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Problem Solutions : Yatesand Goodman,2.2.2.2.92.3.102.3.11 2.3.122.4.32.5.102.5.11
2.6.52.7.72.7.82.7.92.8.10and2.9.6
Problem 2.2.1
(a) Wewishto find thevalueof ¢ thatmakeshe PMF sumupto one.
_J e(1/2)" n=0,1,2
P () { 0 otherwise
Thereforey2_oPy(n) = c+c¢/2+c/4=1,implyingc=4/7.
(b) TheprobabilitythatN < 1is
PIN<1=P[N=0]+PN=1=4/7+2/7=6/7

Problem 2.2.9

(a) In thesetupof amobilecall, thephonewill sendthe“SETUP” messagepto six times.Each
timethesetupmessagés sentwe haveaBernoullitrial with succesprobabilityp. Of course,
the phonestopstrying assoonasthereis a successUsingr to denotea successfutesponse,

andn anon-responseahe sampletreeis

p r eK=1 p r eK=2 p r eK=3 p I eK=4 p I eK=5 p I eK=6

n N eK=6

—p " —p " —p " —p " T-p T-p

(b) We canwrite thePMF of K, thenumberof “SETUP” messagesentas

(1-p)**p k=1,2,....5
Pc(k)=1¢ (1-p)°p+(1-p)°=(1—p)>° k=6
0 otherwise

Notethatthe expressiorfor P« (6) is differentbecaus& = 6 if eithertherewasa succes®sr
a failure on the sixth attempt. In fact, K = 6 whenevetherewerefailureson the first five

attemptswhichis why Py (6) simplifiesto (1 — p)®.

(c) LetBdenotaheeventhatabusysignalis givenaftersixfailedsetupattemptsTheprobability
of six consecutivdailuresis P[B] = (1— p)®. To besurethatP[B] < 0.02,we needp > 1 —
(0.02)¥/6 = 0.479.



Problem 2.3.10

(a) Sinceeachdayis independenof any otherday P[Wa3| is just the probability thata winning
lottery ticket wasbought. Similarly for P[Lg7] andP[Ngg] becomegust the probabilitythata
losingticketwasboughtandthatnoticketwasboughtonasingleday respectively Therefore

PWs3| = p/2  Pllg7]=(1-p)/2  P[Ngg| =1/2

(b) Suposevesayasuccessccursonthekthtrial if ondayk webuyaticket. Otherwiseafailure
occurs. The probability of successs simply 1/2. TherandomvariableK is justthe number
of trials until thefirst succesaindhasthe geometric®MF

(1/2)(1/2)% 1= (1/2)% k=1,2,...
A k) = { 0 otherwise

(c) Theprobabilitythatyoudecideto buyaticketandit is alosingticketis (1— p) /2, independent
of anyotherday If we view buyingalosingticket asa Bernoulli successR, the numberof
losinglottery ticketsboughtin m days,hasthebinomialPMF

OA=p)/2 [(1+p)/d™" r=01....m
Pr(1) :{ (g ) otherwise

(d) Letting D bethedayonwhichthe j-thlosingticketis bought,we canfind the probabilitythat
D = d by notingthat j — 1 losingticketsmusthavebeenpurchaseéh thed — 1 previousdays.
ThereforeD hasthe PascaPMF

_ (D= p/24a+ /24 d=j,j+ 1.
Po (d) —{ (()d ) otherwise

Problem 2.3.11

(a) Let S, denotethe eventthatthe Sixerswin the seriesin n games.Similarly, C, is the event
thatthe Celticsin in n gamesThe Sixerswin the seriesin 3 gamesf theywin threestraight,
which occurswith probability

PlSs] = (1/2)°=1/8

TheSixerswin theseriesn 4 gamesf theywin two out of thefirst threegamesandtheywin
thefourthgamesothat

Plsd = ;) 4/2°1/2 =316

TheSixerswin theseriedn five gamesf theywin two outof thefirst four gamesandthenwin
gamefive. Hence,

Pis = () 1/2 /2 37160
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By symmetryP[C,| = P[S,]. Furtherwe observehattheseriedastn gamedf eithertheSixers
or the Celticswin the seriesn n games.Thus,

PN =n] = P[S)] + P[Cn] = 2P[§)]

Consequent|ythe total numberof gamesN, playedin a bestof 5 seriesbetweerthe Celtics
andthe Sixerscanbedescribedy the PMF

2(1/2%=1/4 n=3
2(3)(1/2*=3/8 n=4
2(3)(1/2)°=3/8 n=5
0 otherwise

Py(n) =

(b) For the total numberof Celtic wins W, we notethatif the Celticsgetw < 3 wins, thenthe
Sixerswontheseriesn 3+ w gamesAlso, the Celticswin 3 gamesdf theywin theseriesn
3,4,0r 5 games Mathematically

| PSS w=0,12
PW=w = { P[Cs] + P[C4] + P[Cs] w=3
Thus,thenumberof wins by the Celtics,W, hasthe PMF shownbelow
P[Ss] =1/8 w=0
P[&] =3/16 w=1
Rv (W) =< P[S5]=3/16 w=2
1/8+3/16+3/16=1/2 w=3
0 otherwise

(c) Thenumberof Celtic lossed. equalsthe numberof Sixers’winsWs. ThisimpliesP_ (1) =
Ry (1). Sinceeitherteamis equallylikely to win anygame by symmetry Ry, (W) = Ry (W).
ThisimpliesP_ (1) = Ry (I) = Ry (1). Thecompleteexpressiorof for the PMF of L is

1/8 1=0

3/16 1=1
PL()=Ry()={ 3/16 =2

1/2 1=3

0 otherwise

Problem 2.3.12
beabinomialrandomvariablefor n trialsandsuccesgrobability p=a/(a-+b). First,we observe
thatthe sumof overall possiblevaluesof the PMF of K is

k n—k n M okppn—k
. _ o« (M & nk_ < (N a b _ Sko(@b
kZoPK 1= kZo <k) PP kZO (k> (a+ b> <a+ b> ~ (a+bpn
Sinceyy Pk (k) = 1, we seethat

b)" = b)" C k) = = (/N kbn—k
@b~ @sbl" 3 Aclo - 5 (1)

k=0



Problem 2.4.3

(a) Similartothepreviousproblem thegraphof the CDFis shownbelow

0 x< 3 0B
Fg— ) 04 —85x<5 =08
08 5<x<7 02
1 x>7 -3 0 5 7

(b) Thecorresponding®MF of X is

04 x=-3

04 x=5
RX)=1 02 x=7

0 otherwise

Problem 2.5.10
By the definitionof the expectedralue,

wwzi(bwu—wx

x=1

_npzi X 1 (X 1))!px—1(1 p)n 1-(x-1)

With the substitutionX’ = x— 1, we have

n-1 .
e =y (" )P 'S B x

X'=0

1

Theabovesumis 1 becausé is hesumof abinomialrandomvariablefor n— 1 trialsoverall possible
values.

Problem 2.5.11
We write the sumasa doublesumin thefollowing way:

00

%PX> ZJZHPX(D

At this point, the key stepis to reversethe orderof summation.You may needto makea sketchof
thefeasiblevaluesfor i and j to seehowthis reversabccurs.In this case,

00

3 PIX i ()= 3, P () =EIX
1= : 1= =



Problem 2.6.5

(a) Thesourcecontinuego transmitpacketauntil oneis receivedcorrectly Hence thetotalnum-
berof timesthata packetis transmitteds X = x if thefirst x— 1 transmissionsverein errot
Thereforethe PMF of X is

[ gY1-q) x=12...
P (%) _{ 0 otherwise

(b) Thetimerequiredto sendapacketis amillisecondandthetime requiredto sendanacknowl-
edgmentackto the sourcetakesanothemillisecond. Thus,if X transmissionsf a packet
areneededo sendthe packetcorrectly thenthe packetis correctlyreceivedafterT =2X — 1
milliseconds.Thereforefor anoddintegert >0, T =t iff X = (t+1)/2. Thus,

(t=1)/2(1 _ t=1305,...
PT(t)_PX((t+1)/2)_{ g _ otherwise

Problem 2.7.7

Let W denotethe eventthata circuit works. The circuit works andgeneratesevenueof k dollars
if all of its 10 constituendeviceswork. For eachimplementationstandarcr ultra-reliable Jet R
denotethe profit on a device.We canexpresghe expectedrofit as

E[R] = PW]E[RW] + PW]E[RW]

Let'sfirst considerthe casewhenonly standardlevicesareused.In this case a circuit workswith
probability P\W] = (1 — g)*°. The profit madeon a working deviceis k — 10 dollarswhile a non-
workingcircuit hasa profit of -10dollars. Thatis, E[RW]| = k— 10andE[RW¢] = —10. Of course,
anegativeprofitis actuallyaloss. UsingRs to denotethe profit usingstandardtircuits,theexpected
profitis

ER] = (1-a)'%k—10+(1-(1-)'%)(-10)
(0.9)%%—10

And for theultra-reliablecasethecircuit workswith probabilityP\W] = (1 q/2)1°. Theprofit per
workingcircuitis E[R|W] = k— 30dollarswhile theprofitfor anonworkingcircuitis E[RW¢| = —30
dollars. The expectedrofitis

ER] = (1-0/2)"%k—30+(1-(1-q/2)*)(-30)
(0.95)1%—30

Now we wishto determinenvhichimplementatiorwill generateéhe mostprofit. Realizingthatboth
profit functionsarelinear functionsof k, we canplot themversusk andfind for which valuesof k
eachplanis preferable. The two linesintersectat a value of k = 80.21 dollars. Sofor valuesof
k < $8021 usingall standarddevicesesultsin greaterevenueandfor valuesof k > $8021 more
revenuewill be generatedby implementingall ultra-reliabledevices.Sowe canseethatwhenthe
price commandedor eachworking circuit is suficiently high it is worthwhile to spendthe extra
moneyto ensurghatmoreworking circuitscanbe produced.
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Problem 2.7.8

(a) Thereare (466) equallylikely winning combinationsothat

1 1

= = ~1.07x10'
9= %) ~ 9.366819 X

(b) Assumingeachticketis choserrandomly eachof the 2n— 1 otherticketsis independentha
winnerwith probabilityg. Thenumberof otherwinningticketsK, hasthe binomialPMF

(Y —g Tk k=0,1,...,2n—1
Pl = { 0 otherwise

(c) SincethereareK,+ 1 winningticketsin all, thevalueof yourwinningticketis Wy = n/ (K, +
1) which hasmean

EW,] = nE[Kn+1]

Calculatingthe expectedralue

1 2n—1 1
E[Kn+1] h kZO <k+ 1) Ao ()
is fairly complicated.Thetrick is to expresghe sumin termsof the sumof abinomialPMF

el 1 :2211 (2n—1)!
Kn+1] & k+1k(2n—1—Kk)!

qk<1 - q)2n717k

12t (2n)!

0 & DI Gy 9T

By factoringout1/q, we obtain

1 1220 2n—(k+1)
E[KnJrl} =g 2, <k+1>q (1-9

1 20 /2n\ . -
= o1 g
anJ;(J)q( q)

A

WeobservahattheabovesumlabeledA isthesumof abinomialPMFfor 2n trialsandsuccess
probabilityq overall possiblevaluesexceptj = 0. Thus

A=t (T)ea-aro-1-@ g

Thisimplies

el 1 1-(1-g™
Knt+1] 2nq
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Ourexpectedeturnon awinningticketis

E[Wn}an[ 1 ]:1—(1_q)2n

Kan+1 2q
Notethatwhenng < 1, we canusetheapproximatiorthat (1 — g)?" ~ 1 — 2nq to showthat
1-(1-2n
E ] z% —n  (ng<1)

However in thelimit asthevalueof the prizen approachemfinity, we have

n—oo

lim EMG] = % ~ 4.683x 10°

Thatis, asthe pot growsto infinity, theexpectedeturnon awinningticketdoesnt approach
infinity becauséhereis a correspondingncreasen the numberof otherwinning tickets. If
it's notclearhow large n mustbefor this effectto be seenconsidetthefollowing table:

n 1P 10 16
EW] | 9.00x 10° | 4.13x 1C° | 4.68x 1P

Whenthe potis $1 million, our expectedeturnis $900,000.However we seethatwhenthe
potreache$100million, our expectedeturnis very closeto 1/(2q), lessthan$5 million!

Problem 2.7.9

(a) Thereare (%) equallylikely winning combinationsothat

1 1

(%) 9,366,819

q= ~1.07x10/

(b) Assumingeachticketis choserrandomly eachof the 2n — 1 otherticketsis independentha
winnerwith probabilityg. Thenumberof otherwinningticketsK, hasthe binomialPMF

f hdL-g* Tk k=01,....2n-1
Aol = { 0 otherwise

Sincethepothasn+r dollars,the expectecamountthatyouwin onyour ticketis

n—+r
Kan+1

E[V]:O(l—q)+qE[ } :q(n+r)E{

1l

NotethatE[1/K, + 1] wasalsoevaluatedn Problen2.7.8.Forcompletenessyerepeathose
stepshere.

[ 1 ] &t 1 (2”*1)! qk(l_q)anlfk

Sl = k;, k+1K(2n— 1 K)!
_ianl (2n)|

o k; (k+ 1)' (2I’] — (k+ 1))| qk(l— q)2n—(k+1)




(©)

By factoringout1/q, we obtain
1 2n—-1

1] 1 200\ i1oq on (ki)
E[Kn—i—l} ~ 2nq k; <k+1>q (1-9)

1 20 /2n\ . -
=— )l (21— g
anjzl<1>q( q)

A
WeobservahattheabovesumlabeledA isthesumof abinomialPMFfor 2ntrialsandsuccess
probability g overall possiblevaluesexceptj = 0. ThusA=1— (3)a°(1— )"0, which
implies

e[ L] A _1-(1-9~
Kn+1| 2nq 2nq
Theexpectedralueof yourticketis

gn+ni-(1-g* 1 r 2n

V] g S(1+5) -1
Eachticket tendsto be more valuablewhenthe carryoverpot r is large andthe numberof
newticketssold, 2n, is small. For any fixed numbern, correspondindgo 2n ticketssold, a
sufiiciently largepotr will guarante¢hatE V] > 1. Forexampldf n= 107, (20million tickets

sold)then

EV] = 044(1+ 1)

If thecarryoverpotr is 30 million dollars,thenE[V] = 1.76. This suggestshatbuyinga one
dollarticketis a goodidea. This is anunusuakituationbecauseormallya carryoverpot of
30 million dollarswill resultin far morethan20 million ticketsbeingsold.

Sothatwe canusetheresultof thepreviouspart,supposeherewere2n — 1 ticketssoldbefore
you mustmakeyour decision.If you buy oneof eachpossibleticket, you areguaranteedo
haveonewinning ticket. Fromthe other2n — 1 tickets,therewill be K, winners. Thetotal
numberof winning ticketswill beK, + 1. In the previouspartwe foundthat

g1 ] 1-a-o
Kn+1 2nq

Let Rdenotaheexpectedeturnfrom buyingoneof eachpossibleicket. Thepothadr dollars

beforehandThe2n— 1 otherticketsaresoldaddn— 1/2 dollarsto thepot. Furthermoreyou

mustbuy 1/q tickets,adding1/(2q) dollarsto the pot. Sincethe costof theticketsis 1/q
dollars,your expectedrofit

_o[r+n=1/2+1/(29)] 1
el
_g@2r+2n-1)+1 1 1
h 2q E{Knﬂ]‘a
Cfgr+2n-1)+1(1-(1-g*) 1
- 4nc? q



Forfixedn, sufiiciently larger will makeE[R] > 0. Ontheotherhand for fixedr, limp_... E[R] =
—1/(2q). Thatis, asn approachefinity, your expectedosswill bequitelarge.

Problem 2.8.10
We wish to minimizethefunction

e(R) = E[(X - )]

with respecto X. We canexpandhe squareandtakethe expectatiorwhile treatingk asa constant.
Thisyields

e(R) = E[X?— 28X + &] = E[X?] — 2RE[X] + %°

Solvingfor thevalueof X thatmakesthe derivativede(X) /dX equalto zeroresultsin the valueof X
thatminimizese(X). Notethatwhenwe takethe derivativewith respecto X, bothE [X?] andE[X]
aresimply constants.

d N 3 .
= (E[X?] — RE[X] + %) = 2E[X] - 2% =0

Hencewe seethatX = E[X]. In the senseof meansquarecerror, the bestguessor arandomvari-
ableis themeanvalue.In Chapte9 thisideais extendedo developminimummeansquarecerror
estimation.

Problem 2.9.6

(a) Considereachcircuit testasa binomialtrial suchthatafailed circuit is calleda successThe
numberof triasuntil thefirst succesgi.e. afailed circuit) hasthegeometrid®PMF

[ 1-p"ip n=12...
P ) _{ 0 otherwise

(b) Theprobabilitythereareatleast20 testsis
P[B] = P[N > 20 = Z Pu(n —p?°

Notethat(1— p)*?isjusttheprobabilitythatthefirst 19circuitspasshetest,whichis whatwe
would expectsincetheremustbe atleast20testsif thefirst 19 circuits pass.The conditional
PMFof N givenB is

P’\l - JE—
Pys(n) = P[(EQ) neB _{ (1-p)"*p n=2021...
0 otherwise 0 otherwise

(c) GiventheeventB the conditionalexpectatiorof N is

EIN|B] = ZnP,\”B z n(1—p)"™%°p
n=20



Making the substitutionj = n— 19yields

EINB = 3 (j+19)(1— p)~Lp—1/p+19
=1

We seethatin the abovesum,we effectively havethe expectedvalueof J + 19 whereJ is
geometricrandomvariablewith parametemp. Thisis not surprisingsincetheN > 20iff we
observedl9 successfulests.After 19 successfuleststhe numberof additionaltestsneeded
to find thefirst failure is still ageometricandomvariablewith meanl/p.
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