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Problem Solutions: YatesandGoodman,9.1.2.2.29.3.29.3.69.3.79.4.39.4.49.5.89.5.9
9.6.49.7.4and9.7.6

Problem 9.1.2

(a) We wishto developa hypothesigestof theform
P[IK — E[K]| > ¢] = 0.05

to determineif the coin we’'ve beenflipping is indeeda fair one. We would like to find the
valueof ¢, whichwill determinethe upperandlower limits on how manyheadswe canget
awayfrom theexpectedchumberutof 100flips andstill accepburhypothesisUnderourfair
coin hypothesisthe expectechumberof headsandthe standardleviationof the processre

E[K] =50
ok = /100-1/2-1/2=5

Now in orderto find c we makeuseof thecentralimit theorenmanddividetheaboveinequality
throughby oy to arriveat

P W > i} = 0.05
Ok Ok
Takingthe complementye get
pl S < K=EK] < =095
Ok Ok Ok

Usingthe CentralLimit Theoremwe canwrite

o(5) o(e) () -om

Thisimplies ®(c/ok) = 0.9750r ¢/5 = 1.96. Thatis, c = 9.8 flips. Sowe seethatif we
observanorethen50+ 10 = 60 or lessthen50— 10 = 40 headsthenwith significancdevel
o =~ 0.05we shouldrejectthe hypothesighatthecoinis fair.

(b) Now we wishto developatestof theform
P[K >c]=0.01

Thuswe needto find thevalueof ¢ thatmakesheaboveprobabilitytrue. This valuewill tell
usthatif we observenorethanc headsthenwith significancdevela = 0.01,we shouldreject
the hypothesighatthecoinis fair. To find this valueof ¢ we look to evaluatehe CDF

0 k<O
(k) =14 350 (19(1/2)*° k=0,1,...,100
1 k> 100



Computatiorrevealsthatc ~ 62 flips. Soif we observes2 or greatetheadsthenwith a sig-
nificancelevel of 0.01we shouldrejectthe fair coin hypothesis. Anotherway to obtainthis
resultis to usea CentralLimit Theoremapproximation First,we expres®urrejectionregion
in termsof azeromean,unit variancerandomvariable.

K—EK] _c—EK]
Ok - Ok

=0.01

P[K>c]:1P[K§c]:1P[

SinceE[K] = 50andok = 5, the CLT approximatioris

_50
HK>dz1—¢<C5 ):ool

FromTable4.1,we have(c—50) /5 = 2.35 or c = 61.75. Onceagain,we seethatwe reject
thehypothesisf we observes2 or moreheads.

Problem 9.2.2
Givenhypothesid;, K hasthe binomialPMF

[ (Qd@-g)"* k=0.1....n
P (19 _{ 0 otherwise

(@) TheML ruleis
[ ] k S Al |f PK‘Hl (k) Z PK‘HO (k)
[ ] k S AQ |f PK‘H;L (k) < PK‘HO (k)
Whenwe observeK = k € {0,1,... ,n}, pluggingin the conditionalPMF’s yieldstherule

o ke Arif ()ak(1—au)" > (D)a(1—go)" X
o ke Agif (P)a(1—aqu)" k< (F)as(1—ago)™ *

Cancellingcommonfactors takingthelogarithmof bothsides andrearrangingields

e ke Ajif kingp+ (n—Kk)In(1— 1) > kingo+ (n—Kk)In(1—qp)
o ke Apif KIngp+ (n—Kk)In(1—a) <kingo+ (n—K)In(1—0qp)

By combiningall termswith k, therule canbe simplifiedto
G/ (1-as) 1-g
o ke A if kln( o) )) nln( 0)
(1-on) 1-q
(= )) <nln (1 q°>

Notethatq; > g impliesq;/(1—ap) > do/(1— o). Thus,we canrewriteour ML ruleas

o ke Ayif kln(g;j

; * In[(1-go)/(1—qy1)]
o ke Avif k> K = Nggg Hmima)/ (e
e ke Ayif k< k¥



(b) Letk* denotethe thresholdgivenin part(a). Usingn = 500,q9 = 104, andg;, = 102, we

(©)

have

In[(1—10%)/(1-102)]

k¥ — 500|n[1(fz/1&4] +In[(1-104)/(1-1072)]

~ 1.078

Thusthe ML rule s thatif we observeK < 1, thenwe choosehypothesidg; otherwise we
chooseH;. Theconditionalerrorprobabilitiesare

P[E[Ho] = P[Aq|Ho] = P[K > 1|Ho]

= 1— P, (0) = Py, (1)
=1—(1—0q9)°°°—50090(1— qo)**® = 0.0012

and

P[E|Hy] = P[Ag|H1] = P[K < 1|H4]
= P, (0) + Py, (1)
= (1—q1)°%°+ 5000, (1— 01)**° = 0.0398

In the testof Example9.7, the geometricrandomvariableN, the numberof testsneededo
find thefirst failure, wasused.In this problem,the binomialrandomvariableK, the number
of failuresin 500tests,wasused. We will call thesetwo procedureshe geometricandthe
binomialtests.Also, we will useP[Ey|H;] andP[Ek |H;] to denotethe respectiveconditional
errorprobabilities.From Example9.7,we havethefollowing comparison:

geometridest binomialtest
P[En|Ho] = 0.045 P[Ek|Ho| = 0.0012
P[En|H1] = 0.0095 P[Ek|H1] = 0.0398

Whenmakingcomparisondetweertests we wantto judgeboththereliability of the testas

well asthe costof thetestingprocedure.With respecto the costof the test,the geometric
testis guaranteetb neverrequiremorethan464testsbecausé we observet64consecutive
working devicesthenwe choosdHg. Moreoverthegeometridestmayrequirefar fewerthan

464testsparticularlyif hypothesi$d; happenso betrue. Ontheotherhand thebinomialtest

alwaysusess00tests.Consequentjythe geometridestis likely to costallittle less,although
thedifferencemaynotbevery significant.

Whenwe examinghetestreliability, we seethatthe conditionalerrorprobabilitiesappeato
be comparablen thatP[Ex |Hg| < P[En|Ho] while P[Ex|H;1] < P[Ex|Hi]. If we knewthea
priori probabilitiesP[H;] andalsotherelativecostsof thetwo typeof errors thenwe couldde-
terminewhichtestprocedurevasbetter However in theabsencef thatkind of information,
we makethefollowing observationGiventhatthe productis a pacemakewhoseinstallation
requiresheartsugery, we would like thedeviceto beveryveryreliable. Hence|f H; is true
andthefailure rateis g; = 0.01, we would like very muchto know this fact beforethe pace-
makeris availablefor sale. Onthe otherhand,if Hg is trueandwe makeanerrorandguess
thatthefailure rateis gq; = 0.01, thenwe may go backandredesigreitherthe pacemakeor
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theassemblyrocesgo improvereliability. It seemdikely thatthis costmaybesignificantly
lower thanthe costof installing manyfaulty pacemakersTheseagumentssuggesthatthe
conditionalerrorprobabilitiesgivenH; arefar moreimportant.Onthisbasisjt wouldappear
thatthegeometridestis abettertest.

Problem 9.3.2
Letthecomponentsf s bedenoteddy §<1.1|2 andsszlz sothatgivenhypothesid; j,

1
|:X1:| B ﬁ“%] n l:Nl]
=2
X5 SH N,
As in Example9.9, we will assumeN; andN, areiid zeromeanGaussiarrandomvariableswith

varianceo?. Thus,given hypothesid;jk, X; andX; areindependenandthe conditionaljoint PDF
of Xy andXy is

fx17x2‘Hijk (X1, %) = le\Hijk (x1) sz\Hijk (%2)

S e i
210

_ 1 i (00552 H(xe-52)2] /202
210

In termsof thedistance||x — sj|| betweenvectors

(1)
X .
2 Sijk
we canwrite

1 Mx—s: 112 2
fxlyxz\Hi (X17X2) = We HX SJkH /20

Sinceall eightsymbolssygg, . . . ,S111 areequallylikely, the MAP andML rulesare

o XEAjif le,Xz\Hi,-k (X1, %2) > fxlyxz‘Hi,j,k, (X1,%2) for all otherhypothesesi; .
Thisrule simplifiesto

o X € Ajjif ||[x—sijk|| < [[x—s«]| for all otheri’j’K’.

ThismeanghatA i is thesetof all vectorsx thatarecloserto s, thananyothersignal. Graphically
to find the boundarybetweerpointscloserto s jx thans; ¢, we drawtheline segmentonnecting
Sjk andsyj. Theboundanyis thenthe perpendiculabisector Theresultingboundariesireshown
in thefollowing figure:



A
7\
Ay /7 \N A4
Sio / \ .SIOO
/7 N\
7 4, Ayvo N\
/ .
/ Sor0 So00 \
< 4 D > X
\\ A4y, Ay, //
N\ So 1 So01
N\ /7
AN /
. \ /7
S S
11 \ / Iy
A4, QV A4,
v

Problem 9.3.6

(a) In Problem9.3.4,we foundthatin termsof the vectorsx ands, the acceptanceegionsare
definedby therule

o xeAif [x—s|?<|x—s;i|*forall |

Justasin thecaseof QPSK,theacceptanceegionA, is the setof vectorsx thatareclosesto
5. Graphically theseregionsareeasilyfoundfrom the sketchof the signalconstellation:




(b) ForhypothesisA;, we seethatthe acceptanceegionis
Ar={(X1, X)[0< X1 <2,0< Xp < 2}

GivenHy, acorrectdecisionis madeif (Xp,Xz) € A;. GivenHy, X3 = 1+ N andX; = 1+ No.
Thus,

P[C[H1] = P[(X1,X2) € A1[H{]
—P0< 14N <2,0<14+N,< 2]

= (P[-1< Ny < 1])2
= (®(L/on) - B(~1/0n))*
= (20(1/on) - 1)?

(c) Surroundingeachsignals is an aceptanceegionA; thatis no smallerthanthe acceptance
regionA;. Thatis,
P[C[Hi] = P[(X1,X2) € Ai[H1]
>P[-1<N;<1,-1<Np, <]
=(P[-1<N; < 1})

= P[C|H4]
Thisimplies
15 15
=Y PIC|Hi]P[H1] > } P[C|H1]P[Hi] = P[C|H1] § P[Hi] = P[C|H4]
2P = 2, 5 P
Problem 9.3.7

Theorem?.7,the MAP multiple hypothesigestis
o (x1,%2) € A Pify s (X1,%2) 2 Pj Fx, o), (Xa.X2) for all
FromExample9.9,the conditionalPDF of Xy, X, givenH; is

1 g [(xa— VE cosh;)?+(x2—+/Esing;)?] /202

le:XZ‘Hi (Xl’ Xz) 2‘,'[0'2

Usingthis conditionaljoint PDF, the MAP rule becomes

o (x1,%) €A if forall j

—(x1 — VEc0s8;)? — (%2 — VESiNG; )2 + (x, — VE coshj)? + (%, — VEsin®;)? o Pi
202 T b

Expandinghe squaresindusingtheidentity cos 8 + sir? 8 = 1 yieldsthe simplifiedrule

o (x1,%) € A if forall j,

x1[COSB; — coSD;] + Xo[sinG; —sind;] > —= In P

\/Epl



Notethatthe MAP rulesdefinelinear constraintsn x; andx,. Since6; = 11/4+ i11/2, we usethe
following tableto enumerat¢heconstraints:

Ccosh; sinG;

i=0| 1/vV2 1/V2
i=1|-1/vV2 1/V2
i=2|-1/vV2 —1/V/2
i=3| 1/vV2 -1/V2

To be explicit, to determinewhether(xy,x2) € A;, we needto checkthe MAP rule for eachj # i.
Thus,eachA is definedby threeconstraintsUsingtheabovetable,the acceptancesgionsare

o (X1,%2) € Ag if

o m o? s o
Xy > ——In—=—= Xo > ——In= X1 +X > —In=
1= V2E  po 2= J2E  po LTRE2E po
° (X]_,Xz) e A if
02 P1 02 P2 02 P3
X1 < —In—= Xp > ——In= —X{+ X > —In=
1=V po 2= J2E m YTR=E by
° (Xl,Xz) e A if
02 P2 02 P2 02 P2
X1 < —In== Xo < ——In= X1 +X > —In—=
SVE B P VE m NPT VZE M
o (X1,%) € Ag if
02 P2 02 P3 02 P2
2—In g—ln — X1+ X > ——In=
VZ2E P VZE po YTRE2E ps

Usingtheparameters
c=0.8 E=1 po=1/2 pr=p2=p3=1/6
theacceptanceegionsfor the MAP rule are

Ao = {(x1,%)[x1 > —0.497,%, > —0.497,x; + X2 > —0.497}
As = {(X1.%) X1 < —0.497,% > 0, —Xq + X > O}

Ag = {(x1,%2) |1 < 0,% < 0,%1 +x2 > —0.497}

Az = {(X1,%2)[X1 > 0,% < —0.497, —x1 + X3 > 0}

Hereis a sketchof theseacceptanceegions:



Notethattheboundanbetweermd; andA; definedby —x; + X, > 0 playsnorole becausef thehigh
valueof po.

Problem 9.4.3
(&) Themaginal PMFsof X andY arelistedbelow

[ 1/3 x=-1,0,1 [ 1/4 y=-3-1013
Px(x) = { 0  otherwise Fry) = { 0  otherwise

(b) No,therandomvariablesX andY arenotindependensince
Py (1,—3) = 0 Px (1) Ry(-3)
(c) Directevaluationeadsto

Var[X] =2/3
Var]Y] =5

Thisimplies
oxy = Cov[X,Y] = E[XY] - E[X|E[Y] =E[XY] =7/6

(d) FromTheoren®.11, theoptimallinearestimateof X givenY is

oo Xy _1
XL(Y) =pxy oy (Y —Hy) +Hx = 30Y+0

Thereforea® = 7/30andb* = 0.
(e) Theconditionalprobabilitymassunctionis

Y6—2/3 x=-1
_ I:)X,Y (Xa _3) _ iﬁ:Z _ 1/3 Xx—0
otherwise

Pxy (X =3) R(3 ) 17
0



() Theminimummeansquaresstimatorof X giventhatY = 3is

fu( 3 =EXY= 3 =T By (X 3= 2/3

(g) Themeansquareckrrorof this estimatolis

& (—3) = E[(X—3u(=3)°)Y = =3 = 5 (x+2/3)Pyy (X - 3)

X

= (=1/3)%(2/3) +(2/3)*(1/3) = 2/9

Problem 9.4.4
to eachother In particular completingthe row sumsand columnsumsshowsthat eachrandom
variablehasthe samemaginal PMF. Thatis,

Py (X) = Ry (x) = Ry (X) = R/ (X) = Ps(X) = Pr (x) = Pq (X) = Pr(X)
B { 1/3 x=-1,0,1
10 otherwise
Thisimplies
E[X] =E[Y] =E[U] =E[V] =E[§ =E[T| =E[Q] =E[R| =0
andthat
E[X?] =E[Y?] =E[U?]| =E|V?] =E[S] =E[T?| =E[Q?] =E[R}] =2/3

Sinceeachrandomvariablehaszeromean the secondnomentequalghevariance Also, the stan-
darddeviationof eachrandomvariableis v/2/3. Thesecommonpropertieill makeit mucheasier
to answelthequestions.

(a) RandonwariablesX andY areindependensincefor all x andy,

Py (%y) = Px (X) Ry (y)

Sinceeachotherpair of randomvariableshasthe samemaginal PMFsasX andY but a dif-
ferentjoint PMF, all of theotherpairsof randomvariablesmustbedependentSinceX andY
areindependentpy y = 0. For the otherpairs,we mustcomputethe covariances.
Cov[U,V] =E[UV] =(1/3)(—1)+(1/3)(—1) = —-2/3
Cov[ST|=E[ST|=1/6—-1/6+0+-1/64+1/6=0
Cov[Q,R =E[QR =1/12—-1/6—-1/6+1/12=-1/6
Thecorrelationcoeficientof U andV is
~ Covluyv]  =2/3
P e[Vl V232
In fact, sincethemarginal PMF's arethe same the denominatoof the correlationcoeficient
will be2/3 in eachcase.Theothercorrelationcoeficientsare

_ Cov[ST] 0 ~ Cov[Q,R]
Pst = T = QR= T

= -1/4



(b) FromTheoren®.11, theleastmeansquardinearestimatorof U givenV is

OL(V) = puy g (V — EV)) + EIU] = puyV = -V

Similarly for the otherpairs,all expectedraluesarezeroandtheratio of the standardlevia-
tionsis alwaysl. Hence,

XL(Y) =pxyY =0
S(T)=pstT=0
QL(R) = porR=—R/4

FromTheoren®.11, themeansquareerrorsare

e (X,Y) = Var[X|(1—pky) = 2/3

eu*_(U,V) VarU](1-pfy) =0
) = Var[§(1—p&r) =2/3

& (Q.R) = Var[Q|(1—-pgr) =5/8

Problem 9.5.8

The minimum meansquareerror linear estimatoris given by Theorem9.11 in which X, andY,,
playtherolesof X andY in thetheorem.Thatis, our estimateX, of X, is

A 1/2
Xn =X (Yn-1) = PXo. Yo 1 ( varlX| ]) (Yn—1—E[Yna-1]) + E[Xq]

Var[Y,_1
By recursiveapplicationof X, = ¢X, 1+ Zn 1, we obtain
n .
Xo=a%o+ ¥ a7,
A
Theexpected/alueof X, is E[X,] = a"E[Xo] + 37_; al"1E([Z,_j] = 0. Thevarianceof X, is

n n
Var[X,] = a®"Var[Xy Z (@l Y2 Var(Z, ] = & Var[Xo] + 0 ¥ [a?1
=1 &

SinceVar[Xy] = 62/(1— ¢?), we obtain
c®o? 0%(1-c™) o2

Var[X,| =

1-c? 1-c2  1-¢?
NotethatE[Y,_1] = dE[X,_1] + E[W,] = 0. Thevarianceof Y,,_; is
d?0?
VarlY, 1] = d®Var[X, 1]+ Var\] = 11— +n?

SinceX, andY,_; havezeromeanthe covariancef X, andY,_1 is

COV[XnaYn—l] = E[XnYn—l] = E[(an—l"‘ Zn—l) (dxn—l +Wn—1)}
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Fromthe problemstatementywe learnthat

EXn-1Wh_1] =0 EXn-1]EMh-1/ =0
E[Zh_1%-1] =0 E[Zn_1Wh_1] =0
Hence thecovarianceof X, andY,_1 is

Cov[Xn, Yn_1] = cdVar[X,_1]
Thecorrelationcoeficient of X, andY,_1 is

COV[Xn, Ynfl]
v/ Var[Xq] Var[Y, 4]

SinceE[Y,-1] andE[X,] arezero,thelinearpredictorfor X, becomes

pxn 7Yn—l =

n—-1

s VarXo \Y2,  Cov[Xn,Ya 1],  cdVarX, 4]
o= PXan-s (Var[Yn—l]) Y= Var[Yn—l] Y1 = Var[Yn—l]

Substitutinghe aboveresultfor Var[X,], we obtainthe optimallinear predictorof X, givenYy_1.

- c 1

%= 41T B2(1— cz)Y”*1

wheref? = n?/(d?c?). From Theoren9.11, the meansquareestimatiorerrorat stepn

& (n) = E[(X — Xn)?] = Var[X,] (1*P§<n,vn,1) _ 2 1+P o

We seethatmeansquareestimationerror g (n) = g, a constanfor all n. In addition, €/ is anin-
creasingunctionf3.

Problem 9.5.9
requestegharameterare:
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n

(d)c=06,d=10

—— Actual
B Predicted

10 20 30 40 50
n

(e c=06,d=1

— Actual
R Predicted

10 20 30 40 50
n

(f)c=06,d=0.1

Foro = n =1, thesolutionto Problem9.5.8showedthatthe optimallinear predictorof X, given

Ynfl |S

. cd

Xn: dz—l—(l—Cz)Ynil

The meansquaresstimatiorerrorat stepn wasfoundto be

2
g =g = 2 4+l
d?+(1-¢?)
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We seethatthe meansquareestimatiorerroris € (n) = €, aconstanfor all n. In addition,g is a
decreasindunctionof d. In graphqa)through(c), we seethatthe predictortracksX, lesswell asf3

increasesDecreasingl correspondt decreasinghecontributionof X, ; tothemeasurement, ;.

Effectively, theimpactof measurememoisevariance)? isincreasedAs d decreaseshepredictor
placedessemphasi®nthemeasurement, andinsteadnakespredictionscloserto E[X] = 0. That
is, whend is smallin graphs(c) and(f), the predictorstayscloseto zero. With respecto c, the
performancef the predictoris lesseasyto understandin Equation3, the meansquareerror e is

the productof

02 ) (P+1)(1-¢?)

As a function of increasingc?, Var[X,] increasesvhile 1 — p%_ v, , decreasesOverall, the mean

squareerrorel is anincreasingunctionof c. However Var[X] is the meansquareerror obtained
usingablind estimatotthatalwayspredictsE[X]| while 1 — p>2<n7Yn7l characterizetheextentto which
theoptimallinearpredictoris betterthantheblind predictor Whenwe comparegraphg(a)-(c)with
a = 0.9 to graphg(d)-(f) with a = 0.6, we seegreatervariationin X, for largera butin bothcases,
the predictorworkedwell whend waslarge.

Notethatthe performanceof our predictoris limited by the fact thatit is basedon a singleob-
servationY,, 1. Generally we canimproveour predictorwhenwe useall of the pastobservations
Yo, .-, Yo_1.

Problem 9.6.4
Example9.18.

(a) GivenQ = q, theconditionalPMF of K is

_f MakA-g"* k=0.1,....n
P a) = { 0 otherwise

TheML estimateof Q givenK =k is
G (k) = arg max Poc (alk)
DifferentiatingPq k (g|k) with respecto q andsettingequalto zeroyields

dPg (qk)
dqg

Themaximizingvalueis q = k/n sothat

= (E) (ke *1-g"*~ (n-Kd(1-a" ) =0

QuL (K) = %

(b) Tofind the PMF of K, we averageoverall g.
% Liny n—k
A0 = [ Rea k) fo(@ da= [ (1)d1-ar “da
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We canevaluatehisitegralby expressingt in termsof theintegralof abetaPDF Since(k+

1Ln—k+1)= % we canwrite

_ 1 k nkgy_ L
Pl = =7 [ Blk+Ln—k+ D10 *dg=

Thatis, K hastheuniform PMF

_ [ 1/(n+1) k=0,1,...,n
A k) = { 0 otherwise

HenceE[K] =n/2.

(c) TheconditionalPDFof Q givenK is

R k f (D! k1 -k
fQ\K(Q|k)=M: { kn—wrd (1—aq) 0<g<1

P (k) 0 otherwise
Thatis, givenK =k, Q hasabeta(k+ 1,n—k-+1) PDE

(d) The MMSE estimateof Q givenK = k is the conditionalexpectatiorE[Q|K = k]. Fromthe
betaPDFdescribedn AppendixA, E[Q|K =Kk| = (k+1)/(n+ 2). TheMMSE estimatoris

A K+1
Qu(K) = EQIK] = -

Problem 9.7.4

(a) This partis just algebraanddoesnt requireany probabilities.By expandinghe squarethe
randomvariableV,, canbewritten as




Takingexpectationsye have
- 53 E D~ E[M0X)?] = EX7) —E ()]

Sincewe knowthemeanandvarianceof thesamplemeanM,(X), we cancalculatehesecond
momentof the samplemean.

var[X
E [ (Mn(X))2] = Var[Ma(X)] + (EMa(X)])? = 2020 (E[x))2
Thisimplies
A = EIX]? 2 (Ex))2 = varx] - X 1 Lyvaryg
Problem 9.7.6
1 2 /952
fy (X) = e—x/20
x (X) —
Thejoint PDFof Xy,..., X is
2.1 132) /262
P O %o rlk 2nmmyﬁ(“++“vc

(a) TheML estimateof g, maximizesthejoint PDF fyx, . (X1,...,%n). Wefind this by taking
the derivativeof the joint PDF with respecto a. Usingw? = x + --- 4 X3 to simplify our
expressionsye have

dfy,. x (Xtseen X)) o"e W'/20% (W2 /g3) — e W/20° ng -1
do B (2mn/2g2n

Solvingfor o yields

TheML estimatoris

c|\/||_

(b) Firstwe observehat
L OXP X2
n

SinceE[X] = 0, we know that E[X?] = ¢2. In this case we seethatV, is a samplemean
estimateof E [Xiz] = 0°. By Theoren®.14,V, is anunbiasedonsistensequencef estimates
of 62.
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(c) TodeterminewvhetherGy (n) is anunbiasedestimatorwe checkto seeif
E[6ML (n)] =0

Forarbitraryn, thisis diffcult. Forexamplefor n= 1, 8w (1) = /X2 =|X;|. Themearvalue
is

© 1 2 /52 2 © 2 /52
E[6y, (1 :/ X e X /2" gx = /xe*X/ZU dx
N ezl

Making the variablesubstitutionu = x? /202, we obtain

ElouL (1] — 0v/2/ [ e Vdu=oy/2/m

Sincedy (1) # o, weseethattheestimatois biased Forn > 1, thisestimatoiof thestandard
deviationis biasedsince
X214 ... 2
# \/E[ 2 : +xn]

To determineconsistencyf the estimatorwe useDefinition 9.5 andcheckwhetherfor any
£>0,

rI]im Pl|OmL(n) — 0| >¢€] =0
Equivalently we cancheckif
lim P[|GyL(n) —0o| <g]=1
n—oo
For our estimateof the standardleviation we observethat
P[|GmL(n) — o] < €] =Plo—e < GwL(n) <0 +¢
= P[0 — 260+ €% <V, < 0%+ 260 + €]
=P[—(2e0—€%) <V, — 0? < 260+ €7]

For a nontrivial problem,o > 0. Hence we canassumehatze is suficiently smallto ensure
thate < 0. Thisimpliesthat

20¢+ €2 > 20 —€2 > 0
Thisimplies
P[|GmL(n) — o] < €] > P[—(280 — €?) <V, — 02 < 260 — €7
=P[|Vh—0%| < 2e0— €7
Lete = 260 — €2 > 0. SinceV, is a consistenestimatorof a2, for anye’ >0,
lim P[|6w(n) — o] <g] > lim =P[|V, —o?|<€e]=1

Hence Gy (n) is aconsistensequencef estimates.
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