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9.6.49.7.4and9.7.6

Problem 9.1.2

(a) Wewish to developahypothesistestof theform

P
���
K � E

�
K� ��� c��� 0	 05

to determineif thecoin we’ve beenflipping is indeeda fair one. We would like to find the
valueof c, which will determinetheupperandlower limits on how manyheadswe canget
awayfromtheexpectednumberoutof 100flipsandstill acceptourhypothesis.Underourfair
coinhypothesis,theexpectednumberof heads,andthestandarddeviationof theprocessare

E
�
K��� 50

σK � 100
 1� 2 
 1� 2 � 5

Nowin ordertofindc wemakeuseof thecentrallimit theoremanddividetheaboveinequality
throughby σK to arriveat

P

�
K � E

�
K� �

σk

� c
σK

� 0	 05

Takingthecomplement,weget

P � c
σK

� K � E
�
K�

σk

� c
σK

� 0	 95

UsingtheCentralLimit Theoremwecanwrite

Φ
c

σK
� Φ

� c
σK

� 2Φ
c

σK
� 1 � 0	 95

This implies Φ 
 c � σK � � 0	 975 or c � 5 � 1	 96. That is, c � 9	 8 flips. So we seethat if we
observemorethen50 � 10 � 60or lessthen50 � 10 � 40heads,thenwith significancelevel
α � 0	 05weshouldrejectthehypothesisthatthecoin is fair.

(b) Now wewish to developa testof theform

P
�
K
�

c��� 0	 01

Thusweneedto find thevalueof c thatmakestheaboveprobabilitytrue.Thisvaluewill tell
usthatif weobservemorethanc heads,thenwith significancelevelα � 0	 01,weshouldreject
thehypothesisthatthecoin is fair. To find thisvalueof c we look to evaluatetheCDF

FK 
 k � � 0 k � 0
∑k

i � 0
100

i 
 1� 2� 100 k � 0� 1��	�	�	�� 100
1 k

�
100
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Computationrevealsthatc � 62 flips. Soif we observe62 or greaterheads,thenwith a sig-
nificancelevel of 0.01we shouldrejectthefair coin hypothesis.Anotherway to obtainthis
resultis to useaCentralLimit Theoremapproximation.First,weexpressourrejectionregion
in termsof azeromean,unit variancerandomvariable.

P
�
K
�

c��� 1 � P
�
K
�

c��� 1 � P
K � E

�
K�

σK

� c � E
�
K�

σK
� 0	 01

SinceE
�
K��� 50andσK � 5, theCLT approximationis

P
�
K
�

c��� 1 � Φ
c � 50

5
� 0	 01

FromTable4.1,we have 
 c � 50� � 5 � 2	 35 or c � 61	 75. Onceagain,we seethatwe reject
thehypothesisif weobserve62or moreheads.

Problem 9.2.2
GivenhypothesisHi, K hasthebinomialPMF

PK �Hi

 k � � n

k qk
i 
 1 � qi � n � k k � 0� 1��	�	�	�� n

0 otherwise

(a) TheML rule is� k � A1 if PK �H1

 k ��� PK �H0


 k � .� k � A0 if PK �H1

 k � � PK �H0


 k � .
WhenweobserveK � k ��� 0� 1��	�	�	�� n  , pluggingin theconditionalPMF’syieldstherule� k � A1 if n

k qk
1 
 1 � q1 � n � k � n

k qk
0 
 1 � q0 � n � k� k � A0 if n

k qk
1 
 1 � q1 � n � k � n

k qk
0 
 1 � q0 � n � k

Cancellingcommonfactors,takingthelogarithmof bothsides,andrearrangingyields� k � A1 if k lnq1 �!
 n � k � ln 
 1 � q1 �"� k lnq0 �!
 n � k � ln 
 1 � q0 �� k � A0 if k lnq1 �!
 n � k � ln 
 1 � q1 � � k lnq0 �!
 n � k � ln 
 1 � q0 �
By combiningall termswith k, therulecanbesimplifiedto� k � A1 if k ln q1#%$ 1 � q1 &

q0#%$ 1 � q0 & � n ln 1 � q0
1 � q1� k � A0 if k ln q1#%$ 1 � q1 &

q0#%$ 1 � q0 & � n ln 1 � q0
1 � q1

Notethatq1
�

q0 impliesq1 �'
 1 � q1 � � q0 �'
 1 � q0 � . Thus,wecanrewriteourML ruleas� k � A1 if k � k ()� n ln * $ 1 � q0 &+#,$ 1� q1 & -
ln * q1# q0-/. ln * $ 1 � q0 &+#%$ 1� q1 & -� k � A0 if k � k (
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(b) Let k ( denotethethresholdgivenin part(a). Usingn � 500,q0 � 10� 4, andq1 � 10� 2, we
have

k ( � 500
ln
� 
 1 � 10� 4 � �'
 1 � 10� 2 � �

ln
�
10� 2 � 10� 4�0� ln

� 
 1 � 10� 4 � �'
 1 � 10� 2 � � � 1	 078

ThustheML rule is that if we observeK
�

1, thenwe choosehypothesisH0; otherwise,we
chooseH1. Theconditionalerrorprobabilitiesare

P
�
E
�
H0��� P

�
A1

�
H0��� P

�
K
�

1
�
H0�� 1 � PK �H0

 0� � PK �H1


 1�� 1 �1
 1 � q0 � 500 � 500q0 
 1 � q0 � 499 � 0	 0012

and

P
�
E
�
H1��� P

�
A0

�
H1��� P

�
K
�

1
�
H1�� PK �H1


 0� � PK �H1

 1��2
 1 � q1 � 500 � 500q1 
 1 � q1 � 499 � 0	 0398

(c) In the testof Example9.7, thegeometricrandomvariableN, thenumberof testsneededto
find thefirst failure,wasused.In this problem,thebinomialrandomvariableK, thenumber
of failuresin 500 tests,wasused. We will call thesetwo proceduresthe geometricandthe
binomialtests.Also, we will useP

�
EN

�
Hi � andP

�
EK

�
Hi � to denotetherespectiveconditional

errorprobabilities.FromExample9.7,wehavethefollowing comparison:

geometrictest binomialtest

P
�
EN

�
H0��� 0	 045 P

�
EK

�
H0��� 0	 0012

P
�
EN

�
H1��� 0	 0095 P

�
EK

�
H1��� 0	 0398

Whenmakingcomparisonsbetweentests,we wantto judgeboththereliability of thetestas
well asthecostof the testingprocedure.With respectto thecostof the test,thegeometric
testis guaranteedto neverrequiremorethan464testsbecauseif weobserve464consecutive
workingdevices,thenwechooseH0. Moreover, thegeometrictestmayrequirefar fewerthan
464tests,particularlyif hypothesisH1 happensto betrue.Ontheotherhand,thebinomialtest
alwaysuses500tests.Consequently, thegeometrictestis likely to costa little less,although
thedifferencemaynotbeverysignificant.

Whenweexaminethetestreliability, weseethattheconditionalerrorprobabilitiesappearto
becomparablein thatP

�
EK

�
H0�43 P

�
EN

�
H0� while P

�
EN

�
H1�43 P

�
EK

�
H1� . If we knewthea

priori probabilitiesP
�
Hi� andalsotherelativecostsof thetwo typeof errors,thenwecouldde-

terminewhichtestprocedurewasbetter. However, in theabsenceof thatkind of information,
wemakethefollowing observation.Giventhattheproductis apacemakerwhoseinstallation
requiresheartsurgery, wewould like thedeviceto beveryvery reliable.Hence,if H1 is true
andthefailure rateis q1 � 0	 01,we would like verymuchto know this fact beforethepace-
makeris availablefor sale.On theotherhand,if H0 is trueandwe makeanerrorandguess
that thefailure rateis q1 � 0	 01, thenwe maygo backandredesigneitherthepacemakeror
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theassemblyprocessto improvereliability. It seemslikely thatthiscostmaybesignificantly
lower thanthecostof installingmanyfaulty pacemakers.Theseargumentssuggestthat the
conditionalerrorprobabilitiesgivenH1 arefar moreimportant.Onthisbasis,it wouldappear
thatthegeometrictestis abettertest.

Problem 9.3.2
Let thecomponentsof si jk bedenotedby s $ 1&i jk ands $ 2&i jk sothatgivenhypothesisHi jk,

X1

X2
� s $ 1&i jk

s $ 2&i jk

� N1

N2

As in Example9.9, we will assumeN1 andN2 areiid zeromeanGaussianrandomvariableswith
varianceσ2. Thus,givenhypothesisHi jk, X1 andX2 areindependentandtheconditionaljoint PDF
of X1 andX2 is

fX1 5 X2 �Hi jk

 x1 � x2 � � fX1 �Hi jk


 x1 � fX2 �Hi jk

 x2 �

� 1
2πσ2e � $ x1 � s6 17i jk & 2# 2σ2

e � $ x2 � s 6 27i jk & 2# 2σ2

� 1
2πσ2e �8* $ x1 � s6 17i jk & 2 .�$ x2 � s6 27i jk & 2- # 2σ2

In termsof thedistance x � si jk betweenvectors

x � x1

x2
si jk � s $ 1&i jk

s $ 2&i jk

wecanwrite

fX1 5 X2 �Hi

 x1 � x2 � � 1

2πσ2e ��9 x � si jk 9 2# 2σ2

Sinceall eightsymbolss000��	�	�	:� s111 areequallylikely, theMAP andML rulesare� x � Ai jk if fX1 5 X2 �Hi jk

 x1 � x2 �"� fX1 5 X2 �Hi; j ; k; 
 x1 � x2 � for all otherhypothesesHi; j; k; .

This rulesimplifiesto� x � Ai jk if x � si jk
�

x � si jk for all otheri< j< k< .
ThismeansthatAi jk is thesetof all vectorsx thatarecloserto si jk thananyothersignal.Graphically,
to find theboundarybetweenpointscloserto si jk thansi; j; k; , we drawtheline segmentconnecting
si jk andsi; j; k; . Theboundaryis thentheperpendicularbisector. Theresultingboundariesareshown
in thefollowing figure:
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Problem 9.3.6

(a) In Problem9.3.4,we foundthat in termsof thevectorsx andsi, theacceptanceregionsare
definedby therule� x � Ai if 9 x � si 9 2 � x � s j

2
for all j

Justasin thecaseof QPSK,theacceptanceregionAi is thesetof vectorsx thatareclosestto
si. Graphically, theseregionsareeasilyfoundfrom thesketchof thesignalconstellation:

p�q

r:s

tvu
wyx{z|v}�~������

�v� � �v��� �v�{� �v�{�

�y�
���������

�v� ���
�� 
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(b) ForhypothesisA1, weseethattheacceptanceregionis

A1 �¡�'
 X1 � X2 � �0 � X1
�

2� 0 � X2
�

2 
GivenH1, acorrectdecisionis madeif 
 X1 � X2 � � A1. GivenH1, X1 � 1 � N1 andX2 � 1 � N2.
Thus,

P
�
C
�
H1��� P

� 
 X1 � X2 � � A1
�
H1�� P

�
0 � 1 � N1

�
2� 0 � 1 � N2

�
2��¢
 P � � 1 � N1

�
1� � 2�¢
 Φ 
 1� σN � � Φ 
�� 1� σN �D� 2�¢
 2Φ 
 1� σN � � 1� 2

(c) Surroundingeachsignalsi is an aceptanceregionAi that is no smallerthanthe acceptance
regionA1. Thatis,

P
�
C
�
Hi ��� P

� 
 X1 � X2 � � Ai
�
H1�� P

� � 1 � N1
�

1��� 1 � N2
�

1��2
 P � � 1 � N1
�

1� � 2� P
�
C
�
H1�

This implies

P
�
C��� 15

∑
i � 0

P
�
C
�
Hi� P �H1� � 15

∑
i � 0

P
�
C
�
H1� P �Hi��� P

�
C
�
H1� 15

∑
i � 0

P
�
Hi��� P

�
C
�
H1�

Problem 9.3.7
Theorem9.7,theMAP multiplehypothesistestis� 
 x1 � x2 � � Ai if pi fX1 5 X2 �Hi


 x1 � x2 �£� p j fX1 5 X2 �H j

 x1 � x2 � for all j

FromExample9.9,theconditionalPDFof X1 � X2 givenHi is

fX1 5 X2 �Hi

 x1 � x2 � � 1

2πσ2 e �¤* $ x1 ��¥ E cosθi & 2 .�$ x2 ��¥ E sinθi & 2- # 2σ2

Usingthisconditionaljoint PDF, theMAP rulebecomes� 
 x1 � x2 � � Ai if for all j�¦
 x1 �1§ E cosθi � 2 �!
 x2 �1§ E sinθi � 2 �1
 x1 �!§ E cosθ j � 2 �!
 x2 �!§ E sinθ j � 2
2σ2 � ln

p j

pi

Expandingthesquaresandusingtheidentitycos2 θ � sin2θ � 1 yieldsthesimplifiedrule� 
 x1 � x2 � � Ai if for all j,

x1
�
cosθi � cosθ j �0� x2

�
sinθi � sinθ j � � σ2§ E

ln
p j

pi
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Notethat theMAP rulesdefinelinearconstraintsin x1 andx2. Sinceθi � π � 4 � iπ � 2, we usethe
following tableto enumeratetheconstraints:

cosθi sinθi

i � 0 1� § 2 1� § 2
i � 1 � 1� § 2 1� § 2
i � 2 � 1�'§ 2 � 1�'§ 2
i � 3 1� § 2 � 1� § 2

To beexplicit, to determinewhether
 x1 � x2 � � Ai, we needto checktheMAP rule for each j ¨� i.
Thus,eachAi is definedby threeconstraints.Usingtheabovetable,theacceptanceregionsare� 
 x1 � x2 � � A0 if

x1 � σ2§ 2E
ln

p1

p0
x2 � σ2§ 2E

ln
p3

p0
x1 � x2 � σ2§ 2E

ln
p2

p0

� 
 x1 � x2 � � A1 if

x1
� σ2§ 2E

ln
p1

p0
x2 � σ2§ 2E

ln
p2

p1
� x1 � x2 � σ2§ 2E

ln
p3

p1

� 
 x1 � x2 � � A2 if

x1
� σ2§ 2E

ln
p2

p3
x2

� σ2§ 2E
ln

p2

p1
x1 � x2 � σ2§ 2E

ln
p2

p0

� 
 x1 � x2 � � A3 if

x1 � σ2§ 2E
ln

p2

p3
x2

� σ2§ 2E
ln

p3

p0
� x1 � x2 � σ2§ 2E

ln
p2

p3

Usingtheparameters

σ � 0	 8 E � 1 p0 � 1� 2 p1 � p2 � p3 � 1� 6
theacceptanceregionsfor theMAP ruleare

A0 �2�'
 x1 � x2 � � x1 � � 0	 497� x2 � � 0	 497� x1 � x2 � � 0	 497 
A1 �2�:
 x1 � x2 � � x1

� � 0	 497� x2 � 0��� x1 � x2 � 0 
A2 �2�'
 x1 � x2 � � x1

�
0� x2

�
0� x1 � x2 � � 0	 497 

A3 �2�:
 x1 � x2 � � x1 � 0� x2
� � 0	 497��� x1 � x2 � 0 

Hereis asketchof theseacceptanceregions:
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NotethattheboundarybetweenA1 andA3 definedby � x1 � x2 � 0 playsnorolebecauseof thehigh
valueof p0.

Problem 9.4.3

(a) Themarginal PMFsof X andY arelistedbelow

PX 
 x � � 1� 3 x �2� 1� 0� 1
0 otherwise

PY 
 y � � 1� 4 y �2� 3��� 1� 0� 1� 3
0 otherwise

(b) No, therandomvariablesX andY arenot independentsince

PX 5Y 
 1��� 3� � 0 ¨� PX 
 1� PY 
D� 3�
(c) Directevaluationleadsto

E
�
X �¤� 0 Var

�
X ��� 2� 3

E
�
Y ��� 0 Var

�
Y ��� 5

This implies

σX 5Y � Cov
�
X � Y ��� E

�
XY �'� E

�
X � E �

Y ��� E
�
XY ��� 7� 6

(d) FromTheorem9.11, theoptimallinearestimateof X givenY is

X̂L 
 Y � � ρX 5Y σX

σY

 Y � µY � � µX � 7

30
Y � 0

Therefore,a (�� 7� 30andb (�� 0.

(e) Theconditionalprobabilitymassfunctionis

PX �Y 
 x � � 3� � PX 5Y 
 x ��� 3�
PY 
�� 3� �

1# 6
1# 4 � 2� 3 x �2� 1
1# 12
1# 4 � 1� 3 x � 0

0 otherwise
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(f) Theminimummeansquareestimatorof X giventhatY � 3 is

x̂M 
�� 3� � E
�
X
�
Y �2� 3��� ∑

x
xPX � Y 
 x � � 3� �¢� 2� 3

(g) Themeansquarederrorof thisestimatoris

êM 
�� 3� � E 
 X � x̂M 
�� 3��� 2 �Y �¢� 3 � ∑
x

 x � 2� 3� 2PX �Y 
 x � � 3�

�¢
�� 1� 3� 2 
 2� 3� �!
 2� 3� 2 
 1� 3� � 2� 9
Problem 9.4.4
to eachother. In particular, completingthe row sumsandcolumnsumsshowsthat eachrandom
variablehasthesamemarginalPMF. Thatis,

PX 
 x � � PY 
 x � � PU 
 x � � PV 
 x � � PS 
 x � � PT 
 x � � PQ 
 x � � PR 
 x �
� 1� 3 x �¢� 1� 0� 1

0 otherwise

This implies

E
�
X ��� E

�
Y ��� E

�
U ��� E

�
V �¾� E

�
S�¾� E

�
T ��� E

�
Q��� E

�
R��� 0

andthat

E X2 � E Y2 � E U2 � E V2 � E S2 � E T2 � E Q2 � E R2 � 2� 3
Sinceeachrandomvariablehaszeromean,thesecondmomentequalsthevariance.Also, thestan-
darddeviationof eachrandomvariableis § 2� 3. Thesecommonpropertieswill makeit mucheasier
to answerthequestions.

(a) RandomvariablesX andY areindependentsincefor all x andy,

PX 5Y 
 x � y � � PX 
 x � PY 
 y �
Sinceeachotherpair of randomvariableshasthesamemarginal PMFsasX andY but a dif-
ferentjoint PMF, all of theotherpairsof randomvariablesmustbedependent.SinceX andY
areindependent,ρX 5Y � 0. For theotherpairs,wemustcomputethecovariances.

Cov
�
U � V ��� E

�
UV �¾�2
 1� 3� 
�� 1� �1
 1� 3� 
�� 1� �¡� 2� 3

Cov
�
S � T ��� E

�
ST ��� 1� 6 � 1� 6 � 0 �1� 1� 6 � 1� 6 � 0

Cov
�
Q � R��� E

�
QR��� 1� 12 � 1� 6 � 1� 6 � 1� 12 �2� 1� 6

Thecorrelationcoefficient of U andV is

ρU 5V � Cov
�
U � V �§ Var

�
U � § Var

�
V � � � 2� 3§ 2� 3§ 2� 3 �¢� 1

In fact,sincethemarginalPMF’sarethesame,thedenominatorof thecorrelationcoefficient
will be2� 3 in eachcase.Theothercorrelationcoefficientsare

ρS 5 T � Cov
�
S � T �

2� 3 � 0 ρQ 5 R � Cov
�
Q � R�

2� 3 �2� 1� 4
9



(b) FromTheorem9.11, theleastmeansquarelinearestimatorof U givenV is

ÛL 
 V � � ρU 5V σU

σV

 V � E

�
V � � � E

�
U ��� ρU 5VV �2� V

Similarly for theotherpairs,all expectedvaluesarezeroandtheratio of thestandarddevia-
tionsis always1. Hence,

X̂L 
 Y � � ρX 5YY � 0

ŜL 
 T � � ρS 5 T T � 0

Q̂L 
 R � � ρQ 5 RR �2� R � 4
FromTheorem9.11, themeansquareerrorsare

e (L 
 X � Y � � Var
�
X ��
 1 � ρ2

X 5Y � � 2� 3
e (L 
 U � V � � Var

�
U ��
 1 � ρ2

U 5V � � 0

e (L 
 S � T � � Var
�
S��
 1 � ρ2

S 5 T � � 2� 3
e (L 
 Q � R � � Var

�
Q��
 1 � ρ2

Q 5 R � � 5� 8
Problem 9.5.8
Theminimummeansquareerror linearestimatoris givenby Theorem9.11 in which Xn andYn � 1

play therolesof X andY in thetheorem.Thatis, ourestimateX̂n of Xn is

X̂n � X̂L 
 Yn � 1 � � ρXn 5 Yn¿ 1

Var
�
Xn�

Var
�
Yn � 1�

1# 2 
 Yn � 1 � E
�
Yn � 1� � � E

�
Xn�

By recursiveapplicationof Xn � cXn � 1 � Zn � 1, weobtain

Xn � anX0 � n

∑
j � 1

a j � 1Zn � j

Theexpectedvalueof Xn is E
�
Xn ��� anE

�
X0�0� ∑n

j � 1 a j � 1E Zn � j � 0. Thevarianceof Xn is

Var
�
Xn ��� a2n Var

�
X0�'� n

∑
j � 1

�
a j � 1� 2Var Zn � j � a2n Var

�
X0�0� σ2

n

∑
j � 1

�
a2� j � 1

SinceVar
�
X0��� σ2 �'
 1 � c2 � , weobtain

Var
�
Xn ��� c2nσ2

1 � c2 � σ2 
 1 � c2n �
1 � c2 � σ2

1 � c2

NotethatE
�
Yn � 1�¾� dE

�
Xn � 1�0� E

�
Wn ��� 0. Thevarianceof Yn � 1 is

Var
�
Yn � 1��� d2Var

�
Xn � 1�0� Var

�
Wn ��� d2σ2

1 � c2 � η2

SinceXn andYn � 1 havezeromean,thecovarianceof Xn andYn � 1 is

Cov
�
Xn � Yn � 1��� E

�
XnYn � 1��� E

� 
 cXn � 1 � Zn � 1 � 
 dXn � 1 � Wn � 1 � �
10



Fromtheproblemstatement,we learnthat

E
�
Xn � 1Wn � 1��� 0 E

�
Xn � 1� E �

Wn � 1��� 0

E
�
Zn � 1Xn � 1��� 0 E

�
Zn � 1Wn � 1��� 0

Hence,thecovarianceof Xn andYn � 1 is

Cov
�
Xn � Yn � 1��� cd Var

�
Xn � 1�

Thecorrelationcoefficientof Xn andYn � 1 is

ρXn 5Yn¿ 1 � Cov
�
Xn � Yn � 1�

Var
�
Xn � Var

�
Yn � 1�

SinceE
�
Yn � 1� andE

�
Xn� arezero,thelinearpredictorfor Xn becomes

X̂n � ρXn 5Yn¿ 1

Var
�
Xn �

Var
�
Yn � 1�

1# 2

Yn � 1 � Cov
�
Xn � Yn � 1�

Var
�
Yn � 1� Yn � 1 � cd Var

�
Xn � 1�

Var
�
Yn � 1� Yn � 1

Substitutingtheaboveresultfor Var
�
Xn� , weobtaintheoptimallinearpredictorof Xn givenYn � 1.

X̂n � c
d

1
1 � β2 
 1 � c2 � Yn � 1

whereβ2 � η2 �'
 d2σ2 � . FromTheorem9.11, themeansquareestimationerroratstepn

e (L 
 n � � E 
 Xn � X̂n � 2 � Var
�
Xn� 1 � ρ2

Xn 5Yn¿ 1
� σ2 1 � β2

1 � β2 
 1 � c2 � (1)

We seethatmeansquareestimationerrore (L 
 n � � e (L, a constantfor all n. In addition,e (L is an in-
creasingfunctionβ.

Problem 9.5.9
requestedparametersare:

11
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(a) c � 0	 9, d � 10 (d) c � 0	 6, d � 10
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(b) c � 0	 9, d � 1 (e) c � 0	 6, d � 1
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(c) c � 0	 9, d � 0	 1 (f) c � 0	 6, d � 0	 1
For σ � η � 1, thesolutionto Problem9.5.8showedthat theoptimal linearpredictorof Xn given
Yn � 1 is

X̂n � cd
d2 �!
 1 � c2 � Yn � 1

Themeansquareestimationerroratstepn wasfoundto be

e (L 
 n � � e (L � σ2 d2 � 1
d2 �!
 1 � c2 �

12



We seethatthemeansquareestimationerroris e (L 
 n � � e (L, a constantfor all n. In addition,e (L is a
decreasingfunctionof d. In graphs(a) through(c), weseethatthepredictortracksXn lesswell asβ
increases.Decreasingd correspondstodecreasingthecontributionof Xn � 1 to themeasurementYn � 1.
Effectively, theimpactof measurementnoisevarianceη2 is increased.As d decreases,thepredictor
placeslessemphasisonthemeasurementYn andinsteadmakespredictionscloserto E

�
X �¤� 0. That

is, whend is small in graphs(c) and(f), the predictorstayscloseto zero. With respectto c, the
performanceof thepredictoris lesseasyto understand.In Equation3, themeansquareerrore (L is
theproductof

Var
�
Xn��� σ2

1 � c2 1 � ρ2
Xn 5 Yn¿ 1

� 
 d2 � 1� 
 1 � c2 �
d2 �!
 1 � c2 �

As a functionof increasingc2, Var
�
Xn � increaseswhile 1 � ρ2

Xn 5Yn¿ 1
decreases.Overall, the mean

squareerrore (L is anincreasingfunctionof c2. However, Var
�
X � is themeansquareerrorobtained

usingablind estimatorthatalwayspredictsE
�
X � while 1 � ρ2

Xn 5 Yn¿ 1
characterizestheextentto which

theoptimallinearpredictoris betterthantheblind predictor. Whenwecomparegraphs(a)-(c)with
a � 0	 9 to graphs(d)-(f) with a � 0	 6, we seegreatervariationin Xn for largera but in bothcases,
thepredictorworkedwell whend waslarge.

Notethattheperformanceof our predictoris limited by thefact that it is basedon a singleob-
servationYn � 1. Generally, we canimproveour predictorwhenwe useall of thepastobservations
Y0 ��	�	�	:� Yn � 1.

Problem 9.6.4
Example9.18.

(a) GivenQ � q, theconditionalPMFof K is

PK �Q 
 k � q � � n
k qk 
 1 � q � n � k k � 0� 1��	�	�	À� n

0 otherwise

TheML estimateof Q givenK � k is

q̂ML 
 k � � arg max
0 Á q Á 1

PQ � K 
 q � k �
DifferentiatingPQ � K 
 q � k � with respectto q andsettingequalto zeroyields

dPQ � K 
 q � k �
dq

� n
k

kqk � 1 
 1 � q � n � k �!
 n � k � qk 
 1 � q � n � k � 1 � 0

Themaximizingvalueis q � k � n sothat

Q̂ML 
 K � � K
n

(b) To find thePMFof K, weaverageoverall q.

PK 
 k � �2Â ∞� ∞
PK �Q 
 k � q � fQ 
 q � dq �¡Â 1

0

n
k

qk 
 1 � q � n � k dq

13



Wecanevaluatethisitegralbyexpressingit in termsof theintegralof abetaPDF. Sinceβ 
 k �
1� n � k � 1� � $ n . 1& !

k! $ n � k & ! , wecanwrite

PK 
 k � � 1
n � 1

Â 1

0
β 
 k � 1� n � k � 1� qk 
 1 � q � n � k dq � 1

n � 1

Thatis, K hastheuniformPMF

PK 
 k � � 1�'
 n � 1� k � 0� 1��	�	�	À� n
0 otherwise

Hence,E
�
K��� n � 2.

(c) TheconditionalPDFof Q givenK is

fQ � K 
 q � k � � PK �Q 
 k � q � fQ 
 q �
PK 
 k � � $ n . 1& !

k! $ n � k & ! qk 
 1 � q � n � k 0
�

q
�

1

0 otherwise

Thatis, givenK � k, Q hasabeta
 k � 1� n � k � 1� PDF.

(d) TheMMSE estimateof Q givenK � k is theconditionalexpectationE
�
Q
�
K � k� . Fromthe

betaPDFdescribedin AppendixA, E
�
Q
�
K � k���2
 k � 1� �'
 n � 2� . TheMMSE estimatoris

Q̂M 
 K � � E
�
Q
�
K��� K � 1

n � 2

Problem 9.7.4

(a) This part is just algebraanddoesn’t requireanyprobabilities.By expandingthesquare,the
randomvariableVn canbewrittenas

Vn � 1
n

n

∑
i � 1

Xi � 1
n

n

∑
j � 1

X j

2

� 1
n

n

∑
i � 1

X2
i � 2

n
Xi

n

∑
j � 1

X j � 1
n2

n

∑
j � 1

X j

2

� 1
n

n

∑
i � 1

X2
i � 2

n2

n

∑
i � 1

Xi

n

∑
j � 1

X j � 1
n

n

∑
i � 1

1
n2

n

∑
j � 1

X j

2

� 1
n

n

∑
i � 1

X2
i � 2

n2

n

∑
i � 1

X j

2 � 1
n2

n

∑
j � 1

X j

2

(b) Fromthepreviouspart,

Vn � 1
n

n

∑
i � 1

X2
i � �

Mn 
 X � � 2
14



Takingexpectations,wehave

E
�
Vn ��� 1

n

n

∑
i � 1

E X2
i � E 
 Mn 
 X ��� 2 � E X2

i � E 
 Mn 
 X �»� 2
Sinceweknowthemeanandvarianceof thesamplemeanMn 
 X � , wecancalculatethesecond
momentof thesamplemean.

E 
 Mn 
 X �»� 2 � Var
�
Mn 
 X � �'�!
 E �

Mn 
 X � � � 2 � Var
�
X �

n
�!
 E �

X � � 2
This implies

E
�
Vn ��� E

�
X � 2 � Var

�
X �

n
�1
 E �

X � � 2 � Var
�
X �0� Var

�
X �

n
� n � 1

n
Var

�
X �

Problem 9.7.6

fXi 
 x � � 1§ 2πσ2
e � x2# 2σ2

Thejoint PDFof X1 ��	�	�	�� Xn is

fX1 5 Ã Ã Ã�5 Xn 
 x1 ��	�	�	:� xn � � n

∏
i � 1

fXi 
 xi � � 1
 2π � n# 2σn
e � $ x2

1 .4Ä Ä Ä . x2
n &+# 2σ2

(a) TheML estimateof σ, maximizesthe joint PDF fX1 5 Ã Ã Ã�5 Xn 
 x1 ��	�	�	:� xn � . We find this by taking
the derivativeof the joint PDFwith respectto σ. Usingw2 � x2

1 �Å
�
�
Æ� x2
n to simplify our

expressions,wehave

d fX1 5 Ã Ã Ã�5 Xn 
 x1 ��	�	�	:� xn �
dσ

� σne � w2# 2σ2 
 w2 � σ3 � � e � w2# 2σ2
nσn � 1
 2π � n# 2σ2n

� 0

Solvingfor σ yields

σ � § w2§ n
� x2

1 �1
�
�
,� x2
n§ n

TheML estimatoris

σ̂ML 
 n � � X2
1 �!
�
�
Ç� X2

n§ n

(b) Firstweobservethat

Vn � σ̂2
ML 
 n � � X2

1 �1
�
�
%� X2
n

n

SinceE
�
Xi ��� 0, we know that E X2

i � σ2. In this case,we seethatVn is a samplemean
estimateof E X2

i � σ2. By Theorem9.14,Vn is anunbiasedconsistentsequenceof estimates
of σ2.
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(c) To determinewhetherσ̂ML 
 n � is anunbiasedestimator, wecheckto seeif

E
�
σ̂ML 
 n � ��� σ

Forarbitraryn, thisisdiffcult. Forexamplefor n � 1, σ̂ML 
 1� � X2
1 � �

X1
�
. Themeanvalue

is

E
�
σ̂ML 
 1� ��� Â ∞� ∞

�
x
� 1§ 2πσ2

e � x2 # 2σ2
dx � 2§ 2πσ2

Â ∞

0
xe � x2# 2σ2

dx

Making thevariablesubstitutionu � x2 � 2σ2, weobtain

E
�
σ̂ML 
 1� ��� σ 2� π Â ∞

0
e � u du � σ 2� π

Sinceσ̂ML 
 1� ¨� σ, weseethattheestimatoris biased.Forn
�

1, thisestimatorof thestandard
deviationis biasedsince

E
X2

1 �!
�
�
,� X2
n

n
¨� E

X2
1 �1
�
�
%� X2

n

n

To determineconsistencyof theestimator, we useDefinition 9.5andcheckwhetherfor any
ε
�

0,

lim
n È ∞

P
�É�
σ̂ML 
 n � � σ

� � ε��� 0

Equivalently, wecancheckif

lim
n È ∞

P
�É�
σ̂ML 
 n � � σ

� � ε��� 1

Forourestimateof thestandarddeviation,weobservethat

P
�/�
σ̂ML 
 n � � σ

� � ε��� P
�
σ � ε � σ̂ML 
 n � � σ � ε�� P σ2 � 2εσ � ε2 � Vn

� σ2 � 2εσ � ε2

� P �Ê
 2εσ � ε2 � � Vn � σ2 � 2εσ � ε2

For a nontrivial problem,σ
�

0. Hence,we canassumethatε is sufficiently small to ensure
thatε � σ. This impliesthat

2σε � ε2 � 2σε � ε2 � 0

This implies

P
�/�
σ̂ML 
 n � � σ

� � ε� � P �¦
 2εσ � ε2 � � Vn � σ2 � 2εσ � ε2

� P Vn � σ2 �
2εσ � ε2

Let ε<Ë� 2εσ � ε2 � 0. SinceVn is aconsistentestimatorof σ2, for anyε< � 0,

lim
n È ∞

P
�É�
σ̂ML 
 n � � σ

� � ε� � lim
n È ∞

� P Vn � σ2 � ε< � 1

Hence,σ̂ML 
 n � is aconsistentsequenceof estimates.
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