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Abstract— We propose a recursive algorithm to construct
ternary two-dimensional orthogonal variable-spreading-factor
(2D OVSF) codes with a tree-structure for multirate multichannel
DS-UWB system. The proposed ternary 2D OVSF codes, includ-
ing binary codes as a special case, have a significantly reduced
restriction on code lengths and ensure orthogonality between
different code layers. 2D OVSF codes modulated by the same
information bit are transmitted over orthogonal channels. We
study the BER performance of 2D OVSF code based UWB system
in Nakagami fading multipath channels. The results show that,
if the orthogonal channels have identical channel coefficients,
the system is with zero multiple access interference (MAI).
Furthermore, if the sequence length is larger than the number
of multipath components, there is no multipath interference.

Index Terms— ternary sequence, ultra-wide band (UWB), or-
thogonal variable-spreading-factor (OVSF), complementary sets

I. I NTRODUCTION

In an OVSF-CDMA system, each user is assigned a single
orthogonal variable-spreading-factor code and a higher date
rate access is achieved by using a lower spreading factor
code [1]. These OVSF codes are designed for single carrier or
single channel systems and here classified as one-dimensional
(1D) codes. It is impossible to construct a set of 1D spreading
codes with ideal correlation properties (i.e. zero autocorrela-
tion sidelobes and zero cross-correlation functions). Thus, in
an asynchronous system or a multipath scenario, the orthogo-
nality of 1D OVSF codes is lost. However, as shown in [2]–
[4], it is possible to construct a class of two-dimensional (2D)
spreading codes with such correlation properties, resulting in
multipath and multiuser interference suppression.

In order to meet the natural tree-structure of OVSF
codes [1], we need a recursive algorithm to generate 2D OVSF
codes from smaller size to a larger one. Each 2D OVSF code
is an either binary{+1,−1} or ternary{+1, 0,−1} entry M
by N matrix, where the number of rowsM and the number
of columnsN correspond to the number of multichannel and
the spreading sequence length, respectively.

Former methods which focus on binary OVSF codes design
can be found in [4]–[6]. In [4], the authors generate the 2D
OVSF codes withM = 2i andN = 2l, where bothi andl are
positive integers withi ≤ l, and show that these codes have
less restrictions on M and N than codes in [5], [6]. However,
approaches in [4]–[6] have a significant number of spreading
sequence length constraints. In addition, because of a lack of
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tree-structure in [5], [6], the orthogonality between the smaller
size codes and larger size codes remains fuzzy and, hence,
additional implementation complexity might be incurred. Here,
we propose a general recursive algorithm to construct ternary
2D OVSF codes, including binary codes as a special case,
which has a significantly reduced restriction on code lengths
and ensures orthogonality between different code layers.

The recursive approach can be initialized using any ternary
complementary pair (TCP) with an arbitrary sequence length
N (1) [7]. At step i, we obtain 2D OVSF codes withM = 2i

and N = 2i−1N (1). In particular, if we start from binary
complementary pair (Golay pair) [8], binary 2D OVSF codes
as the subset of ternary codes are obtained. The sequence
length in binary 2D OVSF codes is limited byN (1) =
2α10β26γ , whereα,β and γ are non-negative integers. Note
that, the proposed construction includes [4] as a special case
when Golay lengthN (1) with parametersβ = 0 and γ = 0.
Thus, the construction in this paper improves the flexibility
in choosing the number of multichannel and the sequence
lengths.

Akin to the 1D OVSF code assignment, the 2D OVSF
code (or matrix) is properly selected based on the tree-
structure and assigned to each user in the multichannel DS-
CDMA system. The 2D codes may have different spreading
factors (sequence length) to achieve different data rate, but
the orthogonality is always preserved between any two codes.
Different rows of the matrix carrying the same information
bit are transmitted over orthogonal channels. We consider a
UWB system, where the multiple channels are enabled by
orthogonal chip pulses [3]. We analyze the BER performance
of multirate multichannel UWB system employing ternary 2D
OVSF codes in a multipath environment and get the numerical
results in Nakagami fading channels. The results show that, if
the orthogonal channels are with identical channel coefficients,
the system is with zero multiple access interference (MAI).
Furthermore, if the sequence lengthN is larger than the
number of multipath components, the multipath interference
is zero.

II. D ESIGN OF2D OVSFCODES

In this section, the correlation properties of 2D OVSF code
sets are given, followed by the comparison with that of mutu-
ally orthogonal (MO) complementary sets. We prove that MO
complementary sets satisfy all the correlation requirements of
2D OVSF code sets. Thus, the construction of 2D OVSF codes
converts to the design of MO complementary sets.



A. Definition of 2D OVSF codes

Spreading sequence setT , a collection ofM by N matrices,
is said to be a 2D OVSF code set, if

a) For any matrixC(i)
M,N ∈ T and an integerl ∈ (0, N), the

out-off phase values of the 2D even and odd autocorrelation
of C(i)

M,N are zeros,

M−1∑
m=0

N−1∑
n=0

c(i)
m,nc

(i)
m,n⊕l = 0

M−1∑
m=0

N−1−l∑
n=0

c(i)
m,nc

(i)
m,n⊕l −

M−1∑
m=0

N−1∑

n=N−l

c(i)
m,nc

(i)
m,n⊕l = 0

respectively, where”⊕” denotes a modulo-N addition andc(i)
m,n

is the entry inmth row andnth column of matrixC(i)
M,N .

b) For any two distinct matricesC(i)
M,N and C(j)

M,N within
setT and an integerl ∈ [0, N), the values of the 2D even and
odd cross-correlation functions are zeros,

M−1∑
m=0

N−1∑
n=0

c(i)
m,nc

(j)
m,n⊕l = 0

M−1∑
m=0

N−1−l∑
n=0

c(i)
m,nc

(j)
m,n⊕l −

M−1∑
m=0

N−1∑

n=N−l

c(i)
m,nc

(j)
m,n⊕l = 0

respectively, where againc(i)
m,n is the entry of matrixC(i)

M,N in
mth row andnth column.

B. Complementary Sets

A set of M sequences{a0, a1, · · · , aM−1} is said to be a
set of complementary sequences, if the sum of the aperiodic
autocorrelation functions (ACF) of theM sequences vanishes
for any integer shiftl ∈ (0, N),

M−1∑

i=0

θai,ai(l) =
M−1∑

i=0

N−1−l∑
n=0

ai,nai,n+l = 0

whereθai,ai denotes the aperiodic ACF of sequencesai with
length N and ai,n denotes thenth element in the sequence
ai. When M = 2, {a0, a1} are called complementary pair.
Particularly, we call{a0, a1} binary complementary pair (a.k.a
Golay pair) if ai,n ∈ {+1,−1} and ternary complementary
pair (TCP) if ai,n ∈ {+1, 0,−1}.

The complementary sequence set{b0, b1, · · · , bM−1} is a
mate of complementary set{a0, a1, · · · , aM−1} if the length
of bi is equal to the length ofai, 0 ≤ i ≤ M − 1, and for
integer shiftl ∈ [0, N),

M−1∑

i=0

θai,bi
(l) =

M−1∑

i=0

N−1−l∑
n=0

ai,nbi,n+l = 0

Mutually orthogonal (MO) complementary set is a collec-
tion of complementary sets in which any two of them are
mates to each other.

Theorem 1: MO complementary sets satisfy the definition
of 2D OVSF codes.

MO complementary sets are mutually orthogonal in both
periodic and aperiodic sense. Based on the relationship

between periodic/aperiodic correlations and odd/even
correlations [9], the MO complementary sets satisfy the odd
and even correlation properties of 2D OVSF codes.

The following lemmas are used in the construction of MO
complementary sets in next section. We list them here,

Lemma 1: Let {a1, b1} be a complementary pair, then
{←−b1,−←−a1} is its mate, where

←−b1 denotes the reverse of the
sequenceb1 and−←−a1 denotes the sequence whoseith element
is the negation of theith element in sequence←−a1.

Lemma 2: Let {a1, a2} be a complementary set, then
{a1a1, a2a2, a1(−a1), a2(−a2)} and {a1(−a1), a2(−a2),
a1a1, a2a2} are mates of each other, where−a1 denotes the
sequence whoseith element is the negation of theith element
of a1 anda1(−a1) denotes the concatenation of two sequences
a1 and−a1.

Lemma 3: Let {a1, a2} be a complementary set and
{b1, b2} be its mate, then{a1a1, a2a2, a1(−a1), a2(−a2)} and
{b1b1, b2b2, b1(−b1), b2(−b2)} are also mates.

C. Design Algorithm

We illustrate the algorithm with the design of ternary 2D
OVSF codes. The construction of binary 2D OVSF codes is
straightforward by using binary seed in stead of ternary one.

Step 1: Start from any seed TCP{c1, c2} with sequence
lengthN (1) and present them in matrix form asC(1)

2,N(1) ,

C(1)

2,N(1) =
[

c1

c2

]

2×N(1)

=
[

c0,0 c0,1 · · · c0,N(1)−1

c1,0 c1,1 · · · c1,N(1)−1

]
(1)

From Lemma1, we obtain its mateC(2)

2,N(1) ,

C(2)

2,N(1) =
[ ←−c2

−←−c1

]

2×N(1)

=
[

c1,N(1)−1 · · · c1,1 c1,0

−c0,N(1)−1 · · · −c0,1 −c0,0

]
(2)

Then, C(1)

2,N(1) and C(2)

2,N(1) are the first layer 2D OVSF
codes.

Step 2: From C(1)

2,N(1) andC(2)

2,N(1) , the recursive procedure

generates second layer 2D OVSF codesC(1)

22,N(2) , C(2)

22,N(2) ,

C(3)

22,N(2) and C(4)

22,N(2) with aid of two 2 by 2 orthogonal
matricesH1 andH2 below,

H1 =
[

+ +
+ −

]

and

H2 =
[

+ −
+ +

]

where ”+” denotes+1 and ”−” denotes−1. Then,

C(1)

22,N(2) = H1 ⊗ C(1)

2,N(1) =

[
C(1)

2,N(1) C(1)

2,N(1)

C(1)

2,N(1) −C(1)

2,N(1)

]
(3)



C(2)

22,N(2) = H2 ⊗ C(1)

2,N(1) =

[
C(1)

2,N(1) −C(1)

2,N(1)

C(1)

2,N(1) C(1)

2,N(1)

]
(4)

C(3)

22,N(2) = H1 ⊗ C(1)

2,N(1) =

[
C(2)

2,N(1) C(2)

2,N(1)

C(2)

2,N(1) −C(2)

2,N(1)

]
(5)

C(4)

22,N(2) = H2 ⊗ C(1)

2,N(1) =

[
C(2)

2,N(1) −C(2)

2,N(1)

C(2)

2,N(1) C(2)

2,N(1)

]
(6)

where⊗ denotes Kronecker product of two matrices and the
second layer 2D OVSF codes with dimension22 by N (2) and
N (2) = 2N (1).

Step 3: We numerate2i 2D OVSF codes atith layer by
indexk, thusk ∈ [1, 2i]. Then,(i+1)th layer 2D OVSF codes
can be constructed fromith layer 2D OVSF codes using the
following general formula,

C(2k−1)

2i+1,N(i+1) = H1 ⊗ C(k)

2i,N(i)

=

[
C(k)

2i,N(i) C(k)

2i,N(i)

C(k)

2i,N(i) −C(k)

2i,N(i)

]
(7)

and

C(2k)

2i+1,N(i+1) = H2 ⊗ C(k)

2i−1,N(i−1)

=

[
C(k)

2i,N(i) −C(k)

2i,N(i)

C(k)

2i,N(i) C(k)

2i,N(i)

]
(8)

whereN (i+1) = 2N (i) = 2iN (1).
Theorem 2: At any stepi, the constructed matricesC(k)

2i,N(i) ,
k ∈ [1, 2i], are MO complementary set. Thus, they are 2D
OVSF codes atith layer of code tree.

Proof: Lemma 2 andLemma 3 guarantee that constructed
matricesC(k)

2i,N(i) , k ∈ [1, 2i] are MO complementary sets.
Thus, they meet the autocorrelation and cross-correlation re-
quirements of 2D OVSF codes.

Example 1: Based onLemma1, from seed TCP

C(1)

2,N(1) =
[

c1

c2

]
=

[
+ + −
+ 0 +

]

2×3

(9)

we obtain its mateC(2)

2,N(1) ,

C(2)

2,N(1) =
[ ←−c2

−←−c1

]
=

[
+ 0 +
+ − −

]

2×3

(10)

Then, we use recursive procedure to generate second layer
2D OVSF codesC(1)

22,N(2) , C(2)

22,N(2) , C(3)

22,N(2) andC(4)

22,N(2) ,

C(1)

22,2N(1) = H1 ⊗ C(1)

2,N(1) =




+ +− + +−
+ 0 + + 0 +
+ +− −−+
+ 0 + − 0 −




4×6

(11)

C(2)

22,2N(1) = H2 ⊗ C(1)

2,N(1) =




+ +− −−+
+ 0 + − 0 −
+ +− + +−
+ 0 + + 0 +




4×6

(12)

C(3)

22,2N(1) = H1 ⊗ C(1)

2,N(1) =




+ 0 + + 0 +
+−− +−−
+ 0 + − 0 −
+−− −+ +




4×6

(13)

C(4)

22,2N(1) = H2 ⊗ C(1)

2,N(1) =




+ 0 + − 0 −
+−− −+ +
+ 0 + + 0 +
+−− +−−




4×6

(14)

We can go further to generate the3rd layer 2D OVSF codes
using general formula(7) and (8).

The tree structure of the first 3 layer 2D OVSF codes is
illustrated in Figure 1. From Theorem 2, any two 2D OVSF
codes in the same layer are orthogonal. Furthermore, any two
codes of different layers are also orthogonal except for the
case that one of the two codes is a mother code of the other.
The mother codes are defined as all high layer codes linking
this particular code to the first layer code [1]. For example,
both C

(1)

2,N(1) andC
(2)

4,N(2) are mother codes ofC(3)

8,N(3) .
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Fig. 1. The tree structure of 2D OVSF codes with first 3 layers

The parameters of proposed 2D OVSF codes are listed in
Table 1. The most left column indicates the total number of
layers in a multirate system. For example, if the total number
of layers is 3, then the number of orthogonal channels used
in the system is 16, as well as the maximum number of users
that the system can support. If we assume the lowest data rate
Rmin is R, the highest data rate in the system could be16R.
For total number of layers 3, the corresponding maximum
spreading sequence length is4N (1). For binary 2D OVSF
codes,N (1) = 2α10β26γ , whereα,β andγ are non-negative
integers. For ternary 2D OVSF codes,N (1) can be any positive
integers.



TABLE I

THE RELATIONSHIP OF PARAMETERS IN PROPOSED2D OVSFCODES.

Total Number of Sequence Maximum Rmax

Layers Channels Length Users Rmin

1 2 N(1) 2 1
2 4 2N(1) 4 4
3 8 4N(1) 8 16
· · · · · · · · · · · · · · ·
i 2i 2i−1N(1) 2i 4i−1

III. SYSTEM MODEL

We transmit the same information bit overM parallel
channels. Each bit is modulated by the channel pulse train.
The corresponding transmitted signal for userk is given by

s(k)(t) =
∑

r

M∑
m=1

b(k)
r P (k)

m (t− rTp) (15)

where the pulse train for userk and code channelm is

P (k)
m (t) =

N−1∑
n=0

c(k)
m,nψm(t− nTc) (16)

r is the index of the information symbols andN is the length
of spreading sequences. The spreading sequencecm is themth
row in the 2D OVSF code matrixC(i)

M,N , thus the spreading
sequence set{cm}M

m=1 for each user is a 2D OVSF code set.
br are binary antipodal symbols transmitted overM parallel
channels,Tc is the chip duration time andTp = NTc is the
symbol period.ψm(t) is the unit energy signaling pulse chosen
from the orthogonal set of pulses and assumed known to the
receiver.

The impulse response of the UWB channel withL resolv-
able paths is

h(t) =
L−1∑

l=0

αlδ(t− τl) (17)

whereαl andτl denote the channel gain and the propagation
delay of thelth path, respectively.

When sufficient multipath resolution is available, small
changes in the propagation time only affect the path delay
and path component distortion can be neglected. Under these
assumptions, path coefficientsαl can be modelled as indepen-
dent real valued random variables whose sign is a function of
the material properties and, generally, depends on the wave
polarization, angle of incidence, and the frequency of the
propagating wave [10].

For an asynchronous UWB system withK users, the
corresponding received signal model is:

r(t) =
K∑

k=1

L−1∑

l=0

αls
(k)(t− τ

(k)
l ) + n(t) (18)

whereτ
(k)
l accounts for the propagation delay oflth path of

userk and lack of synchronism between transmitters,n(t) is
a white Gaussian noise with zero mean and two-sided power
spectral densityN0

2 .

IV. I NTERFERENCEANALYSIS

The receiver employsM correlators with corresponding or-
thogonal chip pulses to separate parallel channels.M outputs
are then summed and help to make statistic decision.

Let us assume user 1 is the desired user and all theM
orthogonal channels behave the same fading with channel
coefficients{αl}L−1

l=0 . As we defined before,τ (k)
l is the delay

of lth path of userk, andTc is the chip duration. Letλ(k)
l =

bτ (k)
l /Tcc, andδ

(k)
l = τ

(k)
l − λ

(k)
l Tc, then the MAI from user

k is given by,

MAIk =
1
Tc

L−1∑

l=0

M∑
m=1

αlA
(k)
m,l

(
b(k)
r

)
(19)

We expressA(k)
m,l as

A
(k)
m,l =

{
b
(k)
r Ã

(k)
m,l if b

(k)
r = b

(k)
r−1

b
(k)
r Â

(k)
m,l if b

(k)
r = −b

(k)
r−1

(20)

where

Ã
(k)
m,l = θ̃(k)

m (λ(k)
l )Φ′m(δ(k)

l ) + θ̃(k)
m (λ(k)

l + 1)Φm(δ(k)
l ) (21)

Â
(k)
m,l = θ̂(k)

m (λ(k)
l )Φ′m(δ(k)

l ) + θ̂(k)
m (λ(k)

l + 1)Φm(δ(k)
l ) (22)

θ̃
(k)
m and θ̂

(k)
m respectively denote the even and odd correlation

of spreading sequences frommth channel of user 1 and user
k. Φ′m andΦm are partial autocorrelation functions of the chip
waveform and given by,

Φ′m(δ) =
∫ Tc

δ

ψm(t)ψm(t− δ)dt (23)

Φm(δ) =
∫ δ

0

ψm(t)ψm(t + Tc − δ)dt (24)

If Φ′m(δ) and Φm(δ) are the same for allM pulsesψm

over any delay valueδ or we synchronize the system in chip,
based on cross-correlation properties of 2D OVSF codes, the
total MAI =

∑K
k=2 MAIk is zero.

The multipath interference fromlth path denotes by
MPI(l). From autocorrelation properties of 2D OVSF codes,
using the similar arguments as above, the total multipath
interference is given by,

MPI =
bL/Nc∑

k=1

MPI(kN + 1) (25)

If N > L, the system is multipath interference free.
If N < L, the BER performance is degraded due to

the multipath interference caused by bit modulation. Also, if
the M orthogonal channels suffer different fading (i.e. with
different channel coefficients{αm,l} ), the complementarity
of 2D OVSF codes is lost and MAI is no longer zero. These
scenarios are simulated and discussed in the next section.



V. NUMERICAL RESULTS

We study correlator and RAKE receiver performance of 2D
OVSF codes in both single and multiple user system. We either
assume the channel coefficients are identical overM channels,
or they are independentM Nakagami fading channels. The
mean power of multipath components are chosen to be equal
to average value given in [11], which is based on the in-door
line of sight (LOS) measurements performed in 23 homes. The
sign of the reflected path coefficient is modelled as a uniformly
distributed random variable [12]. The path power is quantized
into 0.4 nanosecond bins corresponding to a chip duration
Tc. We assume that each bin contains exactly one multipath
component (emulating a dense multipath environment) and the
delay spread was restricted to be 4 nanosecond. The effects of
interchip interference has been assumed negligible.

In Fig. 2, we compare the BER performances of 2D OVSF
codes with different sequence lengthN in a multipath single
user scenario.N = 6, 12 and 24 correspond to 2D OVSF
codesC

(1)
4,6 ,C(1)

8,12, and C
(1)
16,24 constructed in Example 1. We

assumeM orthogonal channels either with identical channel
coefficients or suffer independent Nakagami fading, and mark
them as ”identical” or ”different” respectively. Note that the
multipath numberL = 10, so the multipath interference is
free as long asN > L in the identical parallel channel
case. ThusC(1)

8,12 and C
(1)
16,24 with MRC receiver have the

identical performance which achieves the BER lower bound of
antipodal signaling in AWGN channel. Due to the interference
from path6, C

(1)
4,6 with MRC receiver has around2dB penalty

atBER = 10−3. With chip-matched filter which only extracts
signal energy from the direct path,C(1)

16,24 lost near 3dB
gain compared with MRC receiver. Furthermore, when16
orthogonal channels suffer independent Nakagami fading with
shape factorm = 2, due to the loss of complementarity,C

(1)
16,24

has another 2dB lost atBER = 10−3.
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Fig. 2. Single user case, BER performance of 2D OVSF codesC
(1)
4,6 ,C(1)

8,12,

andC
(1)
16,24

Based on the tree-structure of 2D OVSF codes, we assign
C

(2)
4,6 , C

(1)
8,12, C

(2)
8,12 and C

(16)
16,24 to four users. Non of them is

mother code of other codes, thus they are mutually orthogonal.
Fig. 3 compares BER performances ofC

(16)
16,24 in four users and

single user scenarios. When 16 parallel channels are identical,
there is no BER difference observed in two scenarios. When
channels suffer independent Nakagami fading with shape
factor m = 1 or 2, due to the loss of complimentary of 2D
OVSF codes, the MAI is not longer zero. The smaller them
is, the more penalty upon the BER.
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