioncanbeexpressedas687
x 9 λ :�5 xHTx ; 2Re< yHAx = > λ 7 xHx ; K : (A.33)

which is to bemaximizedoverx andλ ? 0. Equating∇687 x̂ 7 λ : 9 λ :@5 0 andsolvingfor

x̂
7
λ : in termsof λ, weget

x̂
7
λ :�5 7 T > λI : A 1Ay B (A.34)

On substitutingbackinto (A.33),wearriveat:

max
λ C 0

687 λ :�5D; yHA
7
T > λI : A 1Ay ; λK (A.35)

which is a one-dimensionaloptimizationproblemandcanbesolvedusingavarietyof

iterative algorithms[65]. A simpleunconstrainedgradientdescentalgorithmis guar-

anteedto converge for a small enoughstep-sizeµ, which canthenbe projectedonto

thepositiveaxis[12]. Suchanalgorithmis

λ̄ 7 t > 1:�5 λ̄ 7 t :E; µ <∇687 x̂ 7 λ : 9 λ : = (A.36)5 λ̄ 7 t :E; µ F yHA G T > λ̄ 7 t : I H A 2
Ay ; K I (A.37)

which convergesto λ̄. The maximizerof (A.35) is given by λ J�5 max
7
0 9 λ̄ : . Then,

from (A.34), theuniqueminimizerof (3.15)canbere-writtenas

x̂ 5 A A 1 7 R > λ J A A 2 : A 1y B (A.38)

A.4 Derivation of the Local ConstrainedDetector

Here, we derive the solution to the optimizationproblemin (3.17). The objective

functionin (3.17)canbeexpandedasin (A.32). Since(3.17)involvestheminimization

of a convex functionover a convex set,it hasa uniqueminimum over this constraint

setwhichcanbefoundusingavarietyof iterativealgorithms,e.g.,thegradientdescent

algorithm[65]. In addition,theconvex dualitytheorem[65] ensuresthatnodualitygap
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existsandonecansolve for thedualprobleminstead.Since(3.17)hasK constraints,

thereareK dualvariables.In termsof Tkj K AkSH
k SjA j , theLagrangiandualfunction

of (A.32) canbeexpressedasL8M
x N λ O K xHTx P 2ReQ yHAx R S K

∑
i T 1

λi
M
xH

i xi P 1O (A.39)K K

∑
i T 1

K

∑
j T 1

xH
i T i jx j P 2Re U K

∑
i T 1

yH
i A ixi V S K

∑
i T 1

λi
M
xH

i xi P 1O (A.40)

whichis to bemaximizedoverx andλ W 0,whereλ K Q λ1 X X X λK R Y . Thegradientvector

associatedwith
L8M

x N λ O is ∇
L8M

x N λ O K Q∇ Yx1

L8M
x N λ O X X X ∇ YxK

L8M
x N λ O R Y , where

∇xk

L8M
x N λ O K 2 Z K

∑
j T 1

Tkjx j P Akyk S λkxk []\ (A.41)

Consequently,

∇
L8M

x N λ O K 2
M
Tx P Ay S Λx O (A.42)

where

Λ K diagQ λ1 N \ \ \ N λ1^ _ ` a
M terms

N \ \ \ N λK N \ \ \ N λK^ _ ` a
M terms

R
is anMK b MK diagonalmatrix. Let x̂

M
λ O bethesolutionto ∇

L8M
x̂
M
λ O N λ O K 0. Solving

for x̂
M λ O , weget

x̂
M
λ O K M T S Λ O c 1Ay (A.43)

wherex̂
M λ O K Q x̂ Y1 M λ1 O X X X x̂ YK M λK O R Y . On substitutingx̂

M λ O backinto (A.39), we arrive

at

max
λ d 0

L8M
x̂
M λ O N λ O K x̂

M λ O HTx̂
M λ OeP 2ReQ yHAx̂

M λ O R S K

∑
i T 1

λi
M
x̂i
M λi O H x̂i

M λi OeP 1O \ (A.44)

Simpleunconstrainedgradientdescentalgorithmscanbeusedto iteratively determine

eachelementof λ asfollows

λ̄k
M
t S 1O K λ̄k

M
t OfP µk g ∇L λk

M
x̂
M λ O N λ O h (A.45)

which convergesto λ̄k. Themaximizerof (A.44) is givenby λ i K Q λ i1 X X X λ iK R T where

λ ik K max
M
0 N λ̄k O . Then,from (A.43), theuniqueminimizerof (3.17)canbere-written
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as

x̂ j λ k l�m A n 1 j R o Λ k A n 2 l n 1y p (A.46)

A.5 Serial Soft-IC

Fromthematched-filteroutputin (3.8), theelementof y correspondingto messagek

of userm canbewrittenas

yk qm m K

∑
i r 1

M

∑
j r 1

sH
k qmsi q jAi q jxi q j o sH

kqmn p (A.47)

Decomposing(A.47) to isolatethetermscontainingthekth user’smessages,wehave

ykqm m k n 1

∑
i r 1

M

∑
j r 1

sH
kqmsi q jAi q jxi q j o M

∑
j r 1

sH
k qmsk q jAk q jxkq j o K

∑
i r ks 1

M

∑
j r 1

sH
kqmsi q jAi q jxi q j o sH

k qmn p
(A.48)

Note that the secondterm on the right sideof (A.48) canbe decomposedfurther to

isolatethetermrepresentingthecurrentmessagexkqm as

M

∑
j r 1

sH
kqmskq jAkq jxk q j m mn 1

∑
j r 1

sH
k qmsk q jAk q jxkq j o sH

kqmskqmAkqmxk qm o M

∑
j r ms 1

sH
k qmsk q jAk q jxkq j p

(A.49)

Sincethe signatureshave unit norm, sH
k qmsk qm m 1, substituting(A.49) in (A.48) and

solvingfor xkqm yields

xk qm m ykqm
Ak qm t 1

Ak qm k n 1

∑
i r 1

M

∑
j r 1

sH
k qmsi q jAi q jxi q j t 1

Akqm mn 1

∑
j r 1

sH
kqmskq jAkq jxk q j

t 1
Ak qm M

∑
j r ms 1

sH
kqmskq jAkq jxk q j t 1

Akqm K

∑
i r ks 1

M

∑
j r 1

sH
kqmsi q jAi q jxi q j p(A.50)

In theserialsoft-IC,thecurrentmessageestimatẽxkqm is determinedusingtheprevious

decisionsto reconstructthe interferencewhich is then subtractedfrom the matched

filter outputxkqm. By rewriting theright sideof (A.50) to distinguishthosexkqm which

havealreadybeenestimated,weobtain(3.19).
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A.6 Optimum DecisionRule for the SelectiveDecorrelator

In thissection,weseektheoptimumdecisionrulebasedonv (3.28).Let thecovariance

matrixof η̄ beσ2Q, where

σ2Q u i v j w�x E y η̄i u 1w η̄ z j u 1w { | (A.51)

Thecovarianceof η̄i andη̄ j maybewrittenas

E y η̄iη̄
H
j {fx σ2Gi j (A.52)

where

Gi j x R̄ } 1
i S̄H

i S̄j R̄ } 1
j (A.53)

andhence,

E y η̄i u 1w η̄ z j u 1w {fx σ2Gi j u 1v 1w | (A.54)

Consequently, Q u i v j w�x Gi j u 1v 1w .
Wenow follow theapproachof [13] to derivetheoptimumdecisionrule. Let Hi denote

thehypothesisthatuser1 transmitsthe ith signal. If we assumeequala priori proba-

bilities for theM signals,thentheminimumerrorprobability rule reducesto theML

test,leadingto theoptimumdetectorφO (thesuperscriptO standsfor optimum),

φO : îO x argmax
i ~ f u��A1x1 �Hi w � (A.55)

with f beingtheconditionalPDF(probabilitydensityfunction)of �A1x1 �Hi. Theterm

f u��A1x1 �Hi w is evaluatedby averagingouttheconditionalPDF f u��A1x1 �Hi v φ1� i w overthe

phase.Let

w x USAx | (A.56)

Then,in termsof P x Q } 1,

îO x argmax
i � 1� u 2π w M �Q � � 2π

0
e}�� v } w � HP � v } w � � 2σ2

dφ1� i � (A.57)x argmax
i � 1� u 2π w M �Q � � 2π

0
e}�� vHPv� wHPw } 2Re� vHPw� � � 2σ2

dφ1� i � (A.58)
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Giventhatuser1 transmitsthe ith message,from (3.28)and(A.56) wehave

w � Us1� iA1� ie� jφ1 � i (A.59)

wHPw � A2
1� isH

1� iUHPUs1� i � (A.60)

The term wHPw being independentof φ1� i canbe broughtout of the integral on the

right sideof (A.58), but it hasto be retainedfor the final decisionprocessdueto its

dependency on i. ThetermvHPv ontheotherhand,is completelyindependentof i and

henceit canbeexcludedfrom thedecisionprocessentirely. Therefore,retainingonly

thetermsrelevantto thedecisionprocess,wehave

îO � argmax
i � e� wHPw� 2σ2

2π � 2π

0
eRe� vHPw� � σ2

dφ1� i � (A.61)

Also,

vHPw � A1� ie� jφ1 � i vHPUs1� i (A.62)� A1� ie� jφ1 � i � vHPUs1� i � e� jα (A.63)� A1� ie� j � φ1� i � α � � vHPUs1� i � � (A.64)

Moreover, in termsof themodifiedBesselfunctionof orderzero

I0 � x��� 1
2π � 2π

0
excos� φ � α � dφ (A.65)

thedecisionstatisticis

îO � argmax
i � e� wHPw� 2σ2

2π � 2π

0
eA1 � i � vHPUs1� i � cos� φ1� i � α � dφ1� i � (A.66)� argmax

i � e� wHPw� 2σ2
I0 � A1� i    vHPUs1� i   

σ2 ¡ � (A.67)

Substitutingfor w, andtakingln � ¢ � , thedecisionstatisticfinally reducesto

îO � argmax
i � A2

1� isH
1� iUHPUs1� i

2σ2 £ ln I0 � A1� i    vHPUs1� i   
σ2 ¡ � (A.68)
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A.7 Union Bound for the Selective Decorrelator

In thissection,wewill deriveanupperboundfor thesymbolerrorratefor user1 using

theMM basedselectivedecorrelator. Therefore,givenany hypothesisHi , thedecision

statisticis Λi ¤¦¥ v § i ¨ ¥ 2, andanerroroccursif for any j, j ©¤ i, Λi ª Λ j . Thus,theerror

probabilitycanbeunionboundedas[1]

Pe « 1
M

M

∑
i ¬ 1

M

∑
j  1
j ®¬ i

P̄ Λi ª Λ j ° (A.69)

∆¤ 1
M

M

∑
i ¬ 1

M

∑
j  1
j ®¬ i

PHi ± H j (A.70)

Theprobabilityof PHi ± H j canbeobtainedfrom AppendixB of [1]. Giventhatuser1

transmitstheith messageandthatη̄m § 1̈ ² m ¤ 1² ³ ³ ³ ² M in (3.28)is zero-mean,wehave

Ei
∆¤ E ´ v § i ¨ µ ¤ w § i ¨ (A.71)¤ R̄ ¶ 1

i § 1² : ¨ S̄H
i SAx (A.72)¤ U § i ² : ¨ s1· iA1· ie¶ jφ1̧ i (A.73)

E j
∆¤ E ´ v § j ¨ µ ¤ w § j ¨ (A.74)¤ R̄ ¶ 1

j § 1² : ¨ S̄H
j SAx (A.75)¤ U § j ² : ¨ s1· iA1· ie¶ jφ1̧ i (A.76)

µi j
∆¤ 1

2
E ´ § v § i ¨f¹ Ei ¨ § v § j ¨E¹ E j ¨ º µ (A.77)¤ 1

2
§ E ´ v § i ¨ vº § j ¨ µ»¹ EiE ºj ¨ (A.78)¤ 1

2
§ EiE ºj ¼ E ´ η̄i § 1̈ η̄ º j § 1̈ µ»¹ EiE ºj ¨ (A.79)¤ σ2Q § i ² j ¨ ½ 2 (A.80)

wherethe E ´ ¾ µ are expectationsconditionedon the phase. Adapting the definitions

in [1] for ourpurposes,wehave

αi j ¤ 2 § ¥Ei ¥ 2µj j ¼ ¥E j ¥ 2µii ¹ E ºi E jµi j ¹ EiE ºj µºi j ¨ (A.81)
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βi j ¿ÁÀEi À 2 Â ÀE j À 2 (A.82)

ω ¿ µii
Â µj j

4 Ã µiiµj j
Â À µi j À 2 Ä (A.83)

ci j ¿ÁÅ ω2 Æ 1
4 Ã µiiµj j

Â À µi j À 2 Ä Â ω (A.84)

di j ¿ Å ω2 Æ 1
4 Ã µiiµj j

Â À µi j À 2 Ä Æ ω (A.85)

ai j ¿ Å 2c2
i jdi j Ã αi jdi j

Â βi j
ÄÃ ci j

Æ di j
Ä 2 (A.86)

bi j ¿ Å 2ci jd2
i j Ã αi jci j

Æ βi j
ÄÃ ci j

Æ di j
Ä 2 (A.87)

In termsof theabovevariables,

PHi Ç H j ¿ Q Ã ai j È bi j
Ä Â di j

ci j
Æ di j

I0 Ã ai jbi j
Ä eÉ�Ê a2

i j Ë b2
i j Ì Í 2 (A.88)

whereQ Ã Î È Î Ä is theMarcumQ function.
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