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Problem 2.2.1

(a) Wewish to find thevalueof c thatmakesthePMFsumupto one.

PN
�
n ��� c

�
1� 2� n n � 0� 1� 2

0 otherwise

Therefore,∑2
n � 0PN

�
n ��� c � c � 2 � c � 4 � 1, implying c � 4� 7.

(b) TheprobabilitythatN 	 1 is

P 
N 	 1��� P 
N � 0�
� P 
N � 1��� 4� 7 � 2� 7 � 6� 7

Problem 2.2.9

(a) In thesetupof amobilecall, thephonewill sendthe“SETUP” messageupto six times.Each
timethesetupmessageissent,wehaveaBernoullitrial with successprobabilityp. Of course,
thephonestopstrying assoonasthereis a success.Usingr to denotea successfulresponse,
andn a non-response,thesampletreeis

� �
� � � rp

n1 � p

� �
� � � rp

n1� p

� �
� � � rp

n1 � p

� �
� � � rp

n1� p

� �
� � � rp

n1 � p

� �
� � � rp

n1� p

� K � 1 � K � 2 � K � 3 � K � 4 � K � 5 � K � 6

� K � 6

(b) Wecanwrite thePMFof K, thenumberof “SETUP” messagessentas

PK
�
k ���

�
1 � p � k � 1p k � 1� 2��������� 5�
1 � p � 5p � � 1 � p � 6 � �

1 � p � 5 k � 6
0 otherwise

Notethattheexpressionfor PK
�
6� is differentbecauseK � 6 if eithertherewasa successor

a failure on the sixth attempt. In fact, K � 6 whenevertherewerefailureson the first five
attemptswhich is why PK

�
6� simplifiesto

�
1 � p � 5.

(c) LetB denotetheeventthatabusysignalisgivenaftersix failedsetupattempts.Theprobability
of six consecutivefailuresis P 
B��� �

1 � p � 6. To besurethatP 
B��	 0� 02,we needp � 1 ��
0� 02� 1� 6 � 0� 479.
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Problem 2.3.10

(a) Sinceeachdayis independentof anyotherday, P 
W33� is just theprobabilitythata winning
lottery ticket wasbought.Similarly for P 
L87� andP 
N99� becomejust theprobabilitythata
losingticketwasboughtandthatnoticketwasboughtonasingleday, respectively. Therefore

P 
W33��� p � 2 P 
L87���
�
1 � p ��� 2 P 
N99��� 1� 2

(b) Suposewesayasuccessoccursonthekth trial if ondayk webuyaticket. Otherwise,afailure
occurs.Theprobabilityof successis simply 1� 2. TherandomvariableK is just thenumber
of trialsuntil thefirst successandhasthegeometricPMF

PK
�
k ���

�
1� 2� � 1� 2� k � 1 � �

1� 2� k k � 1� 2�������
0 otherwise

(c) Theprobabilitythatyoudecidetobuyaticketandit isalosingticketis
�
1 � p ��� 2, independent

of anyotherday. If we view buyinga losingticket asa Bernoulli success,R, thenumberof
losinglottery ticketsboughtin m days,hasthebinomialPMF

PR
�
r ���

m
r 
 � 1 � p ��� 2� r 
 � 1 � p ��� 2� m � r r � 0� 1��������� m

0 otherwise

(d) LettingD bethedayonwhichthe j-th losingticket is bought,wecanfind theprobabilitythat
D � d by notingthat j � 1 losingticketsmusthavebeenpurchasedin thed � 1 previousdays.
ThereforeD hasthePascalPMF

PD
�
d ���

j � 1
d � 1 
 � 1 � p ��� 2� d 
 � 1 � p ��� 2� d � j d � j � j � 1�������

0 otherwise

Problem 2.3.11

(a) Let Sn denotetheeventthat theSixerswin theseriesin n games.Similarly, Cn is theevent
thattheCelticsin in n games.TheSixerswin theseriesin 3 gamesif theywin threestraight,
whichoccurswith probability

P 
 S3���
�
1� 2� 3 � 1� 8

TheSixerswin theseriesin 4 gamesif theywin two outof thefirst threegamesandtheywin
thefourthgamesothat

P 
 S4��� 3
2

�
1� 2� 3 � 1� 2��� 3� 16

TheSixerswin theseriesin five gamesif theywin two outof thefirst four gamesandthenwin
gamefive. Hence,

P 
 S5��� 4
2

�
1� 2� 4 � 1� 2��� 3� 16
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By symmetry, P 
Cn ��� P 
 Sn � . Furtherweobservethattheserieslastn gamesif eithertheSixers
or theCelticswin theseriesin n games.Thus,

P 
N � n��� P 
 Sn �
� P 
Cn ��� 2P 
 Sn �
Consequently, thetotal numberof games,N, playedin a bestof 5 seriesbetweentheCeltics
andtheSixerscanbedescribedby thePMF

PN
�
n ���

2
�
1� 2� 3 � 1� 4 n � 3

2 3
1

�
1� 2� 4 � 3� 8 n � 4

2 4
2

�
1� 2� 5 � 3� 8 n � 5

0 otherwise

(b) For the total numberof Celtic wins W , we notethat if theCelticsget w � 3 wins, thenthe
Sixerswon theseriesin 3 � w games.Also, theCelticswin 3 gamesif theywin theseriesin
3,4,or 5 games.Mathematically,

P 
W � w��� P 
 S3� w � w � 0� 1� 2
P 
C3�
� P 
C4��� P 
C5� w � 3

Thus,thenumberof winsby theCeltics,W , hasthePMFshownbelow.

PW
�
w ���

P 
S3��� 1� 8 w � 0
P 
S4��� 3� 16 w � 1
P 
S5��� 3� 16 w � 2
1� 8 � 3� 16 � 3� 16 � 1� 2 w � 3
0 otherwise

(c) Thenumberof Celtic lossesL equalsthenumberof Sixers’winsWS. This impliesPL
�
l � �

PWS

�
l � . Sinceeitherteamis equallylikely to win anygame,by symmetry, PWS

�
w ��� PW

�
w � .

This impliesPL
�
l ��� PWS

�
l ��� PW

�
l � . Thecompleteexpressionof for thePMFof L is

PL
�
l ��� PW

�
l ���

1� 8 l � 0
3� 16 l � 1
3� 16 l � 2
1� 2 l � 3
0 otherwise

Problem 2.3.12
beabinomialrandomvariablefor n trialsandsuccessprobability p � a � � a � b � . First,weobserve
thatthesumof overall possiblevaluesof thePMFof K is

n

∑
k � 0

PK
�
k ���

n

∑
k � 0

n
k

pk � 1 � p � n � k �
n

∑
k � 0

n
k

a
a � b

k b
a � b

n � k

� ∑n
k � 0

n
k akbn � k

�
a � b � n

Since∑n
k � 0PK

�
k ��� 1, weseethat

�
a � b � n � �

a � b � n
n

∑
k � 0

PK
�
k �!�

n

∑
k � 0

n
k

akbn � k
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Problem 2.4.3

(a) Similar to thepreviousproblem,thegraphof theCDF is shownbelow.

FX
�
x ���

0 x �"� 3
0� 4 � 3 	 x � 5
0� 8 5 	 x � 7
1 x � 7 −3 0 5 7

0
0.2
0.4
0.6
0.8

1

x

F
X
(x

)

(b) ThecorrespondingPMFof X is

PX
�
x ���

0� 4 x �#� 3
0� 4 x � 5
0� 2 x � 7
0 otherwise

Problem 2.5.10
By thedefinitionof theexpectedvalue,

E 
Xn���
n

∑
x � 1

x
n
x

px � 1 � p � n � x

� np
n

∑
x � 1

�
n � 1� !�

x � 1� ! � n � 1 � � x � 1��� ! px � 1 � 1 � p � n � 1�%$ x � 1&

With thesubstitutionx'�� x � 1, wehave

E 
Xn ��� np
n � 1

∑
x()� 0

n � 1
x' px( � 1 � p � n � x(

1

� np
n � 1

∑
x()� 0

PXn* 1

�
x ��� np

Theabovesumis1becauseit ishesumof abinomialrandomvariablefor n � 1trialsoverall possible
values.

Problem 2.5.11
Wewrite thesumasadoublesumin thefollowing way:

∞

∑
i � 0

P 
X + i���
∞

∑
i � 0

∞

∑
j � i � 1

PX
�

j �

At this point, thekey stepis to reversetheorderof summation.Youmayneedto makea sketchof
thefeasiblevaluesfor i and j to seehowthis reversaloccurs.In thiscase,

∞

∑
i � 0

P 
X + i���
∞

∑
j � 1

j � 1

∑
i � 0

PX
�

j ���
∞

∑
j � 1

jPX
�
j ��� E 
X �
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Problem 2.6.5

(a) Thesourcecontinuesto transmitpacketsuntil oneis receivedcorrectly. Hence,thetotalnum-
berof timesthatapacketis transmittedis X � x if thefirst x � 1 transmissionswerein error.
ThereforethePMFof X is

PX
�
x ��� qx � 1 � 1 � q � x � 1� 2�������

0 otherwise

(b) Thetimerequiredto sendapacketis amillisecondandthetimerequiredto sendanacknowl-
edgmentbackto thesourcetakesanothermillisecond. Thus,if X transmissionsof a packet
areneededto sendthepacketcorrectly, thenthepacketis correctlyreceivedafterT � 2X � 1
milliseconds.Therefore,for anoddintegert + 0, T � t if f X � �

t � 1��� 2. Thus,

PT
�
t ��� PX

���
t � 1��� 2��� q $ t � 1&,� 2 � 1 � q � t � 1� 3� 5�������

0 otherwise

Problem 2.7.7
Let W denotetheeventthata circuit works. Thecircuit worksandgeneratesrevenueof k dollars
if all of its 10 constituentdeviceswork. For eachimplementation,standardor ultra-reliable,let R
denotetheprofit onadevice.Wecanexpresstheexpectedprofit as

E 
R��� P 
W � E 
R -W �
� P 
Wc � E 
R -Wc �
Let’s first considerthecasewhenonly standarddevicesareused.In this case,a circuit workswith
probabilityP 
W ��� �

1 � q � 10. Theprofit madeon a working deviceis k � 10 dollarswhile a non-
workingcircuit hasaprofit of -10dollars.Thatis, E 
R -W �.� k � 10andE 
R -Wc �%�/� 10. Of course,
anegativeprofit is actuallya loss.UsingRs to denotetheprofit usingstandardcircuits,theexpected
profit is

E 
Rs�0� �
1 � q � 10� k � 10��� � 1 � � 1 � q � 10� � � 10�

� �
0� 9� 10k � 10

And for theultra-reliablecase,thecircuit workswith probabilityP 
W �%� �
1 � q � 2� 10. Theprofit per

workingcircuit isE 
R -W ��� k � 30dollarswhile theprofit for anonworkingcircuit isE 
R -Wc ���1� 30
dollars.Theexpectedprofit is

E 
Ru �0� �
1 � q � 2� 10 � k � 30��� � 1 � � 1 � q � 2� 10 � � � 30�

� �
0� 95� 10k � 30

Now wewishto determinewhich implementationwill generatethemostprofit. Realizingthatboth
profit functionsarelinear functionsof k, we canplot themversusk andfind for which valuesof k
eachplan is preferable.The two lines intersectat a valueof k � 80� 21 dollars. So for valuesof
k � $80� 21 usingall standarddevicesresultsin greaterrevenue,andfor valuesof k + $80� 21 more
revenuewill begeneratedby implementingall ultra-reliabledevices.Sowe canseethatwhenthe
price commandedfor eachworking circuit is sufficiently high it is worthwhile to spendthe extra
moneyto ensurethatmoreworkingcircuitscanbeproduced.
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Problem 2.7.8

(a) Thereare 46
6 equallylikely winningcombinationssothat

q � 1
46
6

� 1
9� 366� 819 2 1� 07 3 10� 7

(b) Assumingeachticket is chosenrandomly, eachof the2n � 1 otherticketsis independentlya
winnerwith probabilityq. Thenumberof otherwinningticketsKn hasthebinomialPMF

PKn

�
k ���

2n � 1
k qk � 1 � q � 2n � 1 � k k � 0� 1��������� 2n � 1

0 otherwise

(c) SincethereareKn � 1 winningticketsin all, thevalueof yourwinningticket isWn � n � � Kn �
1� whichhasmean

E 
Wn ��� nE
1

Kn � 1

Calculatingtheexpectedvalue

E
1

Kn � 1
�

2n � 1

∑
k � 0

1
k � 1

PKn

�
k �

is fairly complicated.Thetrick is to expressthesumin termsof thesumof abinomialPMF.

E
1

Kn � 1
�

2n � 1

∑
k � 0

1
k � 1

�
2n � 1� !

k!
�
2n � 1 � k � ! qk � 1 � q � 2n � 1 � k

� 1
2n

2n � 1

∑
k � 0

�
2n � !�

k � 1� ! � 2n � � k � 1��� ! qk � 1 � q � 2n �.$ k � 1&

By factoringout1� q, weobtain

E
1

Kn � 1
� 1

2nq

2n � 1

∑
k � 0

2n
k � 1

qk � 1 � 1 � q � 2n �.$ k � 1&

� 1
2nq

2n

∑
j � 1

2n
j

q j � 1 � q � 2n � j

A

WeobservethattheabovesumlabeledA is thesumof abinomialPMFfor 2n trialsandsuccess
probabilityq overall possiblevaluesexceptj � 0. Thus

A � 1 � 2n
0

q0 � 1 � q � 2n � 0 � 1 � � 1 � q � 2n

This implies

E
1

Kn � 1
� 1 � � 1 � q � 2n

2nq
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Ourexpectedreturnonawinningticket is

E 
Wn ��� nE
1

Kn � 1
� 1 � � 1 � q � 2n

2q

Notethatwhennq 4 1, wecanusetheapproximationthat
�
1 � q � 2n

2 1 � 2nq to showthat

E 
Wn � 2
1 � � 1 � 2nq �

2q
� n

�
nq 4 1�

However, in thelimit asthevalueof theprizen approachesinfinity, wehave

lim
n 5 ∞

E 
Wn ��� 1
2q 2 4� 683 3 106

Thatis, asthepot growsto infinity, theexpectedreturnonawinning ticketdoesn’t approach
infinity becausethereis a correspondingincreasein thenumberof otherwinning tickets. If
it’s notclearhow largen mustbefor thiseffect to beseen,considerthefollowing table:

n 106 107 108

E 
Wn � 9� 00 3 105 4� 13 3 106 4� 68 3 106

Whenthepot is $1million, our expectedreturnis $900,000.However, we seethatwhenthe
pot reaches$100million, ourexpectedreturnis verycloseto 1� � 2q � , lessthan$5million!

Problem 2.7.9

(a) Thereare 46
6 equallylikely winningcombinationssothat

q � 1
46
6

� 1
9� 366� 819 2 1� 07 3 10� 7

(b) Assumingeachticket is chosenrandomly, eachof the2n � 1 otherticketsis independentlya
winnerwith probabilityq. Thenumberof otherwinningticketsKn hasthebinomialPMF

PKn

�
k ���

2n � 1
k qk � 1 � q � 2n � 1 � k k � 0� 1��������� 2n � 1

0 otherwise

Sincethepothasn � r dollars,theexpectedamountthatyouwin onyour ticket is

E 
V ��� 0
�
1 � q ��� qE

n � r
Kn � 1

� q
�
n � r � E 1

Kn � 1

NotethatE 
1� Kn � 1� wasalsoevaluatedin Problem2.7.8.Forcompleteness,werepeatthose
stepshere.

E
1

Kn � 1
�

2n � 1

∑
k � 0

1
k � 1

�
2n � 1� !

k!
�
2n � 1 � k � ! qk � 1 � q � 2n � 1 � k

� 1
2n

2n � 1

∑
k � 0

�
2n � !�

k � 1� ! � 2n � � k � 1��� ! qk � 1 � q � 2n �.$ k � 1&
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By factoringout1� q, weobtain

E
1

Kn � 1
� 1

2nq

2n � 1

∑
k � 0

2n
k � 1

qk � 1 � 1 � q � 2n �.$ k � 1&

� 1
2nq

2n

∑
j � 1

2n
j

q j � 1 � q � 2n � j

A

WeobservethattheabovesumlabeledA is thesumof abinomialPMFfor 2n trialsandsuccess
probabilityq overall possiblevaluesexcept j � 0. ThusA � 1 � 2n

0 q0 � 1 � q � 2n � 0, which
implies

E
1

Kn � 1
� A

2nq
� 1 � � 1 � q � 2n

2nq

Theexpectedvalueof your ticket is

E 
V ��� q
�
n � r �6
1 � � 1 � q � 2n �

2nq
� 1

2
1 � r

n

 1 � � 1 � q � 2n �

Eachticket tendsto be morevaluablewhenthe carryoverpot r is large andthe numberof
new ticketssold,2n, is small. For any fixed numbern, correspondingto 2n ticketssold, a
sufficiently largepotr will guaranteethatE 
V �7+ 1. Forexampleif n � 107, (20million tickets
sold)then

E 
V �8� 0� 44 1 � r
107

If thecarryoverpot r is 30million dollars,thenE 
V ��� 1� 76. Thissuggeststhatbuyingaone
dollar ticket is a goodidea.This is anunusualsituationbecausenormallya carryoverpot of
30million dollarswill resultin far morethan20million ticketsbeingsold.

(c) Sothatwecanusetheresultsof thepreviouspart,supposetherewere2n � 1 ticketssoldbefore
you mustmakeyour decision.If you buy oneof eachpossibleticket, you areguaranteedto
haveonewinning ticket. Fromtheother2n � 1 tickets,therewill beKn winners. Thetotal
numberof winning ticketswill beKn � 1. In thepreviouspartwe foundthat

E
1

Kn � 1
� 1 � � 1 � q � 2n

2nq

Let R denotetheexpectedreturnfrombuyingoneof eachpossibleticket. Thepothadr dollars
beforehand.The2n � 1 otherticketsaresoldaddn � 1� 2 dollarsto thepot. Furthermore,you
mustbuy 1� q tickets,adding1� � 2q � dollarsto the pot. Sincethe costof the ticketsis 1� q
dollars,yourexpectedprofit

E 
R��� E
r � n � 1� 2 � 1� � 2q �

Kn � 1
� 1

q

� q
�
2r � 2n � 1��� 1

2q
E

1
Kn � 1

� 1
q

� 
 q � 2r � 2n � 1��� 1� � 1 � � 1 � q � 2n �
4nq2 � 1

q
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Forfixedn, sufficiently larger will makeE 
R��+ 0. Ontheotherhand,for fixedr, limn 5 ∞ E 
R�9�
� 1� � 2q � . Thatis, asn approachesinfinity, yourexpectedlosswill bequitelarge.

Problem 2.8.10
Wewish to minimizethefunction

e
�
x̂ ��� E

�
X � x̂ � 2

with respectto x̂. Wecanexpandthesquareandtaketheexpectationwhile treatingx̂ asaconstant.
Thisyields

e
�
x̂ ��� E X2 � 2x̂X � x̂2 � E X2 � 2x̂E 
X ��� x̂2

Solvingfor thevalueof x̂ thatmakesthederivativede
�
x̂ ��� dx̂ equalto zeroresultsin thevalueof x̂

thatminimizese
�
x̂ � . Notethatwhenwe takethederivativewith respectto x̂, bothE X2 andE 
X �

aresimplyconstants.

d
dx̂

E X2 � 2x̂E 
X �:� x̂2 � 2E 
X �:� 2x̂ � 0

Hencewe seethat x̂ � E 
X � . In thesenseof meansquarederror, thebestguessfor a randomvari-
ableis themeanvalue.In Chapter9 this ideais extendedto developminimummeansquarederror
estimation.

Problem 2.9.6

(a) Considereachcircuit testasabinomialtrial suchthata failedcircuit is calleda success.The
numberof triasuntil thefirst success(i.e. a failedcircuit) hasthegeometricPMF

PN
�
n ���

�
1 � p � n � 1p n � 1� 2�������

0 otherwise

(b) Theprobabilitythereareat least20 testsis

P 
B��� P 
N � 20���
∞

∑
n � 20

PN
�
n ��� �

1 � p � 19

Notethat
�
1 � p � 19 is justtheprobabilitythatthefirst19circuitspassthetest,whichiswhatwe

wouldexpectsincetheremustbeat least20 testsif thefirst 19circuitspass.Theconditional
PMFof N givenB is

PN ; B
�
n ���

PN $ n &
P < B= n > B

0 otherwise
�

�
1 � p � n � 20p n � 20� 21�������

0 otherwise

(c) GiventheeventB theconditionalexpectationof N is

E 
N -B��� ∑
n

nPN ; B
�
n ���

∞

∑
n � 20

n
�
1 � p � n � 20p
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Making thesubstitutionj � n � 19yields

E 
N -B���
∞

∑
j � 1

�
j � 19� � 1 � p � j � 1p � 1� p � 19

We seethat in the abovesum,we effectively havethe expectedvalueof J � 19 whereJ is
geometricrandomvariablewith parameterp. This is not surprisingsincetheN � 20 iff we
observed19successfultests.After 19successfultests,thenumberof additionaltestsneeded
to find thefirst failure is still a geometricrandomvariablewith mean1� p.
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