Both Cosine and Sine signals are called Sinusoidal signals
or simply Sinusoids. Cosine can be related to Sine and vice versa.

sin(wt) = coslwt — QUD]

Omegais the angular frequency

Sinusoidal Signals ndrsee

cycles/sec or Hertz

v(t)=V_ cos(wt+¢) Useful
V(1) \Ampl,wde relations
Vin

sinx = £ cos(x F90°)
\ /\ / cosx = £ sin(x £ 90°)
0 Wl sinx = —sin(x £ 180°)
\/ \/ cosx = — cos(x = 180°)
) Versus (ot Sin(—X) = —SsIinx

ffor ¢ =0] CcoS(—x) = cos x

“rmA

W) Period \ 1 sin(x £ y) =sinxcosy + cqsx si'n y
cos(x £y) =cosxcosy Fsinxsiny
Vin 4

2sinx siny = cos(x — y) — cos(x + y)

2sinx cos y = sin(x + y) + sin(x — y)
0 \/ W 2cosx cos y = cos(x + y) + cos(x — y)
—Vin+ 1) \'crs‘us 1
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Phase Lead/Lag

2t
B R () = Vacos (=) (7.100)

I
V(1) =V, cos % (Reference waveform with ¢ = 0),

(7.10b)
and
(1) = Vicos (2L 4+ 7 (7.10¢)
v3(t) = Vpecos | — + — ). 10¢
3 m T 4
ald): Leads y v7(7): Reference wave (¢ =0)
FETRAVRT Ve vi(#): Lags reference wave
N\ Vm |
o-ws/ YN Fas
| I
I
!
I
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| At



psannuti
Pencil


Both Sine and Cosine signals are called sinusoids.
They are also called AC signals as they are commonin many ways.

1 Sinusoidal input is common in electronic circuits

o Any time-varying periodic signal can be represented
by a series of sinusoids (Fourier Series)

Obiective: To determine the steady state
response of a linear circuit to ac signals

What do we mean by steady state response of a circuit?
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Principles of Electrical Engineering I

Motivation to steady state analysis

Consider the RC' circuit of Figure 1. ) o
The equation that inter connects the input First Order RC Circuit:

vin and the output v, is

+ VR —
dv Vv - dv
Vin = RC dto -+ v,. R Jj’ = CW
_l_
3 Vin C_D C Vo
The complete solution of the above equa- _
tion is
Vo(t) = v,(0)e + =1 e Vin (T)dT Figure 1
RC Jo

where v,(0) is the initial value of v,(¢) at time ¢ = 0. The solution given above is said to
be the complete solution (or complete response) which for all typical inputs has two parts,
transient response and steady state response. We observe that the transient response is that
part of the complete response which dies out as time ¢ progresses to infinity, where as the
steady state response is that part of the complete response which predominates as time t
progresses to infinity:.

Constant input signal (DC input): Let v;, = E where E is a constant (DC input). The
complete solution|then simplifies to

__t

_ . RO
Uo(t) = [v,(0) — Ele + E .
Transient response ISteady State response |

Figure given below shows the DC input as well as the complete output. To draw the graph,
we used F = 10 Volts, v,(0) = —2 Volts, R = 1Q and C = 1072 Farads. In this example,
transient part dies out in about 4 or 5 milli-seconds, and for ¢ > 5 milli-seconds the output
is in steady state, i.e. it follows the pattern of the input which for DC is a constant.

Ouput voltage with DC Input
T T T

12 T T
Input signal

10
Output signal —

-2 ! ! ! ! !
0 1 2 3 4 5 6

Time t in milli-seconds
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t e t/7

0 1

T 0.36788

2T 0.13534

37 | 0.049787
47 | 0.018316;
or | 0.0067379

I

Exponential Decay

Consider a function,
i(t) =i(0)e 7 for t>0.

Initial Value i(0) =1

Final Value i(c0) =0

Rate of decay depends on 7 which is called

Time Constant.

In a duration of ¢t = 7, the value of i(t) decreases
by a factor 0.36788.

In a duration of t = 57, the value of i(t) would
for all practical purposes decreases to zero.

Slope of i(t) at t = 0is —1.

The entire area under the curve e 7 is 7.

S
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Alternating input signal (AC input): Let v, = Acos(wt) where w is the angular
frequency in radians per second and A is the amplitude of the sinusoidal voltgae in Volts
(AC input). The[complefe solufion]then simplifies to

I A 1 e A ,
ve(t) = _’UO(O) ~{r o) ¢ + m[oos(wt) + wRC sin(wt)]
|Transient response] |Steady State response |
[ A 1 e A 1
= _’UO(O) T © + m[cos(wt —0)] where 6 =tan™ (wRC).
[Transient response| bteady State response |

Figure given below shows the AC input as well as the complete output. To draw the graph,
we used A = 10 Volts, v,(0) = —5 Volts, w = 1037 radians per second, R = 1€, and
C = 1073 Farads. In this example, transient part dies out in about 5 milli-seconds, and
for ¢ > 5 milli-seconds the output is in steady state, i.e. it follows the pattern of the input
which for AC is sinusoidal. It is easy to see from the above expression for v,(t) that when
the input is a sinusoidal signal of certain frequency, the output is also a sinusoidal signal of
the same frequency, however with a different amplitude and phase.

Ouput voltage with AC Input
T /TN T / T T / T T /

N\
3 4 5 6 7 8 9 10
Time t in milli-seconds

Our interest often is to determine the steady state voltage and current values for a
given input signal. That is, we are often interested in steady state analysis of a circuit.
In this regard, we often consider input signals as either DC signals or AC signals. There
is a fundamental reason why we consider so. It turns out that any practical signal can be
expressed as a sum of a DC signal and sinusoids of different amplitudes, frequencies, and
phase angles. Thus, if we know how to analyze a circuit when inputs are DC signals and
sinusoidal signals, then in principle we can analyze a circuit for any given input signal. In
what follows we study techniques of DC steady state analysis and sinusoidal steady state
analysis.

Let us also remark at this time that a DC signal can be considered as an AC sinusoidal
signal having zero frequency. Although a DC signal can be considered as an AC sinusoidal
signal, the DC steady state analysis is much simpler to do directly than trying to obtain the
analysis as a limiting case of a sinusoidal steady state analysis as frequency tends to zero.
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Principles of Electrical Engineering I

Motivation to introduce phasors

Consider the RC' circuit of Figure 1. ) o
The equation that inter connects the input First Order RC Circuit:

vin and the output v, is

+ VR —
NV

d 0 ) — dvo
vin = RO 40, i I

_l_

) Vin C_) C ==,
Let v;, = A cos(wt) where w is the angular -
frequency in radians per second and A is

the amplitude of the sinusoidal voltgae in
Volts (AC input). Figure 1

Our interest is to determine the steady state output v,(¢). As we discussed earlier, the steady
state output is a sinusoidal signal of the same angular frequency w, however it could have
different amplitude and phase angle. So let us assume that in steady state

vo(t) = A, cos(wt + 6,).

Then, the voltage across R is given by

dv,

i —A,wRC sin(wt + 0,) = A,wRC cos(wt + 0, + 900).

’UR(t) - RC

As seen clearly, both v,(t) and vg(t) are sinusoidal signals, and these must be added and
equated to the input sinusoid A cos(wt) in order to determine A, and 6,. That is, A, and 6,
satisfy the equation

AwRC cos(wt + 0, +90") + A, cos(wt + 6,) = A cos(wt).

We observe that the algebra involved in determining A, and 6, is simply the algebra involved
in adding sinusoidal signals of the same frequency but different amplitudes and phase angles.

The above observation is not surprising because, as we learned so far, all the circuit
analysis is based on Kirchoff’s laws, KCL and KVL. As we should know thoroughly by now,
KCL simply says that the algebraic sum of all currents at a node is zero, while KCL simply
says that the algebraic sum of all voltages along a closed path is zero. If all the currents
and voltages are sinusoidal signals each having the same frequency but possibly different
amplitudes and phases, then the algebra involved in utilizing KCL and KVL equations is
merely the algebra of adding such sinusoids.

To understand the algebra involved in adding sinusoids, let us consider next the addition of
two real sinusoids.
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Example of adding two real sinusoids:| Determine the sum of two sinusoidal signals
x1(t) and z5(t). That is, determine z(t) = x1(t) + x2(t), where

x1(t) = Ajcos(wt + 01) and  x5(t) = As cos(wt + 65).

By using trigonometry, we can rewrite
Ajcos(wt +601) = Ajcos()cos(wt) — Ajp sin(6y) sin(wt)
Ay cos(wt + 0) = Aycos(bs) cos(wt) — Ay sin(fs) sin(wt).
Thus, we note that
:If(t) = X (t) + 2 (t)
z(t) = Ajcos(wt+6)+ Agcos(wt + 62)
= [A1 cos(61) + Az cos(6y)][cos(wt) — [A1 sin(61) + As sin(02)]|sin(wt)
= Acos(f)cos(wt) — Asin(f)sin(wt)
= Acos(wt +0),

where

A cos(61) + Ay cos(by) = Acos(f) and A sin(fy) + Ay sin(b) = Asin(6).

The above equations together can be rewritten in conventional polar coordinate notation of
adding two vectors as

A/ 0 =A1/0,+ Ay/ 0. (%)

The above analysis shows that the sum of two real sinusoids of the same frequency is another
real sinusoid of the same frequency whose amplitude and phase angle is given by the above
equation. The above equation does not depend at all on time ¢. It merely depends on the
amplitudes and phase angles of the given real sinusoids.

[Important Observation: The sum of two real sinusoids is another real sinusoid whose
amplitude and phase are given by equation (*). A simple study of equation (*) reveals that
it is simply the sum of two vectors yielding a resultant vector. In Electrical Engineering, a
vector derived from the amplitude and phase of a sinusoid is called a phasor. Thus, the
equation (*) represents indeed a sum of two phasors to yield another phasor.

Let us emphasize once again that we call
Ay / 0; as the phasor of A; cos(wt + 6y),
Ay / 05 as the phasor of Ay cos(wt + 6), and
A/ 0 as the phasor of A cos(wt + 0).

To add

Ajcos(wt +61) and  Aj cos(wt + 05), Ay sin(fs)

we add two phasors

Al Zﬁl + A2 LQQJ
to get 1Ay sin(6,)
A/60. | LT 2
Aj cos(6y)
This phasor A/ 0 is converted back into time
domain as Phasor Addition

A cos(wt + 0).
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Phasor and Inverse Phasor Transformations

Two real sinusoids
Ajcos(wt +61) and Ay cos(wt + 0s)

when added results in another real sinusoid
Acos(wt + 0).

In order to obtain the amplitude A and the phase angle 6 of the resulting real sinusoid, we

do the following arithmetic,
A1/ 0L+ A/ 0, =A/0.

We call

Ay /6 as the phasor of A cos(wt + 1),
Ay / 05 as the phasor of A, cos(wt + 65), and
A/ 0 as the phasor of A cos(wt + 0).

The above discussion leads us to the following Phasor and Inverse Phasor Transformations.

When we use cos(wt) as the reference sinusoid, we have the following transformation from
time domain to phasor domain:

We will
Time domain Phasor domain discuss this

soon

Acos(wt+0) = Al =A/0.
/I\ 4\

When we use cos(wt) as the reference sinusoid, we have the following inverse transformation
from phasor domain to time domain:

Phasor domain Time domain
Ae? = A/0 = Acos(wt+0).

In order to learn more about phasors and phasor domain analysis,
we need to review complex numbers.
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Review of Complex Numbers

e Real numbers are represented along the x-axis.

>
'

—2 -1 0 1
Real axis

e |j is an ‘operator’ that rotates counterclockwise by 90’

What is an ‘operator’?

An ‘operator’ is something that works on a ‘number’

(or a function) to generate another ‘number’ (or a function).
For example, take a real number 2.

Then 52 rotates 2 by 90" counterclockwise.

Thus 52 is a number along the y-axis.

Hence y-axis can be called as the|j axis

A
j axis 142

5 1 o 1 2

e j2is an operator j applied twice,

that is 52 is a counter-clock-wise rotation of 180"

e Take a real positive number, say 2.
Then §22 rotates 2 counterclockwise by 180

. . Notation i
Thus j?2 = —2. In other words, j? = —1. is used in

Hence, j has the interpretation of being 1/—1. math _instead

Because of this|j = v/—1 is called an imaginary number

Thus, y-axis is called by two names,

(1) the j axis and (2) the imaginary axis.

There is nothing imaginary about the axis; it is just a name,
because imaginary numbers are represented along it.

A
J axi

j72
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e |A number x + jy is called a complex number.

e A complex number can be represented in three ways:

— Rectangular form (in rectangular coordinates x and y).

— Polar form as M /6. that is in polar coordinates, a magnitude

M and an angle 6.

— In the exponential form as Me/?.

One can convert a rectangular form to a polar form and vice
versa by simply looking at the triangle, see figure below.

=T +JY
“

length=y
length is not jy

Yy

Ny

length= z

The relationship between the polar and rectangular coordinates
of a complex number z is as shown below:

=M/ = Me' =2+ jy
r = Mcos(f), y= Msin(0),
Absolute  Value ’Z‘ =M = \/x2+y2, and tan(@) :y.
x

e Fuler’s theorem states that Me/? = M cos(#) + 7 M sin(6).
Thus M/ 6 is same as Me??.
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3

Addition: Addition of two complex numbers is straight forward in
rectangular form.

(a+jb) + (c+jd)=(a+c)+jb+d).

Subtraction: Subtraction of two complex numbers is straight for-
ward in rectangular form.

(a+ jb) — (c+jd) = (a—c)+ j(b—d).

Multiplication: We first show multiplication of two complex num-

bers in rectangular form.

(a+ jb)(c + jd) = ac+ jad + jbc + §°bd J

= (ac —bd) + j(ad + bc).

We show next multiplication of two complex numbers in polar form.

Indeed

(Me?)(Mye?®) = My Myl O1502)
= MlMQ[@] j:@g

Division: We first show division of two complex numbers in rect-
angular form.

a+jb  (a+jb)(c—jd) .9 .
ctjd (et jd)c—jd) - =-—1
ac + jbe — jad — j7%bd
c? + jdc — jdc — 72d?
(ac+ bd) + j(bc — ad)

c? + d? '
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4

We show next division of two complex numbers in polar form. Indeed

My M gy _ M

— = =—/01 —0,.
Mg@ﬂe? M2€ MQZ_l_ 2
If 2 is a complex number given by z = M /0 = Mel? = + jy,
then its conjugate (denoted by z*) is given by - ComMex’\
=M, —0=Me 7 =[xz — 1Yl conjugare
Also,
2t =MP =2+, 242 =22, z—2=j2.
Thus

e/ e =2cos(f) and € — e = 2jsin(h).

Example: We note that

L g . . 1
—,:,—2:—'], aﬂdj:——,.
J J J

Example: We note that

o e '
e 12 =% = —7.

Note that —j is a counterclockwise rotation of —90" or a clockwise

rotation of 90",

Example: Note the rectangular to polar form of the following four
Complex numbers:
conjugates, , — 0.5 + j0.866 = 1,60°
b= —0.5+ j0.866 = 1,120
¢c=—0.5—j0.866 = 1,—120’
d=0.5—50.866 =1,—60"

Complex conjugates

Note: Since all these four numbers in rectangular form are distinct
from one another, the corresponding polar forms must be distinct
from one another as well.
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)

Example: The phasor currents in two elements connected in series
are given by I} = M, 60" and I, = = 4 j2.771. Find the values of
and M.

We note that two complex numbers are equal if and only if their real
parts are equal and the imaginary parts are equal.

Also, I1 and I, must equal each other as the given two elements are
connected in series.

Moreover, I} = M /60" = M cos(60") 4 j.M sin(60"),

and |[, = x + 52.771.
The equality of I1 and Is implies that

x = M cos(60") and M sin(60") = 2.771.

The later implies that M = %r) = 3.2.
This enables us to calculate z = M cos(60") = 3.2 cos(60") = 1.6.

Example: In a particular circuit at a particular node, the phasor
currents I, Io, and I3 are given by

I =
I = 2,=90
I; = 3.6,=33.7.

Find the magnitude M and angle 6.
As we shall see, the KCL equation at the node must be true even for
phasor currents. Thus

L = L+1;=2,-90 4+3.6,—33.7 3
— 0 — 52+ 3.6c0s(33.7 ) — j3.6sin(33.7) .
— 0—j243—j2=3—j4=5,-5313. °
Thus, M =5 and § = —53.13". JEFE = JTTI6 =125 =5
H = tan 1|:T:| = —53. 13
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6

Example: In any circuit, the phasor voltage V' and phasor current 1
of an element are related by V' = I Z where Z is called the impedance
of the element.

If I =26,—120.5 and Z = 3 + j4, find the voltage V.

V = 17 =26,=120.5(3 + j4) =
= 26,—120.5 5/53.1"
= 130, —67.4
— 130 cos(—67.4") + j130sin(—67.4)
= 50 — 5120 volts.

130

Example: In any circuit, the phasor voltage V' and phasor current
I of an element are related by I = VY where Y is called the admit-

tance of the element. If I = 136 — j8 and V' = 900 — 52100, find the
admittance Y.

v o_ L _ 13658 _ 136.24,=337
V900 — 52100  2284.6,—66.8"

136.24 0 0
= ——/—3.37 +606.8
2284.6 "

— 59.63,63.43" milli mhos.

—8
136 — j8 = /1362 + 82/ tan" ' (—)

136
— /18496 + 647 -3.37
— 136.24/—337 S
\/
—== <
z=u+jy
length= M o
ength= J\ <—
You cannot
length=y forget this

length is not jy

length= =
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Properties of complex numbers.

Fuler’s Identity: /% =cos@ + jsinf

el — =79
2j

sinfl =

el® —|—€‘j9
2

cosh =

Z=Xx+jv= |I|.f'-fE

x="Re(z) = |z|cosd
v=7Jm(z) = |z|sin@

— |I|iifjﬂﬂ

z* =x— v = |I|E’_-';H

2| = Vzzt = /x2 +y?
6 =tan—!(v/x)
/2 — i|z|ll.'“2€,iﬂ,f'2

E| =X+ ¥ Z; = X2+ ji2
7y =niffxy =xady =y, zj+2 = (11 +x2) + j(y1 +)2)
1 ’ ’ :
1122 = |21||2a]e) @ +0) n_|nl e o)
|

—1 :ff.lix :,.:_;_Jlﬂ = | SL18F
j=el®2 =0 —j=e IR = | o

. ' “"’f} . /4 I:I—j:]

=t/ =2 V—j=te ™ =+
1 _ -
E=_":i| j=1:m —j:l—gcﬂ

—1=1/180" = 1/ —180°

i
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1-j1
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Phasor Domain
e

A domain transformation is a mathematical process that
converts a set of variables from their domain into a
corresponding set of variables defined in another domain.

1. The phasor-analysis technique transforms equations
from the time domain to the phasor domain.

2. Integro-differential equations get converted into
linear equations with no sinusoidal functions.

3. After solving for the desired variable--such as a particular
voltage or current-- in the phasor domain, conversion back to the
time domain provides the same solution in steady state that
would have been obtained had the original integro-differential

equations been solved for steady state solution entirely in the
fime dnmain



Phasor Domain

u(t) = Fycos(at +d)
= Re[Fpe'® /]

l_'_J'

Phasor counterpart u(r)

sin(wt) = cos(wt — 90")

=—-1=1/180 = 1/ —180"

Time Domain
v(t) = Vi cos axt

v(t) = Vycoslen 4+ ¢b)

Phasor Domain

- ‘V:‘r’{,

- V= Vﬂquh — V{]ﬁ

Time and Phasor Domain

x(r) X
A COS w! - A
Acos{ewi + ¢h) - Apit =A%
— A cos(wr + o) - ApilPET)
A sin et - AT _ja
A sinlet + ¢b) - A/ W-7/D)
— A sinfet + ¢b) - Apl@+r/)
{
:F{-l’{f]} - X
{ .
i[-‘l cosiat + ¢ s fw,qud'
|
f.r[rj dt - X
o
| .
fﬂ. cos(wf + @) dr == — Ael?
Jw

It is much easier to
deal with
exponentials in the
phasor domain than
sinusoidal relations in
the time domain.

You just need to track
magnitude/phase,
knowing that
everything is at
frequency w.
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Principles of Electrical Engineering I
Time Domain, Phasor Domain, and Impedance

Elements R, L, and C in time-domain and phasor-domain

Basics: Let us use cos(wt) as a reference time domain signal for a known frequency w. Then
the time domain signal A cos(wt + 6) is characterized by its amplitude A and phase angle
0. As such the time domain signal A cos(wt + ) is transformed as a phasor A/6 in phasor
domain and viceversa:

Time domain: Acos(wt +6) < phasor-domain: A/Z6.

Resistance:

a a
Time domain: v=Ri 1Y+ Iy+ 4
v(t) = Vi, cos(wt+0) R2Zwv RZV
Vv — — 1
it) = ﬁm cos(wt + 0) 0 _
. b b - T-axis
Phasor-domain: Time Phasor
V=V,0 and = V_; /0 Domain Domain
Therefore] V = RI| or Vv _n Impedance of resistance R is simply R.
I The voltage and current are in phase.

Voltage and current associated with a resistance — current and voltage are in phase

c T T
é 2 ‘H 90°_>{ Voltage 1
3 1 - _Current i
2
g O 7
S
g 1 .
o _ |
> 2 | | | | | | | | |

0 1 2 3 4 5 6 7 8 9 10

Time t
We can use also sim{wt) as a reference time domain signal for a known frequency w. Then

the time domain signal\d sin(wt + ) is characterized by its amplitude A and phase angle
6. As such the time domaimgignal Asin(wt + 6) is transformed as a phasor A/ in phasor
domain and viceversa:

Time domain: Asintwt +6) < phasor-domain: A/Z6.

Time domain: v=Ri
v(t) = Vpsin(wt +0)

it) = % sin(wt + 0)

Phasor-domain:

v Time Phasor
V=V./0 and I=-2/0 Domain Domain
" R
Therefore, V = RI  or Vv _n Again, Impedance of resistance R is smy R.‘
I The voltage and current are in phase.
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Inductance: a a
di ; 4

Time domain: v = L—Z " N+

. dt L¢v LSV

i(t) = I, cos(wt + 0) B B I

di
o(t) = Ld—z = —wLI,, sin(wt + 0) : E ;
_ 0 Time Phasor -
= wlLl,, cos(wt + 6 +90") Domain Domain x-axis
Phasor-domain:
j—1/00° I=1./0 andV =wLl, /0+90 Impedance of inductance L is jwL.
oy : m m 1+ 5
Therefore Z —wl Zﬂ)o or K — iwl The current lags the voltage by 90 .
"I i '
i" = jwLl
Voltage and current associated with an inductance — current lags voltage by 90 degrees

é 5 T ‘(_ 900_>[ T T T T T Voltagel ]
jn
o 1 _
% 0 _ Current _
[
g -1 1
g _2 | | | | | | | | | ]

0 1 2 3 4 5 6 7 8 9 10

Time t

We note that the peak of voltage across inductance occurs first at some time point, then the
peak of current through the inductance follows it after 90°, that is after certain time-elapse
such that wx time-elapse equals 90°. This implies that the current phasor lags the
voltage phasor by 90°.

We can use al
the time domain
0. As such the time
domain and viceversa:

sm(wt) as a reference time domain signal for a known frequency w. Then
nal Asm(wt + 0) is characterized by its amplitude A and phase angle
ain signal Asin(wt 4 ) is transformed as a phasor A/6 in phasor

Time domain: Agin(wt +60) < phasor-domain: A/6.

di v
Time domain: v = L—
dt
i(t) = I, sin(wt + 0) I
v(t) = L% = wLI,, cos(wt + 0)
dt g
— wLI,, sin(wt + 04 90") x-axis

Domain Domain

Phasor-domain:

I=1,/0 andV =wLl, /60 +90" Again, Impedance of incme@nce L is jwL.

o
Therefore, 4 _ wLZﬂ)O or % — jwL. The current lags the voltage by90 .
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Capacitance: a a
d : I 4
Time domain: i = C22 ij_ jf !
dt C=—v Cc=V
v(t) = V,, cos(wt + 0) —J:— T—
: dv . 0
i(t) = CE = —wCV,, sin(wt + 0) b b PP
0 Time Phasor
= wCV,, cos(wt +60+90") Domain Domain
Phasor-domain:
V=V,/6 andI= wC’Vm[i%—_%O Impedance of capacitance C' is ]w%
1 Vv 1 0
] Theref - - " _ _— | |'The current leads the voltage by 90 .
I = jwCV qaeoe T =090 N T T juC 1 :
] 1
jwC — wl ;-
Voltage and current associated with a capacitance — current leads voltage by 90 degrees
é 2 T ‘H 900H T T T T T Voltagel i
jn
o 1 - - N
% 0 ~ . Current i
[
g -1 :
g _2 | | | | | | | | | ]
0 1 2 3 4 5 6 7 8 9 10
Time t
We note that the peak of current through capacitance occurs first at some time point, then
the peak of voltage across the capacitance follows it after 900, that is after certain time-
elapse such that wx time-elapse equals 90". This implies that the current phasor leads
the voltage phasor by 90°.
We can use also Si(wt) as a reference time domain signal for a known frequency w. Then
the time domain sighal Asin(wt + 6) is characterized by its amplitude A and phase angle
6. As such the time domain signal Asin(wt + 6) is transformed as a phasor A/ in phasor
domain and viceversa:
Time domain™ sin(wt +60) < phasor-domain: A/#6.
a
d V
Time domain: i = C22 ﬁf !
, di C==V
v(t) = Vi, sin(wt + 0) T—
, dv (]
i(t) = CE = wC'V,, cos(wt + ) ——
= wCV,, sin(wt + 6 +90°) hasor
main
Phasor-domain:
V=V,/0 andI=wCV,, /0490 Again, Impedance.of capacitance C is jw%
1 Vv 1 0
Therefore, 7= oC/ 00" or —= ]w—C The current leads the woltage by 90 .
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A very important 1 .
relationship SummaryofR, L, C — =1
in phasor domain Jutr Wb
Property R L C
di du
v—i v= Ri v=1L— i =C —
dr it
| . = I
V-I Y=RI V= jwLl Y =-
Jen
> | 7. = Impedance R jeol ]
' JawC
de equivalent R —O—— —0 O—
Short circuit ~ Open circuit
High-frequency equivalent R —0 O0— —0—0—
Open cirewit  Short circuit
g Ly L]
Frequency response
) R il
® [

. .

Voltage across and current

through a resistance are in phase
Current  through an inductance lags
the voltage across it by 90 degrees
Current through a capacitance leads
the voltage across it by 90 degrees

Phasor domain
is also called

Signal tranformation:

Frequency domain.

T'ime domain
A cos(wt + 0)

= A =A/0.

Phasor domain
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Principles of Electrical Engineering I

Terminology

The ratio of voltage to current phasor of a particular branch is called the Impedance of
that branch. The unit of impedance is ohm. Similarly, the ratio of current to voltage phasor
of a particular branch is called the Admittance of that branch. The unit of admittance is
siemen, however it is also often called mho.

Voltage Phasor , . _1/
Imped = =7 = . Resistor =R Y=1/'R
mpecance Current Phasor +‘7 @
R= Real Part of Impedance = Resistance. A ;-
= jw L Y=1/jwl
The unit of Resistance is also ohm. j\ Inductor J T
X = Imaginary Part of Impedance = Reactance. _ . .
The unit of Reactance is also ohm. GE[}ECIT.DF L=1/ J c Y= J o C
t Ph
Admittance = Curren ot _ Y = + J
Voltage Phasor i
G= Real Part of Admittance = Conductance. 1 1 =1

The unit of Conductance is also mho. j jwC  wC
B= Imaginary Part of Admittance =Susceptance.
The unit of Susceptance is also mho.

We note that

Y:G+jB:%:R+1jX:(R+jRX_){éX—jX):]§2;j)§i'
Gzﬁ and B:ﬁXX?’

Z:R+jX:%:GjL1jB:(G+fB§(ZB—jB):g21]BBQ'
= ﬁ and & G2_+BB2

We emphasize that in general,
1 1 -1 -1

Philosophy of Sinusoidal Steady State Analysis:
As depicted in the following block diagram, Sinusoidal Steady State Analysis involves four steps,

e Time domain circuit is given.
e Time domain circuit is transformed to its equivalent phasor domain circuit.
e All the analysis is done in phasor domain.

Phasor domain analysis is interpreted in time domain.

Time Domain
Circuit

Phasor Domain
Circuit

Phasor Domain

Time Domain

Analysis

Interpretation
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Sinusoldal Steady State Analvsis

Signal tranformation:

/ Phasor domain
15 also called
Frequency domain.,

Time domain Phasor domain

Acos(wt+8) <= Ae?=A/6.

Imoed Voltage Phasor
pe "~ Current Phasor
Resistor Z=R Y=1/R

Inductor L= ol Y=1/jwoL

Capacitor |Z=1/joC | Y=jwC

Philosophy of Sinusoidal Steady State Analysis:
Az depicted in the following block diagram, Sinuscidal Bteady State Analysis involves four steps,

# Time domain circuit s given.

# Time domain circuit 1z transformed to its equivalent phasor domain circuit.

# All the analy=is i= done in phasor domain. Involves

¢ Phasor domain analysis is interpreted in time domain. Complex Algebra

Time Domain Phasor Domain _ | Phasor Domain Time Domain
Clireuit CAremt Analysis Interpretation
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Phasor Domain Analysis

Analysis in phasor domain (otherwise called frequency domain)
15 exactly the same as in the case of analysis with resistances
alone.

We visualize now that each element has an impedance rather than
just resistance.

Time domain signals are treated as phasors.
The algebra utilizes complex numbers rather than real numbers alone.

All the following aspects we developed earlier with resistances alone
carry over when we use impedances. Conceptually, it is straight
forward. The only complication is that we need to work with complex
algebra.

e Series Parallel Combinations
e Voltage and Current division
e A-Y transformations

e Superposition method

e Source transformations

e Node Voltage Method

e Mesh Current Method

e Thevenin and Norton Equivalents



Example of a RC Circuit:

Step by Step Illustration

i B

Step |
Adopt Cosane Reference
i Time Dhomaing

\

Step 2
Transter to Phasor Doimain

I

Y

Fp= R

£y = fmi
Lo = Vil

\j

Siep 3

Cast Equations in
Fhasor Foom

\

Step 4
Solve for Unknown Variahle
{ Phasor Damain b

\

!'-||'|.'FI =

Rl B

Transkoem Soluluon
Back to Tome Ddumaain

1+ jv3=J1+3/

= 2¢/?,

i

1
:

Yoown o ©

Determine the current (1)

in steady state

w = 1000 rad/sec
R =.3kQ, C = 1 yF.

sin (wt) = cos(wt — 90

vldl = 12 sin{ow — 457 (V)

\

| F,

+ I ‘
¥
——

V= 127135 (V)

\

1R+ =g)= Vs
\
= — s
Bl

\

if) = e [le™]
= 5 coal el — 11057
(A

¢ = tan~" (1':—5) = 60°.

12gin(wt — 45 ) = 12 cosfuwt — 135

' =1/8

V, = 127913 = 12/ -135°

Jel

124135
=—

R-P;;f

j12wCe— 13
" 14 jwRC

|
I (R+_—-) — 12135

1

R =43k, C=1uF

w = 1000 rad/=sec

_J12x10% x 1078135
14 j10% x /3 x 10 x 10-6
_ j12e7i13F
TV, S
[2e—/135°  4j90°
2eJ60°
= G/ (—135°+90° -60°)

= 6105 [ a
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(@ + jb)(c+ jd) = ac + jad 4 jbe+ §°bd = ac — bd + jlad + be)
(a+ jb)(a— jb) = a® + jab — jab+b* = a® + &

Example: Determine the current i(¢) and voltage v.(t) in steady state when the input
vy(t) = 30v/2 cos(5000¢) V.

Hle— 3009 V. 3000

1uF i — 20002 I

(O 0.1H V.0 750002

Figure 1: Time-domain circuit Figure 2: Phasor-domain circuit
Solution: Our method of analysis is to convert the given time domain circuit to a phasor
domain circuit, do the required analysis in phasor domain, and then interpret the results
of such an analysis in time domain. Note that all circuit analysis concepts as well as
algebra are associated with phasor domain. Various steps of doing so are as follows:

e We transform the given time domain circuit to phasor domain as shown in Figure 2.
To do so, we mark the impedance of each element, and replace the time domain input
signal v,(t) by its phasor V,. Note that by using cos(5000¢) as the basis of phasor
transformation, we see that

0y(t) = 30v/2cos(5000t) =V, =30v2/0 .

Time-domain Phasor-domain

We observe that the input signal v,(¢) has the angular frequency w = 5000 rad/sec.

Impedance of resistance R is R itself. For this circuit R = 300¢2.

Impedance of inductance L is jwLS). For this circuit jwL = 7(5000)(0.1) = 750012.

Impedance of capacitance C' is W%Q For this circuit WLC = W = —720012.

We observe that all the impedances are in series and hence the total impedance Z seen
by V, equals 300 + 7500 — 5200 = 300 + 5300.

Hence the phasor current [ is given by

2 2 2
ﬁm g Yo 3WV2 V2 V2
0 Z 300 + 7300 10+ 510 10v2/ 45

The above algebra could have been done slightly differently as

Ve oo3v2 o V2 WR(l—41) V(1 —41) 01, 0
I=7= 30044300  10+410 (10)(1+41)(1—41) 20 ﬁ“_ﬂ) =01/=45.

e The voltage V, = I(—5200) = (0.1/=45")(—5200) = (20/—=45")(1/=90") = 20/ =135’

e We now can go back to time domain by transforming each phasor into its corresponding
time function,
I=01/-45 = i(t)=0.1cos(5000¢ — 45'),
~—_————

Phasor-domain Time-domain

and
V,=20/-135 = v.(t) = 20cos(5000¢ — 135).

Phasor-domain Time-domain
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Series Parallel Combinations
Example: Find the input impedance of the circuit

2mF 02H
| STIL
w = 50 rad/sec 7., 10
10 mF ]
o T
Solution:
Let

Z, = Impedance of the 2-mF capacitor
Z> = Impedance of the 3-{} resistor in series with the l0-mF

capacitor
Z3 = Impedance of the 0.2-H inductor in series with the 8-{}
resistor
Then
1 1
Ly=—= — = —jl0{}
' jwC 50 x 2 x 1073 /
I
=3+—=3+ =(3-;20
L JjwC j50 % 10 x 1073 G-/

Z:; =8+ jwl =8 +j50 X 02 = (8 + j10) 12
The input impedance is

(3 — j2)8 + 1)
11 + /8

Zin=Z + L2y = —j10 +

44 + j14)(11 — j8
= —j10 + 1‘:3231 B _il0+322 - /1070

Thus,
L, =322 - 11071}
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Voltage & Current Division

| Voltage Division
— ::‘
+ .
, £
5] i)
“QO
+
Z: I .. {5
2 (I| +Z )1‘
o
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Example: Determine the current ¢ through Ry if
Ry =100, Ry =309, L =2 pH, and C' = 10 nF.
Note carefully the notations g and n.

vs(t) = 4cos(10’r — 75°) V

Vi=4e"/7" v

Zr, =R =104,
= = =—7jl0 2
Zc wC 107 x 10~8 J

Z,=Ry+ joL = 30+ j20Q

P2z =py+ jor

+ . .
Vsc_j Y|-—I"' ZC -:ZI:U =____J__

R oC
Phasor domain
' zb = ZC | Zg
A Zn _ (=j10)(30 + j20) _ 20 — 30

T —j104304 20 3+l
Vs(*) Yi— Zy| Zp=Zc| Z, (20 — j30) 3 — j1)

T @B+ 3-jD

=3 -jl)9.
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The input impedance is

Zi=ZR,+Zb=10+3—j11=(13-j11}9,

and its reciprocal is
i pot used
Yi = z
__ 1 1+
13=11 13411
13411 + B
= 169 ¥ 121 =(4.5+ j3.8) x 107* 8.
(b) The current I is given by
Vs 4e_j?j° 48-"{?5“ “'f34-3°
1= 2 = B30 = Tose-rmr = 023 A
B tdivision 12 = Ze I
y current division Z, + Zc
—Jj10 ~j3age
30+ 20— j10 ¢
2.35¢—/348% , p—iN° 2 o
— _ —2 - j143.2
AL 7.4 x 1072 A.

i2(t) = 7.4 x 10™% cos(107t — 143.2°) A.
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A— Y equivalents

A Z. B
Z — YAYAS Z — 1o+ 2273+ 7371 A
1 Za+Zy+2e a Z
A
_ ZoZe . L1224 Z>73+ 737,
Zy = Za+Zy+Ze Zy = 7 Zy Zq
— ZaZp —  Z1Zo+Z2Z3+ 737
Zg - Za+Zb+Zc ZC Z3 C

Example: Consider the bridge circuit shown and de-
termine the impedance seen at the terminals A and B.
Although concepts are simple, we will use this example
to illustrate complex algebra.

In this example, we need to use A—Y equivalents. There
are many possible ways of doing so. We will transform
the A formed by the nodes D, E; and F into a Y. The
relevant computations are as shown below:

@)(=2+54) 202 _  (GHE-J3)
2—j24+44+14+51  3+53  (3+33)(3—33)
j12 — 5212 1244512 2 , 22 o

9+9 18 1+ = =44

Alternatively, we could have computed some of the
above calculations in polar form as shown below:

0

()(=i2+74)  _ (2)(2) _ 4,90
2—j2+j4+1+351 3+353  /18/45°
4/45" 22 o 2 .

3.2 g 45 =3(1+71)

We computed above one leg of Y. The other two legs
are easy to compute in a similar way,

@a+41 _ 2, (A+50)(=52+54) _ (1+1)G2) _ 52

3+ 3 37 3453 3453 3

The simplified circuit after A—Y transformation is shown above on the right. We recognize
two parallel paths between the nodes G and M. We can simplify this into one path as

(2/3—71)(2+752/3)  (2—73)(6+52) 12— j18+ j4 — j%6

2/3 —j14+24352/3  6—3j9+18+4j6 24 — 53
18 — 4514 18 —j14)(24 + 53 474 — j282
ji_ (8- j1)(24+73) J2%2 _ 081 — j0.4829).
24 — 33 242 4 32 585
We can now determine the impedance seen at the terminals A and B as

2 2
Z=2+3+ % +0.81 — j0.482 = 3.477 + j0.1846 Q.




332:221 Principles of Electrical Engineering I — Fall 2004
Quiz 5

Student’s name in capital letters:

- ImF',
Assume that the circuit given is in A 342 4 2D
steady state. Construct a phasor do-
main equivalent circuit. Determine 10 cos(5008)V Sm.H 2,
phasor values of I; and I,. Then, de-
termine the time signals i, and 7. ,
G

The radian frequency w of the input signal is 500 rad/sec.
The impedance of the inductance is jwL = j500(8m) = j4€).

The impedance of the capacitance is ch = m = —720.

The phasor domain equivalent circuit is A
shown on the right along with two mesh
currents I[; and I;. The input phasor Vs I g]; 21
V,=10/0". 4
G

We can write the two mesh equations as
30+ jA(I — L) =10/0" = (3+j4)I, — jal, = 10,

By multiplying the second equation by 2 and adding the resulting equation to the first
equation, we get

10 10(7 + j4)
7—j4 49416

(T—jDL =10 = I = = 1.077 4 j0.6154 = 1.24/29.75" A.

Substituting for I; in one of the above equations and simplifying, we get
I, =2.77/56.3" A.

Now going back to time-domain, we get

iy = 1.24cos(500¢ + 29.75')A and iy = 2.77 cos(500¢ 4 56.3") A.



332:221 Principles of Electrical Engineering I — Fall 2004
Quiz 5

Student’s name in capital letters:

Assume that the circuit given is in

ImF
steady state. Construct a phasor do- £
main equivalent circuit. Determine
phasor values of I and V3, the phasor 10 ¢os(500t)V
voltage of node B with respect to G.

Then, determine the time functions i,

and vy.

The radian frequency w of the input signal is 500 rad/sec.
The impedance of the inductance is jwlL = 3500(8m) = j4Q.

The impedance of the capacitance is 10 m —7520Q.

—jQQ

The phasor domain equivalent circuit is

shown on the right along with the node

voltages marked with respect to G. The Vv,
input phasor V; = 10 /0"

We can easily determine I; as

10 -V,
T
We can now write the node equation at point B as

11:

V,—10 'V, V,—2i% V,—10 Vi 5V, —20
b +—b+ b 3 =0 b _|__b_‘_b7

2 - 3 = = 0.
3 j4 —52 3 74 —56

After multiplying with 712 throughout, the above equation simplifies to
(Vo —10)j4 4+ 3V, + (5V, —20)(=2) =0 = (=7 + j4)V, = —40 + j40.
This implies that

—40 + j40  (—40 + j40)(—7 — j4) 440 — j120
~7T+j4 49 + 16 B 65

v, = = 6.7692—51.8461 = 7.0164/—15.255 V.

Having determined Vj,, we can now determine

10— Vi _ 1067692+ j1.8461 _ 3.2308 + j1.8461
3 3 a 3

I = = 1.077+50.6154 = 1.24/29.75' A.

We can now translate the phasors I; and V}, into time domain as

iy = 1.24 cos(500t +29.75")A and v, = 7.0164 cos(500t — 15.255)V.



Example:

Determine the open circuit voltage Vpj, across the terminals a and b in the circuit shown.
Use any method you feel is convenient. Note that one method might be much easier than

the other. So think carefully which method is better suited to the given problem.

For numerical simplicity in solving the equations, we inform you that I, = 0.4(2—75) A. This

information should not be used to set up the equations.
@ i @

\ o~

N

= C

Node voltage method is better suited than the mesh current method. Node voltages are

marked with respect to the ground G. We note that Vo = Vpy,.

We note that [, = 4 = JgVi.
J

1
Node equation at V; is J_

—-j

Vi—2+Vi+Vi—Vo+342=0 = Vi(2+j)—Vo=2(1—).
Node equation at V5 is

—jVatj2Vi+Va—Vi—j2=0 = Vi(-1+;2)+Va(l—j)=j2.

Using the hint given, we note that Vi = & = —j0.4(2 — j) = —0.4(1 + 52).
By utilizing the equation at Vi, we get

Va Vi2+7) = 2(1 = j) = —0.4(1 +52)(2 +j) — 2(1 - j)

= 042+ j+j4-2)—2+4j2=—j2-24j2=—2.

Thus
Vi = Vo= =2V,
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2

Determine the short circuit current I, through the terminals a and b in the circuit shown.
Use any method you feel is convenient. Note that one method might be much easier than
the other. So think carefully which method is better suited to the given problem.

Node voltage method is better suited than the mesh current method. Node voltages are
marked with respect to the ground G.

We note that I, = Y1 = j1.

—J

1 .
Node equation at V] is _]- ==J
2(1—-j)
2+
2 : N2 . . 2 .
= V=:01-7)C-7)=:2-j2-j-1)=-(1-33)

Vi—24+Vi+Vi+2=0 = WVQ2+j)=20-j) = V=

Another node equation is
2Vi=Vi—=32+ 1 =0 = I3 =Vi(1-j2)+j2.

Substituting for V; = %(1 — 73) and simplifying, we get

2 2
Lo = Vil = j2) +52 = 2(1—j3)(1 —j2) +j2 = Z(1 = j3—j2—6) + j2= 2 A,
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At first, determine the Thevenin impedance Zr), = % where V7, and I, are as determined

in the previous pages. "

Ih - 2o
L, -2

Zry =

Another way of determining Thevenin impedance Z7y, is to determine the impedance as seen

from the terminals a and b of the given circuit in which all independent sources are set to

zero. Such a life-less circuit is shown below. In order to determine the impedance as seen

from the terminals a and b, an external source V; is connected across a and b, determine the
Vi

ratio I

@ 1

Node voltage method is better suited than the mesh current method. Node voltages are
marked with respect to the ground G.

We note that IZB:%:jVI. l_=-j
Node equation at V; is J
. . 1 Vi .
Vi+ii+Vi=V,=0 = WVi(2+j)-Vi=0 = V1=Vt2+j=g(2—])-

Another node equation is
L =20, —jVi+Vi=-Vi = L=2Vi—jVi+Vi-Vi=(-1+2Vi+ (1 -V
o Vi . .
= L=(1+2)22-)+1-)V

v
= Itzgt(—2+j—|—j4+2)+(1—j)Vt=Vt-

Thus
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Example s RIL

A typical power distribution circuit is

shown on the right. The required out-

put voltage is V,, = 110 V. Determine

the supply voltage V; and line current Vs
Iy. Also, draw the phasor diagram of

all the variables.

7 X

20 I I -I
L +R C
7109 200>V, _[ — 50

>

We will consider the reference phasor as the output voltage
V, = 110. It is then straight forward to determine the following
currents,

110 110 110

In=—=55A, I =— =—jl1A, Io=— =j22A.

20 710 —j5

The line current I, is then given by

Iy = Ig+Ip+1c =5.5—5j114522 = 5.5+j11 = 12.3[63.43U A.
The voltage drop across Ry equals I;R, = 5.5 + j11 =

12.3/63.43" V.

The Voltageodrop across Xy equals Ipj X, = —22 + 511 =
24.6/153.43 V.

The total voltage drop in the line equals 5.5+ 511 —22+ 511 =
—16.5+ 522V

The supply voltage V; is then given by

110 — 16.5 + j22 = 93.5 + j22 = 96.05,/13.24" V.

b _-— = I[

Ij X,

Ih R,

;!L o ___ ™
=\

VI,

The phasor diagram is shown above. Note
that the scale for current phasors is differ-
ent from that of voltage phasors.



Synchronous Generator Exampls

equivalent circuit — wﬂ_"lﬂ'ﬁ;ﬂ +

E 4 is the generated voltage 0
~ |E, V.,
Vs is the terminal voltage across the load “—
14 is the current supplied to the load |
Vs = Ea — LR — L4 X. T
E4 =V¢+L4RJ:.+jL;X3 Es
7Ly
i
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Example ¢ ()

Consider the time domain 1002 A' ' ‘B

circuit shown on the right in

which L

w = 1000, C; = 50uF 20 cos(wt)V/ Ch Ly 2002 sin(wt) A
CQ = 100/LF, Ll = 20mH, T

and Lo = 10mH.

Determine v, — vp.

The phasor equivalent of a

circuit is as shown. Us- —510Q @
ing cos(wt) as the refer- [l
ence signal, the source sig- 106) A ' B
nal 20 cos(wt) transforms as a -
phasor 20 V, while sin(wt) = ) 72082
cos(wt — 90”) transforms as 20V —5208

—j1 A. Also, we have the T

impedances jwL; = 5201, & o . S °
jwLy = 4108, jwlcl =

—5209Q, and jw#@ = —5109.

j10Q 200 —j14

Our aim is to determine V, — V4. This can be done by a number of methods. Just to illustrate several aspects
of circuit analysis, we will first simplify the circuit by several steps and then determine V, — V}.

Simplification of parallel combination of —j10 and ;j20: The parallel equivalent of —;10 and 520 is

given by
(10)(20) _ (=5°200) _ _ o0
—710+ 520 410 '
Simplification of parallel combination of ;10 and 20: The parallel equivalent of 710 and 20 is given by
7 GOE) G0 20 G)@-g) _ G0-70) 00452 0
204510 204510 2+ (2+7)(2-17) 22 4 12 5
We could have added
admittance of each 0
element in parallel, = 207&0 = 4\/5 /63.43 = 4(1 + _]2)
and then invert the \/g{ 26.57
resulting admittance

With the above simplifications, 109
the given circuit can be redrawn
as shown on the right.

to get the impedance
—3720Q2
A_ B
| .

20V

We will consider next only a part of the above circuit and simplify

it. Consider the circuit to the left of terminals G1 and A as shown

on the left side diagram, and construct its Thevenin equivalent. By 20V
voltage division rule, we can easily compute

20(—j20)  —jd0 —j40(1+52) (=440 — §280) ,
10—-520 1-—j2 (1-352)1+342) 5
40/-90

Ny 8v5/—26.57 = 16 — j8.
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1090 A We can also easily compute the Thevenin impedance Zy;, as the parallel
' combination of 10 and —;20,

—j20Q e Zn o, 10(=20) =20 (Zj20)(L452)  —j20 540 o
hTT0-j20  1-42 5 - 5 —eJ
0
20,/ —90 )
G 1 Algebra is similar to = m = 4\/5[—26.570 =8 —j4.

what we did on the top

of previous page.
We can also convert the current source in Zih A —Jj2092 B

parallel with an impedance into a voltage

source in series with an impedance. Thus,

we can redraw equivalently the given cir- Vin —iZ
cuit as shown on the right. We can write

the loop equation as

. » . 1
G G1 "
, . Vin —jZ
Vin — 32 — 1(Z, Z—-3j20)=0 = [=——""———.
th —J (Ztn + J20) Zn + Z — 20
We can now determine V, — W, = I(—520) = Zﬁ‘}jﬁi;?m(—j%). Substituting the numbers for various

variables, and simplifying we get

16 — j8 — j4(1 + j2) (24 — j12)(—420)

b 8—g4+4(1+32)—320( 720) 12— /16
0 0
12(2 — j1)(—45) 12 V/5/-26.56 (5/—90
_ 122-)(=j5) _12V5 O/=90) _ 155, 6343 = 12(1— j2).
3— j4 5/-53.13

We can now go back from phasor domain to time domain,

Va — vy = 12v/5 cos(1000t—63.43").
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Node Voltage Method:

For this example, node volt- —3510Q
|1
I

B

age method is much easier 100
A
than any other method. We b y
can write the node equations -
: 12082
at A and B as follows: 20V 200 J 7100 9200
Va_20 Va Va_% Va_%
F—t— . =0,
10 —j20 —j10 720 & )\ )\
Vo Vo Vo—-Va V-V,
— — =0
o0 510T =510 T j20
Multiplying the first equation by j20 and simplifying we get
G2V — 40—V, =2V, + 2V, + V, -V, =0 = —2(1— )V, +V, = j40. (1)
Similarly, multiplying the second equation by 520 and simplifying we get
204+ Vo +2V, =2V + 2V, + WV =V, =0 = Vo + (1+j)V = —20. (2)

Equations (1) and (2) are in a form suitable for any scientific calculator to solve them. We can
solve them for V, and V;, and then for V, — Vj. If no scientific calculator is available, we can proceed
to solve equations (1) and (2) simultaneously as follows: Multiplying equation (2) by 2(1 — j) and adding to
equation (1), we get

20— )1+ )HVe+ V= —40(1 — j) + j40 = 4V, +V, = —40+ 580 = V, =—-8+;16.
Substituting for V,, = —8 + 16 in equation (1) and simplifying, we get

. . , 84724  (8+4724)(1+) , . .
—2(1 = j)Va — 8+ 416 = j40 = V, = _ = = —2(1+43)(1+4)=4-j3.
(1-4) j16 = j T =T0) (1+753)(1+) J

Once we know V, =4 — 58 and V,, = —8 + j16, we can get

Vo —Vp = 12(1 — j2) = 12V/5,/—63.43 .
We can now go back from phasor domain to time domain,
Va — vy = 12¢/5 cos(1000t—63.43").

Mesh Current Method: We can also solve this circuit by Mesh Current Method, however we will face
five mesh currents out of which only one is known and four unknown. So we need to write four equations
and solve them simultaneously. This presents a lot more complex algebra. You can try it just to practice
complex algebra.

—j14



Thevenin Equivalent Circuit — Example

The phasor equivalent of a circuit is shown. We would like to determine the Thevenin equivalent circuit at
the terminals a and b. Note that the dependent current source Iz has a value equal to the voltage V;. To do
so, we plan to compute the open circuit voltage, the short circuit current, and Zr, by using a test source.
(Only two of these three items are required; for verification we will compute all three of them.)

Determination of V,. by Node voltage
method: Using G as the reference, we mark the
node voltages as shown. Here V; and V, are un-
known. We need to express the controlling volt-
age V1 in terms of the node voltages. We see eas-
ily that V4, = V4. Since we have two unknowns,
we need to write two node equations. The KCL
equation at node b gives us

Vi Vi -V,
24 24 V42— =0
2 —32

This equation simplifies to

ja—Vo—32Vp+ V=V, =0 = V, = j4+(1—353)V}.

We can write another KCL equation either at node a or at node G. The KCL equation at node G (using
super node concept) gives us
ja=V, 0=V,

b g +2=0 S Vi 2Va = 4(1+42).

Substituting V, = j4 + (1 — j3)V4, and simplifying, we get

4 A(3+j6)  4(1+42)

Vi + 204+ (1 —3)V3) =4(1+42) = V= - = 0.26666 + 50.53333.

346 45 15
Fhen 28 + ;56
V, = jd+(1—j3)V, = 175] — 1.86666 + j3.73333.

The open circuit voltage V,. =V, — V;, = 1.6 4+ j3.2 V with terminal a at a higher potential than terminal b.

Determination of I;;, by Node voltage method: Using G as the reference, we mark the node
voltages as shown. We note that V;, = V, = V3.

There are two unknowns, V7 and I,,. We write two

KCL node equations one at the node a and the other 24

at the node b. The KCL at the node a is given by

Ish_‘/l‘i‘

Vi —j4
=0 = L= 4

We do not need to write the KCL equation at node
b, unless we want to determine V;. Writing the
equation, we get

v, 4458
2LV Ln =0 5 3V =44200 5 V= J;j .

Thus



psannuti
Rectangle

psannuti
Rectangle


Determination of Z7; by using a test source: The
independent sources are set to zero, i.e the current source
is opened and the voltage source is shorted. The resulting
circuit is shown on the right where a test voltage of 1 V
between the terminals b and a is applied. It is easy to
compute V7 as —%V . Knowing Vi, we can easily compute

Itest as
1 1 2
Ies = 5 > -—=1 j0.5A.
test = T + 3 + 3 +J
Thus .
Zrp = ———— = 0.8 — j0.4Q.
= 15505 J
Determination of V,. by Mesh current method: 2A
. . . L M
Just for illustration, we used source transformation, and . ( :> .
redrew the given circuit as shown while marking all the
mesh currents in it. Here I; and I, are unknown. We (2 At
need to express the controlling voltage V7 in terms of v b
the mesh currents. We see easily that controlling voltage K 6—A At N Ii .
Vi = 2(I1 +2). The dependent current source I; has 2Q)
a value equal to the voltage V;. On the other hand, in I I —j2Q
terms of the chosen mesh currents Iy = —(I; + I2). Thus, ! "I _ T
we get the relationship, H ¢ ! : o
1Q p S a
Iy =—(h+L)=Vi=2(1i+2) = —(Li+l)=2(L+2). A
J
We need one more equation. The KVL equation HKNR-
SPH gives us Y
G 5 @

2(L +2)+j2 — (j4— 1) = 0.
By solving the above equations, we get

I = M and Ir = 1.6 — jO.8.

Thus, the open circuit voltage V,. = j2Is = 1.6 + 3.2V with the terminal a being at a higher potential than
the terminal b.

Determination of I, by Mesh current method:

Just for illustration, we used source transformation, and L 24 M
redrew the given circuit as shown while marking all the "—@—"
mesh currents in it. Here I, I, and Is, are unknown.
We need to express the controlling voltage V1 in terms (24
of the mesh currents. We see easily that V4 = 2(I; + 2). Vi 4N R b
The dependent current source V; can be related to the K 0_,\5\(/2\’ *
mesh currents as l )\
H e—AAN o
We need two more equations. The KVL equation HKN- 10 P S a
RbaSPH gives us 1A
2L +2)—(j4-I)=0. ) |
| . ¢ 1 Q
The KVL equation RbaSR gives us J4

—j2(I2 + I,) = 0.
Solving the above equations, we get 3[y = —4 + j4 A, I, = —I4, and I, = j4 A.



332:221 Principles of Electrical Engineering I
Phase Shifting Circuit

Many applications require a phase shift of an
incoming sinusoidal signal. This can be done
by a Phase Shifting Circuit. One typical
phase shifting circuit is shown on the right
where 2V, denotes the phasor of incoming si- +
nusoidal signal of frequency w and V,,,; denotes 9V C—)
the phasor of a phase shifted sinusoidal signal. ~ 7
The amount of phase shift can be varied by
varying R or C but typically R is chosen as a
potentiometer whose resistance can be tuned
as desired. In the circuit, R; is a fixed resis- G
tance.

F1

By voltage division rule, it is easy to note that the voltage across each resistance R; is V.
Similarly, by voltage division rule, the voltage across the capacitance is given by

1

el 1 1 1

‘/'c — jwC 2 = — IOV = 2V, = oV, —f
R+ 7 14+jwCR  VI+WC°R*6. 7 I+ CPR?

where § = tan~'(wCR). Note that a phase shift is explicitly seen in V,, however amplitude
of V. depends on R and C. By defining V,,; as V;, — V,, as seen below, we can render the

amplitude of V,,; independent of R and C. -
We can determine the output voltage as 1+ jwCR — 2]
1 1 1 -1+ jwCR
Voe =V, —Vee Ve oy L b gy ZLEIWOR,
b Y 14 jwCR™ Y lQ 1 +]wCR] 7 1+ jwCR *

We can further simplify the expression for V,

V1+ w2C?2R2, 180" — 6
V1+ w2C2R2/60

This indicates that the output amplitude is half of input amplitude and does not depend on
R and C. Also, more importantly the output has a phase shift of 180" — 20 compared to the
input. Note that the phase angle shift can be varied by varying either R or C.

Although it is a little more involved than the above simple analysis, a graphical phasor
analysis can be done to get a better picture of phase shift. This is shown on the next page.

Vour = V, =V, 180" — 20 where 6 = tan"'(wCR).

A property of a circle: The phasor analysis shown on the next page depends on one
fundamental property of a circle:

e Consider any diameter of a circle. Draw a segment from one end of the diameter to
meet the circumference at some point, say A. Draw another segment from the other end
of the diameter to meet the circumference at the some point A. Then, the two segments
drawn are perpendicular to each other at the circumference irrespective of the location
of point A as long as it lies on the circumference. A
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Phase Shifting Circuit — Graphical Analysis for fun

F1
Let us re-draw the Phase Shifting Circuit as shown by marking the
voltage across R and current through it. We note that
1 JjwC
I = 2V, = 2V, +
R+-L "7 1+jwCR™? -
e 0 Jw 2, <_>
wC'/ 90 wC' 0
= Vo= —r—-o—2V,/ 90 -0 -
VI+w?C?RZ/9 ~ ' V1twiC?RZ Y
where 6 = tan~!(wCR). Also,
G
wCR 0
V= IR|= o 2Ve 20—t

As expected, I and Vg are in phase, however they lead 2V, by 90" — 0. The voltage Vg is represented in the
following figure by the phasor GA.

As determined previously,

I 1
V. = - 2V, / —6
jwC| V1+w2C2R2 ¢

Clearly, [V, lags Vg by exactly 90| whatever are the values of R and C. This fact has an important role as
discussed soon. The voltage V. is represented in the following figure by the phasor AB.

Note that
Ve + Ve =2V,

The voltage 2V}, is represented in the following figure by the phasor GB. Also, the phasor GD represents Vj
with D being the mid point of GB.

As the value of R changes, the magnitudes of Vi and V. change and hence the location of point A changes
in the figure. What is the locus of point A as the value of R changes? The 90’ phase lag between V. and
Vg has an important consequence in determining the locus. In fact, the locus is a semi-circle, this is because
the segment GB is fixed and because the angle between GA and AD is always 90’ irrespective of the value
of R.

For small R, the magnitude of Vg is small and the magnitude of V, is large, and thus the point A on the
semi-circle locus is near by G. On the other hand, for large R, the magnitude of Vy is large and the magnitude
of V. is small, and thus the point A on the semi-circle locus is near by D.

We note that the phasor DA equals DB+BA=DB-AB. However, DB represents V; and AB represents V..
Thus, DA=DB-AB represents V; — V. which is V,,+. This means DA represents V5,+. From the properties of
triangles, the phase angle of DA is / 180" — 20. Since DA is the radius of the semi-circle its length is fixed
as A traces the locus (as R changes its value) but its phase angle can be tuned by tuning R.
V. = 1 : r
“wel [ Vg Ve
Another possible ~

point A
(AN

Ve =IR|: ST

As R changes, the location of A
A | changes. The locus of all possible

points of A is the semi-circle
with center D and radius DA.

0= tan_l(wC’R)|
. Angle ABD is 6
, : =< Angle DAB is ¢
G D B Angle AGD is 90° — 4

Angle GAD is 90° —
Angle ADB is)180° — 26

DA represents V.

Note that Angle ADB = 180° — 26
is the phase angle of V.

The magnitude of Vi is always V.
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Transfer Function of a Circuit

Let us first emphasize the concept of impedance in Laplace domain and in Phasor domain:

All electrical engineering signals exist in time domain where time ¢ is the independent variable. One can
transform a time-domain signal to phasor domain for sinusoidal signals.

For general signals not necessarily sinusoidal, one can transform a time domain signal into a Laplace
domain signal.

Laplace Transform of its voltage
Laplace Transform of its current’

The impedance of an element in Laplace domain =

Phasor of its voltage

The impedance of an element in phasor domain = - .
Phasor of its current

The impedances of elements, R, L, and C are given by

Element : Resistance R | Inductance L | Capacitance C
. P 1
Impedance in Laplace domain : R sL el
. . . 1 5 = ‘r,,;,:'
Impedance in Phasor domain : R jwL el j

For Phasor domain, the Laplace variable where w is the radian frequency of the sinusoidal

signal.

The transfer function H(s) of a circuit is defined as:

Transform of the output  Phasor of the output

H(s) = The transfer function of a circuit =

Transform of the input ~ Phasor of the input
E I +
Input Phasor H(s) Output Phasor
S NS S

Example: As a simple example, consider a RC
circuit as shown on the right. By voltage division
rule, it is easy to determine its transfer function
as

H()im7%71711ia
S_V;n_R—i—i_l—l—sRC_RCs—i—%_s—i—a

where a = 5.
Transfer function is normally expressed in a form where the coeflicient of highest power in the denominator

is unity (one).
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Example: Determine the transfer function of the circuit shown. Assume that the Op-Amp is ideal.

":."
11

1V

The solution is simple. In what follows we show all steps clearly showing all the mathematical manipulations.

By voltage division rule,

1

Vol 1 1 1 «a

s¢ ‘/zn = ‘/zn = ‘/zn = ‘/zn
R—i——slc 1+ sRC RC s—i——RlC 5+«

Vn =Vp =

_ 1
where oo = yToR

We can write the node equation at N as

(Vv = Vp)sCy + ﬁ =0.
Ry

We can simplify the above equation as

VN VN 1 14+ sCi Ry
Vv — Vi =0 Vo=V, =Vn |1 =Vy—t
N 0+SC1R1 = 0 N+SC1R1 N[ +801R1:| N SC1R1
Thus 1
1 s+ &5/
%:VNﬂ:VNﬂ:VNS+B
SClRl S

whereﬁzﬁ.
We get,

Vo WV _s+8 «a a(s +B)
‘/ML—VN‘/ZH_ S s+ 3(3‘{‘0&).

The transfer function = H(s) =

This is often used in deriving filter circuits.
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Transfer Function of a BPF Op-Amp Circuit

1 Determine the transfer function of
SIT the ideal Op-Amp circuit shown
R; where the output is V, and the in-
AN put is V,. Express it in the form

R e
sli N —Kps
o @' P T H(s) = 2 + s + w?

\% R
I 2§ Vol |21 and identify the values of K, 3, and
G L ~ w? in terms of the circuit parame-

— — — — o

B B B B ters Ry, Ry, R3, and C.

Let G be the reference node, and consider the node voltages as marked. Then the node
equation at node V; can be written as

- Vi
h Vg+scvl+§1+30(v1—vo)=o.
2

1
By re-writing, we get
1 V.
236’—1———1—— Vi —sCV, = 2.

R1 R2 Rl
We can write a second node equation at N as
-V, 1
=0 = Vi=——F7-—V,.

Substituting the above in the very first node equation, we get

2 1 1 \%
- = C] v, =2,
|:R3 + SCRle + SCRQR;), ts Rl

Multiplying throughout by —% and simplifying, we get

{S—I—QS 1 (1 1>}V— sV,
RgC CzRg R1 R2 RIC

Let

1 /1 1 9
2 _
Yo = C2R, (Rl 1%2) b=TF.c

Ry 1
K= 28 o that KB = ——.
o), S0 that Kf=pm

Then the transfer function is given by

—Kps
s2 + s+ w2

= Hs) =



Home Work, not collected; related problems will be given in the upcoming exam.

1 Determine the transfer function of
the ideal Op-Amp circuit shown

' where the output is V, and the in-
put is V. Express it in the form
N ’
Ry Ry o K
D, ! . R TR
V. 1 Zr| Vo
g sCo _ To avoid excessive algebra, assume
G_ 1 1 thatRlzRngandClngz
- - - C.
Answer:

1 2
K= gzm and ﬁ:—

Determine the transfer function of
the ideal Op-Amp circuit shown
where the output is V, and the in-

put is V. Express it in the form
N ’

0
Q|
e

0
Q|
[\V)

K s?
s+ Os + w2

| H(s) =

&
S
=

AT
N
=

_ To avoid excessive algebra, assume
G thatRlzRngandClzC’gz
C.
Answer:
1 2

K:]_, wgzm and /BZ%



1 Determine the transfer function of
the ideal Op-Amp circuit shown

where the output is V,, and the in-

put is Vj,. Express it in the form

N

R, Ry K
P + H(s) = = 2
@ 5% + Bs + w?
V. L Zp| Vo
g sC2 I _ and identify the values of K, 3, and
G w? in terms of the circuit parame-

- ters Ry, Ry, C, and Cs.

Let G be the reference node, and consider the node voltages as marked. Then the node
equation at node Vi can be written as

ViV, Vi-V

= 0.
R, Ry

sCi(Vi = V,) +

We can write a second node equation at P as

Vo—Wi

2

+ SCQ‘/O =0.

From the above equation, we get
‘/1 - ‘/o = SRQCQ ‘/O and Vi = (1 + SRQCQ)‘/O.

Substituting the above in the very first node equation, we get

1+ SRQCQ i SRQCQ] V.

V,= -2,
Ry R, Ry

{s(]l SRQCQ +

Dividing throughout by CyRyCs and simplifying, we get

1 /1 1 1 1%
(RS U S T PR

C\R Ry RRCG) T Rk ChCy
Let 1 1 /1 1
-t g w0 ()
Wo R1R20102 a ﬂ Cl Rl - R2

Then the transfer function is given by

V. w?

2 =H(s) = 9 i

Vs (5) s2 4 Bs + w?



Transfer Function of a HPF Op-Amp Circuit

Determine the transfer function of
the ideal Op-Amp circuit shown
where the output is V, and the in-
put is Vj,. Express it in the form

Ks?
H(s) = ———
52+ s+ w?
Yy o
and identify the values of K, 5, and
G w? in terms of the circuit parame-

ters Rl, RQ, Cl, and CQ.
Let G be the reference node, and consider the node voltages as marked. Then the node
equation at node V; can be written as

Vi—V,

1

801(‘/1 - V;;) +

+sCy (V1 = V,) = 0.

We can write a second node equation at P as

V,
— + SCQ(‘/O — Vi) =0.
Ry
From the above equation, we get
1 1+ SRQCQ
Vi—-V,=——V, and V; = ————=V.
! SRQCQ an ! SRQCQ

Substituting the above in the very first node equation, we get

14+ SRQCQ 1 1
— |V, =sCLV,.
|:801 SRQCQ + SRlRQCQ + 802 SR202:| 801 g

We can re-write this equation as

C 1 1
[ 5O+

- - ‘/’0 — .
RQCQ SRlRQCQ + R2:| 301‘/5]

Multiplying throughout by Cil, and simplifying, we get

1 71 1 1
B = |V, = 5%V,
[8 & (01 * 02) o RleClCJ Y
Let 1 1 /1 1
K=1, w)=———— and =—<— —>-
o R1R2C102 a 6 R2 Cl * C2
Then the transfer function is given by
V. 52
2 =H(s) = )
Vy (5) s?2 4 Bs + w?



HW from Nilsson and Riedel 8th and 9th editions
Some of these problems will appear as quiz or exam problems.
Nilsson and Riedel 8th edition:
9.2, 9.11, 9.12, 9.13, 9.15, 9.23, 9.29, 9.40, 9.48, 9.53, 9.60

Nilsson and Riedel 9th edition:
9.5, 9.11, 9.13, 9.14, 9.16, 9.27, 9.33, 9.45, 9.48, 9.57, 9.63



Name in CAPITAL LETTERS: HW: Addition of sinusoids in time domain

Review of Trigonometry — Read this page, HW on next page

Let y1(t) = Ay cos(wt + 61) and yo(t) = Ag cos(wt + O2). Let y(t) = y1(t) + yo(t). Write y(t)
in the form y(t) = Acos(wt + 6) and find values for A and 6 in terms of A, As, 6; and 6,.
y(t) = wu(t) +y2(t)
A; cos(wt + 601) + Ag cos(wt + 65)
A; cos(6y) cos(wt) — Ay sin(6y) sin(wt) + As cos(fs) cos(wt) — Ay sin(6s) sin(wt)
[A1 cos(07) + Ay cos(Bs)] cos(wt) — [Ag sin(6y) + Asg sin(6y)] sin(wt)
A cos(0) cos(wt) — Asin(0) sin(wt)
We note that
Acos(0) = Ajcos(0y) + Az cos(fy) and  Asin(f) = A;sin(fy) + A, sin(6s).

Thus

A = \/A2 cos?(6) + A2 sin*(0)

— \/[Al cos(br) + A cos (2‘3; + [A; sin(60;) + Az sin(62))?,

Asin
tan(@) Acos(

0)
Ay sin(6;) + Ay sin(6s)
Ay cos(61) + Ay cos(br)
Example : Let y;(t) = 20 cos(wt — 30°) and yo(t) = 40 cos(wt + 60°). Then
y(t) = wyi(t) +u2(t)
20 cos(wt — 30°) 4 40 cos(wt + 60°)
20 cos(—30°) cos(wt) — 20 sin(—30°) sin(wt) + 40 cos(60°) cos(wt) — 40 sin(60°) sin(wt)
= [20cos(—30") + 40 cos(60°)] cos(wt) — [20 sin(—30°) + 40 sin(60°)] sin(wt)
= Acos(0) cos(wt) — Asin(0) sin(wt)

We note that
A cos() = 20 cos(—30°) 4 40 cos(60°) = 37.32 and

Asin(f) = 20sin(—30°) + 40sin(60°) = 24.64. It is very important
Thus to note that, in the

_ 2 2 2 2 algebra done on the
A = VA coP(6) + Asin’(f) left, only the ampli-

= \/37.322 + (—24.64)% = 44.72, tude and phase of the
sinusoidal signals play
and ) a role; the time do-
tan(f) = Asin(0) main signals do not
Acos(0) explicitly come into
_ 20sin(—30°) +40sin(60°) 0.66 the algebra of adding
~ 20cos(—30°) + 40 cos(600) two sinusoids.

Thus € = 33.43°, and hence

y(t) = 44.72 cos(wt + 33.43°).
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Review trigonometric expressions given below:

cos(a £ ) = cos(a)cos(f) F sin(«) sin(f)
sin(aw £ 3) = sin(a) cos() £ cos(a) sin(3)
cos() = sin(a+90") and sin(a) = cos(a —90°)
sin(2a) = 2sin(a)cos(a) and 1 = cos?(a) + sin®(a)
2cos?(a) = 1+cos(2a) and 2sin*(a) = 1 — cos(2a)

Example to be done as Home-Work
Consider the addition of two sinusoidal signals
5 cos(100t + 36.9%) + 5 cos(100t + 53.1°).

Express the above sum in the form A cos(100t + ), and determine the numerical values for
A and 6. Show all your algebra.
If you do your algebra correctly, you should get A = 9.9 and 6 = 45°.



Name in CAPITAL LETTERS: HW: Complex Algebra
LAST FOUR DIGITS OF ID NUMBER:

Complex Numbers — Home-Work

Example 1: Determine the polar form of the following four numbers:

a = 1.5321 + j1.2856

b= —1.5321 4 71.2856

¢ = —1.5321 — 51.2856

d=1.5321 — j1.2856

Hint: Since all these four numbers in rectangular form are distinct from one another, the
corresponding polar forms must be distinct from one another as well.

Example 2: Let a = 4+j3 and b = 1—j. Determine a+0b, a—b, ab and { both in rectangular
and polar forms. Answers in the order: 5+ j2 = 5.385/21.8", 3+ j4 =5/53.13",
T—j1=5v2/=81", 05+j35=25/8L9"

Example 3: Let a = 52, b =2 — 52, and ¢ = 1+ j5. Determine % both in rectangular and
polar forms. Answer: 2(1+ j1) = ¥ /45",

Example 4: Let a =2—-353,0 =6+ 72, c=2— 33, and d = 6+ j1. Determine ﬁbd both in

rectangular and polar forms. Answer: % — j% = 2.5294 — j1.117 = 2.7653/ —23.839".



HV
RL Circuit — Phasor Domain Analysis

In the RL Circuit shown, determine the voltage v (t) across the
inductance when R = 39, L = 10~* H, and

— 460’ i

vs(t) = 15 cos(4x10*t—60 ). R

Transform the given time domain +
circuit into phasor domain.

Solve for the phasor domain vs(f) L VL
voltage V7, across the inductance. -

Transform V7 in to time domain
to get v (t). Time domain
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HV

Determine the input impedance (that is the impedance seen by the
input) if w = 10° rad/sec, Ry = 2 kO, Ry = 4 kQ, L = 3 mH, and
C =1 nF. Note carefully the notations k, m, and n.
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Name in CAPITAL LETTERS:
LAST FOUR DIGITS OF ID NUMBER:

HW: AC Node Voltage Method

332:221 Principles of Electrical Engineering 1
This is a HW problem that is collected and graded

Part 1:
Consider the circuit shown in Figure 1la where

the independent current source i, and is are-
given by

ig = 4cos(4t), is = 2cos(4t).
Note that the frequency of the sources equals 4
radians/sec. Our aim is to determine 4; when
the circuit is in sinusoidal steady state. In or-
der to do the analysis, we plan to use node
voltage method with node g as the reference
node. We divide the analysis into several steps.
In this problem, both algebra as well as con-
cepts are important. Check your algebra care-
fully in each step.
No other method of solving for the cur-
rent i; is acceptable.

Step 1, Conversion of time domain cir-
cuit into phasor domain: The phasor do-
main circuit can be drawn as in Figure 1b. De-
termine the values of I, I, Z1, Z5, and Z3 and
mark them in Figure 1b. In determining I, and
I, use the amplitude as the magnitude of the
phasor.

Step 2: Write the KCL at node ‘a’.

g

o

0.125F
[l

is

i1y

1Q§

a 1l b

0.25H

23

g

Figure 1a

gl

g2

Step 3: Write the KCL at node ‘0’ .

Step 4, algebra:

Check the above equations carefully once again. If any of the above
equations is incorrect, no credit can be given for that equation as well as the following algebra.

Figure 1b

Some one who correctly solved the above two equations informed us that

Vy=9— j7.

Determine at first V.

Determine next I;.

gl

Transform the phasor I; into time domain, that is write a time domain expression for ;.

g2

2,

21



Name in CAPITAL LETTERS: HW: AC Mesh Current Method
LAST FOUR DIGITS OF ID NUMBER:

332:221 Principles of Electrical Engineering 1
This is a HW problem that is collected and graded

Consider the circuit shown in Figure la ig
where the independent current sources ig4 4@7
and 5 are given by
ig =4cos(4t), is = 2cos(4t). @
Note that the frequency of the sources
equals 4 radians/sec. Our aim is to de- Il
termine 7; when the circuit is in sinusoidal i "a 0.125F b
steady state. In order to do the analysis,
we plan to use mesh current method. s @ ng @ 0.25H 24y 21y
We divide the analysis into several steps.
In this problem, both algebra as well as
Eonceptsf aﬁe %mporltlant. Check your alge- o3 g ol 02
ra carefully in each step. 1
No other method of solving for the B
current i, is acceptable. Figure 1a
I

Step 1, Conversion of time domain cir-

cuit into phasor domain: The phasor do- ()

main circuit can be drawn as in Figure 1b. De- 7

termine the values of I, I, Z1, Z5, and Z3 and g

mark them in Figure 1b. In determining /; and ¥

I,, use the amplitude as the magnitude of the R ”3 b

phasor. 1y

I @ 27 @ Z,§ (26 21,
g3 g gl g2
Figure 1b

Step 2: Use the mesh currents as shown. Write the mesh equation (KVL) for the loop
‘gabglg’.

Step 3, algebra: Check the above equation carefully once again. If it is correct,
I=(1+y3).
Determine the value of I;.

Transform the phasor I; into time domain, that is write a time domain expression for i;.



Name in CAPITAL LETTERS: HW: AC Three Problems
LAST FOUR DIGITS OF ID NUMBER:

Principles of Electrical Engineering I

Sinusoidal steady state analysis — Home-Work

Bridged-T-Example 1:

Transform the AC time-domain circuit shown into
phasor domain for the purpose of sinusoidal steady
state analysis. Do the phasor-analysis, and then
determine the output voltage v,(t) across 5. You
need to write the phasor-domain equations by both
Node Voltage and Mesh Current Methods. How-
ever, you can complete the analysis by doing the
algebra utilizing the equations of either method.
(Answer: The phasor domain voltage V, = 10 /45’ vy(t) = 20 cos(500t + 45")
Other answers are on the last page.) !

Node voltage method: Select your own node voltage variables and mark them on the
circuit. Write down all the node equations that arise by Node voltage method below.

Mesh current method: Select your own mesh current variables and mark them on the
circuit. Write down all the mesh equations that arise by Mesh current method below.



Bridged-T-Example 2: E 20ﬁﬁmmH ‘e F
Transform the AC time-domain circuit shown into

phasor domain for the purpose of sinusoidal steady

state analysis. Do the phasor-analysis, and then 107,

determine the phasor voltage and phasor current of A.;@%zgﬂg—f_ﬂ[)
each circuit element. You need to write the phasor- Vi, 400pF |+
domain equations by both Node Voltage and Mesh 800y F == D,
Current Methods. However, you can complete the 50 _
analysis by doing the algebra utilizing the equations : )

of either method. (Partial answer: The phasor do- Gl G G2

main current I, through 800 pF vg(t) = 10 cos(250t)

is 24 j2 = 2¢/2/45".
Other answers are on the last page.)

Node voltage method: Select your own node voltage variables and mark them on the
circuit. Write down all the node equations that arise by Node voltage method below.

Mesh current method: Select your own mesh current variables and mark them on the
circuit. Write down all the mesh equations that arise by Mesh current method below.



Example 3:

Consider the circuit of Example 2, and determine the real and reactive power consumed or
generated by each element by utilizing the voltages and currents obtained in Example 2.
There should be power balance within the expected numerical accuracies.

Use the voltage and current variables given on the next page for Example 2.



Example 1 Answers:

Let G be the reference node, then
V, =V, =20/45" =10v2(1+j) V
V=V, =10/45" = 5V2(1+j) V
Vy = —1039550 =5V2(1+45) V
I = j2v2 A
IQ — i\/g] A
I3 = % V2(145) A
—3443
I, = \/57 A
Example 2 Answers:
Let G be the reference node, then

V,=10v/2/=45" =10(1—j) V
Vy=103—-j) V

V=V, =10V
L=201+752) A

I =—-4(1+j) A

I;3=2(1+j) A

I,=2A

I, =2(14j) =2v2/45 A

A !
v Lo
—750 ==

G1 G





